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Many-body physics 
with cold atoms

Quantum optics control

Bose-Einstein Condensate
(1995)

Mott Insulator
(2002)

Vortices
(1999)

many-body 
system Temperature T,

particle number N

Common theme:

• closed system (isolated from 
environment)

• stationary states in 
thermodynamic equilibrium

Fermion superfluid
(2003)

Motivation

➡ thermalization/equilibration (PennState, 
Berkeley, Chicago, ...)

➡sweep and quench many-body dynamics 
(Munich, Vienna)

➡metastable excited many-body states 
(Innsbruck, MIT, ...)

➡ ...



many-body 
system Temperature T,

particle number N

Common theme:

• closed system (isolated from 
environment)

• stationary states in 
thermodynamic equilibrium

Quantum optics control

Motivation

Novel Situation: Cold atoms as open many-body systems

• natural occurrences 
of dissipation  

➡no immediate condensed 
matter counterpart

drive
(e.g. laser)

➡ drive/dissipation as dominant 
resource of many-body dynamics!

• use manipulation tools of 
quantum optics

dissipative environment

many-body 
system

Many-body physics 
with cold atoms

Bose-Einstein Condensate
(1995)

Mott Insulator
(2002)

Vortices
(1999)

Fermion superfluid
(2003)



Outline
Many-body physics with  

tailored dissipation

Dissipatively induced 
fermionic pairing 

Topology by 
dissipation
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i = 0

• basic idea

• pairing mechanism 
• potential application: Cooling of 

atomic Fermi-Hubbard model

• targeted cooling into topological 
states

• phys. realization with cold atoms
• characteristic many-body 

properties in 1 and 2 dimensions
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FIG. 2. Two examples of Chern number ⌫ = 0: gap-only situation ũk = 1 and a small gap added to a nontrivial operator
for ⌫ = �1 (ũk = 0.2 + 1

2 (D
�
1 + D�

2 ); cf. Fig. ??). In both cases, the winding numbers around given Fermi surfaces are
nonzero (because the complex phase of the order parameter cannot be gauged away by a nonsingular redefinition of the fermion
operators), but they compensate each other. Obviously, such compensation is only possible for an even number of Fermi
surfaces.

Thus the Hamiltonian (as well as the vector ~n itself) constructed from our spinor is the right object to consider
also in our dissipative context. It is given by
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This form allows us to interpret the ingredients in more conventional terms. The normalization N
k

plays the role of
the eigenvalues of the Hamiltonian;
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The energy is gapped (N
k

> 0 for all k) for nonzero r
0

. For r
0

= 0, there is one gapless point in the spectrum. To find
it, we must seek the simultaneous zeroes of |ũ

k

|2, |ṽ
k

|2. The four distinct zeroes of |ṽ
k

|2 are at (0, 0); (0,⇡); (⇡, 0); (⇡,⇡)
where we have of course the identification of ⇡ and �⇡. In contrast, due to the half-periodicity of the D�

↵

and for
r
1,2

> 0, |ũ
k

|2 can only have a single zero at one of the above locations in the Brillouin zone. A specific choice for
�,�0 will thus single out one of the potentially gapless points k⇤ = {(0, 0); (0,⇡); (⇡, 0); (⇡,⇡)}. In the vicinity of these
points, the spectrum behaves quadratically ⇠ �k2, where �k is the deviation from the gapless point; this behavior is
determined by ṽ

k

.
Based on our numerical experience, the existence of a gapless point appears to be a necessary condition for topo-

logically nontrivial order (but not a su�cient one). This is in contrast to topological equilibrium superconductors,
which can be fully gapped. We discuss this point below further.

Furthermore, we note the identifications
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= ũ⇤
k

ṽ
k

(40)

The zeroes of ⇠
k

have a particular significance as is clear from the representation (??) of the Chern number, as
they define the ”Fermi surfaces”, where ⇠

k

changes sign. While one typically thinks of a positive chemical potential
providing for such a surface, the characteristic feature of a zero crossing of ⇠

k

can – and does – also occur in our
nonequilibrium setting upon appropriate choice of the Lindblad operators.

As an important technical point for the visualization of the Chern number, we note the following relation:

for k 2 F
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which holds only on a Fermi surface, since there the component n
3,k

= 0 and thus r
k

= 1 for the modulus of the order
parameter.



Many-body physics with 
tailored dissipation
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SD et al., Nature Physics (2008) 
B. Kraus, SD, et al PRA (2008)



 -- Liouvillian operator

dissipative evolution

Lindblad operators

coherent evolution

@t⇢ = �i[H, ⇢] + 
X

i

Ji⇢J
†
i � 1

2{J
†
i Ji, ⇢}

• Many-Body master equations

( )
bathsystem

➡ extend notion of Hamiltonian engineering to dissipative sector
➡ microscopically well controlled non-equilibrium many-body quantum systems
➡ here: focus on H = 0

Many-Body Physics with Dissipation: Description

Ji|Di = 0 8i
• Important concept: Dark states 

) L[|DihD|] = 0

⇢ = |DihD|➡ time evolution stops when                        



 -- Liouvillian operator

dissipative evolution

Lindblad operators

coherent evolution

@t⇢ = �i[H, ⇢] + 
X

i

Ji⇢J
†
i � 1

2{J
†
i Ji, ⇢}( )

bathsystem

Many-Body Physics with Dissipation: Description

• Interesting situation: unique dark state solution

➡ dissipation increases purity

Hilbert space

dark subspace

➡ directed motion in Hilbert space ⇢
t!1�! |DihD|

B. Kraus, SD et al. PRA 08

• Many-Body master equations

• dark subspace one-dimensional
• no other stationary solutions



• optical pumping: three internal (electronic) levels (Aspect, Cohen-Tannoudji; Kasevich, Chu)

dark state bright state

• 1 atom on 2 sites: external (spatial) degrees of freedom

1 2 (a†1 + a†2) |vac� (a†1 � a†2) |vac⇥
symmetric anti-symmetric

Dark states: An analogy
SD et al. Nat. Phys. (2008)
F. Verstraete et al. Nat. Phys. (2009)

• N atoms on M sites

|BECi = 1

N !

⇣X

`

a†`

⌘N
|vaci

➡   combination of drive and dissipation enables purification
(no conflict with second law of thermodynamics)



Sketch of implementation with cold bosonic atoms

long times 

by immersion of 
driven system into 
BEC reservoir

Ji = (a†i + a†i+1)(ai � ai+1)

   Rabi frequency
b

1 2

a1 a2
�laser = 2�lattice

auxiliary system

system of interest

(i) Drive: coherent coupling to auxiliary system with double wavelength Raman laser

driving laser

+� �⌦

• Lindblad operators for BEC dark state: locally mapping any antisymmetric component into the 
symmetric one 



long times 

by immersion of 
driven system into 
BEC reservoir

(ii) Dissipation: phonon emission into superfluid reservoir

Ji = (a†i + a†i+1)(ai � ai+1)

reservoir 

driving laser superfluid 
reservoir b

1 2

a1 a2

auxiliary system

system of interest

+� �⌦

Sketch of implementation with cold bosonic atoms

• Lindblad operators for BEC dark state: locally mapping any antisymmetric component into the 
symmetric one 



Ji = (a†i + a†i+1)(ai � ai+1)

Summary: Dissipative Many-Body State Preparation

• Lindblad operators for BEC dark state: 

Ji|BECi = 0
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Entanglement generated by dissipation

Hanna Krauter1∗, Christine A. Muschik2∗, Kasper Jensen1, Wojciech
Wasilewski1, Jonas M. Petersen1, J. Ignacio Cirac2, and Eugene S. Polzik1.

1 Niels Bohr Institute, Danish Quantum Optics Center QUANTOP,
Copenhagen University, Blegdamsvej 17,

2100 Copenhagen Denmark.
2Max-Planck–Institut für Quantenoptik,

Hans-Kopfermann-Strasse, D-85748 Garching, Germany
∗These authors contributed equally to this work.

Entanglement is not only one of the most striking features of Quantum Mechanics but also an essential in-
gredient in most applications in the field of Quantum Information. Unfortunately, this property is very fragile.
In experiments conducted so far, coupling of the system to a quantum mechanical environment, commonly re-
ferred to as dissipation, either inhibits entanglement or prevents its generation. In this Letter, we report on an
experiment in which dissipation induces entanglement between two atomic objects rather than impairing it. This
counter-intuitive effect is achieved by engineering the dissipation by means of laser- and magnetic fields, and
leads to entanglement which is very robust and therefore long-lived. Our system consists of two distant macro-
scopic ensembles containing about 1012 atoms coupled to the environment composed of the vacuum modes of
the electromagnetic field. The two atomic objects are kept entangled by dissipation at room temperature for
about 0.015s. The prospects of using this method to obtain extremely long-lived entanglement in a steady state
are discussed.

Up to date, all experiments investigating quantum superpo-
sitions and entanglement are hampered by decoherence. Its
effects have been studied in several systems [1–6]. However,
it was recognized [7] that if the interaction with a reservoir
can be engineered, the system will be driven into a desired
steady state. Furthermore, if two or more systems interact
with the same environment, this common dissipation can drive
them into an entangled state [8–11]. For sufficiently strong
interaction, the generated entanglement is robust against other
sources of noise and can live, in principle, for an arbitrarily
long time. Hence, the production of entanglement by dissipa-
tion is not only an intriguing phenomenon, but it also paves the
way towards the realization of long-lived entanglement which,
in turn, is expected to play a crucial role in quantum informa-
tion protocols [12–16].

In atomic ensembles, entanglement has been generated
either by measurements [17–22] or by atomic interactions
[23, 24] and has been inhibited by dissipation, often domi-
nated by the coupling of the atoms to the vacuum modes of
the electromagnetic field. However, if two ensembles share
certain spontaneous emission modes of the e.-m. field, and
the coupling is engineered, dissipation can lead to an entan-
gled state. This is the central idea implemented in this Let-
ter. In contrast to previous experiments [15–20] where the
dissipation-limited entanglement life time did not exceed 1ms
[16], our scheme does not require detection of light. The
dissipative interaction can be understood in terms of a con-
tinuous measurement by the environment which produces the
desired quantum state independently of the possible measure-
ment outcomes.

Fig. 1 presents two atomic samples with N ! 1 atoms,
which interact with a laser field and the vacuum modes of the
electromagnetic field. The basic entangling mechanism can
be understood by considering the vacuum modes in the direc-

Figure 1: Setup: two spatially separated atomic ensembles interact
with the environment composed of the vacuum modes of the elec-
tromagnetic field. The coupling is driven by the ŷ-polarized laser
beam (green shade) propagating in the ẑ direction. The engineered
collective dissipation is due to photons scattered in the forward direc-
tion. Internal level scheme of the atoms in the ensemble: Electronic
ground-state levels |↑〉 and |↓〉 are Zeeman-shifted by a magnetic field
applied in the x̂ direction, which defines the quantization axis. Atoms
in the two ensembles are initialized in the opposite spin states. The
laser beam off–resonantly couples these levels to the excited states,
|e↑〉 and |e↓〉 and to the electromagnetic vacuum modes. Due to the
Zeeman shift of the ground state levels, photons are emitted into the
upper and lower sideband (shown in blue and red color) centered
around ωL +Ω and ωL −Ω, where Ω is the Zeeman splitting and ωL
is the frequency of the applied laser field.

tion of the laser field with wave-vector kL and the rest of the
modes separately. The latter give rise to the standard spon-
taneous emission. The former are shared by both ensembles
and provide therefore the desired common environment. As
emission into the forward direction is collectively enhanced
for a large optical depth d [16], these modes can successfully
compete with all the others.

