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Exercise 31 (14 credit points): The Schwarzschild metric in isotropic coordinates

In the previous semester course we learned that a given metric can be expressed in another coordinate system
while still describing the same solution to the Einstein equations.

31.1 What makes this possible? In how many different sets of coordinates can a given metric be expressed?

31.2 In practice it is often convenient to use this freedom to simplify calculations, adapt the form of the
metric tensor to describe a desired situation, or/and to reveal its features and symmetries. In this
exercise we are going to express the following metric

ds2 = −

(
1 −

2GM
r

)
dt2 +

(
1 −

2GM
r

)−1
dr2 + r2 dΩ2 , dΩ2 = dϑ2 + sin2 ϑdϕ2 ,

describing the Schwarzschild solution, in other coordinates in order to familiarize ourselves with this
freedom and obtain more insight into the Schwarzschild solution. For this purpose, use the coordinate
transformation

t = t̄ , r =

(
1 +

GM

2r̄

)2
r̄

to express the metric in terms of the coordinates t̄, r̄.

How does the metric behave at the horizon? These coordinates are called isotropic coordinates. Why?

31.3 Use the Schwarzschild geometry in isotropic coordinates derived above to calculate the surface of an
equatorial circular ring that ranges from the Schwarzschild radius to a fixed radius r = R > 2GM, as
well as the volume of a spherical shell between these radii.

Compare your results to those in Euclidean space with the metric dr̄2 + r̄2 dΩ2.

Exercise 32 (6 credit points): Wormholes

Consider the metric
ds2 = −dt2 + dr2 +

(
b2 + r2

)(
dϑ2 + sin2(ϑ)dϕ2

)
,

where b is a constant with the dimension of length. Illustrate this geometry by embedding it into a flat space.

To do so, choose the slicings t = const. and ϑ = π/2. Why does this suffice?
Map the resulting 2-dimensional geometry with the line element

dΣ2 = dr2 +
(
b2 + r2

)
dϕ2

onto a surface in R3 having the same geometry. Use cylindrical coordinates with the line element

d`2 = dρ2 + ρ2 dψ2 + dz2 .

Find the function z(r(ρ)) and draw a sketch of the rotation surface of the curve described by this function.
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