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SHORT VERSION (LESS THAN A MINUTE!)

We study the quantum dynamics of a supersymmetric “squashed three-sphere” by dimension-
ally reducing (to one timelike dimension) the action of D = 4 simple supergravity for an
SO(3)-homogeneous (Bianchi IX) cosmological model.

The quantization of the homogeneous gravitino field leads to a 64-dimensional fermionic
Hilbert space.

The algebra of the supersymmetry and the Hamiltonian constraints is found to close.

The quantum Hamiltonian is built from operators that generate a 64-dimensional repre-
sentation of the (infinite-dimensional) maximally compact sub-algebra of the rank-3 hyperbolic
Kac-Moody algebra AE3. Some exponentials of these operators generate a spinorial extension
of the Weyl group of AE3 which describe (in the small wavelength limit) the chaotic quantum
evolution of the Universe near the cosmological singularity.

The fine structure of the dynamic on the Hilbert space is obtained : solutions split be-
tween discrete and continuous modes (depending on arbitrary constants or functions)

Part of the wave function may avoid the cosmological singularity.
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E10 (OR AEn) SEEMS TO BE HIDDEN IN (SUPER)GRAVITY

T. Damour and M. Henneaux, Phys. Rev. Lett. 86, 4749 (2001),
T. Damour, M. Henneaux, B. Julia and H. Nicolai, Phys. Lett. B 509, 323 (2001),
T. Damour, M. Henneaux and H. Nicolai, Phys. Rev. Lett. 89, 221601 (2002),
T. Damour, A. Kleinschmidt and H. Nicolai, Phys. Lett. B 634, 319 (2006),
S. de Buyl, M. Henneaux and L. Paulot, JHEP 0602, 056 (2006), T. Damour, A. Kleinschmidt
and H. Nicolai, JHEP 0608, 046 (2006), . . .

[first conjectured by Julia ’82; related conjectures Ganor ’99, ’04; West (E11) 01]

Lead to Gravity/Coset conjecture (DHN, 2002)

‘Duality’ between D = 11 supergravity (or, hopefully, M-theory) and the (quantum) dynamics
of a massless spinning particle on E10/K(E10)
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KAC-MOODY ALGEBRAS (IN VERY, VERY BRIEF)

Generalized Cartan matrix :

(Ai i) = 2 , Ai j ∈ Z− if i 6= j , Ai j = 0 iff Aj i = 0 , A = D S

with D diagonal positive and S symmetric.

Chevaley–Serre presentation :

[hi, hj] = 0 [hi, ej] = Ai j ej (no sum.) , [hi, fj] = −Ai j fj , [ei, fj] = δi j hj , ad1−Ai j
ei (ej) = 0

S positive corresponds to finite dimensionnal semi-simple Lie algebras.

AE3:

 2 −2 0
−2 2 −1
0 −1 2

 31 2

Level decomposition: α = ` α1 + m2 α2 + m3 α3
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KAC-MOODY ALGEBRAS (IN VERY, VERY BRIEF)

Chevalley involution :

ω(ei) = −fi , ω(fi) = −ei , ω(hi) = −hi

”Maximally compact” sub-algebra :

ω(x) = x , generated by xi = ei − fi

Coset element

V = exp[
10∑

a=1

βaHâ] exp[
∑
α∈∆+

mult(α)∑
s=1

να,sE(s)
α ∈ E10/K(E10)

V̇ V−1 =: P +Q , Q ∈ K(E10) , P ∈ E10 	 K(E10)

h = βiHi , α = nkα
k , [h,E(s)

α ] = α(h)E(s)
α , α(h) = nk α

k(h) = nk Aji β
j

P := (V̇ V−1)sym : coset velocity
Q := (V̇ V−1)antisym : “K”–angular velocity
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GRAVITY/COSET CORRESPONDENCE

E10 : Damour, Henneaux, Nicolai ′02; related: Ganor ′99 ′04; E11 : West ′01, de Buyl,
Hennaux, Paulot ′06, Damour, Hillmann ′09

Gµν(t, x),Aµνλ(t, x), ψµ(t, x)

S11 =
∫

d11
x
{

E
4 R(G)

− E
48 (dA3)

2 + . . .
}

Gradient Expansion (BKL)
(∼ Small Tension Expansion:
α ′ →∞)

∂
k1
x1 ∂

k2
x2 . . . ∂

k10
x10 � ∂

k1+k2+...+k10
T

SCOSET
1 =

∫
dt
{ 1

4 n(t) 〈P(t),P(t)〉
− i

2 (Ψ(t) | D
vs Ψ(t))vs + . . .

