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Exercise 23 (20 bonus points): Derivation of the Friedmann equations

The aim of this exercise is to derive the Friedmann equations using the Cartan formalism.

23.1 Start with the Friedmann–Lemaître–Robertson–Walker line element in the form

ds2 = −dt2 + a2(t)
[

dr2

1− kr2 + r2 dθ2 + r2 sin2 θ dφ2
]

and find the orthonormal cobasis ϑµ to rewrite this line element as ds2 = ηµν ϑµ ⊗ ϑν.
For convenience, use the definition w :=

√
1− kr2.

23.2 Calculate the exterior derivatives dϑµ.

23.3 Determine the connection forms ωµ
ν.

Hint: Use the metricity condition as well as the first Cartan structure equation.

23.4 Calculate the curvature 2-forms Ωµ
ν and deduce the components of the Riemann curvature tensor Rµ

νλκ

by means of the second Cartan structure equation.

23.5 Determine the components of the Ricci tensor Rµν as well as the Ricci scalar R.

23.6 Calculate the components of the Einstein tensor Gµ
ν and derive the Friedmann equations by using the

Einstein equations with the energy–momentum tensor Tµ
ν = diag (−ρ(t), P(t), P(t), P(t)), where ρ is

the energy density and P the pressure of an ideal fluid filling the universe.

Why do we use mixed components here?
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