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Motivations
K-theory [P] ∈ K (B)

‖
Chern pairing [topology]

⇓

cohomology ch(P) ∈ H•(B,Z)

‖
Chern-Weil theory [differential geometry]

⇓

differential cohomology ω(P) ∈ H•dR(B)

‖
homology-cohomology (Kronecker) pairing [integration]

⇓

numerical evaluation C(P) ∈ Zk
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Let B a topological space, (“Brillouin zone”). Assume that:
- B is compact, Hausdorff and path-connected;

- B admits a CW-complex structure.

Definition (Topological Quantum System (TQS))

Let H be a separable Hilbert space and K(H ) the algebra of
compact operators. A TQS (of class A) is a self-adjoint map

B 3 k 7−→ H(k) = H(k)∗ ∈ K(H )

continuous with respect to the norm-topology.

� The spectrum σ(H(k)) = {Ej (k) | j ∈I ⊆Z} ⊂R, is a sequence of
eigenvalues ordered according to

. . .E−2(k)6 E−1(k) < 06 E1(k)6 E2(k)6 . . . .

� The maps k 7→ Ej (k) are continuous by standard perturbative
arguments and are called energy bands.



H(k) ψj(k) = Ej(k) ψj(k) , k ∈B

� Usually an energy gap separates the filled valence bands from the
empty conduction bands. The Fermi level EF characterizes the gap.



Gap condition and Fermi projection

- An isolated family of energy bands is any (finite) collection
{Ej1(·), . . . ,Ejm (·)} of energy bands such that

min
k∈B

dist

 m⋃
s=1
{Ejs (k)} ,

⋃
j∈I \{j1,...,jm}

{Ej (k)}

 = Cg > 0 .

This is usually called “gap condition”.

- An isolated family is described by the “Fermi projection”

PF (k) :=
m

∑
s=1
|ψjs (k)〉〈ψjs (k)| .

This is a continuous projection-valued map

B 3 k 7−→ PF (k) ∈ K(H ) .
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The Serre-Swan construction
� For each k ∈B

Hk := Ran PF (k) ⊂ H

is a subspace of H of fixed dimension m.

� The collection
EF :=

⊔
k∈B

Hk

is a topological space (said total space) and the map

π : EF −→ B

defined by π(k ,v) = k is continuous (and open).

This is a complex vector bundle (of rank m) called “Bloch bundle”.



- A morphism of rank m complex vector bundles over B is a map f

E1
f - E2

B

π2
�

π1 -

such that π2 ◦ f = π1.

- E1'E2 if there is an isomorphism f : E1→ E2 (equivalence relation).

Vecm
C (B) := set of equivalence classes of rank m vector bundles .

Definition (Topological phases)

Let B 3 k 7−→ H(k) be a TQS with an isolated family of m
energy bands and associated Bloch bundle EF −→B. The
topological phase of the system is specified by

[EF ] ∈ Vecm
C(B) .



“Ordinary” quantum system:

TQS in a trivial phase
m

Trivial vector bundle, 0≡ [B×Cm]
m

Exists a global frame of continuous Bloch functions

Allowed (adiabatic) deformations:

Transformations which doesn’t alter the nature of the system
m

Vector bundle isomorphism
m

Stability of the topological phase
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For a TQS in class A the classification of topological phases
agrees with the determination of Vecm

C(B).

� Homotopy classification theorem:

Vecm
C (B) ' [B,Grm(CN )] (N� 1)

where
Grm(CN ) := U(N) /

(
U(m)×U(N−m)

)
is the Grasmannian of m-planes in CN .

� The computation of [B,Grm(CN )] is a difficult task (non algorithmic !!).

� One introduces (Chern) characteristic classes which are the pullback of
the cohomology ring of the classifying space Grm(CN ) under the
classifying homotopy (algorithmic !!).

� One uses the Chern-Weil theory to represent characteristic classes as
de Rham forms builded in terms of connections and curvatures.



Classification: topology

Theorem (Peterson, 1959)

If dim(B)6 4 then

Vec1
C(B) ' H2(B,Z)

Vecm
C(B) ' H2(B,Z) ⊕ H4(B,Z) (m > 2)

and the isomorphism

Vecm
C(B) 3 [E ] 7−→ (c1,c2) ∈ H2(B,Z) ⊕ H4(B,Z)

is given by the first two Chern classes (notice c2 = 0 if m = 1).