}
Height Expansion

in Kac-Moody Algebra

〈P(t),P(t)〉 = 0

∂tP(t) = [Q(t), P(t)] , ∂tΨ(t) = Qvs Ψ(t)

Q(t)|α ∝ cosh−1[2
√

E(t − tc)]Jα

E = −
1
2

Gabβ̇
a
‖β̇

a
‖ , Jα = Eα − E−α

V. A. Belinsky, I. M. Khalatnikov and E. M. Lifshitz, Adv. Phys. 19, 525 (1970).
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GRAVITY/COSET CORRESPONDENCE

Near a spacelike singularity

Singularity

R << `2P

SUGRA regime

Gµν(xα), Ψµ(xα)

R >> `2P

COSET regime

E10/K[E10]
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A CONCRETE CASE STUDY

T. Damour, Ph. S. , arXiv : 1304.6381, Class. Quantum Grav. 30 (2013) 162001,
1406.1309, Quantum Supersymmetric Bianchi IX Cosmology

• Quantum dynamics of a supersymmetric triaxially squashed three-sphere

time

Evolution of the eigendirections
of the curvature tensor.

Notice that the space remains
homogeneous, it just loses its
isotropy
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SUPERGRAVITY LAGRANGIAN

• Rarita-Schwinger Lagrangian

LRS = −
1
2
εαβγδψαγ5γβDγψδ

• Einstein-Hilbert Lagrangian

LEH =
1

2κ2

√
4g R = −

1
8κ2 ε

µνρσεα̂β̂γ̂δ̂θ
γ̂
ρθ
δ̂
σRα̂β̂µν(ω)

• Connexion with torsion

ωα̂β̂µ =
0
ωα̂β̂µ + κα̂β̂µ

κα̂β̂γ̂ = κα̂β̂µ θ
µ
γ̂ =

κ2

4
(
ψβ̂γα̂ψγ̂ − ψα̂γβ̂ψγ̂ + ψβ̂γγ̂ψα̂

)
• Total Lagrangian

L
Tot

= θ

[
1
2

0
R +

0
L3/2 +

1
8

Tα̂Tα̂ −
1
16

Tα̂β̂γ̂Tγ̂β̂α̂ −
1
32

Tα̂β̂γ̂Tα̂β̂γ̂

]
with

Tα̂β̂γ̂ := ψβ̂γα̂ψγ̂ , Tα̂ = ψα̂γ
β̂ψβ̂
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MINISUPERSPACE

Technically: Reduction to one, time-like, dimension of the action of D = 4 simple supergravity
built on an SO(3)-homogeneous (Bianchi IX) cosmological model

gµν dxµ dxν = −N2(t)dt2 + gab(t)(τa(x) + Na(t)dt)(τb(x) + Nb(t)dt) ,

τa: left-invariant one-forms on SU(2) ≈ S3 : dτa = 1
2 ε

a
bc τ

b ∧ τc
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DYNAMICAL DEGREES OF FREEDOM

• Gauss-decomposition of the metric:

gbc =

3∑
â =1

e−2βa
Sâ

b(ϕ1, ϕ2, ϕ3) Sâ
c(ϕ1, ϕ2, ϕ3)

Six metric degrees of freedom :
cologarithms of the squashing parameters of the 3-sphere

βa = (β1(t), β2(t), β3(t))

and three Euler angles:
ϕa = (ϕ1(t), ϕ2(t), ϕ3(t))
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FERMIONIC DEGREES OF FREEDOM

Gravitino components (ψα̂A ) in specific gauge-fixed orthonormal frame θα̂ canonically associ-
ated to the Gauss-decomposition :

θ0̂ = N(t)dt , θâ =
∑

b

e−β
a(t)Sâ

b(ϕc(t))(τb(x) + Nb(t)dt) .

