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17. Quantization of the electrodynamic fields (12 points)

In the lecture, the electrodynamic fields were quantized using bosonic creation and annihilation
operators, akλ and a†kλ:
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where λ = 1, 2 labels the two polarizations, êk,λ is the polarization vector, and V is the volume
of the system

a) The momentum ~P of the electric and magnetic fields, ~E and ~B, respectively, is given by

~P =
1

4πc

∫
d3r ~E(r)× ~B(r).

Express it in terms of creation and annihilation operators.

b) Compute the commutators [Bi(r), Bj(r
′)], [Ei(r), Ej(r

′)], and [Bi(r), Ej(r
′)], where

Bi(r) and Ei(r) are the i = x, y, z component of the magnetic and electric field
operator, respectively.

Hint: For the last commutator, you can use the following identity∑
λ

(êk,λ)i (êk,λ)j = δij −
kikj
|k|2

,

where (êk,λ)i denotes the i = x, y, z component of the polarization vector êk,λ. You are
not required to prove this identity.
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18. Coherent states of the electromagnetic field (8 points)

In this exercise we consider coherent states of the electromagnetic field and derive some of their
important properties. Coherent states are eigenstates of the annihilation operator ak,λ for fixed
k and λ:

ak,λ|φ〉 = φ|φ〉

for an arbitrary complex number φ.

a) Show that |φ〉 is a coherent state:

|φ〉 = c exp
(
φa†k,λ

)
|Ω〉,

where |Ω〉 is the photon vacuum. Determine the normalization constant c by requiring
the coherent state to be normalized. Compute the overlap of two different coherent
states 〈θ|φ〉.

b) Show that the action of the creation operator on a coherent state |φ〉 is given by

a†k,λ|φ〉 = (∂φ + φ?/2)|φ〉.

c) Show that coherent states form a complete set, i.e. show that

1

π

∫
dφ

∫
dφ̄ |φ〉〈φ| = 1,

where
∫
dφ
∫
dφ̄ denotes the integration over the complex plane and 1 is the identity

operator.
Hint: One possible (though not the most elegant) way of proofing this identity is to show
that the left-hand-side acts as the identity operator on the eigenbasis of the number
operator.

d) One important property of coherent states is that they are the closest possible analog
to classical states. Compute the expectation values 〈φ|E(r, t)|φ〉 and 〈φ|B(r, t)|φ〉 and
compare to the behavior of classical electromagnetic fields.
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