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Electrons in Electrons in oneone dimension dimension 

x

Breakdown of  Landau’s Fermi liquid picture Breakdown of  Landau’s Fermi liquid picture 

⇒ ⇒ density wave excitations    density wave excitations    

(a)    (a)    1D clean  wire1D clean  wire:       :       LuttingerLuttinger liquid                 G = liquid                 G = dJ/dVdJ/dV = = σσ/L = (K) /L = (K) ee22/h/h

(b)(b) single impuritysingle impurity :: K<1 (>1):  impurity (K<1 (>1):  impurity (ir)relevantir)relevant,    ,    
→→ G G ∼∼ (max ((max (T, T, eeVV)) )) 2/K2/K--22

Kane & Fisher ’92, Kane & Fisher ’92, FurusakiFurusaki & & NagaosaNagaosa ´92,93´92,93

(c)(c) Gaussian impurities:Gaussian impurities: σσ ∼∼ T T 22--2K(T)    ,2K(T)    , T >> TT >> T00 GiamarchiGiamarchi &Schulz ’87&Schulz ’87

σσ ~ exp(~ exp(--TT00/T)/T)1/21/2 T << TT << T00 T.N., T.N., GiamarchiGiamarchi, Le , Le DoussalDoussal 0303
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Quantum wire as a chain of Quantum wire as a chain of 
quantum dotsquantum dots
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Strong impuritiesStrong impurities: : 
quantum wire as a chain of quantum dotsquantum wire as a chain of quantum dots

x
xxii xxi+1i+1

strong impuritiesstrong impurities, randomly distributed , randomly distributed 

""quantum dotquantum dot"  with integer number "  with integer number qqii of electronsof electrons

xxi+1i+1--xxii==aaii
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Luttinger liquid with strong  impurities:

w>>w>>kkFF pinning strengthpinning strength
KK λλTT=v/T  =v/T  thermal de Broglie wavelengththermal de Broglie wavelength

ρ(x) = 1
π(kF + ∂xϕ)[1 + 2cos(2ϕ+2kFx)]

ϕϕ((xxii)+k)+kFFxxii==ππ NNii

integer integer number  number  qqii =N=Ni+1i+1--NNii of electrons between impurities of electrons between impurities 

xxi+1i+1--xxii==aaii impurity spacing impurity spacing 

charge densitycharge density

S = 1
2πK

v
TR
0
dτ

"
LR
0
dx[(∂τϕ)2 + (∂xϕ)2]−

NP
i=1

w cos(2ϕ(xi) + 2kFxi)

#
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ΔΔjj= 1/(ga= 1/(gajj)) charging energy of dotcharging energy of dot

ClassicalClassical groundground statestate

K,vK,v →→ 0,              0,              compressibilitycompressibility g=K/(g=K/(ππv) finitev) finite

S → H
T ≡

P
j

∆j
2T (qj −Qj)2

Q=Q=kkFFaajj//ππ "background charge""background charge"

qqii =N=Ni+1i+1--NNii
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Δj= 1/(gaj)    charging energy of dotcharging energy of dot

ClassicalClassical groundground statestate

K,vK,v →→ 0,              0,              compressibilitycompressibility g=K/(g=K/(ππv) finitev) finite

S → H
T ≡

P
j

∆j
2T (qj −Qj)2

QQii==kkFFaajj//ππ "background charge""background charge"

T << T << ΔΔjj →→ qqjj=[=[QQjj]]GG ,      ,      

bifurcationbifurcation dotsdots:     :     qqjj--QQjj = = ±± ½½

qqii =N=Ni+1i+1--NNii



Hangzhou 2007 Sino-German Workshop on Disordered and Interacting Quantum Systems 9

Charged excitationsCharged excitations
change number of electrons by ± 1

EEjj
±± = = ΔΔjj { 1/2 { 1/2 ±± ((qqjj--QQjj) }       ) }       ≡≡ ±±

εεjj
±±

aj

ε

xμ

CoulombCoulomb blockadeblockade ifif EEjj
±± >>>> TT

BifurcationBifurcation dotsdots: : 

qqjj--QQjj = = ±± ½    ½    →→ E E ∓∓ =0 =0 

Example:  Q=3/2,  q=1,   EExample:  Q=3/2,  q=1,   E++=0, E=0, E--==ΔΔ
Q=3/2,  q=2,   EQ=3/2,  q=2,   E++==ΔΔ, E, E--=0=0

