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topological mechanics

example #1: “floppy modes” in isostatic lattices

C.L. Kane & T.C. Lubensky, Nat. Phys. 10, 39 (2014)

Maxwell counting
⌫ ⌘ N0 �Nss = d · ns � nb
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“floppy mode”

“rigid mode”
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topological mechanics
example #2: topological insulator from classical pendula 

R. Süsstrunk and S. D. Huber, Science 349, 47 (2015) 
S. D. Huber, Nature Phys. 12, 621 (2016)

7
SUSY & top. Mech.

Talk on 2019/04/01 by Jan Attig

Topological Mechanics

[Roman Süsstrunk, Sebastian D. Huber, Science 03 (2015)]

[Sebastian D. Huber, Nature Phys., 12, 621, (2016)]

[Videos by Sebastian D. Huber]

Example #2: 
Topological insulator
from classical pendula

Newtonian to Schrödinger equation

Matrix equivalency

http://www.thp.uni-koeln.de/trebst/
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correspondence principles

electronic 
system

mechanical 
system

topological mechanics

(matrix) 
correspondence

Newton’s equation
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Schrödinger’s equation

symmetry class BDI
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supersymmetric lattice models
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bosonfermion SUSY charge

supersymmetry (SUSY)

Q = c†iRijbj
<latexit sha1_base64="6BCjW1J0TJGx7f/4NpYvKONXQBc="></latexit>

non-hermitian  
SUSY charge operator

fermion

boson

arbitrary matrix

HSUSY = {Q,Q†
} = c†RR†c+ b†R†Rb

<latexit sha1_base64="tZ6KH1VUPxZ/Yd4EF6hNRwZbvtU="></latexit>

supersymmetric Hamiltonian

fermion boson

isospectral
quadratic 

Hamiltonians

Witten index  = # flat bands
<latexit sha1_base64="jKDUROCICHxu79zrho/u4T9kJNo="></latexit>

⌫ = dim(kernel[R])� dim(kernel[R†])

= col[R]� row[R]
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SUSY graph construction

adjacency matrix
<latexit sha1_base64="qvP80KCAl0jxOxkChpJDf/2G9AQ="></latexit>

Aij =

(
1 vi connected to vj
0 otherwise .
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SUSY graph construction

adjacency matrix
<latexit sha1_base64="qvP80KCAl0jxOxkChpJDf/2G9AQ="></latexit>

Aij =

(
1 vi connected to vj
0 otherwise .

bipartite lattice
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SUSY graph construction
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SUSY charge
bipartite

complex
fermion

sublattice A

complex
boson
sublattice B

isospectral

SUSY graph construction
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SUSY graph construction

SUSY charge
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diamond-X pyrochlorediamond

SUSY & topology

7

honeycomb lattice) with a non-bipartite bosonic system (e.g.,
on the kagome lattice). The absence of a mapping between
the fermions and bosons for P and C is then directly associ-
ated with the loss of the bipartite property of the lattice.

With both the symmetries and the Hermitian operator QH

identified, we are now in a position to classify our SUSY mod-
els. First, consider the case with no symmetry, just supersym-
metry. We see that fermion parity ei⇡c

†c is an anticommuting
unitary operator which acts at the single particle level as the
anticommuting unitary matrix

CSUSY =

✓
I

�I

◆
. (19)

So all SUSY problems are chiral. Then adding the additional
symmetries T , P and C that act on both fermions and bosons
as discussed above we see that we cannot additionally add a
C since a chiral symmetry is already present. And, if we add
T , we automatically obtain a P for C = T · P . As a result,
we avoid the difficulty with deriving PB from PF pointed out
above. The bipartite-ness of QH naturally enables a P sym-
metry. Hence, in classifying the SUSY problems, either we
do not have T and P or we have them both with one derivable
from the other.

With that, we arrive at a five-fold way classification of
SUSY models characterized by the absence of TSUSY/PSUSY

(class AIII) and the four classes with TSUSY, PSUSY having
T

2
SUSY = ±1, P2

SUSY = ±1 (classes BDI, CI, CII, DIII).
Previously, two of us classified the related problem of rigidity
matrices [41, 43] and found a three-fold classification (classes
AIII, BDI, and CII). So by classifying QH, we have now found
two previously unknown classes of SUSY Hamiltonians.

To construct a classification table, we need to identify the
topology of the classifying space of QH in each of the five
symmetry classes. Following the classification of rigidity ma-
trices [43], we can arrive at this by carrying out a singular
value decomposition of a generic rectangular R matrix of di-
mension M ⇥ N as R = U⌃V

† (U and V are unitary ma-
trices of dimension M ⇥ M and N ⇥ N respectively) and
smoothly flatten the singular values ⌃ ! IM⇥N . The re-
sulting flattened matrix then lives in a potentially non-trivial
topological space defined by the gapping condition that no sin-
gular values vanish. The effect of this transformation on QH

is to place it in the form

QH !