� The computation of the groups Hk (B,Z) is algorithmic.

� In many cases the condition dim(B)6 4 covers all the physical
interesting situations.

� When dim(B)> 5 (and the torsion is absent) Chern classes classify
only vector bundles of stable rank m > 1

2 dim(B).



Classification: differential geometry

Let assume now that B has a manifold structure.

� As a consequence of the de Rham theorem

Hk (B,Z) ↪→ Hk (B,R) ' Hk
dR(B)

one can interpret Chern classes as (classes of) differential forms.

� The Chern-Weil theory allows to construct the differential expression of
Chern classes starting from the curvature 2-form Ω by means of the
invariant polynomial

det
(

is
2π

Ω +1m

)
= ∑

j
sj cj .

� The curvature 2-form Ω can be computed from a connection 1-form
ω := {Aα} by means of the structure equation

Ω = dω +
1
2

[ω;ω] .

The natural candidate is the Berry-(Bott-Chern) connection given by

A i ,j
α (k) := i 〈ψi (k)|∇k |ψj (k)〉 ·dk , k ∈ Uα .
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Definition (Involution on the Brillouin zone)

A homeomorphism τ :B→B is called involution if τ2 = IdB.
The pair (B,τ) is called an involutive space.

� Each space B admits the trivial involution τtriv := IdB.

Definition (TQS with time-reversal symmetry)

Let (B,τ) be an involutive space, H a separable Hilbert space
endowed with a complex conjugation C. A TQS B 3 k 7→ H(k)
has a time-reversal symmetry (TRS) of parity ε ∈ {±} if there is
a continuous unitary-valued map k 7→ U(k) such that

U(k) H(k) U(k)∗ = C H(τ(k)) C , C U(τ(k)) C = εU(k)∗ .

A TQS of class AI (resp. AII) is endowed with an even (resp.
odd) time-reversal symmetry.



“Real” and “Quaternionic” structures

The equivariance relation for the Fermi projection

U(k) PF (k) U(k)∗ = C PF (τ(k)) C ∀ k ∈B

induces an additional structure on the Bloch-bundle EF →B.

Definition (Atiyah, 1966 - Dupont, 1969)

Let (B,τ) be an involutive space and E →B a complex vector
bundle. Let Θ : E → E an homeomorphism such that

Θ : E |k −→ E |τ(k) is anti-linear .

The pair (E ,Θ) is a “Real”-bundle over (B,τ) if

Θ2 : E |k
+1−→ E |k ∀ k ∈B ;

The pair (E ,Θ) is a “Quaternionic”-bundle over (B,τ) if

Θ2 : E |k
−1−→ E |k ∀ k ∈B .



- A morphism of rank m “Real” or “Quaternionic” bundles over (B,τ) is a
map f

(E1,Θ1)
f - (E2,Θ2)

(B,τ)

π2
�

π1 -

such that π2 ◦ f = π1, Θ2 ◦ f = f ◦Θ1.

- (E1,Θ1)'(E2,Θ2) if there is an isomorphism f (equivalence relation)

Vecm
R(B,τ) := set of equivalence classes of rank m “Real” bundles

Vecm
Q(B,τ) := set of equivalence classes of rank m “Quaternionic” bundles .

� These names are justified by the following isomorphisms:

Vecm
R(B, IdB) ' Vecm

R(B)

Vec2m
Q (B, IdB) ' Vecm

H(B) .



Definition (Topological phases in presence of TRS)

Let (B,τ) be an involutive space and B 3 k 7−→ H(k) a TQS
with a TRS of parity ε and an isolated family of m energy bands.
Let EF −→B be the associated Bloch bundle with equivariant
structure Θ. The topological phase of the system is specified by

[(EF ,Θ)] ∈ Vecm
Tε

(B) , T+ ≡R , T− ≡Q .

CAZ TRS Category VB

A 0 complex Vecm
C (B)

AI + “Real” Vecm
R(B,τ)

AII − “Quaternionic” Vecm
Q(B,τ)

Problem :
1) Classification via topology;
2) Classification via differential geometry.



Relevant physical situations

Periodic quantum systems (e.g. absence of disorder):

- Rd -translations ⇒ free (Dirac) fermions;
- Zd -translations ⇒ crystal (Bloch) fermions.