After a suitable redefinition of the gravitino field :
• 3× 4 dynamical gravitino componentsΦa

A := (γâ g
1
4ψâ)A, a = 1, 2, 3; A = 1, 2, 3, 4

so that g
1
2 ψ̄âγ

â0̂b̂ψ̇b̂ = GabΦ
a Φ̇b

• and four Lagrange multipliers : Ψ′̂0
A := g

1
4 (ψ0̂ −

∑
a γ

0̂â ψâ)A .
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SUPERSYMMETRIC ACTION (FIRST ORDER FORM)

S =

∫
dt
[
πa β̇

a + pθa θ̇a +
i
2

GabΦ
a
A Φ̇

b
A + Ψ̄ ′A

0̂ SA − ÑH − NaHa

]

Gab: Lorentzian-signature quadratic form:

Gab dβa dβb ≡
∑

a

(dβa)2 −

(∑
a

dβa

)2

Gab defines the kinetic terms of the gravitino, as well as those of the βa’s:

1
2

Gab β̇
a β̇b

Lagrange multipliers imply constraints : SA ≈ 0, H ≈ 0, Ha ≈ 0
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QUANTIZATION (A PEDAGOGICAL DIGRESSION)

Suppose to have a fermionic Lagrangian : LF = 1
2φAMABφ̇B with MAB = +MBA

We obtain constraints χA linking the φA variables and their conjugate momenta$A:

$B :=
∂LLF

∂φ̇B
= −

1
2
φAMAB , {$B, φA} = −δB

A , χB := $B +
1
2
φAMAB

{χA, χB
} = {$A,

1
2
φKMKB

} + {
1
2
φKMKA,$B

} = −
1
2
(MAB + MBA) = −MAB

Assuming MAB invertible, the Dirac bracket reads

{ , }D = { , } − { , χA
}(−)MAB{χ

B, }

and
{φA, φB}D = {φA, χ

K
}MKL{χ

L, φB} = +MAB , {φ̂A, φ̂B} = +i MAB

It is the matrix MAB (not necessarily positive defined) that defines the scalar product in the
Hilbert space on which the operators representing the quantum fields act.
Conjugaison has to be reconsidered :

〈u|Op|v〉h = uT h Op v = 〈u|Op‡
|v〉h = Op u

T
h v = uT Op

T
h v

⇒ Op‡ = h−1Op†h
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QUANTIZATION

• Bosonic dof:
π̂a = −i

∂

∂βa ; p̂ϕa = −i
∂

∂ϕa

• Fermionic dof:
Φ̂a

A Φ̂
b
B + Φ̂b

B Φ̂
a
A = Gab δAB

This is the Clifford algebra Spin (8+, 4−)

• The wave function of the Universe Ψσ(βa, θa) is a 64-dimensional spinor of Spin (8, 4) and
the gravitino operatorsΦa

A are 64× 64 “gamma matrices” acting on Ψσ, σ = 1, . . . , 64.
Hermiticity (‡) is defined by use of h = Γ9Γ10Γ11Γ12 = h−1 : Ψ‡ := hΨ† h.
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DIRAC QUANTIZATION OF THE CONSTRAINTS

Ψ = Ψ[β,ϕ] , ŜA Ψ = 0 , Ĥ Ψ = 0 , Ĥa Ψ = 0

Diffeomorphism constraints ⇔ p̂ϕa Ψ = −i
∂

∂ϕa Ψ = 0

S-wave function Ψ(βa) submitted to constraints

ŜA(π̂, β, Φ̂)Ψ(β) = 0 , Ĥ(π̂, β, Φ̂)Ψ(β) = 0

π̂a = −i ∂
∂βa ⇒ 4× 64 + 64 PDE’s for the 64 functions Ψσ(β1, β2, β3)

Heavily overdetermined system of PDE’s
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EXPLICIT FORM OF THE SUSY CONSTRAINTS

ŜA = −
1
2

∑
a

π̂aΦ
a
A +

1
2

∑
a

e−2βa
(γ5Φa)A

−
1
8

cothβ12(Ŝ12(γ
12 Φ̂12)A + (γ12 Φ̂12)A Ŝ12)