Entanglement by dissipation 
in atomic spin system

(Polzik group, Kopenhagen, PRL 2011)

First experimental 
realizations
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FIG. 3. Experimental signatures of four-qubit stabilizer pumping. a, Schematic of the four system qubits to be cooled
into the GHZ state (|0000⇤ + |1111⇤)/

⇧
2, which is uniquely characterized as the simultaneous eigenstate with eigenvalue +1

of the shown stabilizers. b, Reconstructed density matrices (real part) of the initial mixed state �mixed and subsequent states
�1,2,3,4 after sequentially pumping the stabilizers Z1Z2, Z2Z3, Z3Z4 and X1X2X3X4. Populations in the initial mixed state
with qubits i and j antiparallel, or in the -1 eigenspace of the ZiZj stabilizer, disappear after pumping this stabilizer into
the +1 eigenspace. For example, populations in dark blue dissappear after Z1Z2-stabilizer pumping. A final pumping of the
stabilizer X1X2X3X4 builds up the coherence between |0000⇤ and |1111⇤, shown as red bars in the density matrix of �4. c,
Measured expectation values of the relevant stabilizers; ideally, non-zero expectation values have a value of +1. d, Evolution
of the measured expectation values of the relevant stabilizers for repetitively pumping an initial state |1111⇤ with probability
p = 0.5 into the -1 eigenspace of the stabilizer X1X2X3X4. The incremental cooling is evident by the red line fitted to the
pumped stabilizer expectation value. The evolution of the expectation value ⇥X1X2X3X4⇤ for deterministic cooling (p = 1) is
also shown. The observed decay of ⇥ZiZj⇤ is due to imperfections and detrimental to the pumping process (see Supplementary
Information). Error bars in c and d, ±1⇥.

COHERENT FOUR-PARTICLE INTERACTIONS

The coupling of the system to an ancilla particle, as
used above for the engineering of dissipative dynamics,
can also be harnessed to mediate e�ective coherent n-
body interactions between the system qubits [26, 29].
The demonstration of a toolbox for open-system quan-
tum simulation is thus complemented by adding unitary
maps �S ⇤⇥ US�SU

†
S to the dissipative elements described

above. Here, US = exp(�i⇥HS) is the unitary time evo-
lution operator for a time step ⇥ , which is generated
by a system Hamiltonian HS . In contrast to the re-
cent achievements [41, 42] of small-scale analog quantum
simulators based on trapped ions, where two-body spin
Hamiltonians have been engineered directly [43], here we
pursue a gate-based implementation following the con-
cept of Lloyd’s digital quantum simulator [12], where the
time evolution is decomposed into a sequence of coherent
(and dissipative) steps.

In particular, the available gate operations enable an
experimentally e�cient simulation of n-body spin inter-
actions [44], which we illustrate by implementing time dy-
namics of a four-body Hamiltonian HS = gX1X2X3X4.

This example is motivated by the e�orts to experimen-
tally realize Kitaev’s toric code Hamiltonian [25], which
is a sum of commuting four-qubit stabilizer operators
representing four-body spin interactions. This paradig-
matic model belongs to a whole class of spin systems,
which have been discussed in the context of topological
quantum computing [45] and quantum phases exhibiting
topological order [46].

The elementary unitary operation US can be decom-
posed into a compact sequence of three coherent opera-
tions, as explained in Fig. 4a. In an experiment carried
out with 4+1 ions, we apply US for di�erent values of ⇥
to the system ions initially prepared in |1111⌅. We ob-
served coherent oscillations in the subspace spanned by
|0000⌅ and |1111⌅, as shown in Fig. 4b. We character-
ize our implementation of US by comparing the expected
and measured states, determined by quantum state to-
mography, for each value of ⇥ . The fidelity between the
expected and measured states is on average 85(2)%.

Open-system simulator 
with trapped ions

(Blatt group, Innsbruck, Nature 2011)

➡ Long range phase coherence/ boson condensation builds up from quasilocal dissipative operations

➡ Ordered phase reached from arbitrary initial state

=) ⇢(t) �! |BECihBEC| for t ! 1

• Uniqueness of stationary solution can be shown (for fixed particle number)



Dissipatively Induced Fermion 
Pairing
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J↵
i = 0

SD, W. Yi, A. Daley, P. Zoller, PRL (2010);
W. Yi, SD, A. Daley, P. Zoller, New J. Phys. (2012);

http://xxx.lanl.gov/find/quant-ph/1/au:+Diehl_S/0/1/0/all/0/1
http://xxx.lanl.gov/find/quant-ph/1/au:+Diehl_S/0/1/0/all/0/1
http://xxx.lanl.gov/find/quant-ph/1/au:+Zoller_P/0/1/0/all/0/1
http://xxx.lanl.gov/find/quant-ph/1/au:+Zoller_P/0/1/0/all/0/1
http://xxx.lanl.gov/find/quant-ph/1/au:+Zoller_P/0/1/0/all/0/1
http://xxx.lanl.gov/find/quant-ph/1/au:+Zoller_P/0/1/0/all/0/1


Motivation: Fermi-Hubbard Model Quantum Simulation

• Goal: finding ground state of Fermi-Hubbard model

• Clean realization of fermion Hubbard model possible
• Detection of Fermi surface in 40K (M. Köhl et al. PRL 05)

• Fermionic Mott Insulators (R. Jördens et al. Nature 08; U. Schneider et al., Science 08)

• Cooling problematic: small d-wave gap sets tough requirements 

Unitary continuum Fermi gas SF transition

Current lattice experimentsCritical temperature 
for d-wave SF

BCS superconductors

➡ Still need to be 10-100x cooler  

•  Roadmap via dissipative quantum state preparation approach: 
(1) Dissipatively prepare pure (zero entropy) state close to the expected ground state

(2) Adiabatic passage to the Hubbard ground state 

T/EF



The State to Be Prepared 

d-wave SC ++-

-
...

...

product state

➡ Task: find “parent Liouvillian” for this state
➡ “cooling” into the d-wave 

x

y

High-Tc cuprate phase 
diagramBelow we treat the example of a d-wave-paired BCS state

of two-component fermions in 2D, showing how the pairing
can be generated via purely dissipative processes. A BCS-
type state is the conceptually simplest many body wave
function describing a condensate of N paired spin-1/2 fermionic
particles,

|BCSN ⇧ ⇥ (d†)N/2|vac⇧

d†=
⇥

q

⇥qc
†
q,⇥c

†
�q,⇤

=
⇥

i,j

⇥ijc
†
i,⇥c

†
j,⇤

or d† =
�

i,j ⇥ijc
†
i,⇥c

†
j,⇤, where c†q,� (c†i,�) denotes the cre-

ation operator for fermions with quasimomentum q (on lat-
tice site i) and spin � =⇤, ⌅, and ⇥q (⇥ij) the momentum
(position) wave function of the pairs. In the case of d-wave
pairing, the pair wave function obeys

⇥qx,qy = �⇥�qy,qx = ⇥�qx,�qy

d† =
X

i

[c†i+e
x

," + c†i�e
x

," � (c†i+e
y

," + c†i�e
y

,")]c
†
i,#

•  Features shared with expected Hubbard ground state:

(1) Quantum numbers

➡ no phase transition crossed in preparation process: gap protection

(2) Energetically close? 
➡  off-site pairing avoids excessive double occupancy



Pairing mechanism 

• Half filling: Neel state for antiferromagnetism

Antiferromagnet d-wave SC

• Lindblad operators (1D): e.g.
full set:

0

flip!

flip!

• D-wave (analog) state: interpret the state as a symmetrically delocalized Neel order

|BCS1i = (d†)N |vaci, d† =
X

i

(c†i+1," + c†i�1,")c
†
i,#

• Lindblad operators (1D): e.g.

➡ Combine fermionic Pauli blocking with delocalization as for bosons

phase locking

J+
i = j+i,+ + j+i,� = (c†i+1," + c†i�1,")ci,#

• Consider 1D cut only

SD, W. Yi, A. Daley, P. Zoller, PRL 105 (2010)

➡ dark state based on Fermi statistics

http://xxx.lanl.gov/find/quant-ph/1/au:+Diehl_S/0/1/0/all/0/1
http://xxx.lanl.gov/find/quant-ph/1/au:+Diehl_S/0/1/0/all/0/1
http://xxx.lanl.gov/find/quant-ph/1/au:+Zoller_P/0/1/0/all/0/1
http://xxx.lanl.gov/find/quant-ph/1/au:+Zoller_P/0/1/0/all/0/1


3

Note that these operators can be obtained from Ŝa
i,⇥ by

a particle-hole transformation c†i,⇤ ⇥ ci,⇤ on the central
site i. For the action of the operators jai,⇥ the assump-
tion of fermionic statistics is essential, as illustrated in
Fig. 1b: they generate spin flipping transport according
to e.g. j+i,⇥ = c†i+e� ,�ci,⇥, which is not possible when the
antiferromagnetic order is already present. The proof of
uniqueness of the Néel steady state up to double degen-
eracy is then trivial: The steady state must fulfill the
quasilocal condition that for any site occupied by a cer-
tain spin, its neighboring sites must be filled by opposite
spins. For half filling, the only states with this property
are |N±⇤. This residual twofold degeneracy can be lifted
by adding a single operator ji = c†i+e�

(1 + ⌅z)ci on an
arbitrary site i.

To find the Lindblad operators for the d-wave BCS
state, we apply a similar strategy. We first rewrite the
d-wave generator using the operators Ŝa

i ,

d† = i
2

⇥

i

(c†i+ex
� c†i+ey

)⌅yc†i =
a
2

⇥

i

D̂a
i , (4)

D̂a
i =

⇥

⇥

⇤⇥ Ŝ
a
i,⇥ ,

where ⇤±x = 1, ⇤±y = �1, and the quasilocal d-wave

pair D̂a
i may be seen as the ”d-wave unit cell operators”.

Note the freedom of choosing a = ± in writing the state.
This form makes the physical picture of a d-wave super-
fluid as delocalized antiferromagnetic order away from
half filling [3, 14] particularly apparent. The condition
[J�

i ,
�

j D̂
b
j ] = 0 (� = (a, z)) is fulfilled by

Ja
i =

⇥

⇥

⇤⇥j
a
i,⇥ , Jz

i =
⇥

⇥

⇤⇥j
z
i,⇥ ,

with jzi,⇥ = c†i+e�
⌅zci, establishing Eq. (1). Similar to

above, each Ja
i is obtained from D̂a

i by a particle-hole
transformation on the central site i. In fact, for these
operators the stronger quasi-local commutation proper-
ties with the molecular d-wave pairs holds due to Eq.
(3): [Ja

i , D̂
a
j ] = 0 for all i, j, [Ja

i , D̂
b
j ] = 0 for all i, j in the

same sublattice, which relies again on fermionic statis-
tics. In contrast, the operators Jz

i only commute with the
symmetric superposition of all d-wave pairs D̂a

j . These
operators establish coherence via phase locking between
adjacent cloverleaves of sites.

The question of uniqueness of the Lindblad opera-
tors (1) is equivalent to the uniqueness of the ground
state of the associated hermitian Hamiltonian H =
U
�

i,�=±,z J
�†
i J�

i for U > 0. We note that our BCS
state shares the symmetries of the Hamiltonian of global
phase and spin rotations, and translation invariance. As-
suming that no other symmetries exist, we expect the
ground state to be unique. Note, however, the necessity
of the full set {J�

i }: Omitting e.g. {Jz
i } gives rise to an

additional discrete symmetry in H resulting in ground
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FIG. 2. Numerical illustration of the uniqueness of the steady
state. (a) Evolution of entropy computed from the full system
density matrix under the master equation with Lindblad op-
erators from Eq. (1), for four atoms on a 4x1 lattice, showing
exponential convergence from a completely mixed state to a
pure state. (b) Same as in (a), but showing fidelity to the
d-wave BCS state with 4 atoms on a 4⇥3 grid in 2D, com-
puted via a quantum trajectories method (see text). Dashed
lines show sampling error, and insets show convergence on a
logarithmic scale.

state degeneracy. These results are confirmed with nu-
merical diagonalizations for small system sizes and pe-
riodic boundary conditions, and from master equation
simulations where |BCSN ⇤ is established as the unique
pure steady state for arbitray mixed state initial condi-
tions, cf. Fig. 2 .
The above construction method may be used to find

the set of parent Lindblad operators for a much wider
class of states. To illustrate this, we switch to one di-
mension for simplicity. There, any pairing state of the
form

|µ, n, k;N⇤ = O†N
k,n,µ|vac⇤,

where O†
k,n,µ =

�
i exp ikxi c

†
i+n⇧

µc†i and ⇧µ = (1,⌅�)
and the quantum numbers are spin combination µ =
0, ..., 3, the ”pairing distance” n = (1, ...,M �1), and the
pairing momentum k = (�(M�1)/2, ..., (M�1)/2)2⇥/M
(the one dimensional analog of the d-wave state is homo-
geneous nearest neighbour singlet pairing O†