✓
U

V

◆✓
IM⇥N

IN⇥M

◆✓
U

†

V
†

◆
. (20)

Inserting ei(⇡/4)�y , we can rotate this expression into an
eigenvalue decomposition

QH ! P
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@
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1
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†, (21)

with

P =

✓
U

V

◆
ei(⇡/4)�y , (22)

where, without loss of generality, we have considered M <
N . For the case ⌫ = 0, where R is a square matrix with
M = N , the singular value gapping condition is identical to
the eigenvalue gapping condition for all five classes AIII, BDI,
CI, CII, and DIII. For ⌫ 6= 0, however, we arrive at a space of
Hermitian matrices where some eigenvalues are forced to van-
ish by SUSY. These eigenvalues appear as protected flat bands
in SUSY band structure calculations. The gapping condition
now corresponds to a pair of (positive and negative) eigenval-
ues vanishing to create additional zero eigenvalues. An exam-
ple in band structures is a nexus point [59–62]: a point where
multiple energy bands merge in a three- or higher-fold degen-
erate fashion (including, in particular, a possible combination
with flat bands, which will be the case for most of our exam-
ples). Hence, by flattening the eigenvalues of QH, we map
it onto certain spaces of matrices which can have non-trivial
topology.

The final steps are to identify the topology of the classify-
ing spaces and to compute topological invariants to identify
protected zero modes. We carry these steps out in Appendix
B where we present complete example calculations along with
tables of homotopy groups associated with each class, dimen-
sion, and Witten index ⌫. It turns out, all of the examples in
the next section, Section III, are in the BDI symmetry class.
To highlight their potential topological zero modes, we there-
fore present in Table I the BDI table produced in Appendix B
and the figures that constitute the associated examples.

In summary, the SUSY band structures that fit into the for-
malism of this paper fall into the five-fold classification of
chiral Hamiltonians. For the case ⌫ = 0, we can resort to

BDI Figures with examples
⌫ ⇡1 ⇡2 ⇡3 ⇡1 ⇡2 ⇡3

1 Z2 0 Z 1,24 – –
2 0 Z Z – 8,16,17 (8,16,17)
3 0 0 Z – – –
4 0 0 0 – – –

TABLE I. Topological classification of SUSY Hamiltonians with
finite Witten index. The table (on the left) indicates topologi-
cal invariants (Z2, Z) as a function of Witten index ⌫. It is or-
ganized not by the spatial dimension used in the ten-fold way ta-
ble [37–40] but by homotopy groups ⇡n. Mathematically, the lat-
ter correspond to maps from n-dimensional sphere Sn to the flat-
tened SUSY charge in (20). In physical terms, ⇡1 is also known as
the Berry phase and ⇡2 as the Chern number, which we here asso-
ciate with features (such as nexus points) of the zero-energy band
of the SUSY charge band structure (depicted in the middle panel of
the triptych-like figures of Section III). Shown are results for sym-
metry class BDI [43]; four more symmetry classes are discussed in
Appendix B leading to a five-fold way classification scheme, fully
tabulated in Table IV of the Appendix. On the right, we tabulate
example systems (illustrated in the respectively linked figures) with
non-trivial topological index, including the SUSY charge on the fol-
lowing lattice geometries: honeycomb-X (Fig. 1), square-X/Lieb lat-
tice (Fig. 24), hyperhoneycomb-X (Fig. 8), diamond-X (Fig. 16), and
hyperoctagon-X (Fig. 17). The non-trivial homotopy groups associ-
ated with certain features in their respective band structure are illus-
trated in Fig. 23 of the Appendix.

topological classification  of nexus points 
for varying Witten index

nexus point

<latexit sha1_base64="lVhvTvhNz6n48SWqkG0SVr5u2f0=">AAAB7nicdVDLSgNBEOz1GeMr6tHLYBA8LbshajwIAS8eI5gHJEuYncwmQ2Znh5lZISz5CC8eFPHq93jzb5xNgvgsaCiquunuCiVn2njeu7O0vLK6tl7YKG5ube/slvb2WzpJFaFNkvBEdUKsKWeCNg0znHakojgOOW2H46vcb99RpVkibs1E0iDGQ8EiRrCxUrsnUnSJKv1S2XMvcpwi3/Vm+E3KsECjX3rrDRKSxlQYwrHWXd+TJsiwMoxwOi32Uk0lJmM8pF1LBY6pDrLZuVN0bJUBihJlSxg0U79OZDjWehKHtjPGZqR/ern4l9dNTVQLMiZkaqgg80VRypFJUP47GjBFieETSzBRzN6KyAgrTIxNqGhD+P/3T9KquP6ZW72pluu1RRwFOIQjOAEfzqEO19CAJhAYwz08wpMjnQfn2XmZty45i5kD+Abn9QNO2Y7h</latexit>
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spin spirals