EEjj
++

EEjj
--

EEjj
++ ++EEjj

-- = = ΔΔjj
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Neutral excitationsNeutral excitations

aa

ωωnn=2=2ππnT >> nT >> δδjj , , δδj+1j+1 :        :        ϕϕ((xxjj)  decoupled from )  decoupled from neighboursneighbours

λλT T <<<<aajj

δδjj= = ππ v/av/ajj = K = K ΔΔjj

aa

S = 1
2πK

NP
j=0

P
ωn

ωn
λT

h|ϕj+1,ωn−ϕj,ωn|2
sinhωnaj

+
³
|ϕj,ωn|2 + |ϕj+1,ωn|2

´
tanh

ωnaj
2

i
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Discrete energy levels  (Discrete energy levels  (δδjj==KKΔΔjj)  :)  :

⇒ ⇒ energy conservation forbids tunneling except from  energy conservation forbids tunneling except from  
rare dots  rare dots  →→ RR∼∼ eeαα LL Anderson et al (and many others)Anderson et al (and many others)

conductivity vanishesconductivity vanishes

modification of the model:modification of the model:
weak coupling to a weak coupling to a bathbath

Add external field:Add external field: HHFF= = --FF∫∫ dxdx ϕϕ(x)/(x)/ππ

Bath:      (i) electrons in the gate (Bath:      (i) electrons in the gate (ohmicohmic))

(ii) phonons (ii) phonons 

Sd =
η

4πλT

P
j
P

ωn |ωn||ϕj(ωn)|2
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Transport Transport 
in in 

shortshort wireswires
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Transport at T=0Transport at T=0

→→ effective action  effective action  S{S{ϕϕ(x(xii,,ττ)} on impurity sites                            )} on impurity sites                            

→→ classical classical metastalemetastale state  state  ϕϕii((ττ))→→ϕϕii = = ππ ( N( Ni i + + kkFFxxii ), ), 

F>0 : Tunneling via F>0 : Tunneling via instantonsinstantons:    N:    N
ii
→→ NNi i + 1+ 1

ττ ττ

bifurcation dotsbifurcation dots
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Transport at T=0Transport at T=0

JJ∼∼ ΓΓ ∼∼ exp{exp{--SSinstinst//~~}}

ττ ττ

S  S  ≈≈ Y(Y(ΕΕjj
+ + + + ΕΕj+mj+m

--)/)/δδ + m [+ m [ss00 + + lnln tanhtanh (Y/2)(Y/2) -- YVYV11//δδ ]]

bifurcation dots:bifurcation dots:

saddle pointsaddle point

s(V1, T) ≈ 2
K ln

h
D

max(δ,T,KV1)

i
ΕΕjj

+ + + + ΕΕj+mj+m
-- ≈≈ Δ /m
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J/VJ/V11∼∼ VV112/K2/K

JJ∼∼ exp {exp {--s(s(ΔΔ/V/V11))1/21/2}}

δδ

ΔΔ

ΔΔ/s/s

T=V 1K

VRHVRH

Results from typical tunneling events:Results from typical tunneling events:

single impurity 
tunneling

many impurity 
tunneling

InstantonInstanton hits boundaryhits boundary

ξloc≈ a/s

(short wires)(short wires)

ΔΔ

T=
V

T=
V 11

FaFa ≡≡ VV11
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J/VJ/V11∼∼ VV11
2/K2/K

JJ∼∼ exp {exp {--s(s(ΔΔ/V/V11))1/21/2}}

δδ

ΔΔ

T=V 1K

VRHVRH

Results from typical tunneling events:Results from typical tunneling events:

ΔΔ/s/s

single impurity 
tunneling

many impurity 
tunneling

InstantonInstanton hits boundaryhits boundary

ξloc≈ a/s

(short wires)(short wires)