0,1,2). Note
that the construction is not applicable for the seemingly
simplest onsite pairing states O†

k,0,2; the analogs of Eq.
(1) become local, such that the lattice sites decouple and
no phase coherence can be built up.
Physical Implementation – The simplicity of the form

of J�
i raises the possibility to realise dissipative pairing

via reservoir engineering with cold atoms, as we will il-
lustrate here by making use of metastable states in al-
kaline earth-like atoms [15, 16]. Fermionic isotopes have
non-zero nuclear spin (e.g., I = 1/2 for 171Yb, which we
will choose here), which acts as an independent degree

• The full set of Lindblad operators is found from

• Discussion: These operators

• form exhaustive set: d-wave steady state unique, reached 
for arbitrary initial state

• bilinear: describe the redistribution of the superposition of a 
single particle

• generalization to arbitrary symmetries possible

J↵
i = (c†i+1 + c†i�1)�

↵ci
ci =

✓
c",i
c#,i

◆Pauli matrices

[J↵
i , G

†] = 0 8i,↵ |D(N)i ⇠ G†N |vaci

• given by

Dissipative Pairing: The d-wave jump operators 

3

Note that these operators can be obtained from Ŝa
i,⇥ by

a particle-hole transformation c†i,⇤ ⇥ ci,⇤ on the central
site i. For the action of the operators jai,⇥ the assump-
tion of fermionic statistics is essential, as illustrated in
Fig. 1b: they generate spin flipping transport according
to e.g. j+i,⇥ = c†i+e� ,�ci,⇥, which is not possible when the
antiferromagnetic order is already present. The proof of
uniqueness of the Néel steady state up to double degen-
eracy is then trivial: The steady state must fulfill the
quasilocal condition that for any site occupied by a cer-
tain spin, its neighboring sites must be filled by opposite
spins. For half filling, the only states with this property
are |N±⇤. This residual twofold degeneracy can be lifted
by adding a single operator ji = c†i+e�

(1 + ⌅z)ci on an
arbitrary site i.

To find the Lindblad operators for the d-wave BCS
state, we apply a similar strategy. We first rewrite the
d-wave generator using the operators Ŝa

i ,

d† = i
2

⇥

i

(c†i+ex
� c†i+ey

)⌅yc†i =
a
2

⇥

i

D̂a
i , (4)

D̂a
i =

⇥

⇥

⇤⇥ Ŝ
a
i,⇥ ,

where ⇤±x = 1, ⇤±y = �1, and the quasilocal d-wave

pair D̂a
i may be seen as the ”d-wave unit cell operators”.

Note the freedom of choosing a = ± in writing the state.
This form makes the physical picture of a d-wave super-
fluid as delocalized antiferromagnetic order away from
half filling [3, 14] particularly apparent. The condition
[J�

i ,
�

j D̂
b
j ] = 0 (� = (a, z)) is fulfilled by

Ja
i =
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⇥

⇤⇥j
a
i,⇥ , Jz

i =
⇥

⇥

⇤⇥j
z
i,⇥ ,

with jzi,⇥ = c†i+e�
⌅zci, establishing Eq. (1). Similar to

above, each Ja
i is obtained from D̂a

i by a particle-hole
transformation on the central site i. In fact, for these
operators the stronger quasi-local commutation proper-
ties with the molecular d-wave pairs holds due to Eq.
(3): [Ja

i , D̂
a
j ] = 0 for all i, j, [Ja

i , D̂
b
j ] = 0 for all i, j in the

same sublattice, which relies again on fermionic statis-
tics. In contrast, the operators Jz

i only commute with the
symmetric superposition of all d-wave pairs D̂a

j . These
operators establish coherence via phase locking between
adjacent cloverleaves of sites.

The question of uniqueness of the Lindblad opera-
tors (1) is equivalent to the uniqueness of the ground
state of the associated hermitian Hamiltonian H =
U
�

i,�=±,z J
�†
i J�

i for U > 0. We note that our BCS
state shares the symmetries of the Hamiltonian of global
phase and spin rotations, and translation invariance. As-
suming that no other symmetries exist, we expect the
ground state to be unique. Note, however, the necessity
of the full set {J�

i }: Omitting e.g. {Jz
i } gives rise to an

additional discrete symmetry in H resulting in ground
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FIG. 2. Numerical illustration of the uniqueness of the steady
state. (a) Evolution of entropy computed from the full system
density matrix under the master equation with Lindblad op-
erators from Eq. (1), for four atoms on a 4x1 lattice, showing
exponential convergence from a completely mixed state to a
pure state. (b) Same as in (a), but showing fidelity to the
d-wave BCS state with 4 atoms on a 4⇥3 grid in 2D, com-
puted via a quantum trajectories method (see text). Dashed
lines show sampling error, and insets show convergence on a
logarithmic scale.

state degeneracy. These results are confirmed with nu-
merical diagonalizations for small system sizes and pe-
riodic boundary conditions, and from master equation
simulations where |BCSN ⇤ is established as the unique
pure steady state for arbitray mixed state initial condi-
tions, cf. Fig. 2 .
The above construction method may be used to find

the set of parent Lindblad operators for a much wider
class of states. To illustrate this, we switch to one di-
mension for simplicity. There, any pairing state of the
form

|µ, n, k;N⇤ = O†N
k,n,µ|vac⇤,

where O†
k,n,µ =

�
i exp ikxi c

†
i+n⇧

µc†i and ⇧µ = (1,⌅�)
and the quantum numbers are spin combination µ =
0, ..., 3, the ”pairing distance” n = (1, ...,M �1), and the
pairing momentum k = (�(M�1)/2, ..., (M�1)/2)2⇥/M
(the one dimensional analog of the d-wave state is homo-
geneous nearest neighbour singlet pairing O†

0,1,2). Note
that the construction is not applicable for the seemingly
simplest onsite pairing states O†

k,0,2; the analogs of Eq.
(1) become local, such that the lattice sites decouple and
no phase coherence can be built up.
Physical Implementation – The simplicity of the form

of J�
i raises the possibility to realise dissipative pairing

via reservoir engineering with cold atoms, as we will il-
lustrate here by making use of metastable states in al-
kaline earth-like atoms [15, 16]. Fermionic isotopes have
non-zero nuclear spin (e.g., I = 1/2 for 171Yb, which we
will choose here), which acts as an independent degree

entropy

➡ Projective pair condensation mechanism, does not rely on attractive conservative forces



damping rates

C†
i =

X

j

vi�ja
†
j

translation invariant creation and annihilation part

Ai =
X

j

ui�jaj

C†
k = vka

†
k

Ak = ukak

,Ji = C†
iAi

|BCS,Ni = G†N |vaci

• requirements

'k =
vk
uk

= �'�k

antisymmetry

• fixed number Lindblad operators

• resulting dark state 

• fixed phase Lindblad operators

• resulting dark state (with                     )               

|BCS, ✓i = exp(rei✓G†
)|vaci

ji = C†
i + rei✓Ai

G† =
X

k

'kc
†
�kc

†
k

Fixed Number vs. Fixed Phase Lindblad Operators
• spinless fermions for simplicity

• comment: allows us to construct exactly solvable interacting Hubbard models with parent 
Hamiltonian 

H =
X

i

J†
i Ji

�N ⇠ 1/
p
N

Ji|Di = 08i



• use exact knowledge of stationary state: linearized long time evolution
• use equivalence of fixed number and fixed phase states in thdyn limit

Ji = C†
iAi

-> Dirac algebra

fixed spontaneously

fixed by average particle 
number

ji = C†
i + rei✓Ai

• properties

• relation to microscopic operators

L[⇢] = 
X

i

[ji⇢j
†
i � 1

2{j
†
i ji, ⇢}] =

X

q

q[jq⇢j
†
q � 1

2{j
†
qjq, ⇢}]

t ! 1
“low energy limit”

➡ Scale generated in long time evolution ; exponentially fast approach of steady state
➡ Robustness of prepared state against perturbations

-3 -2 -1 0 1 2 3
0.0

0.5

1.0

1.5

2.0

damping rate

bosons

fermions

q

q

q = 0

Z

BZ

d2k
(2⇡)2

|ukvk|2
|uk|2+|↵vk|2 (|u

2
q|+ |v2q|) � 0n

• effective damping rate with a “dissipative gap”

fixed number fixed phase

Spontaneous Symmetry Breaking and Dissipative Gap

• effective fermionic quasiparticle operators

; fulfill Dirac algebra -> uniquenessjq|BCS, ✓i = 0



Topology by Dissipation

One Dimension Two Dimensions

Key Questions:

• Is topological order an exclusive feature of Hamiltonian ground states, or pure states?

• Which topological states be reached by a targeted, dissipative cooling process?           

• What are proper microscopic, experimentally realizable models?

• What are the parallels and differences to the equilibrium (ground state) scenario?

SD, E. Rico, M. A. Baranov, P. Zoller, 
Nat. Phys. (2011)

C. Bardyn, E. Rico, M. Baranov, A. Imamoglu, P. 
Zoller, SD, PRL (2012); 
New J. Phys. (2013);

J. C. Budich, P. Zoller, SD, in preparation
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FIG. 2. Two examples of Chern number ⌫ = 0: gap-only situation ũk = 1 and a small gap added to a nontrivial operator
for ⌫ = �1 (ũk = 0.2 + 1

2 (D
�
1 + D�

2 ); cf. Fig. ??). In both cases, the winding numbers around given Fermi surfaces are
nonzero (because the complex phase of the order parameter cannot be gauged away by a nonsingular redefinition of the fermion
operators), but they compensate each other. Obviously, such compensation is only possible for an even number of Fermi
surfaces.

Thus the Hamiltonian (as well as the vector ~n itself) constructed from our spinor is the right object to consider
also in our dissipative context. It is given by

H
k

= N
k

✓ |u
k

|2 � |v
k

|2 u⇤
k

v
k

u
k

v⇤
k

�(|u
k

|2 � |v
k

|2)
◆

=

✓
⇠
k

�
k

�⇤
k

�⇠�k

◆
(38)

This form allows us to interpret the ingredients in more conventional terms. The normalization N
k

plays the role of
the eigenvalues of the Hamiltonian;

N
k

= |ũ
k

|2 + |ṽ
k

|2 = |pr
1

d�
1

+
p
r
2

ei(✓+⇡)/2d�
0

2

|2|pr
1

d�
1

�p
r
2

ei(✓+⇡)/2d�
0

2

|2 + sin k2
1

+ sin k2
2

(39)

The energy is gapped (N
k

> 0 for all k) for nonzero r
0

. For r
0

= 0, there is one gapless point in the spectrum. To find
it, we must seek the simultaneous zeroes of |ũ

k

|2, |ṽ
k

|2. The four distinct zeroes of |ṽ
k

|2 are at (0, 0); (0,⇡); (⇡, 0); (⇡,⇡)
where we have of course the identification of ⇡ and �⇡. In contrast, due to the half-periodicity of the D�

↵

and for
r
1,2

> 0, |ũ
k

|2 can only have a single zero at one of the above locations in the Brillouin zone. A specific choice for
�,�0 will thus single out one of the potentially gapless points k⇤ = {(0, 0); (0,⇡); (⇡, 0); (⇡,⇡)}. In the vicinity of these
points, the spectrum behaves quadratically ⇠ �k2, where �k is the deviation from the gapless point; this behavior is
determined by ṽ

k

.
Based on our numerical experience, the existence of a gapless point appears to be a necessary condition for topo-

logically nontrivial order (but not a su�cient one). This is in contrast to topological equilibrium superconductors,
which can be fully gapped. We discuss this point below further.
Furthermore, we note the identifications

⇠
k

= |ũ
k

|2 � |ṽ
k

|2, �
k

= ũ⇤
k

ṽ
k

(40)

The zeroes of ⇠
k

have a particular significance as is clear from the representation (??) of the Chern number, as
they define the ”Fermi surfaces”, where ⇠

k

changes sign. While one typically thinks of a positive chemical potential
providing for such a surface, the characteristic feature of a zero crossing of ⇠

k

can – and does – also occur in our
nonequilibrium setting upon appropriate choice of the Lindblad operators.
As an important technical point for the visualization of the Chern number, we note the following relation:

for k 2 F
�

: r
k

✓
k

= n
2,k

r
k

n
1,k

� n
1,k

r
k

n
2,k

(41)

which holds only on a Fermi surface, since there the component n
3,k

= 0 and thus r
k

= 1 for the modulus of the order
parameter.