+ cyclic(123) +
1
2
(Ŝcubic

A + Ŝcubic †
A )

where γ5 ≡ γ0̂1̂2̂3̂, β12 ≡ β1 − β2, Φ̂12 ≡ Φ̂1 − Φ̂2,

Ŝ12(Φ̂) =
1
2
[(Φ̂

3
γ0̂1̂2̂(Φ̂1 + Φ̂2)) + (Φ̂

1
γ0̂1̂2̂ Φ̂1)

+ (Φ̂
2
γ0̂1̂2̂ Φ̂2) − (Φ̂

1
γ0̂1̂2̂ Φ̂2)] ,
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EXPLICIT FORM OF THE SUSY CONSTRAINTS

Ŝcubic
A =

1
4

∑
a

(Ψ̂0 ′ γ0̂ Ψ̂â)γ
0̂ Ψ̂A

â −
1
8

∑
a,b

(Ψ̂â γ
0̂ Ψ̂b̂)γ

â Ψ̂A
b̂

+
1
8

∑
a,b

(Ψ̂0 ′ γâ Ψb̂)(γ
â ΨA

b̂ + γb̂ ΨA
â ) ,

where Ψ0̂ ′ = γ0̂(Φ
1 +Φ2 +Φ3),
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(OPEN) SUPERALGEBRA SATISFIED BY THE ŜA’S AND Ĥ

This unique, hermitian ordering of SA defines a unique Hamiltonian, such that :

ŜA ŜB + ŜB ŜA = 4 i
∑

C

L̂C
AB(β) ŜC +

1
2

ĤδAB

[ŜA, Ĥ] = M̂B
A ŜB + N̂AĤ
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KAC-MOODY STRUCTURES HIDDEN IN THE QUANTUM

HAMILTONIAN

2 Ĥ = Gab(π̂a + i Aa)(π̂b + i Ab) + µ̂
2 + Ŵ(β) ,

Gab ↔ metric in Cartan subalgebra of AE3

Aa = ∂a ln[e
3
4β

0
(sinhβ12 sinhβ23 sinhβ31)

− 1
8 ] pure gauge vector potential

Ŵ(β) = Wbos
g (β) + Ŵspin

g (β) + Ŵspin
sym (β) .

Wbos
g (β) =

1
2

e−4β1
− e−2(β2+β3) + cyclic123
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KAC-MOODY STRUCTURES HIDDEN IN THE QUANTUM

HAMILTONIAN

Ŵspin
g (β, Φ̂) = e−α

g
11(β)Ĵ11(Φ̂) + e−α

g
22(β)Ĵ22(Φ̂)

+ e−α
g
33(β)Ĵ33(Φ̂) .

Linear forms αg
ab(β) = β

a + βb ⇔ six level-1 roots of AE3

Ŵspin
sym (β) =

1
2

(Ŝ12(Φ̂))2 − 1
sinh2 α

sym
12 (β)

+ cyclic123 ,

Linear forms αsym
12 (β) = β1 − β2, αsym

23 (β) = β2 − β3, αsym
31 (β) = β3 − β1 ⇔ three level-0

roots of AE3
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SPIN DEPENDENT (CLIFFORD) OPERATORS COUPLED TO

AE3 ROOTS

Ŝ12(Φ̂) =
1
2
[(Φ̂

3
γ0̂1̂2̂(Φ̂1 + Φ̂2)) + (Φ̂

1
γ0̂1̂2̂ Φ̂1)

+ (Φ̂
2
γ0̂1̂2̂ Φ̂2) − (Φ̂

1
γ0̂1̂2̂ Φ̂2)] ,

Ĵ11(Φ̂) =
1
2
[Φ̂

1
γ1̂2̂3̂(4Φ̂1 + Φ̂2 + Φ̂3) + Φ̂

2
γ1̂2̂3̂ Φ̂3] .

