BPCGS Fntonsive Wak — 'Da? 4: Morse Tlum-y & Dot 'Periodt'cit), (M. Zirnbautr )

TPART 0: Sowme lePEO. wotion of the words ¢u Hae Hitle . Motivation . Tbmchamuud.

(‘i) Morse Tklov (dl\f!ﬂ.optd i 1920 — 1965 ; Mors(/Bo'H/ Smah/ M lnor )

Oue outcome of Uont’ﬂ/&or7 an the Morse dnequalitits:

-For a COwupad wlcmi-Fan M with Morme {'uuch‘ou ,{:/ the number mq(ﬁ of critical T:o:‘uh oﬁ,f
with <ndex g 1s %o Qoss thauw Ha Dt number b"(H).

) ’Fmi’:{-uﬂ new 1orl:rs-f by E. Wiken (1‘!81) in '&?lrs-’wu&h? and Hom‘rklov’.
Witew's TOEA:  de Rhow COm?.Qex oM = SuP1r57uuQ+ﬁc c’uu{-uw wechawmics
& ﬂll-Fol‘mﬁon o a horwmouic— oseillator tpl‘“olaﬂtm..

See, L kHP://uuu. {-hP.uni*hoelu.du/Zim ,,"[o?oﬂoa7 -For 'Pl«rsiqsh' (1’1’ 46— bk ) .

(i) Dot 'PQriod{cif; Theortm

"Modern 'F”“F’ ovailable (cf. _Da75)/- Bot's ori%maQ ﬁﬁz.road\ (1958) wsts Morse H\Lor7.

Con_aef;excasg.
Z = 7,(U) = T W /UxW) = TH(U) = T ( U/ Upuxly,) =
0 = T,(WUn/UxW) = T,(Up) = T (Wpn/Upux W) = T, (U,,) = -

Teal case,

0= Z = 7,(0/0x0) = T(U/0) = T,(sp/W) = T(S) =
= T (Sp/5pxsp) = T, (WSp) = T,(0/u) = T,(0) = qu(O/OKO}

T,(0/0v0) = 2 = T, (W0) = TL(Sp/W) = T,(S) = T (Sp/Sprsp) =
= T (Wsp) = T,(0/u) = T,(0) = T,(0/0x0) = Tig(uU/0)

and 60 amon such charus o{é iduntities (3—{0“ «Po.riodicjl-y).

> 2008 : euter the ?kvsics of '[’oPofloaico.Q ausulators awd Sufanrconducfors

(CQ_&Ssi-Ficahou 0; aaﬁgul {:nm—-Faruion &rouncl states with Symmth'ies )



Periodic Table of topological insulators/superconductors

from Hasan & Kane, Rev. Mod. Phys. (2011):

Symmetry d
AZ © = I1 1 2 3 4 5 6 7 8
A 0 0 0 0O |\Z| 0 Z 0 Z 0
AllIf o 0 1|12Z 0 Z 0 Z 0 Z 0 Quantum Hall Effect
Al 1 0 0 0O 0 0 Z 0 Zo Zo Z
BDI| 1 1 1| Z 0 0 0 Z 0 Zo Zo He-3 (B phase)
D 0 1 0 Zol 7Z 0 0 0 Z 0 Zo
DII| —1 1 1 | Z: Zo |Z) O 0 0 Z 0O QSHI: HgTe
AIT| -1 a| 7 ;
AH I 0 0 0 |Z2| Zo Z 0 0 0 Z Majorana
ClI| -1 -1 1|1 Z 0 Zo Zo Z 0 0 O
C 0o -1 0 0 Z 0 Zo Zo Z 0 O Bi, Se;
ClI 1 —1 1 0 0 Z 0 Zo Zo 7Z O
TABLE 1 Periodic table of topological insulators and super-
conductors. The 10 symmetry classes are labeled using the
notation of Altland and Zirnbauer (1997)
_Diod,Oqu wop :
1d 24 3d

Maéorana chain — /I— iyt Spa‘uhss su‘«aueodud-or —_— Zz folao(odicmﬂ. iusulator

Kitaev chain —_— P+iP qurcondurivr — 3HQ 'b—l;ko.st

“TODAY (h.«oclesi:aOal): wain idens behind Complex Dok perodicity .
CBP -Foﬂous {—nu Hu combination of two sub-results:
1w = 1, (UW/uxw),
27, (U/us) = T, (u) -
Doth can be derived b7 usting More {‘k!or?/ 'Foﬂouiné Dot (135&). ’Rouél&? speabkiu

- l\OIﬂDf'DPr tyPl)
out shows thot tha uai‘cnr7 group -Furuisku a ab’ﬂtl awt-oxiu&‘dou to +ae Qo—op space

/

o{ 0 Grassmaunion : _Q(Wu:u) = u/ and viee versa .