http://xxx.lanl.gov/find/quant-ph/1/au:+Diehl_S/0/1/0/all/0/1
http://xxx.lanl.gov/find/quant-ph/1/au:+Diehl_S/0/1/0/all/0/1
http://xxx.lanl.gov/find/quant-ph/1/au:+Rico_E/0/1/0/all/0/1
http://xxx.lanl.gov/find/quant-ph/1/au:+Rico_E/0/1/0/all/0/1
http://xxx.lanl.gov/find/quant-ph/1/au:+Baranov_M/0/1/0/all/0/1
http://xxx.lanl.gov/find/quant-ph/1/au:+Baranov_M/0/1/0/all/0/1
http://xxx.lanl.gov/find/quant-ph/1/au:+Zoller_P/0/1/0/all/0/1
http://xxx.lanl.gov/find/quant-ph/1/au:+Zoller_P/0/1/0/all/0/1


Topological States of Matter [Hamiltonian setting]

• topological states of matter (noninteracting fermions)
- beyond the Landau paradigm
- robust edge states and non-Abelian excitations
- topological protected quantum memory and quantum computing

• Quantum Hall systems and topological insulators/ BdG superconductors

supercond
uctor

wire

edge: Majorana modesbulk: p-wave topological 
superconducting phase

- minimal model: Kitaev’s quantum wire

- Wire Hamiltonian (spinless [spin-polarized] fermions)

hopping superconducting
order parameter chemical potential

H =
X

i

∑
°Ja†

i ai+1 +¢ai ai+1 +h.c.°µ
µ

a†
i ai °

1
2

∂∏

Nayak et al., RMP (2008)

Hasan and Kane, RMP (2010)
Qi and Zhang, RMP (2011)

Kitaev, Phys. Usp. (2001)

classification: Schnyder et al. PRB (2008); Kitaev (2009)
based on Altland and Zirnbauer, PRB (1997)



Reminder: Kitaev‘s quantum wire (Hamiltonian scenario)

• “Majorana fermions” c†
j = c j , {c j ,cl } = 2± j l

c1 ¥ ∞L c2N ¥ ∞R

unpaired Majorana edge modes

physical site

|0�, |1�= ã†
N |0�

- zero energy

bulk
 - p-wave superfluid in ground state

- gap in spectrum: 2J

ãi |p⇥wave�= 0 (i = 1, . . . , N ⇥1)

- off-site paired Majoranas

edge

- non-local Bogoliubov fermion
�L, �R- unpaired Majoranas

H = 2J
N�1X

i=1

(ã†i ãi � 1
2 )• Hamiltonian ãi =

1
2 i(ai+1 + a†i+1 � ai + a†i )with 

(� = J, µ = 0)for
+0 · ã†NaN

quasilocal

Kitaev, Phys. Usp. (2001)

aj ⌘ 1
2 (c2j�1 + ic2j)



Dissipative Topological Quantum Wire

fermion reservoir

Ω̇ = ∑
N�1X

i=1

µ
ãiΩã†

i �
1
2

ã†
i ãiΩ�Ω

1
2

ã†
i ãi

∂

ãi =
1
2

i(ai+1 +a†
i+1 �ai +a†

i )

Lindblad operators
~ Bogoliubov operators

(quasilocal)

rates:

Liouville operator

• master equation



Dissipative Topological Quantum Wire

fermion reservoir

ãi =
1
2

i(ai+1 +a†
i+1 �ai +a†

i )

=> dark state 
unique

rates:

bulk driven to pure steady state: 
Kitaev’s ground state 

dark state = topological p-wave

ãi |p⇥wave�= 0 (i = 1, . . . , N ⇥1)

Hilbert space

dark state

• master equation

Ω̇ = ∑
N�1X

i=1

µ
ãiΩã†

i �
1
2

ã†
i ãiΩ�Ω

1
2

ã†
i ãi

∂

{ãi, ãj} = 0 {ã†i , ãj} = �ij



fermion reservoir

ãi =
1
2

i(ai+1 +a†
i+1 �ai +a†

i )

bulk driven to pure steady state: 
Kitaev’s ground state 

|0�, |1�= ã†
N |0�

Majorana edge modes decoupled from 
dissipation

non-local decoherence free subspacedark state = topological p-wave

rates:

dissipative
Majorana 

edge modes

ãi |p⇥wave�= 0 (i = 1, . . . , N ⇥1)

• master equation

Ω̇ = ∑
N�1X

i=1

µ
ãiΩã†

i �
1
2

ã†
i ãiΩ�Ω

1
2

ã†
i ãi

∂

Dissipative Topological Quantum Wire



Edge - Bulk:

non-local decoherence free subspace

Dissipative Topological Quantum Wire dissipative
Majorana 

edge modes

Ω̇edge = 0
°
Ωedge

¢
ÆØ

⇤ �Æ|Ωedge|Ø⇥ |Æ⇥ � {|0⇥, |1⇥}Ωbulk(�) = |p⌅wave⇤⇥p⌅wave|

bulk cooled to pure steady state: 
Kitaev’s ground state 

|0�, |1�= ã†
N |0�

Majorana edge modes decoupled from 
dissipation

dark state = topological p-wave

ãi |p⇥wave�= 0 (i = 1, . . . , N ⇥1)

- dynamically isolated from each other

- edge mode subspace protected by dissipative gap

⇢bulk-edge . e��gapt⇢bulk-edge(0) ! 0

) t ! 1 : ⇢ ! ⇢edge ⌦ ⇢bulk



Implementation with Fermionic Atoms

• Connection to quadratic theory: we obtain

Ji = (a†i + a†i+1)(ai � ai+1) ji = (a†i + a†i+1 + ai � ai+1) / ãi
“low energies”=̂

long times 
interacting linearized

Kitaev’s Majorana operators

/ ãi

immersion of 
driven system 
into BEC reservoir

      (similar to bosonic  
          case above) 

Ji = (a†i + a†i+1)(ai � ai+1)

+� �⌦

dissipative gap 
emerges naturally

• Microscopic implementation with spinless fermions (cold atoms)

+ 

atoms, which ideally should remain unaffected. For this purpose, we
monitored the probability of finding a hole at the sites next to the
addressed ones (dark blue regions in Fig. 3a, b and points in Fig. 3c). In
order to distinguish accidentally flipped neighbouring atoms from
holes that originate from thermal excitations of the initial Mott insu-
lator28, we also monitored the probability of finding a hole at the
second next neighbours (light blue regions and points in Fig. 3). As
both yielded the same hole probability of 6(2)%, we attribute all holes
to thermal excitations and conclude that the probability of addressing
a neighbouring atom is indiscernibly small. We fitted the hole prob-
ability p0(dx) of the addressed site with a flat-top model function (see
Methods), keeping the offset fixed at the thermal contribution of 6%.
From the fit, we derived a spin-flip fidelity of 95(2)%, an FWHM of
sa5 330(10) nm and an edge sharpness of ss5 50(10) nm (Fig. 3c).
These values correspond to 60% and 10% of the addressing beam
diameter, demonstrating that our method reaches sub-diffraction-
limited resolution, well below the lattice spacing.
The observedmaximum spin-flip fidelity is currently limited by the

population transfer efficiency of our microwave sweep. The edge
sharpness ss originates from the beam pointing error of = 0.1 alat
and from variations in the magnetic bias field. The latter causes fre-
quency fluctuations of ,5 kHz, which translate into an effective
pointing error of 0.05 alat at the maximum slope of the addressing
beam profile. The resolution sa could in principle be further reduced
by a narrower microwave sweep, at the cost of a larger sensitivity to
the magnetic field fluctuations. A larger addressing beam power
would reduce this sensitivity, but we observed that this deformed
the lattice potential, owing to the imperfect s2-polarization, allowing
neighbouring atoms to tunnel to the addressed sites.

Coherent tunnelling dynamics
The preparation of an arbitrary atom distribution opens up new pos-
sibilities for exploring coherent quantum dynamics at the single-atom
level. As an example, we studied the tunnelling dynamics in a one-
dimensional lattice (Fig. 4) which allowed us to determine how much
our addressing scheme affects the vibrational state of the atoms. We
started by preparing a single line of up to 18 atoms along the y direction
before we lowered the lattice along the x direction to Vx5 5.0(5) Er

within 200ms. At the same time, the other lattices were lowered to
Vy5 30 Er and Vz5 23 Er, which reduced the external confinement
along the x direction, but still suppressed tunnelling in the y and z
directions. After a varying hold time t, allowing the atoms to tunnel
along x, the atomic distributionwas frozenby a rapid 100ms rampof all
lattice axes to 56–90 Er. By averaging the resulting atomic distribution
along the y direction and repeating the experiment several times, we
obtained the probability distribution of finding an atom at the different
lattice sites (Fig. 4, bottom row).
This probability distribution samples the single-atom wave-

function after a coherent tunnelling evolution. We observed how
the wavefunction expands in the lattice and how the interference of
different paths leads to distinct maxima and minima in the distri-
bution, leaving for example almost no atoms at the initial position
after a single tunnelling time (Fig. 4c). This behaviour differs mark-
edly from the evolution in free space, where a Gaussian wave packet
disperses without changing its shape, always preserving a maximum
probability in the centre. For longer hold times, an asymmetry in the
spatial distribution becomes apparent (Fig. 4d), which originates from
an offset between the bottom of the external harmonic confinement
and the initial position of the atoms.
We describe the observed tunnelling dynamics by a simple

Hamiltonian including the tunnel coupling J(0) between twoneighbour-
ing sites and an external harmonic confinement, parameterized by the
trap frequencyvtrap, and the position offset xoffs (Methods). A single fit
to all probability distributions recorded at different hold times yields
J(0)/B5 940(20)Hz, vtrap/(2p)5 103(4)Hz and xoffs526.3(6) alat.
This is in agreement with the trap frequency vtrap/(2p)5 107(2)Hz
obtained froman independentmeasurement via excitationof thedipole
mode without the x lattice, whose contribution to the external confine-
ment is negligible compared to the other two axes. From J(0), we calcu-
lated a lattice depth ofVx5 4.6(1)Er, which agreeswith an independent
calibration via parametric heating. The expansion of the wave packet
can also be understood by writing the initial localized wavefunc-
tion as a superposition of all Bloch waves of quasi-momentum Bq,
with 2p/alat# q#p/alat. To each quasi-momentum Bq, one can
assign a velocity vq~ 1
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Lq, determined by the dispersion relation

E(q)522J(0) cos(qalat) of the lowest band. The edges of the wave
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Figure 2 | Single-site addressing. a, Top, experimentally obtained
fluorescence image of a Mott insulator with unity filling in which the spin of
selected atoms was flipped from |0æ to | 1æ using our single-site addressing
scheme. Atoms in state | 1æ were removed by a resonant laser pulse before
detection. Bottom, the reconstructed atom number distribution on the lattice.
Each filled circle indicates a single atom; the pointsmark the lattice sites.b, Top,
as for a except that a global microwave sweep exchanged the population in | 0æ

and |1æ, such that only the addressed atoms were observed. Bottom, the
reconstructed atom number distribution shows 14 atoms on neighbouring
sites. c–f, As for b, but omitting the atom number distribution. The images
contain 29 (c), 35 (d), 18 (e) and 23 (f) atoms. The single isolated atoms in
b, e and fwere placed intentionally to allow for the correct determination of the
lattice phase for the feedback on the addressing beam position.
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• time evolution of Ω in a co-moving basis |a(t )⇥=U (t )|a(0)⇥ which follows the

decoherence free subspace of edge modes, i.e. Ω̇ÆØ = 0. With �b(t )|a(t )⇥ =
±ab , this yields

d
d t

Ω =⇤i [A,Ω]+
X

a,b
|a⇥Ω̇ab�b|,

➡ Insensitivity of edge modes against 
microscopic details in the bulk:
➡disorder
➡non-pure bulk states 

A = iU̇ †U Ω̇ab ⇤ �a(t )|@tΩ|b(t )⇥adiabatic 
connection phys. evolution

Properties: “Topology by Dissipation”

✓ topological origin

✓ generic features of topological states

➡ Topological invariant of the bulk (for 
mixed, dissipative systems)

✓ Adiabatic moving of dissipative   
    Majoranas by changing 

➡ dissipative braiding in networks
➡ non-abelian statistics

parallels Hamiltonian case

(Alicea et al., Nat. Phys. 2011) 4
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FIG. 3: A T-junction allows for adiabatic exchange of two Majorana
fermions bridged by either a topological region (dark blue lines) as
in (a)-(d), or a non-topological region (light blue lines) as in (e)-(h).
Transport of Majorana fermions is achieved by gates as outlined in
Fig. 2. The arrows along the topological regions in (a)-(d) are useful
for understanding the non-Abelian statistics as outlined in the main
text.

and (b), generically no Majorana modes exist there. To see
this, imagine decoupling the two topological segments so that
two Majorana modes in close proximity exist at the junction;
restoring the coupling generically combines these Majoranas
into an ordinary, finite-energy fermion.