• Ŝ12, Ŝ23, Ŝ31, Ĵ11, Ĵ22, Ĵ33 generate (via commutators) a 64-dimensional representation of the
(infinite-dimensional) “maximally compact” sub-algebra K(AE3) ⊂ AE3. [The fixed set of the
(linear) Chevalley involution, ω(ei) = −fi, ω(fi) = −ei, ω(hi) = −hi, which is generated by
xi = ei − fi.]
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β-SPACE

g-wall

s-wall Lorentzian structure of the β-space.
β0 := β1 + β2 + β3 play the rôle of time

Symmetry walls sinh−2(βi − βj) :
β1 − β2 = 0, β2 − β3 = 0, β3 − β1 = 0

Gravitational walls exp(−2βi):
β1 = 0, β2 = 0, β3 = 0
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BI-COMPLEX

{Φk
AΦ

l
B +Φl

BΦ
k
A} = GklδABId64

bk
+ = Φk

1 + iΦk
2 , bk

− = Φk
3 − iΦk

4

b̃k
+ = Φk

1 − iΦk
2 , b̃k

− = Φk
3 + iΦk

4

{bk
ε , b̃l

σ} = 2 Gklδεσ Id64

Sε =
i
2
∂βk bk

ε + αk bk
ε +

1
2
µklm Bklm

ε + ρklmCklm
ε +

1
2
νklm Dklm

ε

where

Bklm
ε = bk

ε bl
ε b̃m
ε − Glm bk

ε + Gkmbl
ε

Cklm
ε = bk

ε bl
−ε b̃m

−ε − Glm bk
ε

Dklm
ε = bk

−ε bl
−ε b̃m

ε

and all the tensor components are purely imaginary (as they must be to insure hermiticity of
the operators ).

Fermion number operator : N̂F := Gabb̃a
+bb

+ + Gabb̃a
−bb

− = 1
2 GabΦ̂

a
γ1̂2̂3̂Φ̂b + 3 =: ĈF + 3
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SOLUTIONS OF SUSY CONSTRAINTS

Overdetermined system of 4× 64 Dirac-like equations

ŜA Ψ =

(
i
2
Φa

A
∂

∂βa + . . .

)
Ψ = 0

Space of solutions splits according to the fermion number NF = CF + 3)

Depending on the fermion number there exist “discrete states” and “continuous states”
(parametrized by initial data involving arbitrary functions, at CF = −1, 0,+1)
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BI-COMPLEX

The wave function we are looking for are solutions of :

Sε Ψ = 0 = S̃ε Ψ

There is a unique lower state :

bk
εΨ0 = 0 , NF Ψ0 = 0 , Sε NF = (NF − 1)Sε , S̃ε NF = (NF + 1) S̃ε

I Level 0 : Ψ0 (1)

I Level 1 : {b̃k
+, b̃l

−}Ψ0 ( 2× 3)

I Level 2 : {b̃(k
+ b̃l)

−, b̃[k
+b̃l]

+, b̃[k
+b̃l]

−, b̃[k
−b̃l]

−}Ψ0 ( 6+3+3+3)

I Level 3 : { 1
2ε

[a
k lb̃

m]
− b̃k

+b̃l
+, b̃1

−b̃2
−b̃3

−,
1
2ε

(a
k lb̃

m)
− b̃k

+b̃l
+}Ψ0, 2× (3 + 1 + 6)

I Level 4 : . . . (15)

I Level 5 : . . . (6)

I Level 6 : b̃1
+b̃2

+b̃3
+b̃1

−b̃2
−b̃3

−Ψ0 (1)

Ph. S. (Umons) Mini-Superspace Sugra Quantization July 2014 27 / ?



EXPLICIT EQUATIONS AND SOLUTIONS

With x := e2β1 , y := e2β2 , z := e2β3 , :

I Level 0 :

i
2
∂βk f − φkf = 0

φk = −i
{

1
2
−

1
2 x

−
3
8

y(x − z) + z(x − y)
(x − y)(x − z)

, cyclic perm.
}

f = f0 Exp[−
1
2
(

1
x
+

1
y
+

1
z
)](x y z)−

5
4 ((x − y)(y − z)(z − x))3/8

Differs from previously obtained solutions by the factors vanishing on the symmetry walls
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EXPLICIT EQUATIONS AND SOLUTIONS