The Bloch-Floquet (or Fourier) theory exploits the
invariance under translations of a periodic structure to
describe the state of the system in terms of the
quasi-momentum k on the Brillouin zone B.

Complex conjugation (TRS) endows B with an involution τ.

Examples are:
- Gapped electronic systems,
- BdG superconductors,
- Photonic crystals (M. Lein talk).



Continuous case B= Sd

Sd τd - Sd

(+k0,+k1, . . . ,+kd )
τd- (+k0,−k1, . . . ,−kd )

S̃d := (Sd ,τd )



Periodic case B=Td

Td = S1× . . .×S1 τd :=τ1×...×τ1- Td = S1× . . .×S1

T̃d := (Td ,τd )
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For a TQS in class AI the classification of topological phases
agrees with the determination of Vecm

R(B,τ).

� Homotopy classification theorem [Edelson, 1971]:

Vecm
R(B,τ) ' [(B,τ),(Grm(CN ),ϑR)]Z2 (N� 1)

Z2-homotopy classes of equivariant maps f :B→ Grm(CN ) such that
f ◦ τ = ϑR ◦ f . The involution ϑR acts by the complex conjugation, i.e.

ϑR : span(v1, . . . ,vm) 7−→ span(v1, . . . ,vm) .

� The computation of [(B,τ),(Grm(CN ),ϑR)]Z2 is a difficult task (non
algorithmic !!).

� One introduces “Real” Chern classes [Kahn, 1987] which are the
pullback of the equivariant Borel cohomology ring of the involutive
classifying space (Grm(CN ),ϑR) under the equivariant classifying
homotopy (algorithmic !!).

� One extends the Chern-Weil theory to the “Real” category in order to
represent “Real” Chern classes as equivariant de Rham forms
constructed in terms of equivariant connections and curvatures.



The Borel’s construction
(B,τ) any involutive space and (S∞,θ) the infinite sphere
(contractible space) with the antipodal (free) involution:

B∼τ :=
S∞ × B
θ × τ

(homotopy quotient) .

Z any abelian ring (module, system of coefficients, ...)

H j
Z2

(B,Z ) := H j(B∼τ ,Z ) (eq. cohomology groups) .

Z(m) is the Z2-local system on B based on the module Z

Z(m) ' B×Z endowed with (k , `) 7→ (τ(k),(−1)m`) .

More precisely: Z(m) is the module with underlying group (isomorphic to) Z
and scalars in the group ring Z[π1(B∼τ )] induced by the (two) possible
representations ρm : π1(B∼τ )→ AutZ(Z)'Z2.
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Theorem (D. & Gomi, 2014)
Let (B,τ) such that d := dim(B)6 3 and the fixed point set Bτ

has only isolated points. There is an isomorphism

Vecm
R(B,τ) ' H2

Z2
(B,Z(1)) if dim(B)6 3

given by the “Real” (first) Chern class [E ] 7→ c̃(E ) .

Proof.

- “Real” stable-range condition

Vecm
R(B,τ) ' Vec[d/2]

R (B,τ) , [·] = integer part .

- “Real” line bundles description [Kahn, 1987]

Vec1
R(B,τ) =: Pic(B,τ) ' H2

Z2
(B,Z(1)) .

�

� Corollary: c̃(E ) = 0⇔ exists a global frame of continuous Bloch
functions such that ψ(τ(k)) = (Θψ)(k) (“Real” frame).



Gapped fermionic systems

Theorem (D. & Gomi, 2014)

H2
Z2

(S̃d ,Z(1)) = H2
Z2

(T̃d ,Z(1)) = 0 ∀ d ∈N .

The proof requires an equivariant generalization of the Gysin sequence and
the suspension periodicity.

VB CAZ d = 1 d = 2 d = 3 d = 4

Vecm
C (Sd ) A 0 Z 0 0 (m = 1)

Z (m > 2) Free

Vecm
R(S̃d ) AI 0 0 0 0 (m = 1)

2Z (m > 2) systems

Vecm
C (Td ) A 0 Z Z3 Z6 (m = 1)

Z7 (m > 2)
Periodic

Vecm
R(T̃d ) AI 0 0 0 0 (m = 1)

2Z (m > 2) systems



The case d = 4 is interesting for the magneto-electric response
(space-time variables)

Theorem (D. & Gomi, 2014)

Class AI topological insulators in d = 4 are completely
classified by the 2-nd “Real” Chern class. These classes are
representable as even integers and the isomorphisms

Vecm
R(T̃4) ' 2Z , Vecm

R(S̃4) ' 2Z

are given by the (usual) 2-nd Chern number.