As an illustrative example, consider the setup of Fig. 3(a)
and model the left and right topological segments by Kitaev’s
model with µ = 0 and t = |⇥| in Eq. (1). [For simplic-
ity we will exclude the non-topological vertical wire in Fig.
3(a).] Suppose furthermore that the ⌅ = ⌅L/R in the left/right
chains and that the fermion cL,N at site N of the left chain
couples weakly to the fermion cR,1 at site 1 of the right chain
via H� = ��(c†L,NcR,1 + h.c.). Using Eq. (2), the end Ma-
joranas at the junction couple as follows,

H� ⇤ � i�

2
cos

�
⌅L � ⌅R

2

⇥
�L
B,N�R

A,1 (8)

and therefore generally combine into an ordinary fermion23.
An exception occurs when the regions form a ⇤-junction—
that is, when ⌅L � ⌅R = ⇤—which fine-tunes their coupling
to zero. Importantly, coupling between end Majoranas in the

semiconductor context is governed by the same ⌅L � ⌅R de-
pendence as in Eq. (8)1,2.

Finally, when all three segments are topological, again only
a single Majorana mode exists at the junction without fine-
tuning. Three Majorana modes appear only when all pairs of
wires simultaneously form mutual ⇤ junctions (which is pos-
sible as described in the Supplementary Material, since the
superconducting phases are defined with respect to a direction
in each wire). Recall from Eq. (6) that the spin-orientation
favored by spin-orbit coupling determines the effective super-
conducting phase of the semiconducting wires. Two wires
at right angles to one another therefore exhibit a ⇤/2 phase
difference, well away from the pathological limits mentioned
above.

The T-junction permits exchange of Majoranas from either
the same or different topological regions. First, consider the
configuration of Fig. 3(a) where the horizontal wire resides in
a topological phase while the vertical wire is non-topological.
Counterclockwise exchange of �1 and �2 can be implemented
as outlined in Figs. 3(b)-(d). Here, one shuttles �1 to the
junction by making the left end non-topological; transports
�1 downward by driving the vertical wire into a topological
phase; transports �2 leftward in a similar fashion; and finally
directs �1 up and to the right. Exchange of two Majorana
fermions connected by a non-topological region as in Fig. 3(e)
can be similarly achieved—counterclockwise exchange of �1
and �2 proceeds as sketched in Figs. 3(f)-(h).

While the Majoranas can now be exchanged, non-Abelian
statistics is not obvious in this context. Recall how non-
Abelian statistics of vortices arises in a spinless 2D p + ip
superconductor12,13, following Ivanov’s approach. Ultimately,
this can be deduced by considering two vortices which bind
Majorana fermions �1 and �2. Since the spinless fermion
operators effectively change sign upon advancing the super-
conducting phase by 2⇤, one introduces branch cuts emanat-
ing from the vortices; crucially, a Majorana fermion changes
sign whenever crossing such a cut. Upon exchanging the
vortices, �2 (say) crosses the branch cut emanating from the
other vortex, leading to the transformation rule �1 ⌅ �2
and �2 ⌅ ��1 which is generated by the unitary operator
U12 = exp(⇤�2�1/4). With many vortices, the analogous
unitary operators Uij corresponding to the exchange of �i and
�j do not generally commute, implying non-Abelian statistics.

Following an approach similar to that of Stern et al.34, we
now argue that Majorana fermions in semiconducting wires
transform exactly like those bound to vortices under exchange,
and hence also exhibit non-Abelian statistics. This can be
established most simply by considering the exchange of two
Majorana fermions �1 and �2 as illustrated in Figs. 3(a)-(d).
At each step of the exchange, there are two degenerate ground
states |0⌃ and |1⌃ = f†|0⌃, where f = (�1 + i�2)/2 annihi-
lates |0⌃. In principle, one can deduce the transformation rule
from the Berry phases ⇧n ⇥ Im

⇤
dt⇧n|�t|n⌃ acquired by the

many-body ground states |n⌃ = |0⌃ and |1⌃, though in practice
these are hard to evaluate.

Since exchange statistics is a universal property, however,
we are free to deform the problem to our convenience pro-
vided the energy gap remains finite. As a first simplification,
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FIG. 3: A T-junction allows for adiabatic exchange of two Majorana
fermions bridged by either a topological region (dark blue lines) as
in (a)-(d), or a non-topological region (light blue lines) as in (e)-(h).
Transport of Majorana fermions is achieved by gates as outlined in
Fig. 2. The arrows along the topological regions in (a)-(d) are useful
for understanding the non-Abelian statistics as outlined in the main
text.

and (b), generically no Majorana modes exist there. To see
this, imagine decoupling the two topological segments so that
two Majorana modes in close proximity exist at the junction;
restoring the coupling generically combines these Majoranas
into an ordinary, finite-energy fermion.

As an illustrative example, consider the setup of Fig. 3(a)
and model the left and right topological segments by Kitaev’s
model with µ = 0 and t = |⇥| in Eq. (1). [For simplic-
ity we will exclude the non-topological vertical wire in Fig.
3(a).] Suppose furthermore that the ⌅ = ⌅L/R in the left/right
chains and that the fermion cL,N at site N of the left chain
couples weakly to the fermion cR,1 at site 1 of the right chain
via H� = ��(c†L,NcR,1 + h.c.). Using Eq. (2), the end Ma-
joranas at the junction couple as follows,
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and therefore generally combine into an ordinary fermion23.
An exception occurs when the regions form a ⇤-junction—
that is, when ⌅L � ⌅R = ⇤—which fine-tunes their coupling
to zero. Importantly, coupling between end Majoranas in the

semiconductor context is governed by the same ⌅L � ⌅R de-
pendence as in Eq. (8)1,2.

Finally, when all three segments are topological, again only
a single Majorana mode exists at the junction without fine-
tuning. Three Majorana modes appear only when all pairs of
wires simultaneously form mutual ⇤ junctions (which is pos-
sible as described in the Supplementary Material, since the
superconducting phases are defined with respect to a direction
in each wire). Recall from Eq. (6) that the spin-orientation
favored by spin-orbit coupling determines the effective super-
conducting phase of the semiconducting wires. Two wires
at right angles to one another therefore exhibit a ⇤/2 phase
difference, well away from the pathological limits mentioned
above.

The T-junction permits exchange of Majoranas from either
the same or different topological regions. First, consider the
configuration of Fig. 3(a) where the horizontal wire resides in
a topological phase while the vertical wire is non-topological.
Counterclockwise exchange of �1 and �2 can be implemented
as outlined in Figs. 3(b)-(d). Here, one shuttles �1 to the
junction by making the left end non-topological; transports
�1 downward by driving the vertical wire into a topological
phase; transports �2 leftward in a similar fashion; and finally
directs �1 up and to the right. Exchange of two Majorana
fermions connected by a non-topological region as in Fig. 3(e)
can be similarly achieved—counterclockwise exchange of �1
and �2 proceeds as sketched in Figs. 3(f)-(h).

While the Majoranas can now be exchanged, non-Abelian
statistics is not obvious in this context. Recall how non-
Abelian statistics of vortices arises in a spinless 2D p + ip
superconductor12,13, following Ivanov’s approach. Ultimately,
this can be deduced by considering two vortices which bind
Majorana fermions �1 and �2. Since the spinless fermion
operators effectively change sign upon advancing the super-
conducting phase by 2⇤, one introduces branch cuts emanat-
ing from the vortices; crucially, a Majorana fermion changes
sign whenever crossing such a cut. Upon exchanging the
vortices, �2 (say) crosses the branch cut emanating from the
other vortex, leading to the transformation rule �1 ⌅ �2
and �2 ⌅ ��1 which is generated by the unitary operator
U12 = exp(⇤�2�1/4). With many vortices, the analogous
unitary operators Uij corresponding to the exchange of �i and
�j do not generally commute, implying non-Abelian statistics.

Following an approach similar to that of Stern et al.34, we
now argue that Majorana fermions in semiconducting wires
transform exactly like those bound to vortices under exchange,
and hence also exhibit non-Abelian statistics. This can be
established most simply by considering the exchange of two
Majorana fermions �1 and �2 as illustrated in Figs. 3(a)-(d).
At each step of the exchange, there are two degenerate ground
states |0⌃ and |1⌃ = f†|0⌃, where f = (�1 + i�2)/2 annihi-
lates |0⌃. In principle, one can deduce the transformation rule
from the Berry phases ⇧n ⇥ Im

⇤
dt⇧n|�t|n⌃ acquired by the

many-body ground states |n⌃ = |0⌃ and |1⌃, though in practice
these are hard to evaluate.

Since exchange statistics is a universal property, however,
we are free to deform the problem to our convenience pro-
vided the energy gap remains finite. As a first simplification,
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FIG. 3: A T-junction allows for adiabatic exchange of two Majorana
fermions bridged by either a topological region (dark blue lines) as
in (a)-(d), or a non-topological region (light blue lines) as in (e)-(h).
Transport of Majorana fermions is achieved by gates as outlined in
Fig. 2. The arrows along the topological regions in (a)-(d) are useful
for understanding the non-Abelian statistics as outlined in the main
text.

and (b), generically no Majorana modes exist there. To see
this, imagine decoupling the two topological segments so that
two Majorana modes in close proximity exist at the junction;
restoring the coupling generically combines these Majoranas
into an ordinary, finite-energy fermion.

As an illustrative example, consider the setup of Fig. 3(a)
and model the left and right topological segments by Kitaev’s
model with µ = 0 and t = |⇥| in Eq. (1). [For simplic-
ity we will exclude the non-topological vertical wire in Fig.
3(a).] Suppose furthermore that the ⌅ = ⌅L/R in the left/right
chains and that the fermion cL,N at site N of the left chain
couples weakly to the fermion cR,1 at site 1 of the right chain
via H� = ��(c†L,NcR,1 + h.c.). Using Eq. (2), the end Ma-
joranas at the junction couple as follows,
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and therefore generally combine into an ordinary fermion23.
An exception occurs when the regions form a ⇤-junction—
that is, when ⌅L � ⌅R = ⇤—which fine-tunes their coupling
to zero. Importantly, coupling between end Majoranas in the

semiconductor context is governed by the same ⌅L � ⌅R de-
pendence as in Eq. (8)1,2.

Finally, when all three segments are topological, again only
a single Majorana mode exists at the junction without fine-
tuning. Three Majorana modes appear only when all pairs of
wires simultaneously form mutual ⇤ junctions (which is pos-
sible as described in the Supplementary Material, since the
superconducting phases are defined with respect to a direction
in each wire). Recall from Eq. (6) that the spin-orientation
favored by spin-orbit coupling determines the effective super-
conducting phase of the semiconducting wires. Two wires
at right angles to one another therefore exhibit a ⇤/2 phase
difference, well away from the pathological limits mentioned
above.

The T-junction permits exchange of Majoranas from either
the same or different topological regions. First, consider the
configuration of Fig. 3(a) where the horizontal wire resides in
a topological phase while the vertical wire is non-topological.
Counterclockwise exchange of �1 and �2 can be implemented
as outlined in Figs. 3(b)-(d). Here, one shuttles �1 to the
junction by making the left end non-topological; transports
�1 downward by driving the vertical wire into a topological
phase; transports �2 leftward in a similar fashion; and finally
directs �1 up and to the right. Exchange of two Majorana
fermions connected by a non-topological region as in Fig. 3(e)
can be similarly achieved—counterclockwise exchange of �1
and �2 proceeds as sketched in Figs. 3(f)-(h).