Comment. The {'(rs‘f ideuh'+7/ oy du tHa AFonu 0{' ﬂd(u“) = T(AH(UN/L{N_"u U“) ,
can 0lso be obtained frow the QOK& exact komo’copy Sequence oF a Fibu buu&u,
un [N UN/ UN_nx- — UN/ ULN_"x u“ ,

whose total space (Stiefel mauifotd) is modz&, contractible .



HERE: "+oos" (~ focus on aspuets that an QowPu{-a’n'oaa{t’ Fomrful\.
PARG 1: A basic tale of Cu QOthku

C@,lj, dQCOthn ition .

(closed) n-disk _D"m{xe‘ﬂi“ lxls‘ll ; 2T = (111 5p e

n-cell 1 @& S(P(Lu 'anuwnrfln.h +H {uf(—DyW (Ofu-& h-dh'l)

el A cell decompasition ol X (*‘o-b"i—()o\_.u) a3 a Colliehoa %ng

vel
o£ Celts e, ¢ X &uch Hast X = U_e, (daq‘u—m‘c wiadan ) .
oE

- skeleton X" = U e,
in’mta,\&u

Qﬂ

Ex.auuf»ﬂls, ’

QO
57- - Ql = 0,?
1 ~ 1 . ] 1 ?.
P —8/2l = ¢ ue Ue

DQ-F(M'E'{J:L ’“I‘Miarﬂi L-ﬁsa,u X wr e #-iw'h; cell &ooow,rn{'l—{m X-‘- Ll e,
wel

D called @ CuW cUmP.qu -‘uk- {Lnr eadh nm-cell ¢ Huermt exnb %i >} —""X

& a 'l'L._nX‘ A4, 'HA.L P-Lst'l\tkp.‘ ‘PQ: "I'u{*(_"b“) — @ M 0 LMMOMI‘(:MM/

L e of g ¥D'— X 4 contariad s XU
TVF 'H-Ntrt vt fim‘{‘fu.-‘i‘l% MOM.NY L&u,(/ Dl :[)n!._\ Ha WALM»J r—t?wr—lwt I.l.c
—_ HCQo'sur{-Fiui{Quus": ‘R’w ted ¢ Hu e T Aukneb *II-J7 ‘[‘L‘wﬁ,lﬁm.»au) silo- celt, |

— ‘weahtopolegy "t 0 Subst ASK N clodd A ANT w decd for oven, el e

Note: @ = ¢ () (rreds Hoawdo)
X" (u= o127 ) 1s aﬂua7s closed (A.'u -Fcu:t/ X" s a CW QowPfLu)_

Exercise: ‘Fmd a Cw Qomr.hk {—ur Sbf T"/ 'R'P"/ kQeoin bofte .



,P'A'p\/l 1 ( Continued )

_ ‘l‘u,H—ia[L7 jwit a st
’fo,f,ft%iuﬁ Space X. Surjmkn WO P X — Y Aunduces
"id.au'ti{ica{u‘On' ’roTaana7 on Y: CC'—T o.FluL = 'Tb_l(_C) c X f}?“«

Exa./w,',h: eFrl'mc_IT,qQ buad L T.u'. x_"‘" X/G (Cl.h.o. 1uoﬁ¢.n{ ﬁypoﬂoay)
ty ><=‘1P\2\{nk/ G=Sﬁ1/ XM/ =R, .

NO{TL: 'ileuf-TFMaHow M.»_o,P ,r;,: )(-—-»‘[’ 17
1s H,\_L sawt s Qun Qqufualwcg_ HU{—LM

&k, & pl)=p )

Co[lm'asiuaasﬂs?a.&. subspace A e X Then
XIA = X/m o wlirn quin cliases e A ond all Jx} o xeX\A
Exauwpte . Suspunsion  SM i< Mx[o,ﬂ/(m{opu(uu{q)
Mo precisety X=Mxloq, Ay= Mxfof A= Mxda]

P_ciu.t'ufai.euu cLlasces ¢ A,Jl A,,/ all Fr\'ud% o wts icle i.c AOUA“

A‘-'- Mx{-lk
N
M® ™ Lo} \M
A;I\u{@j ‘/

AH—acb\iud oue space tv anotar b7 wep .

SP&us XX . Clps el Subspau AcY. L\-Gp {"'- A— X.

}néﬁu# waise XU Y. Dot X u{_‘( D= (X L T)/N

2 guiy. cluses {7&-{1{7@‘(\&/ {x\{—or ke—X\H,&)/ [ly,-[f(7)] ‘r'nr'fGAr.