� Remark: In d = 4 to have an even 2-nd Chern number is a necessary
condition for a complex vector bundle to admit a “Real”-structure !!
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Just a summary of the main results

� On can introduce consistently the notions of “Real” principal bundle and
“Real” connection (i.e. τ∗ω = ω).

� Let (B,τ) be a smooth manifold with a smooth involution. The de Rham
cohomology groups Hk

dR(B) split as

Hk
dR(B) = Hk

dR,+(B,τ) ⊕ Hk
dR,−(B,τ)

where φ ∈ Hk
dR,±(B,τ) if and only if τ∗φ =±φ .

� One has the following isomorphisms

Hk
Z2

(B,R(0)) ' Hk
dR,+(B,τ) , Hk

Z2
(B,R(1)) ' Hk

dR,−(B,τ) .

� There is a map

Hk
Z2

(B,Z(j)) −→ Hk
Z2

(B,R(j)) ' Hk
Z2

(B,Z(j)) ⊗Z R

induces by the homomorphism Z(j)→R(j). The torsion is lost !!



� Let ω a “Real” connection and Ω the related curvature. The differential
forms cj obtained from the invariant polynomial

det
(

is
2π

Ω +1m

)
= ∑

j
sj cj .

verify τ∗cj = (−1)jcj , hence

cj ∈ H2j
dR,(−)j (B,τ) .

Theorem (D. & Gomi, 2014)

The de Rham cohomology class cj agrees with the image of the
“Real” Chern class c̃j ∈ H2j

Z2
(B,Z(j)) unde the homomorphism

Hk
Z2

(B,Z(j)) −→ Hk
Z2

(B,R(j)) ' H2j
dR,(−)j(B,τ) .

The torsion part can be reconstructed by the “Real” Holonomy.

� Conclusion: We can compute invariants for the “Real” category by
using usual differential geometric formulas applied to “Real” connections.!!
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For a TQS in class AII the classification of topological phases
agrees with the determination of Vecm

Q(B,τ).

� If the fixed point set Bτ 6= /0 the rank of a Q-bundle has to be even
(Kramers degeneracy).

� Homotopy classification theorem (adaption of [Edelson, 1971]):

Vec2m
Q (B,τ) ' [(B,τ),(Gr2m(C2N ),ϑQ)]Z2 (N� 1)

Z2-homotopy classes of equivariant maps f :B→ Grm(C2N ) such that
f ◦ τ = ϑQ ◦ f . The involution ϑQ acts as

ϑQ : span(v1, . . . ,v2m) 7−→ span(Q ·v1, . . . ,Q ·v2m)

where Q := 1N ⊗ iσ2 verifies Q2 :=−12N .

� The computation of [(B,τ),(Gr2m(C2N ),ϑQ)]Z2 is a difficult task (non
algorithmic !!).

� One introduces the FKMM-invariant [Furuta, Kametani, Matsue,
Minami, 2000] which can be interpreted as the pullback of a universal
class for (Gr2m(C2N ),ϑQ) under the equivariant classifying homotopy
(algorithmic !!).

� One interprets the FKMM-invariant in terms of integration of differential
forms (Wess-Zumino in d = 2, Chern-Simons in d = 3, ...)



Construction and interpretation of the FKMM-invariant

� Let (B,τ) be an involutive space and Y ⊂B τ-invariant. The relative
equivariant cohomology groups

Hk
Z2

(B|Y,Z(m))

can be consistently defined.

� One has the geometric interpretations

H1
Z2

(B,Z(1)) ' [(B,τ),(U(1),c)]Z2 [Gomi, 2013]

H2
Z2

(B,Z(1)) ' Vec1
R(B,τ) [Kahn, 1987]

where c is the complex conjugation.

� We have also the geometric interpretation [D. & Gomi, 2013]

H2
Z2

(B|Y,Z(1)) ' Vec1
R(B|Y,τ) =: Pic(B|Y,τ)

where Vec1
R(B|Y,τ) is the (Picard) group of isomorphism classes of

pairs (L,s) where L→B is a “Real” line bundle and s :Y→ L|Y is a
nowhere vanishing, equivariant section s ◦ τ = Θ◦s.