While the Majoranas can now be exchanged, non-Abelian
statistics is not obvious in this context. Recall how non-
Abelian statistics of vortices arises in a spinless 2D p + ip
superconductor12,13, following Ivanov’s approach. Ultimately,
this can be deduced by considering two vortices which bind
Majorana fermions �1 and �2. Since the spinless fermion
operators effectively change sign upon advancing the super-
conducting phase by 2⇤, one introduces branch cuts emanat-
ing from the vortices; crucially, a Majorana fermion changes
sign whenever crossing such a cut. Upon exchanging the
vortices, �2 (say) crosses the branch cut emanating from the
other vortex, leading to the transformation rule �1 ⌅ �2
and �2 ⌅ ��1 which is generated by the unitary operator
U12 = exp(⇤�2�1/4). With many vortices, the analogous
unitary operators Uij corresponding to the exchange of �i and
�j do not generally commute, implying non-Abelian statistics.

Following an approach similar to that of Stern et al.34, we
now argue that Majorana fermions in semiconducting wires
transform exactly like those bound to vortices under exchange,
and hence also exhibit non-Abelian statistics. This can be
established most simply by considering the exchange of two
Majorana fermions �1 and �2 as illustrated in Figs. 3(a)-(d).
At each step of the exchange, there are two degenerate ground
states |0⌃ and |1⌃ = f†|0⌃, where f = (�1 + i�2)/2 annihi-
lates |0⌃. In principle, one can deduce the transformation rule
from the Berry phases ⇧n ⇥ Im

⇤
dt⇧n|�t|n⌃ acquired by the

many-body ground states |n⌃ = |0⌃ and |1⌃, though in practice
these are hard to evaluate.

Since exchange statistics is a universal property, however,
we are free to deform the problem to our convenience pro-
vided the energy gap remains finite. As a first simplification,
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FIG. 3: A T-junction allows for adiabatic exchange of two Majorana
fermions bridged by either a topological region (dark blue lines) as
in (a)-(d), or a non-topological region (light blue lines) as in (e)-(h).
Transport of Majorana fermions is achieved by gates as outlined in
Fig. 2. The arrows along the topological regions in (a)-(d) are useful
for understanding the non-Abelian statistics as outlined in the main
text.

and (b), generically no Majorana modes exist there. To see
this, imagine decoupling the two topological segments so that
two Majorana modes in close proximity exist at the junction;
restoring the coupling generically combines these Majoranas
into an ordinary, finite-energy fermion.

As an illustrative example, consider the setup of Fig. 3(a)
and model the left and right topological segments by Kitaev’s
model with µ = 0 and t = |⇥| in Eq. (1). [For simplic-
ity we will exclude the non-topological vertical wire in Fig.
3(a).] Suppose furthermore that the ⌅ = ⌅L/R in the left/right
chains and that the fermion cL,N at site N of the left chain
couples weakly to the fermion cR,1 at site 1 of the right chain
via H� = ��(c†L,NcR,1 + h.c.). Using Eq. (2), the end Ma-
joranas at the junction couple as follows,
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and therefore generally combine into an ordinary fermion23.
An exception occurs when the regions form a ⇤-junction—
that is, when ⌅L � ⌅R = ⇤—which fine-tunes their coupling
to zero. Importantly, coupling between end Majoranas in the

semiconductor context is governed by the same ⌅L � ⌅R de-
pendence as in Eq. (8)1,2.

Finally, when all three segments are topological, again only
a single Majorana mode exists at the junction without fine-
tuning. Three Majorana modes appear only when all pairs of
wires simultaneously form mutual ⇤ junctions (which is pos-
sible as described in the Supplementary Material, since the
superconducting phases are defined with respect to a direction
in each wire). Recall from Eq. (6) that the spin-orientation
favored by spin-orbit coupling determines the effective super-
conducting phase of the semiconducting wires. Two wires
at right angles to one another therefore exhibit a ⇤/2 phase
difference, well away from the pathological limits mentioned
above.

The T-junction permits exchange of Majoranas from either
the same or different topological regions. First, consider the
configuration of Fig. 3(a) where the horizontal wire resides in
a topological phase while the vertical wire is non-topological.
Counterclockwise exchange of �1 and �2 can be implemented
as outlined in Figs. 3(b)-(d). Here, one shuttles �1 to the
junction by making the left end non-topological; transports
�1 downward by driving the vertical wire into a topological
phase; transports �2 leftward in a similar fashion; and finally
directs �1 up and to the right. Exchange of two Majorana
fermions connected by a non-topological region as in Fig. 3(e)
can be similarly achieved—counterclockwise exchange of �1
and �2 proceeds as sketched in Figs. 3(f)-(h).

While the Majoranas can now be exchanged, non-Abelian
statistics is not obvious in this context. Recall how non-
Abelian statistics of vortices arises in a spinless 2D p + ip
superconductor12,13, following Ivanov’s approach. Ultimately,
this can be deduced by considering two vortices which bind
Majorana fermions �1 and �2. Since the spinless fermion
operators effectively change sign upon advancing the super-
conducting phase by 2⇤, one introduces branch cuts emanat-
ing from the vortices; crucially, a Majorana fermion changes
sign whenever crossing such a cut. Upon exchanging the
vortices, �2 (say) crosses the branch cut emanating from the
other vortex, leading to the transformation rule �1 ⌅ �2
and �2 ⌅ ��1 which is generated by the unitary operator
U12 = exp(⇤�2�1/4). With many vortices, the analogous
unitary operators Uij corresponding to the exchange of �i and
�j do not generally commute, implying non-Abelian statistics.

Following an approach similar to that of Stern et al.34, we
now argue that Majorana fermions in semiconducting wires
transform exactly like those bound to vortices under exchange,
and hence also exhibit non-Abelian statistics. This can be
established most simply by considering the exchange of two
Majorana fermions �1 and �2 as illustrated in Figs. 3(a)-(d).
At each step of the exchange, there are two degenerate ground
states |0⌃ and |1⌃ = f†|0⌃, where f = (�1 + i�2)/2 annihi-
lates |0⌃. In principle, one can deduce the transformation rule
from the Berry phases ⇧n ⇥ Im

⇤
dt⇧n|�t|n⌃ acquired by the

many-body ground states |n⌃ = |0⌃ and |1⌃, though in practice
these are hard to evaluate.

Since exchange statistics is a universal property, however,
we are free to deform the problem to our convenience pro-
vided the energy gap remains finite. As a first simplification,
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• Implication:
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cf. work by Avron, Fraas, Graf, J. Stat. Phys. (2012); 
Avron, Fraas, Graf, Kennth, New J. Phys. (2010)



Topological invariant for mixed density matrices

• A Gaussian translationally invariant state is completely characterized by (spinless fermions):
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Topological invariant for mixed density matrices

• A Gaussian translationally invariant state is completely characterized by (spinless fermions):
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• non-pure states motivate the definition of spectral projector by smooth deformation

➡ two gaps required for topological stability: damping and purity gap
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Figure 4. Generalizations of the dissipative Kitaev chain. By positioning the sites
of the 1D chain (grey disks) in a zigzag geometry, three di↵erent types of dissipative
processes can be engineered (see section 2.4) from auxiliary sites (blue circles): (a)
Lindblad operators L

(1)
n driving the system into the ground state of the Kitaev chain.

(b) Lindblad operators L
(2)
n driving the system into two decoupled Kitaev chains. (c)

By moving the auxiliary sites relative to the physical ones in the zigzag geometry, one
can engineer a coherent superposition Ln / L

(1)
n +L

(2)
n of the Lindblad operators L

(1)
n

and L
(2)
n . (d) Furthermore, by doubling the number of auxiliary sites (introducing the

yellow ones), one can engineer a dissipative dynamics L / L1 + L2 corresponding to
two “competing” Liouvillians L1 and L2 associated with Lindblad operators L

(1)
n and

L
(2)
n , respectively.

7.2. Examples 2 and 3: topological phase transition of a mixed state with and without

criticality

We now consider a dissipative dynamics that involves two types of translation-invariant

Lindblad operators:

L(1)
n =

1

2

h

(a†n + a†n+1) + (an � an+1)
i

, (68)

L(2)
n =

1

2

h

(a†n + a†n+2) + (an � an+2)
i

, (69)

acting on neighboring and next-to-nearest neighboring sites, respectively. The Lindblad

operators L(1)
n generate a dissipative dynamics that drives the system into a pure steady

state corresponding to the ground state of a topologically non-trivial Kitaev chain [14], as

demonstrated in our previous work [29]; two Majorana zero-damping modes are found in

that case (one at each edge). The Lindblad operators L(2)
n describe two decoupled Kitaev

chains, with four Majorana zero-damping modes (two at each edge). Below we discuss

two scenarios: (i) We first assume that both dissipative processes L(1)
n and L(2)

n occur

coherently, so that the relevant Lindblad operators are Ln = (L(1)
n +L(2)

n )/(2(2++1))

with  2 R. (ii) We then consider the case where both dissipative processes “compete”

Two Gaps: Physical Implications

• topological phase transitions via different patterns of gap closing

orthogonality

L / L(1) + L(2) 46

0 1 4
0

1

2

Figure 6. Topological phase transition of a mixed state without criticality. The
system evolving under a dissipative dynamics L / L1 + L2 generated by two
“competing” Liouvillians L1 and L2 corresponding to the Lindblad operators L

(1)
n

and L
(2)
n , respectively, exhibits a topological phase transition at  = 1 from a state

with winding number ⌫1D = 1 to a state with winding number ⌫1D = 2 that results
from the closure of the purity gap �p only. The system never becomes critical, since
the dissipative gap �d remains constant in the whole parameter range of .

8.1. Dissipative vortices

Dissipative vortices are most conveniently defined starting from an infinite 2D lattice

system evolving under a dissipative dynamics generated by translation-invariant

Lindblad operators Li =
P

j uj�i aj+vj�i a
†
j (using notations as in section 5.2 above; see

equation (52), in particular). We assume that the corresponding Liouvillian exhibits a

finite dissipative gap and that its steady state is characterized by a finite purity gap, so

that the topological nature of the system is well-defined (i.e., the steady state belongs to

a specific topological class and is characterized by quantized topological invariants); in

particular, the dissipative bulk-edge correspondence introduced in section 5 is satisfied ⇤.
We then introduce a dissipative vortex at a position defined by the vector R0 † by

modifying the translation-invariant coe�cients uj�i ⌘ uij defining the annihilation part

of the Lindblad operators in the following way:

uij ! uijf(rj)e
�i`'

j , (73)

where (rj,'j) are polar coordinates defining the position of each site j with respect to

R0, f(r) is a real and positive function that vanishes as r ! 0 and reaches a constant

value as r � � (� being a characteristic length scale associated with the dissipative

vortex, defining the vortex core), and e�i`'
j describes the vortex phase winding ` times

around the origin R0 (` defining the so-called vorticity). While vortices exhibit similar

properties in Hamiltonian systems, the specific form of a dissipative vortex defined

⇤One can assume, without loss of generality, that the Lindblad operators form a complete set of
anticommuting operators, so that the system is driven into a pure steady state independently of the
initial conditions (see discussion of section 3.1).

†Note that this position need not coincide with a lattice site.

➡ topological phase transition with and without criticality (via purity gap closing) 

• chiral Zigzag ladder: incoherent sum of two Liouvillians

• .

• .

• .

�d = 0, �p > 0

�d = 0, �p = 0
 critical behavior

�d > 0, �p = 0



Dissipative Topological Superfluid in 2 Dimensions

��4 +4

1

⌫

J. C. Budich, P. Zoller, SD, in preparation (2014)
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FIG. 2. Two examples of Chern number ⌫ = 0: gap-only situation ũk = 1 and a small gap added to a nontrivial operator
for ⌫ = �1 (ũk = 0.2 + 1

2 (D
�
1 + D�

2 ); cf. Fig. ??). In both cases, the winding numbers around given Fermi surfaces are
nonzero (because the complex phase of the order parameter cannot be gauged away by a nonsingular redefinition of the fermion
operators), but they compensate each other. Obviously, such compensation is only possible for an even number of Fermi
surfaces.