I Level 1 : Ψ = fσk b̃k
σ Ψ0

SεΨ = 0⇔ i
2
∂βk f k

ε +ϕk f k
ε = 0

S̃εΨ = 0⇔

ν̃

m
[kl] f εm = 0(
i
2∂β[k f εl] + ϕ̃[k f εl] − 2 µ̃ m

[kl] f εm = 0
)

i
2∂βk f εl + ϕ̃k f εl − 2 ρ̃ m

k l f εm = 0

f εk = f ε {x(y − z), y(z − x), z(x − y)}

with
f ε = f ε0 Exp[−

1
2
(

1
x
+

1
y
+

1
z
)](x y z)−

3
4 ((x − y)(y − z)(z − x))−3/8

Two-dimensionnal space of solutions

Previous works concluded to the absence of states with odd fermion numbers
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EXPLICIT EQUATIONS AND SOLUTIONS

I Level 2 : Ψ = 1
2 f ε,ε

′
p q b̃p

εb̃q
ε ′ Ψ0 , with f ε, ε

′
p q = −f ε

′, ε
q p )

SεΨ = 0⇔ { i
2∂βk Gkpf ε,εp n +ϕk f ε,εk n − µk l

nf ε,εk l − νk l
nf −ε,−εk l = 0

i
2∂βk Gkpf ε,−εp n +ϕk f ε,−εk n − 2 ρk l

nf ε,−εk l = 0

S̃εΨ = 0⇔

[

i
2∂βn f ε,εp q + ϕ̃n f ε,εp q + 2 µ̃ s

p q f ε,εn s
]
εn p q = 0

i
2∂β[k f ε,−εl] q + ϕ̃[kf ε,−εl]q − µ̃ s

k l f ε,−εs q − 2 ρ̃ s
[k |q| f ε,−εl] s = 0

i
2∂βk f −ε,−εp q + ϕ̃k f −ε,−εp q + 4 ρ̃ s

k [p f −ε,−εq] s + 2 ν̃ s
p q f ε,εk s = 0

ν̃
s

[p qf −ε,εn] s = 0

Equations for the f ε εp q and f ε−ε
p q components decouple.
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EXPLICIT EQUATIONS AND SOLUTIONS

I Level 2 : three discrete modes (ε = ±)

{f ε ε1 2 , f
ε ε
2 3 , f

ε ε
3 1 =: f ε ε{2(x y − y z − x z) + x y z, cyclic perm.}

with

f ε ε = Exp[−
1
2
(

1
x
+

1
y
+

1
z
)](x y z)−3/4(x − y)−1/8(x − z)−1/8(y − z)−1/8(

C1(x − z)−1/2 + εC2(y − z)−1/2
)

{f +−
[1 2], f

+−
[2 3], f

+−
[3 1]} = f +−

{2(x y − y z − x z) + x y z, cyclic perm.}

f +− = C3 Exp[−
1
2
(

1
x
+

1
y
+

1
z
)] (x y z)−3/4 ((x − y)(y − z)(z − x))−1/8 (x − y)−1/2
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EXPLICIT EQUATIONS AND SOLUTIONS

I Level 2 : The six modes f +−
(k l)=: kk l are propagating modes

They obey Maxwell-like equations :

δk ∼ 0 :
i
2
∂pkpa + φ

p kpa − 2 ρpq kpq = 0

d k ∼ 0 :
i
2
∂[akb]c − φ[a kb]c + µ

p
ab kpc + 2 ρ p

[a|c| kb]p = 0

Their compatibility is guaranteed by “Bianchi” identities : d2 = 0 = δ2.
These equations split into :
• five constraint equations (no “time derivative”)
• six evolution equations (with respect to the “time” β0 = β1 + β2 + β3
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EXPLICIT EQUATIONS AND SOLUTIONS

The general solution is parametrized by two arbitrary functions of two variables (leaving in a
plane β0 = Cte) from which we compute (via an Euler-Darboux-Poisson equation) the Cauchy
data for the six kab, which then propagate thanks to the six evolution equations : ∂0 kab = . . . .

They also may be described as modes superposition: far from the walls (in terms of plane
waves), or when bouncing on a wall, far from the corners (in terms of special functions of
Legendre or Kummer).

I Level 3 : A similar analysis can be done. The 20 components of
Ψ = 1√

2

∑
ε

1
3! f
εηp q rb̃p

εb̃q
εb̃r
ε +

1
2 hεp q,rb̃

p
−εb̃q

−εb̃r
ε split into 10 +10 that decouple.

