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Exercise 6 (10 points): Covariant Maxwell equations

Recall from classical electromagnetism the Maxwell equations (in Gaussian units with c = 1):

~∇ ¨ ~E = 4πρ , ~∇ˆ ~B´
B~E
Bt

= 4π~J ; ~∇ ¨ ~B = 0 , ~∇ˆ ~E +
B~B
Bt

= 0 . (1)

In terms of the scalar (Φ) and vector (~A) potentials, the electric and magnetic fields are ~E = ´~∇Φ´Bt ~A and
~B = ~∇ˆ ~A. In components, eq. (1) reads

3
ÿ

i=1

BiEi ” BiEi = 4πρ ,
3

ÿ

j=1

3
ÿ

k=1

εijkBjBk ´ BtEi ” εijkBjBk ´ BtEi = 4πJi ; (2a)

BiBi = 0 , εijkBjEk + BtBi = 0 , (2b)

where εijk is the Levi-Civita pseudo-tensor, i, j, . . . = 1, 2, 3, and Einstein notation is assumed, as has been
explained in eq. (2a). Let Aµ := (Φ, ~A) be the four-potential, jµ := (ρ,~J) the four-current, µ, ν, . . . = 0, 1, 2, 3,
and define the field-strength tensor

Fµν := Bµ Aν ´ Bν Aµ . (3)

6.1 Show that the expressions

4
ÿ

ν=0

BνFµν ” BνFµν = 4πjµ , (4a)

BρFµν + BµFνρ + BνFρµ = 0 (4b)

correspond to eqs. (2a) and (2b) respectively.

Hint: εijkεilm = δj
lδk

m ´ δj
mδk

l .

6.2 Show that eq. (4a) leads to the continuity equation 0 = Btρ + ~∇ ¨~J ” Bµ jµ. How does the continuity
equation look like in a Lorentz-boosted reference frame?

Exercise 7 (6 points): Covariant Lorentz force

Let pµ := muµ be the kinematic four-momentum, uµ the four-velocity, τ the proper time; ~P := m~v, ~v := d~x/dt,
and t the coordinate time.

7.1 Show that the spatial components of the covariant Lorentz four-force

dpµ

dτ
= fµ = qFµνuν (5)

give in the non-relativistic limit the Lorentz force

d~P
dt

= ~F = q
(
~E +~vˆ ~B

)
.

7.2 What is the physical meaning of the time component f 0 of the covariant four-force in eq. (5)?
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Exercise 8 (6 points): Kottler–Møller coordinates

Let g be a constant acceleration, (t, x, y, z) Cartesian coordinates in 4-dimensional Minkowski space. Consider
the transformation (c = 1)

t =
(

1
g
+ x1

)
sinh gt1 ,

x =

(
1
g
+ x1

)
cosh gt1 ´

1
g

,

y = y1 , z = z1 .

9.1 Show that the transformation gives accelerated frames of reference with constant acceleration.

9.2 Calculate the components of the metric with respect to the coordinates (t1, x1, y1, z1).