EXM.Tle; Q%ad&dua o 2-cal . \Ir .;’D?-/ A __;}NDL: 34 .

v
v
!
6;\ X X



No{e_‘ 1’0'.& Cl‘\) COW,FM X wi Ha M-Shm%v\_ X“ (H=0, '/2/...\
X“ 1s OLL&\JW‘{ ‘Fr‘ow X * lﬂx) ﬁ,ﬂ'uf—‘la_t'u% Hoe n - cnlls,

EXQrm'se.

4) T':d(sn)':f) '{'a.r 1¢d <n. Ht’ud“. $m= {PB UF’D‘“
With -H'h'b“):']b-

2) Ty (}() = J-td(x I_I%TD"\ (F:?b"-—)X) -For d<n—1

3) Celiutar L\.omo‘lua7 (c.f o weo rrow )

’PA(R/I 2. Mor'.sa'rknory - -Fumlautwl-oﬁ Hreorews

hawfstd 7y ]Euwcl-\‘au -F: M— R MY = {xeM l \CC”‘{’&E‘
A‘SSMWC -{‘ Smro'h., G.AAJ\ f‘=t-0,{,gl“'.

Thw 1. j,'? ?Lus o erilced valies 1u [&’,L]/ v M & L\.nmohp?
U?u.f\(nbui' +o ML, (1w '@*Af, & oLLf—ormmHaM et o{l M").

Thw 2. Let xEM b uau*&xﬁwih. Crikeal 1:5"!1.,'!-— oﬂ# of index n -
0 x & He oul, eriked prid du {*l[{(x\—s/ f-mn] ) Hoen M{UHE'
1 L\,omhfy 17\.4._\'\”1&,..‘{‘ o M‘“ﬂ-t wifk au Nn—cell attaclud .

(Pt—u-u—% wies Morse Lomwma M SOt ’U\Lidr_%nrl«no\ U ef a mon— nbébm rote
Cr{‘HtﬁJ (Pr-i._d‘ X m-“,\ -Jucl-lx n 'H‘A.Lr-( went o CLJr"‘ {k.,‘/ ,__/)(“‘} é’uxoLL 'H-\_ﬁi“
{ = ‘F(;(\ - x?‘_, .,_-xﬁ + k:l-_'!-l-'.“' + xi lotd: ou U.

— (_Hom fets)
Fact. “tor au7 M{ Huw exist ]Eu«ud-ca.us Wit Ao detmte e e b

Oed itk wo v ekl value Ha sound .

N Corollary. Qw;n, wuui{%u ie a CW uu.«rl.u with o N— celt -Far ead,

Crthcal rPn.j (o:»a Wone ;-(.t') 0‘{1 iwdeix N,



E)(CLLWPII H 2- {‘orus
Critical volues

7 c, < ¢ (e

'F = lf\.&(&'«i’ ]cd'u /
=

<0 ¢,Lace, ¢ cace, ccace, G <a
leJ-n’ disk C7[luhr tuus 1 aaw-Fnu. 2— torus
mH.. \aomh?
IAOWO".'DT)?
Uru.iuuhl.d-

'b . ( )
MH&CU} (ﬂ.l"‘ﬂd& 0- celt) [ ] ( o " ld-& ""t,!_u) (u"‘ﬁd‘ 1- ul.l\ (ﬂ.ﬂﬂd;\ 2-' u].l.) )

Exererses. Cw Cnu«rz&x «For Ricumaun &’mr{zmtt oF G 2

or H-«.l Saasphuusionm 0 MM
AF (ﬁf\rw tkn'l' {L Itf) (C\/ LO



PART 3. Dot Pﬁriodiut7 Thaorem (sketch of (LOwP.tnx Case ).

(Sﬁid to be oue oF Hua wost .SurT)risiu& theorews 4n for:olod7)

9
Sedting . Rivmannian manifold X (Compact, Conuected ). Vg y
v="=(p, 9, h) '/\Oluo{‘oP7 Qass h of curves i X jieing p to g
X" = spact of minimal Jrodesics I /c,
Tuw (Bott). It X is a symmetric spact , then sois X' < X
Rewark. The wost intertsting situation occun when g s He autipode of p.
P
Exawple . X =8 v=(p,-p,.) : X' =S “
.
Ex&mPﬁe 2. " y
Let G ={F e Bd(@)] ¥ =-3, F--1} o
Subspace X = { 3G | diw E,(P=n] = 65(c™) = Uy, /Ul .
Let v=(J,-d, ) with, say, &= ice], . J=3ginel) 4

CLaim: XY= U,. Proof of U, < X"

Lt o) = fJecm|gg+dd=01.