ΔΔ

T=
V

T=
V 11

J/VJ/V11∼∼ TT2/K2/K

J/VJ/V11∼∼ exp {exp {-- (s(sΔΔ/T)/T)1/21/2}}

FaFa ≡≡ VV11

J/VJ/V11∼∼ sinh(Vsinh(V11/2T)/2T)××
xexp(xexp(--ss--ΔΔ/2T)/2T)

s(V1, T) ≈ 2
K ln

h
D

max(δ,T,KV1)

i



Hangzhou 2007 Sino-German Workshop on Disordered and Interacting Quantum Systems 17

ExperimentsExperiments
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Different types of conductivity :  Different types of conductivity :  
(i) (i) variable range hoppingvariable range hopping

σσ∼∼ ee--((TT00/T)/T)1/21/2

T0≈ 3 104 K

La3Sr3Ca8C24O41

PolydiacetylenPolydiacetylen :    :    AleshinAleshin et al. 2004et al. 2004CarbonCarbon--nanotubesnanotubes: Tang et al. 2000: Tang et al. 2000

JJ∼∼ ee--(T(T00/T)/T)1/21/2

σσ∼∼ ee--(E(E00/E)/E)1/21/2
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Venkataraman,
PRL (2006)

Voltage
Temperature

1a

I
T +

•• MoSeMoSe NanowiresNanowires

““Temperature” Exponent Temperature” Exponent αα is close is close 
to “Voltage” Exponent to “Voltage” Exponent ββ

Agrees with the conventional 
“Luttinger-liquid” picture  with 

αα==ββ=2/K=2/K--22

J /TJ /Tαα+1+1 ∼∼ max ( V/T, Vmax ( V/T, Vββ+1+1/T/Tαα+1+1 ))

short wires (L ~ 1 μm):

Different types of conductivityDifferent types of conductivity ::
(ii) Kane(ii) Kane--Fisher behaviorFisher behavior

JJ
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long wires: 10μm

1

,
,

a

b

T V V T
I

V V T+

⎧ <⎪= ⎨
>⎪⎩

•• Polymer Polymer nanofibersnanofibers

Aleshin et al.,
PRL (2004)

1a

I
T +

Voltage
Temperature

““temperature” exponent temperature” exponent exceedsexceeds
“voltage” exponent!“voltage” exponent!

1.5b =

2.8a =

Disagrees with the conventional   
Luttinger-liquid picture

J /TJ /Tαα+1+1 ∼∼ max ( V/T, Vmax ( V/T, Vββ+1+1/T/Tαα+1+1 ))

αα

ββ

Different types of conductivityDifferent types of conductivity :  :  
(iii) (iii) new behaviornew behavior
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Observed PowerObserved Power--Law ExponentsLaw Exponents
Sample 1 2 3 4 5 6

α 2.8 5.5 7.2 5.6 5.0 4.1
β 1.5 3.8 4.7 1.0 1.1 1.8

L ~10 μm polymers
Aleshin et al.,
PRL (2004)

Sample 1 2 3 4
α 2.3 3.4 4.5 4.6
β 1.3 3.4 2.8 2.0

L ~ 100 μm InSb wires
Zaitsev-Zotov et al.,
JPCM (2000)

• In long wires  T-exponent exceeds V-exponent: α > β
• Exponents are sample-dependent
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Long Long wireswires::
Rare Rare eventsevents
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So far:  typical quantum dots with    So far:  typical quantum dots with    aaii ≈≈ aa
Now: consider regions with many narrow dots with Now: consider regions with many narrow dots with aaii << a<< a

““Break” : sequence of narrow dotsBreak” : sequence of narrow dots
E

μ xεε

4. Long wires: rare events4. Long wires: rare events

PPεε((εε) =1 ) =1 -- ((εε//ΔΔ)(1)(1 --ee--ΔΔ//εε) ) ≈≈

εε →→ ∞∞

ProbablityProbablity that no charge that no charge 

excitation in  energy interval excitation in  energy interval εε ΔΔ/(2/(2εε) ) 