Thus the Hamiltonian (as well as the vector ~n itself) constructed from our spinor is the right object to consider
also in our dissipative context. It is given by

H
k

= N
k

✓ |u
k

|2 � |v
k

|2 u⇤
k

v
k

u
k

v⇤
k

�(|u
k

|2 � |v
k

|2)
◆

=

✓
⇠
k

�
k

�⇤
k

�⇠�k

◆
(38)

This form allows us to interpret the ingredients in more conventional terms. The normalization N
k

plays the role of
the eigenvalues of the Hamiltonian;

N
k

= |ũ
k

|2 + |ṽ
k

|2 = |pr
1

d�
1

+
p
r
2

ei(✓+⇡)/2d�
0

2

|2|pr
1

d�
1

�p
r
2

ei(✓+⇡)/2d�
0

2

|2 + sin k2
1

+ sin k2
2

(39)

The energy is gapped (N
k

> 0 for all k) for nonzero r
0

. For r
0

= 0, there is one gapless point in the spectrum. To find
it, we must seek the simultaneous zeroes of |ũ

k

|2, |ṽ
k

|2. The four distinct zeroes of |ṽ
k

|2 are at (0, 0); (0,⇡); (⇡, 0); (⇡,⇡)
where we have of course the identification of ⇡ and �⇡. In contrast, due to the half-periodicity of the D�

↵

and for
r
1,2

> 0, |ũ
k

|2 can only have a single zero at one of the above locations in the Brillouin zone. A specific choice for
�,�0 will thus single out one of the potentially gapless points k⇤ = {(0, 0); (0,⇡); (⇡, 0); (⇡,⇡)}. In the vicinity of these
points, the spectrum behaves quadratically ⇠ �k2, where �k is the deviation from the gapless point; this behavior is
determined by ṽ

k

.
Based on our numerical experience, the existence of a gapless point appears to be a necessary condition for topo-

logically nontrivial order (but not a su�cient one). This is in contrast to topological equilibrium superconductors,
which can be fully gapped. We discuss this point below further.

Furthermore, we note the identifications

⇠
k

= |ũ
k

|2 � |ṽ
k

|2, �
k

= ũ⇤
k

ṽ
k

(40)

The zeroes of ⇠
k

have a particular significance as is clear from the representation (??) of the Chern number, as
they define the ”Fermi surfaces”, where ⇠

k

changes sign. While one typically thinks of a positive chemical potential
providing for such a surface, the characteristic feature of a zero crossing of ⇠

k

can – and does – also occur in our
nonequilibrium setting upon appropriate choice of the Lindblad operators.

As an important technical point for the visualization of the Chern number, we note the following relation:

for k 2 F
�

: r
k

✓
k

= n
2,k

r
k

n
1,k

� n
1,k

r
k

n
2,k

(41)

which holds only on a Fermi surface, since there the component n
3,k

= 0 and thus r
k

= 1 for the modulus of the order
parameter.



Dissipative Chern Insulators (BdG Superfluids/-conductors)

• Hurdle: Exponentially (let alone compactly supported) Wannier functions do not exist when 
Chern number nonzero

Hparent =
X

i

L†
iLi

• recipe for pure dissipative topological states (so far)

• Bogoliubov eigenoperators as Lindblad operators 

Li =
X

j

uj�iaj + vj�ia
†
j

• quasi-locality of Wannier functions key requirement for physical realization 

Li|Gi = 08i

• Goal: Extend scope of dissipatively preparable topologically non-trivial states

• D > 1 

• in particular, states with nonzero Chern number



Competition of Topology and Locality in Chern insulator/
BdG superconductor

• first Chern number

projector onto occupied bands; e.g. spinless fermions

• nonzero Chern number <=> whole Bloch sphere covered by 

C =
i

2⇡

Z

BZ
d2kTr

�
Pk

⇥
(@k

x

Pk), (@k
y

Pk)
⇤�

Pk = 1
2 (1� ~nk~�) = |ukihuk| |~nk| = 1

|uki =
Pk|Gip
hG|Pk|Gi

~nk

• then, no global gauge of Bloch functions exists: 
~nk

Bloch functions for 2-band lattice models

Toy model of a band insulator/BdG superconductor

H(k) = d j(k)�
j

, |d(k)| > 0

d̂(k) defines k-dependent direction on the Bloch sphere

Projection onto lower band P(k) = 1
2(1� d̂ j(k)�

j

) = |u(k)ihu(k)|

~nk

~g $ |GiLandau levels: D. J. Thouless, J. Phys. C (1984); 
general band structures: C. Brouder et al. PRL (2007)

• implication: exponentially localized Wannier functions 
exist if and only if Chern number is zero 

➡ previous preparation strategy requires to physically realize algebraically 
decaying Lindblad operators 
➡ circumvent by using intrinsic open system properties



Model 

s-wave symmetric creation part

• Lindblad operators generating dissipative dynamics:

C†
i = � a†i + (a†i1 + a†i2 + a†i3 + a†i4)

• starting point: interacting Liouvillian with Li = C†
iAi & long time linearization

Ai = (ai1 + iai2 � ai3 � iai4)

= r
i,x

a
i

+ ir
i,y

a
i

p-wave symmetric annihilation part

Li = C†
i +Ai

local circulation

+i

�i

�1 +1 i1

i2

i3

i4

i

• Strategy: combine 

• critical (topological) quasi-local Lindblad operators 

• non-topological Lindblad stabilizing critical point 

• e.g. half filling

• creation part

• annihilation part



��4 +4

• vanishes except for special points 1

Observations

• special points are critical: closing of damping gap

• not a Landau-Ginzburg transition (same symmetries)

• not obviously a topological transition 
distance from transition

~nk(��) = ~n�k(���)

C =
1

4⇡

Z
d2k ~nk(@k1~nk ⇥ @k2~nk)

• standard 2D diagnostics via first Chern number 
• pure stationary state: {Li, Lj} = 0, {Li, L

†
j} 6= 0 8i, j

C

• side remark

• dissipative topological transition after dimensional reduction in presence of optically 
imprinted odd vortex

• generic presence of unpaired Majorana mode despite topologically trivial 2D bulk

C. Bardyn, E. Rico, M. Baranov, A. Imamoglu, P. Zoller, SD, PRL (2012); 
New J. Phys. (2013)

C(��) = C(���)



Physics at the dissipative critical point

• examine critical (damping gap closing) points for 
quasilocal p+ip Lindblad operators +i

�i

�1 +1 i1

i2

i3

i

��4 +4

⌫2D

1

Lk = ũkak + ṽka
†
�k

Bk =

✓
ũk

ṽk

◆
=

✓
2i (sin(k

x

) + i sin(k
y

))

� + 2(cos(k
x

) + cos(k
y

))

◆

• critical point � = �4

• but projection smoothly defined all over BZ Pk =

BkB
†
k

Tr

n

BkB
†
k

o !
✓

1 0

0 0

◆

for k ! 0

• Chern number C = �1

• pseudo Bloch functions:
• orthogonal, but not normalized
• non-vanishing for all k (except at critical point)

• there is one point k=0 where  Lk=0 = 0, Bk=0 = 0



Physics at the dissipative critical point

• rexamine critical (damping gap closing) points for 
quasilocal p+ip Lindblad operators +i

�i

�1 +1 i1

i2

i3

i

��4 +4

⌫2D

1

Lk = ũkak + ṽka
†
�k

Bk =

✓
ũk

ṽk

◆
=

✓
2i (sin(k

x

) + i sin(k
y

))

� + 2(cos(k
x

) + cos(k
y

))

◆

• pseudo Bloch functions:
• orthogonal, but not normalized
• non-vanishing for all k (except at critical point)

• critical point � = �4

• there is one point k=0 where  Lk=0 = 0, Bk=0 = 0

• interpretation: over-completeness of quasi-local pseudo Wannier (and Bloch) functions 
necessary to obtain non-zero Chern number

• damping criticality of this point: k=0 = {L†
k=0, Lk=0} = Tr

n

Bk=0B
†
k=0

o

= 0

E. Rashba, L. Zhukov, A. Efros, PRB (1997)

➡ amounts to fine-tuning of damping function k � 0



Stabilization of the critical point

• useful decomposition of Chern number: sum of winding numbers around TRI points    within 
“electron region”     , where
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FIG. 2. Two examples of Chern number ⌫ = 0: gap-only situation ũk = 1 and a small gap added to a nontrivial operator
for ⌫ = �1 (ũk = 0.2 + 1

2 (D
�
1 + D�

2 ); cf. Fig. ??). In both cases, the winding numbers around given Fermi surfaces are
nonzero (because the complex phase of the order parameter cannot be gauged away by a nonsingular redefinition of the fermion
operators), but they compensate each other. Obviously, such compensation is only possible for an even number of Fermi
surfaces.

Thus the Hamiltonian (as well as the vector ~n itself) constructed from our spinor is the right object to consider
also in our dissipative context. It is given by

H
k

= N
k

✓ |u
k

|2 � |v
k

|2 u⇤
k

v
k

u
k

v⇤
k

�(|u
k

|2 � |v
k

|2)
◆

=

✓
⇠
k

�
k

�⇤
k

�⇠�k

◆
(38)

This form allows us to interpret the ingredients in more conventional terms. The normalization N
k

plays the role of
the eigenvalues of the Hamiltonian;

N
k

= |ũ
k

|2 + |ṽ
k

|2 = |pr
1

d�
1

+
p
r
2

ei(✓+⇡)/2d�
0

2

|2|pr
1

d�
1

�p
r
2

ei(✓+⇡)/2d�
0

2

|2 + sin k2
1

+ sin k2
2

(39)

The energy is gapped (N
k

> 0 for all k) for nonzero r
0

. For r
0

= 0, there is one gapless point in the spectrum. To find
it, we must seek the simultaneous zeroes of |ũ

k

|2, |ṽ
k

|2. The four distinct zeroes of |ṽ
k

|2 are at (0, 0); (0,⇡); (⇡, 0); (⇡,⇡)
where we have of course the identification of ⇡ and �⇡. In contrast, due to the half-periodicity of the D�

↵

and for
r
1,2

> 0, |ũ
k

|2 can only have a single zero at one of the above locations in the Brillouin zone. A specific choice for
�,�0 will thus single out one of the potentially gapless points k⇤ = {(0, 0); (0,⇡); (⇡, 0); (⇡,⇡)}. In the vicinity of these
points, the spectrum behaves quadratically ⇠ �k2, where �k is the deviation from the gapless point; this behavior is
determined by ṽ

k

.
Based on our numerical experience, the existence of a gapless point appears to be a necessary condition for topo-

logically nontrivial order (but not a su�cient one). This is in contrast to topological equilibrium superconductors,
which can be fully gapped. We discuss this point below further.

Furthermore, we note the identifications

⇠
k

= |ũ
k

|2 � |ṽ
k

|2, �
k

= ũ⇤
k

ṽ
k

(40)

The zeroes of ⇠
k

have a particular significance as is clear from the representation (??) of the Chern number, as
they define the ”Fermi surfaces”, where ⇠

k

changes sign. While one typically thinks of a positive chemical potential
providing for such a surface, the characteristic feature of a zero crossing of ⇠

k

can – and does – also occur in our
nonequilibrium setting upon appropriate choice of the Lindblad operators.

As an important technical point for the visualization of the Chern number, we note the following relation:

for k 2 F
�

: r
k

✓
k

= n
2,k

r
k

n
1,k

� n
1,k

r
k

n
2,k

(41)

which holds only on a Fermi surface, since there the component n
3,k

= 0 and thus r
k

= 1 for the modulus of the order
parameter.

10

-3 -2 -1 0 1 2 3

-3

-2

-1

0

1

2

3

kx

k y

-3 -2 -1 0 1 2 3

-3

-2

-1

0

1

2

3

kx

k y

FIG. 2. Two examples of Chern number ⌫ = 0: gap-only situation ũk = 1 and a small gap added to a nontrivial operator
for ⌫ = �1 (ũk = 0.2 + 1

2 (D
�
1 + D�

2 ); cf. Fig. ??). In both cases, the winding numbers around given Fermi surfaces are
nonzero (because the complex phase of the order parameter cannot be gauged away by a nonsingular redefinition of the fermion
operators), but they compensate each other. Obviously, such compensation is only possible for an even number of Fermi
surfaces.

