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28. Quantization of the Dirac equation (20 points)

In this exercise, we will work through the second quantisation of the Dirac fields.

a) Show that
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is indeed a solution of the Dirac equation with the γ-matrices in the Dirac-Pauli repre-
sentation.

b) Further show that

ūσ(k)γ0uσ′(k) = w̄σ(k)γ0wσ′(k) =
Ek

m0c2
δσ,σ′

ūσ(k)γ0wσ′(−k) = w̄σ(k)γ0uσ′(−k) = 0 .
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c) In analogy to the quantization of the Klein-Gordon field, we now replace the complex
factors bσ,k and d?σ,k by operators bσ,k → b̂σ,k and d?σ,k → d̂†σ,k. However, in contrast to
the Klein-Gordon field we impose anticommutation relations for the operators. Use the
result of part b) to derive the second quantized expression for the momentum, energy,
and charge operator

P j = i~
∫
d3r ψ̄(r, t)γ0∂jψ(r, t)

H = i~
∫
d3r ψ̄(r, t)γ0∂tψ(r, t)

Q = q

∫
d3r ψ̄(r, t)γ0ψ(r, t).

d) Using the final expressions of part c), explain why it was essential to impose anti-
commutation relations for the operators. In particular, what goes wrong when you try
to impose commutation relations? How is the vaccuum defined and what difference do
you see to the bosonic case?
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