11−−εε//Δ,        εΔ,        ε//Δ<<1      Δ<<1      

εε//Δ>>1Δ>>1
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Wire:Wire: nonnon--overlapping breaks overlapping breaks 
+ low resistance connec+ low resistance connecting piecesting pieces**

break resistance   Rbreak resistance   R00eeuu
→→

total resistance  total resistance  RR=L=L∫∫ PPuu(u(u) ) RR00eeu u dudu

PPuu(u(u) : density of pieces with resistance ) : density of pieces with resistance eeuu

* * RuzinRuzin and and RaikhRaikh 19881988
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PPuu(u(u) ) ∼∼ PPεε((εε))|j|j--kk| | ∼∼ PPεε(uT)(uT)u/su/s ∼∼

lnln PPuu(u(u) ) ∼∼ –– uu22T/T/ΔΔ s                   if s                   if uTuT<< << ΔΔ

lnln PPuu(u(u) ) ≈≈ –– u/su/s lnln (2uT/(2uT/ΔΔ)    if )    if uTuT>> >> ΔΔ

(a)  (a)  OhmicOhmic break of |break of |jj--kk| dots| dots

simplification:  rectangular break    s|j-k| & u,   u,   

ΕΕjkjk / T / T && uu

EE++

EEjj
--

Rj→k ≈ R0es|j−k|e
1
T Ekj ≥ Roeu
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Infinite wireInfinite wire

RR=L=L∫∫ PPuu(u(u) ) RR00eeuu du  du  →→ saddle point solutionsaddle point solution

s<< 1  :      s<< 1  :      ρρ ∼∼ exp ( sexp ( sΔΔ/4T)            /4T)            

s>> 1 :       s>> 1 :       ρρ ∼∼ exp (exp (ΔΔ eess/4sT)              new /4sT)              new 

break sizebreak size aabb≈≈ a a ΔΔ eess/(4sT) >> a/(4sT) >> a

break distance    break distance    LLbb≈≈ aabb exp [exp [sasabb/a]    /a]    

Example:      s=5,  Δ≈ T
→ ab/a ≈ 7,4

Lb/a ≈ 1016

RaikhRaikh RuzinRuzin ‘89‘89
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sTsT ln(L/aln(L/abb) << ) << ΔΔ :        :        lnln R   R   ∼∼ [s[sΔΔ lnln (L/a) / T ](L/a) / T ]1/21/2 VRH     VRH     

sTsT ln(L/aln(L/abb) >> ) >> ΔΔ :    :    lnln RR∼∼ s s lnln (L/(L/aabb) / ) / lnln (Ts/(Ts/ΔΔ) ) ∼∼ αα lnTlnT

αα = = s(Ts(T)  )  lnln (L/(L/aabb) / ln) / ln22 (Ts/(Ts/ΔΔ)])]

Finite wireFinite wire:        Pu(u)(L/ab)≈ 1      → umax

RaikhRaikh RuzinRuzin ‘89‘89
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NumericsNumerics:: Christophe Christophe DeroulersDeroulers (unpublished) (unpublished) 

lnln (T/(T/ΔΔ))

1/ln R1/ln R

K=0.4K=0.4

1000 impurities1000 impurities

akakFF=10=1033

VRHVRH

1/ln R1/ln R∼ ∼ lnln (Ts/(Ts/ΔΔ)/)/lnln (L/l(L/lbb))
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assumption:      largest voltage drops assumption:      largest voltage drops VVbb==ξξjj--ξξkk >>T  at a few breaks        >>T  at a few breaks        

constant I =I0 e-u everywhere

(b) (b) NonNon--OhmicOhmic breaks of  m dotsbreaks of  m dots

Jj→k ≈ J0e−s|j−k|−
1
T εkj sinh[(ζj − ζk)/T ]

u ≤ s|j − k|+ ε/T − Vb/T
≥ ≥ uu≥ ≥ uu
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(b) (b) NonNon--OhmicOhmic breaks breaks 

prob. distribution                prob. distribution                

PPVV(V(Vbb) ) ≈≈ P_u(uT+VP_u(uT+Vbb/2) /2) ∼∼ PPuu(u(u) exp[) exp[--VVbb/s/s T] T] 