Thus the Hamiltonian (as well as the vector ~n itself) constructed from our spinor is the right object to consider
also in our dissipative context. It is given by

H
k

= N
k

✓ |u
k

|2 � |v
k

|2 u⇤
k

v
k

u
k

v⇤
k

�(|u
k

|2 � |v
k

|2)
◆

=

✓
⇠
k

�
k

�⇤
k

�⇠�k

◆
(38)

This form allows us to interpret the ingredients in more conventional terms. The normalization N
k

plays the role of
the eigenvalues of the Hamiltonian;

N
k

= |ũ
k

|2 + |ṽ
k

|2 = |pr
1

d�
1

+
p
r
2

ei(✓+⇡)/2d�
0

2

|2|pr
1

d�
1

�p
r
2

ei(✓+⇡)/2d�
0

2

|2 + sin k2
1

+ sin k2
2

(39)

The energy is gapped (N
k

> 0 for all k) for nonzero r
0

. For r
0

= 0, there is one gapless point in the spectrum. To find
it, we must seek the simultaneous zeroes of |ũ

k

|2, |ṽ
k

|2. The four distinct zeroes of |ṽ
k

|2 are at (0, 0); (0,⇡); (⇡, 0); (⇡,⇡)
where we have of course the identification of ⇡ and �⇡. In contrast, due to the half-periodicity of the D�

↵

and for
r
1,2

> 0, |ũ
k

|2 can only have a single zero at one of the above locations in the Brillouin zone. A specific choice for
�,�0 will thus single out one of the potentially gapless points k⇤ = {(0, 0); (0,⇡); (⇡, 0); (⇡,⇡)}. In the vicinity of these
points, the spectrum behaves quadratically ⇠ �k2, where �k is the deviation from the gapless point; this behavior is
determined by ṽ

k

.
Based on our numerical experience, the existence of a gapless point appears to be a necessary condition for topo-

logically nontrivial order (but not a su�cient one). This is in contrast to topological equilibrium superconductors,
which can be fully gapped. We discuss this point below further.

Furthermore, we note the identifications

⇠
k

= |ũ
k

|2 � |ṽ
k

|2, �
k

= ũ⇤
k

ṽ
k

(40)

The zeroes of ⇠
k

have a particular significance as is clear from the representation (??) of the Chern number, as
they define the ”Fermi surfaces”, where ⇠

k

changes sign. While one typically thinks of a positive chemical potential
providing for such a surface, the characteristic feature of a zero crossing of ⇠

k

can – and does – also occur in our
nonequilibrium setting upon appropriate choice of the Lindblad operators.

As an important technical point for the visualization of the Chern number, we note the following relation:

for k 2 F
�

: r
k

✓
k

= n
2,k

r
k

n
1,k

� n
1,k

r
k

n
2,k

(41)

which holds only on a Fermi surface, since there the component n
3,k

= 0 and thus r
k

= 1 for the modulus of the order
parameter.
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FIG. 1. An example of Chern number ⌫ = +1 (ũk = 1
2 (D

�
1 + D+

2 )) and ⌫ = �1 (ũk = 1
2 (D

�
1 + D�

2 )) in the presence of a
single Fermi surface. The plot visualizes the form ?? of the Chern number: The color density plot shows the magnitude of the
component n3,k of the unit vector, with blue – negative, red – positive. The Fermi surface, where n3 changes sign, is plotted
in green. The vector field is the (negative) phase gradient �rk✓k according to Eq. ??. Its magnitude is normalized to one for
visual reasons; this is physical only on the Fermi surface, where the Chern number is calculated.

with � = ±, r
i

� 0, 0  ✓  2⇡. These momentum dependent functions have the following Fourier transforms

ṽ
i

= �i(r
i,1

+ ir
i,2

), r
i,↵

= 1

2

(�
i,j+e

↵

� �
i,j�e

↵

), D�

i,↵

= � 1

2

(��
i,j+e

↵

� 2�
ij

+ ��
i,j�e

↵

) (35)

and thus are indeed quasilocal, involving a central site i and the four nearest neighbours. They are composed of the
lattice representations of gradient and Laplace (� > 0) operators, respectively.

We make the following observations which determine the ”topological phase diagram”:

• ⌫ = 0: (i) for r
0

> 0, and independently of all other parameters for this case. Here, the zeroes of ũ
k

do not
coincide and the normalization N

k

> 0 for all k. An important implication is the following: in order to generate
nontrivial topological order, a necessary condition is that the ”gap term” r

0

vanishes exactly. Thus, any physical
implementation must be able to generate exactly the lattice di↵erential operators D�

↵

. (ii) For r
0

= 0 and either
r
1

= 0 or r
2

= 0.

• ⌫ = ±1: for r
0

= 0, both r
1

, r
2

> 0 and ✓ 6= ⇡.

• ⌫ = ±2: for r
0

= 0, both r
1,2

> 0, and ✓ = ⇡.

First study the potentially nontrivial case r
0

= 0. We note that theD�

↵

are squares, namelyD+

↵

/2 = cos2(k
↵

/2), D�
↵

/2 =
sin2(k

↵

/2). With d+
↵

= cos(k
↵

/2), d�
↵

= sin(k
↵

/2), we find

|ũ
k

|2 = (r
1

d� 2

1

+ r
2

ei✓d�
0
2

2

)(r
1

d� 2

1

+ r
2

e�i✓d�
0
2

2

) = |pr
1

d�
1

+
p
r
2

ei(✓+⇡)/2d�
0

2

|2|pr
1

d�
1

�p
r
2

ei(✓+⇡)/2d�
0

2

|2 (36)

There are three special points where the function d�
1

+
p
rei(✓+⇡)/2d�

0

2

does not vanish identically and becomes purely
real (or just has a trivial overall phase); these are r

1

= 0, r
2

> 0; r
2

= 0, r
1

> 0 and ✓ = ⇡. In these cases, the Chern
number is even: zero in the first two cases, and ±2 in the last case.

Next we make contact to the more conventional equilibrium problem and study the associated Hamiltonian. Before
doing so, one may ask the question if there is potentially more information in the jump operators than in the
Hamiltonian: For a dark state, the condition that must be fulfilled is �

k

| 
k

i = 0. One may wonder if this contains
more information than a Hamiltonian piece for which the ground state condition is �†

k

�
k

| 
k

i = 0, so that states could
be targeted which are not accessible as ground states of a Hamiltonian. In other words, does the following equivalence
hold:

�
k

| 
k

i = 0 , �†
k

�
k

| 
k

i = 0 (37)

The direction to the right is trivial. The opposite direction holds since �†
k

�
k

is nonnegative and we can sandwich

0 = h 
k

|�†
k

�
k

| 
k

i = h�
k

|�
k

i. This latter orthogonality condition is true if and only if the vector |�
k

i = 0. Thus, the
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Stabilization of the critical point

• minimal solution: add momentum selectively non-topological Lindblad operators 
(Raman pulse with Gaussian envelope)
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that the additional auxiliary jump operators LA
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are capable
of lifting the isolated points at which the LC
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become topo-
logically non-trivial to an extended phase. This hole plug-
ging mechanism is illustrated in terms of the Berry curvature
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(2) in Fig. 1: The central peak in the Berry curvature destroy-
ing the non-trivial Chern number is suppressed by the action
of the LA

j

jump operators thus maintaining C = �1.

-3 -2 -1 1 2 3 kx

-1.0

-0.5

0.5

1.0
n2

-0.4 -0.2 0.0 0.2 0.4kx

0.2

0.4

0.6

0.8

1.0
p

FIG. 2. (color online) Left panel: n̂2 = �Tr
�
i�̄s⌧2

 
(see Eq. (7)) as

a function of k
x

at k
y

= 0 for � = 0 (green dotted), for � = 0.1, d =
g = 0 (Red dashed), and for � = 0.1, d = 0.2, g = 0.5 (blue solid).
Right panel: Purity p of the steady state �̃s(k) as a function of k

x

at
k
y

= 0. � = d = 0.2 in all plots. Gap at g = 0.1 (blue dotted) in
the topologically trivial phase, critical point at g = 0.2 (red dashed),
gap at g = 1.0 (green solid) in the topologically non-trivial phase.

If we start in the absence of LA

j

with a topologically trivial
� = �4 + �, i.e., detuned from the critical point by � > 0

and switch on LA

j

by ramping up g, we observe a topological
phase transition associated with a purity gap closing at g = �
(see Fig. 2). At g > �, the purity gap reopens and the steady
state has Chern number C = �1. The damping gap stays
finite throughout this procedure. If we start right from the
critical point � = �4 and switch on g, the damping gap opens
continuously and the purity gap never closes. In this case
C = �1 throughout the process. If then, at finite g, a � < g is
switched on continuously, no topological phase transition is
observed and the Chern number stays unchanged at C = �1.

Experimental implementation –

Conclusion – We have proposed a novel mechanism to
dissipatively stabilize topological states of quantum matter
with non-vanishing Chern number. Our generally applicable
construction draws intuition from the analysis of coherent
states that form an over-complete non-orthogonal basis of a
Landau level: We start from a non-orthogonal set of lattice
orbitals (jump operators LC

j

) that have support only on
nearest neighbors of their home-site j and that span a Chern
band. Due to the essential over-completeness by one state
of any such set, the damping gap  closes. This renders the
topological properties of the steady state obtained in analogy
to a Hamiltonian scenario unstable against continuous pertur-
bations in the jump operators. Most interestingly, here, we
are able to overcome this fine-tuning issue by introducing an
additional set of simple Gaussian (exponentially localized)
jump operators LG

j

which stabilize a steady state with
non-vanishing Chern number by means of a finite damping

gap  in a wide parameter range. Our scheme relying on the
combination of these two sets of jump operators crucially
exploits the open quantum system character of the problem
and hence goes conceptually beyond any Hamiltonian setting.
We present benchmark results on the dissipative preparation
of Chern insulators [21] in symmetry class A [22] and
topological superconductors [23] in symmetry class D [22],
respectively. The topology of the resulting steady states is
verified by direct calculation of the Chern number. Finally,
we discuss feasible schemes for the experimental realization
of our proposal with cold atoms in optical lattices.
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• result: 
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Summary

Tailored dissipation opens new perspectives for many-body physics with cold atom systems

• Targeted preparation of topologically nontrivial states 

in one and two dimensions
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FIG. 2. Two examples of Chern number ⌫ = 0: gap-only situation ũk = 1 and a small gap added to a nontrivial operator
for ⌫ = �1 (ũk = 0.2 + 1

2 (D
�
1 + D�

2 ); cf. Fig. ??). In both cases, the winding numbers around given Fermi surfaces are
nonzero (because the complex phase of the order parameter cannot be gauged away by a nonsingular redefinition of the fermion
operators), but they compensate each other. Obviously, such compensation is only possible for an even number of Fermi
surfaces.

Thus the Hamiltonian (as well as the vector ~n itself) constructed from our spinor is the right object to consider
also in our dissipative context. It is given by
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(38)

This form allows us to interpret the ingredients in more conventional terms. The normalization N
k

plays the role of
the eigenvalues of the Hamiltonian;

N
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(39)

The energy is gapped (N
k

> 0 for all k) for nonzero r
0

. For r
0

= 0, there is one gapless point in the spectrum. To find
it, we must seek the simultaneous zeroes of |ũ

k

|2, |ṽ
k

|2. The four distinct zeroes of |ṽ
k

|2 are at (0, 0); (0,⇡); (⇡, 0); (⇡,⇡)
where we have of course the identification of ⇡ and �⇡. In contrast, due to the half-periodicity of the D�

↵

and for
r
1,2

> 0, |ũ
k

|2 can only have a single zero at one of the above locations in the Brillouin zone. A specific choice for
�,�0 will thus single out one of the potentially gapless points k⇤ = {(0, 0); (0,⇡); (⇡, 0); (⇡,⇡)}. In the vicinity of these
points, the spectrum behaves quadratically ⇠ �k2, where �k is the deviation from the gapless point; this behavior is
determined by ṽ

k

.
Based on our numerical experience, the existence of a gapless point appears to be a necessary condition for topo-

logically nontrivial order (but not a su�cient one). This is in contrast to topological equilibrium superconductors,
which can be fully gapped. We discuss this point below further.

Furthermore, we note the identifications
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(40)

The zeroes of ⇠
k

have a particular significance as is clear from the representation (??) of the Chern number, as
they define the ”Fermi surfaces”, where ⇠

k

changes sign. While one typically thinks of a positive chemical potential
providing for such a surface, the characteristic feature of a zero crossing of ⇠

k

can – and does – also occur in our
nonequilibrium setting upon appropriate choice of the Lindblad operators.

As an important technical point for the visualization of the Chern number, we note the following relation:
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which holds only on a Fermi surface, since there the component n
3,k

= 0 and thus r
k

= 1 for the modulus of the order
parameter.

• Pure states with long range correlations from quasilocal 

dissipation

• Pair condensation mechanism for fermions with potential 

applications for fermion cooling