Theorem (D. & Gomi, 2014)

Each [(E ,Θ)] ∈ Vec2m
Q (B,τ) defines a unique element in

Vec1
R(B|Bτ ,τ) and the map

Vec2m
R (B,τ) 3 [(E ,Θ)]

κ7−→ κ[E ] ∈ H2
Z2

(B|Bτ ,Z(1))

(defined by the above isomorphism) is the FKMM-invariant.

Proof.

- Determinant construction: L := det(E ) is a line bundle over B and Θ
induces a “Real”-structure detΘ : L→ L.

- Because Bτ is made by fixed points L|Bτ has a unique canonical
trivialization h : L|Bτ →Bτ ×C which define a canonical (nowhere
vanishing, equivariant) section s(k) := h−1(k ,1).

- [(E ,Θ)] defines [(L,s)] ∈ Vec1
R(B|Bτ ,τ).

�
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� B is a FKMM-involutive-space if:
- (B,τ) Hausdorff, path-connected, . . . ;
- Bτ = {k1, . . . ,kN};
- H2

Z2
(B,Z(1)) = 0.

Theorem (D. & Gomi, 2014)

Let (B,τ) be a FKMM-involutive-space:

κ : Vec2m
Q (B,τ) → H2

Z2
(B|Bτ ,Z(1)) if dim(B)6 3

κ, called FKMM-invariant, is an injective map .

� Corollary: κ(E ) = 0⇔ exists a global frame of continuous Bloch
functions such that ψ(τ(k)) = (Θψ)(k) (“Quaternionic” frame).



Gapped fermionic systems

Theorem (D. & Gomi, 2014)

For B= S̃d or B= T̃d with d 6 3 the FKMM-invariant κ is an
isomorphism.

VB CAZ d = 1 d = 2 d = 3 d = 4

Vecm
C (Sd ) A 0 Z 0 0 (m = 1)

Z (m > 2) Free

Vec2m
Q (S̃d ) AII 0 Z2 Z2 Z systems

Vecm
C (Td ) A 0 Z Z3 Z6 (m = 1)

Z7 (m > 2)
Periodic

Vec2m
Q (T̃d ) AII 0 Z2 Z4

2 Z10
2 ⊕Z systems

� Remark: In these two special cases the FKMM-invariant κ can be
written (and so agrees with) as the Fu-Kane-Mele invariant.



In the case dim(B) = 4 we consider the pair of maps

(κ,c2) : Vec2m
Q (B,τ) −→ H2

Z2
(B|Bτ ,Z(1)) ⊕ H4(B,Z)

where c2 is the second Chern class.

Theorem (D. & Gomi, 2014)

Class AII topological insulators in d = 4 are classified by the
2-nd Chern class c2 and the FKMM-invariant κ. The maps

(κ,c2) : Vec2m
Q (S̃4) −→ Z2 ⊕Z

(κ,c2) : Vec2m
Q (T̃4) −→ Z11

2 ⊕Z

are injective. Ran(κ,c2) is fixed by the constraint

(−1)c2(E ) =
N

∏
j=1

κ(E )j , E is a Q−vector bundle

and N = 1 for S̃4 or N = 11 for T̃4.
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Just a summary of the main results

� On can introduce consistently the notions of “Quaternionic” principal
bundle and “Quaternionic” connection, (i.e. τ∗ω =−Q ·ω ·Q).

� Let (B,τ) be a smooth manifold with a smooth involution and a finite
number of fixed points. Let ω a “Quaternionic” connection associated
with the “Quaternionic” vector bundle (E ,Θ).

� Let dim(B) = 3 and consider the Chern-Simons form

CS(E ) :=
1

8π2

∫
B

Tr
(

ω ∧dω +
2
3

ω ∧ω ∧ω

)
then

κstrong(E ) = e i2π CS(E )

is a topological invariant of (E ,Θ) which provides the strong part of the
FKMM-invariant (already known for B=T3 !!).

If dim(B) = 2 then
κstrong(E ) = e i2π WS(E )

where WS(E ) is the Wess-Zumino term computed with respect to any
3d-B̃ such that ∂ B̃=B (already known for B=T2 !!).



Thank you for your attention
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