V=LV=L∫∫ dVdVbb PPVV(V(Vbb) = V () = V (u(Ju(J))     ))     →→ J(V,T)J(V,T)

u=-ln (J/J0)= s ln (2T/V1)/ ln(Tu/Δ)           

JJ∼∼ VVββ ,      ,      ββ= s/ = s/ lnln (Ts/(Ts/ΔΔ),      ),      αα//ββ = = ln(L/aln(L/abb) / ) / ln(Tsln(Ts//ΔΔ)>1)>1

Different regimes   Different regimes   

(i)  (i)  VVbb, , uTuT<< << ΔΔ Fogler&KellyFogler&Kelly (2005)(2005)

(ii)  (ii)  uTuT>>>>ΔΔ >>>>VVbb>>T>>T

(iii)  (iii)  uTuT>>>>VVbb>>>>ΔΔ>>T                      >>T                      
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Regime diagramRegime diagram

T

V1
seΔ

L
l

Δ

VRH

VI

ohmicohmic regimeregime

a/La/L

< lnR >≈ 2
q
2∆/V1

< lnR >≈
q
s∆ ln(∆/V1)/T

JJ∼∼ VVββ

nonnon--ohmicohmic regimeregime

JJ∼∼ TTαα

DD

typical
charging energy

ΔΔ//s s lnLlnL

ΔΔ//s s 

ΔΔ//lnLlnL

Δ =

log  of
tunneling
transparency

s =
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R=R=∑∑j=1j=1
N N RR0 0 exp exp uujj

∼ power law → Rj Levy random walk 

P(R)   Levy distribution ,  κ << 1:  Frechet distribution

xxllbbRRjj

p(Rj) ∼ R−1−κj ,κ = s−1 ln[ TR∆Rj ]

κ∗ ln(R∗/R0) = ln(lb/κ
∗), κ∗ = κ(R∗)

PR(R) ∼ R−1−κ exp [−(R∗/R)κ]
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Weak pinningWeak pinning:      :      w,aw,a→→ 0,     0,     ξξ00=(a/w=(a/w22))1/31/3 fixed  fixed  

a = a = ξξ00
3 3 ww2, 2, 

strong strong 
pinningpinning

weak weak 
pinningpinning

weak strong

GiamarchiGiamarchi, 2004: , 2004: 
"Quantum Physics in One Dimension""Quantum Physics in One Dimension"

T>TT>T1,cr1,cr: single impurity weak: single impurity weak

T<TT<T22:   collective effects:   collective effects
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Conclusions:Conclusions:

linear and nonlinear and non--linear conductivity , field and temperature crosslinear conductivity , field and temperature cross--over over 
between single and many impurity between single and many impurity tunnelingtunneling

low field and temperature:  Mottlow field and temperature:  Mott--ShklovskiiShklovskii--VRHVRH
larger V,T:   Kanelarger V,T:   Kane--Fisher Fisher -- power law power law behaviorbehavior

KaneKane--Fisher Fisher ““singlesingle--dominantdominant--barrierbarrier”” theory  is not valid in theory  is not valid in 
long wires that  contains many (> 100 ?) impuritieslong wires that  contains many (> 100 ?) impurities

true powertrue power--law exponents exceed the singlelaw exponents exceed the single--barrier ones barrier ones 
by a by a ““largelarge”” loglog--factor (perhaps, by 2 or 3 in practice)! factor (perhaps, by 2 or 3 in practice)! 

resistance is controlled by resistance is controlled by ““breaksbreaks”” ––dense clusters of impuritiesdense clusters of impurities

global weak/strong pinning regime diagramglobal weak/strong pinning regime diagram
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Model: Model: BosonizationBosonization: : 

Charge density      Charge density      ρρ(x) = (x) = ∑∑n n δδ(x (x ––xxnn)         )         xx
nn
=n =n ππ//kkFF --φφ((xxnn)/k)/kFF