Tor ge G consider () = ¢TVPR 3 (VDI _ oA g

Proparties of o (& y(0)= g and y(=-3 | from (J37=-1
@ @ =-3 | frow "33

(i) X 13 minimol én.odtsic in X.

d eCn) is a pair o{' Qinear '[-rtLusfForqudous E+i (31) ¢ t E—i (JJ :
}2=—1A \/=—u_l) g—*=—} Au=ul

Henee Gy = U, (as sets) .

Exercise. For X =CH ond v= (ab—ap nn7) with, say, J, =ige}, find X".

H{h{'. Extond tu Coustruchon o{ blfm



(Sha{-ch Cout'd )

QX := space of all (Piecwist differentioble ) curves I
Take the Qougth fere 20) as a More fuuckiou (ufuo.lt7 , More-Pott fumcetiow) for Q,X.
157 &[herﬁlizin& ta procedus for coush‘udziu} a CW complex frow a Morse {uuction ,
Bo# shows that X' 4s a '&ml' aPPr-oxiwqh'ou to QX :
as the dndex— 0 critical monifold of 2, e space X" of winimal dﬁ.gdasics Captures  the
howotopy byt of £2,X up to comeckions (whick 4ahe Hu forw of cels aktacked to X* )
due to prsitive— index criticsl wanifotde ( coustituted by wou-minimel geodesics ) :
QX = x'udu..
where  dim e > v] := smallest now-zero 4ndex of aé}uhsic; Hae dudex o{: a &loduic

furus out to be e («PruPul) Couuted) nuwmber n.F P- co“é“ﬂ‘uﬁ Poiul-s Av its duturior.

Exowpte. X =8 v=(p,-p) X'=§ Andex (y) = 2

Thwm (1/150'%[): T[‘(X")= TQ(.Q,X) {or O<cd < v|—1 .

Rewark. T, (QX) = Ty, (X).

APPEI‘m{iou (CDI&&U&SQJ« modter Pkﬁ"“)'

Tecal: q {'oFoloajml insullator in s-’»wm_hy class A ( um STu.mdﬁ ~ Chara; is eousewul\ 4s

woduled b? a romnk—n Cowfahx vector (sub)buudle \ Pym , 15'(&\; V, space u( volenet stotes
~ ot womwntuw R
0 asifying wep M= Gr(€), ki \

Tn 4 dimensious omd -For M= Sd/ such obp_d—s are QQMsiFfu\ lo7 T, (Grh(tt”)).

TPutinent consequences u{. Bott's rosulls.

1. Fd(un): T, (uh/unxkj -Fol* d < [imu’(]
L T[d(ulh /uh“ un‘ = Tl (uln) {""' d < Zn+ /
Mn-e&j.m_rmﬂy , T, (UN/U“*A UN_n) =T, (UN) {'m- [iusut]

3. P&ﬁodici‘l’? The orem : -j_LA (U/u?‘u) = TT“l(u/uxu) ; also TEA (U\) = T':Mz(u) .

. T[tu“(u/uxu) = z (QHE) T[Nm(u) = 0 (Symwﬁ'n, QﬁaSS Aﬂ :
T[m“(U/uXU) =0 (no QHE) Ttmld(u) = £ Su—SckﬁuFFz:—HQo.&mr woho)



AEEU\J[X
Literature .

{Q.(EJDH} The stable 'Lowu‘[‘bfar 0(» Hue classical arou.r:s , AMu.M&*‘k, ?—0 (1151) 3‘3—33}_

1963 ) .

’

4. Miluer, Morse {'kmry ( Priwce tou Uuiutrsil’7 TPrass
‘D\.’l}oﬂ', The Pu—ioiit‘.ii:7 Harorum {er the cQassical groups oud sowe &Pplicrl'inu

Adv. Mot 4 (1970) 353- i |

S\-’mmlt’ft space. On 0 Riewannion mwmanifold M ow has f?or every poiut peM

aw operation @ of ﬂ.wdu-‘c invession (Hu Ritwrauuion aua[a& of + Buclideau—geometry
optration of reflection at a point ) 1w some meighborhood of p. M 4s called a

Eoc&ﬁ; Symuwttric space il For ol p tla wop o, is Qu {so.md-r;, (oun its domaiu oF definition).
M s called a qlobally sywwmatric space i Ha QomQQ? dofived isowetry o extends for all P
to an tsometry 7, M— M.

The Dok Periodicity Thuorew wakis a statement about the howotopy groups of
%Qoba[l7 symuwatric spaces  of "elassical +~ﬂat" — Huse are the spaces wentiowed du
PART 0.
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