Defining the dual components hεa b = 1
2η

p q
a hεp q,b, all modes may be expressed in terms

of hε(a b) .
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HILBERT SPACE STRUCTURE

The solution space diamond :

3

2

1

0

-1

-2

-3

1

6

15

20=(3+1+6)+(3+1+6)

15=6+3+3+3

6=3+3

1

CF dim

V(0) = V(0)
1 , V(1) = V(1)

2 , V(2) = V(2)
3 ⊕ V(2)

1,∞2 , V
(3) = V(3)

2,∞2 ⊕ V(2)
2,∞2
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QUANTUM SUPERSYMMETRIC BILLIARD

Sharp wall approximation : exp[−2 w(β)] 7→∞θ[−w(β)]
coth2[w(β)] 7→ δ[w(β)] ∼∞θ[−w(β)]

Gravitational wall

Symmetry wall
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QUANTUM SUPERSYMMETRIC BILLIARD

The spinorial wave function of the Universe Ψ(βa) propagates within the (various) Weyl cham-
ber(s) and “reflects” on the walls (= simple roots of AE3). In the small-wavelength limit, the
“reflection operators” define a spinorial extension of the Weyl group of AE3 (Damour, Hillmann
’09) defined within some subspaces of Spin(8, 4)

R̂αi = exp
(
−i
π

2
ε̂αi Ĵαi

)
with Ĵαi = {Ŝ23, Ŝ31, Ĵ11} and ε̂2

αi = Id
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THE “SQUARED-MASS” QUARTIC OPERATOR µ̂2 IN Ĥ

In the middle of the Weyl chamber (far from all the hyperplanes αi(β) = 0):

2 Ĥ ' π̂2 + µ̂2

where µ̂2 ∼
∑
Φ̂4 gathers many complicated quartic-in-fermions terms (including

∑
Ŝ2

ab and
the infamous ψ4 terms of supergravity).

Remarkable Kac-Moody-related facts:

• µ̂2 ∈ Center of the algebra generated by the K(AE3) generators Ŝab, Ĵab

• µ̂2 is ∼ the square of a very simple operator ∈ Center

µ̂2 =
1
2
−

7
8

Ĉ2
F

where ĈF := 1
2 GabΦ̂

a
γ1̂2̂3̂ Φ̂b.

Ph. S. (Umons) Mini-Superspace Sugra Quantization July 2014 37 / ?



THE “SQUARED-MASS” QUARTIC OPERATOR µ̂2 IN Ĥ

µ̂2 =
1
2
−

7
8

Ĉ2
F = −

59
8
,−3,−

3
2
,+

1
2

Spacelike trajectories : bounce before reaching the singularity!
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CONCLUSIONS

• The case studied of the quantum dynamics of a triaxially squashed 3-sphere (Bianchi IX
model) in (simple, D = 4) supergravity confirms the hidden presence of hyperbolic Kac-Moody
structures in supergravity. [Here, AE3 and K(AE3)]

• The wave function of the Universe Ψ(β1, β2, β3) is a 64-dimensional spinor of Spin(8, 4)
which satisfies Dirac-like, and Klein-Gordon-like, wave equations describing the propagation of
a “quantum spinning particle” reflecting off spin-dependent potential walls which are built from
quantum operators Ŝ12, Ŝ23, Ŝ31, Ĵ11, Ĵ22, Ĵ33 that generate a 64-dim representation of K(AE3).
The squared-mass term µ̂2 in the KG equation belongs to the center of this algebra.

• This result might help in clarifying the extent to which the gravity/coset correspondence holds
(here for the coset AE3/K(AE3), and more interestingly for E10/K(E10)).
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CONCLUSIONS

We recover, in the framework of simple (D=4) supergravity, elements of the hidden hyperbolic
Kac–Moody structures.

Our dynamical model differs significantly from those obtained in previous works. We obtain
modes for all values of NF (all previous works agreed on the inexistence of solutions for odd
values of NF).
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In the short wave limit (wave packets), some components of the wave function of the Universe
behave like tachyonic particle. They may “bounce near the past”, and thus escape from the
singularity.
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