ρρ(x) =(x) =ΨΨ++ΨΨ= (= (kkFF++∂∂xxφφ) ) ∑∑n n δδ((kkFFxx + + φφ(x)(x) -- ππ n) = n) = ππ--1 1 (k(kFF++∂∂xxφφ))∑∑--∞∞
∞ ∞ ee2mi(k2mi(kFFx+x+φφ))

ΨΨ++
FF(x(x)= [)= [ππ--1 1 (k(kFF++∂∂xxφφ)])]1/21/2 ∑∑m m oddoddeeim(kim(kFFxx++φφ)) eeiiθθ(x(x)  )  ;  2[ ;  2[ ∂∂xxθθ(x(x) ,) ,φφ(x') ] =i(x') ] =iππ δδ((xx--xx')')

H=(H=(~~22/2m)/2m)∫∫ dxdx ||∇∇ΨΨ||2 2 + 1/2+ 1/2∫∫∫∫ dxdx dydy V(xV(x--y)y)ρρ(x)(x)ρρ(y(y))

⇒⇒ H=(H=(~~/2/2ππ))∫∫ dxdx {v{vJJ((∂∂xxθθ))22+v+vNN((∂∂xxφφ))22} } 

vvJJ==~~kkFF/m/m ≡≡ KvKv vvNN=(=(~~ππ κκ))--1 1 ≡≡ v/Kv/K K=1  : free electrons K=1  : free electrons 
KK∼∼1010--11…10…10--2 2 CDWsCDWs, , SDWsSDWs

S/S/~~ =(2=(2ππ K)K)--11 ∫∫dxdx∫∫ ddττ {v{v--11((∂∂ττφφ))22+v(+v(∂∂xx φφ))22 +2KF +2KF φφ(x) }(x) }

displacement from perfect order;displacement from perfect order;
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Tunneling action dominated by spreading of charge:

Stun∼ ∫ dτ E(τ)∼ ∫ dτ (gx(τ))-1∼ -K-1 ln (Efinal/Einitial)        

s → seff≈ s +2K-1 ln [min(1, KΔ/Τ, Δ /Fa)]

Large Voltage/temperature:   power lawsLarge Voltage/temperature:   power laws

→ T > Δ : Jk,k+1 ∼ (max(T,V)/Δ)2/K Kane-Fisher 1992

ε

μ x
a

Larkin and Lee '78
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ec

strong
pinning

pinning
weak

T

T

T

TT

T

T

T

a/s
2
K
-2

1,cr

2-2K

-c T

loc

F

2-2K(T)

F

a

u

u

k

VRH

StrongStrong and and 
weakweak pinningpinning

ssΔΔ//

kkFF(ak(akFF))KK--11

T>TT>T1,cr1,cr: single impurity weak: single impurity weak

T<TT<T22:   collective effects:   collective effects

TT22∼∼ KKΔΔ

u<u<kkFF: SCHA  u: SCHA  u→→ uueffeff

KΔa/ξ = 

strongstrong

weakweak

weak strong

GiamarchiGiamarchi, 2004: "Quantum Physics in One Dimension", 2004: "Quantum Physics in One Dimension"
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Experiments:  sample dependenceExperiments:  sample dependence
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TunnelingTunneling raterate
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A) A) Classical creepClassical creep

nucleation = formation of a critical droplet nucleation = formation of a critical droplet 
of free energy    of free energy    FFdropletdroplet(f(f) = ) = σσ AAsurfacesurface-- ff·· VVdropletdroplet

⇒      ⇒      creep velocity creep velocity ∼∼ ττ--1 1 ∼∼ ee--FFcdcd(f)/T(f)/T

Fdroplet(f)

f

FFcdcd(f(f) ) 

B) B) Quantum creepQuantum creep

(see Coleman "fate of the false vacuum")(see Coleman "fate of the false vacuum")

nucleation in spacenucleation in space--time =  formation of an time =  formation of an instantoninstanton of actionof action

SSinstantoninstanton= = σσ AAsurfacesurface –– ff·· VVinstantoninstanton

⇒         ⇒         creep velocity creep velocity ∼∼ ττ--11∼∼ ee--SSinstinst(f(f)/)/~~

Quantum creep: Tunneling in applied fieldQuantum creep: Tunneling in applied field
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