Coplanar spirals typically arise as ground state(s) of Heisenberg antiferromagnets.

elementary ingredient for 
• multiferroics 
• spin textures & multi-q states 
• spiral spin liquids

~S(~r) = Re
⇣⇣

~S1 + i~S2

⌘
ei~q~r

⌘

description in terms of a single wavevector
87

Spin Spirals

Seminar Talk on 2017/02/08 by Jan Attig

Example: Square of honeycomb lattice

fermion

matrix

spin

matrix

triangular lattice x2honeycomb lattice

Fermi surface: Dirac cones Groundstate: 120 degree order

~q =

✓
±2⇡

3
,
2⇡p
3

◆

120o order of Heisenberg  
AFM on triangular lattice

http://www.thp.uni-koeln.de/trebst/
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spin spiral liquids / materials
Frustrated diamond lattice antiferromagnets

A-site spinels 
  MnSc2S4
  FeSc2S4 
   CoAl2O4 
   NiRh2O4

S=5/2 
S=2 
S=3/2 
S=1

H = J1
X

hi,ji

~Si
~Sj + J2

X

hhi,jii

~Si
~Sj

J2/J1 = 0.2 J2/J1 = 0.4 J2/J1 = 3 J2/J1 = 100

degenerate coplanar spirals form 
spin spiral surfaces in k-space

Nature Phys. 3, 487 (2007)

J2/J1 = 0.85

theory

36

Spin Spirals

Seminar Talk on 2017/02/08 by Jan Attig

Spin spirals on the diamond lattice

Manifold of degenerate

groundstate wavevectors

Order by disorder at finite temperature[1]

Experimentally confirmed[2]

[1] Balents, Trebst et al., Nature Phys. (2007)

[2] Rüegg et al.,  Nature Phys. 2017

Nature Phys. 13, 157 (2017)

experiment

http://www.thp.uni-koeln.de/trebst/
http://www.nature.com/nphys/journal/v3/n7/abs/nphys622.html
http://www.nature.com/nphys/journal/v13/n2/full/nphys3914.html
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spin spiral manifolds

Spiral manifolds are extremely reminiscent of Fermi surfaces

triangular lattice FCC lattice diamond lattice

Dirac points nodal lines Fermi surface

Spiral manifolds – ground-state property of classical spin system 
Fermi surfaces – mid-spectrum feature of an electronic system.

Note, however:

http://www.thp.uni-koeln.de/trebst/
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spin spiral manifolds
Spiral manifolds – ground-state property of classical spin system 
Fermi surfaces – mid-spectrum feature of an electronic system.

Luttinger-Tisza approach
<latexit sha1_base64="f9Bcd7zJhiSIxG1J9QEYpEeS7m4="></latexit>

HHeisenberg =
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Mij Si · Sj

interaction 
matrix
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M = R†R

bosonic side 
of SUSY construction

chiral fermion lattice model
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Q = c†A R cB

SUSY charge  
in our construction

bipartite

spin
model

sublattice A

fermion

spin
model
sublattice B

isospectral
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spin spiral manifolds
Spiral manifolds – ground-state property of classical spin system 
Fermi surfaces – mid-spectrum feature of an electronic system.

bipartite

spin
model

sublattice A

fermion

spin
model
sublattice B

isospectral

bosonSUSY charge

http://www.thp.uni-koeln.de/trebst/
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spin spiral manifolds
Spiral manifolds – ground-state property of classical spin system 
Fermi surfaces – mid-spectrum feature of an electronic system.

fccdiamond
bipartite

spin
model

sublattice A

fermion

spin
model
sublattice B

isospectral

http://www.thp.uni-koeln.de/trebst/
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spin spiral manifolds
Spiral manifolds – ground-state property of classical spin system 
Fermi surfaces – mid-spectrum feature of an electronic system.

3D Shastry-Sutherlandhyperoctagon
bipartite

spin
model

sublattice A

fermion

spin
model
sublattice B

isospectral

http://www.thp.uni-koeln.de/trebst/
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KEVIN O’BRIEN, MARIA HERMANNS, AND SIMON TREBST PHYSICAL REVIEW B 93, 085101 (2016)

FIG. 21. Possible flux assignments for the (9,3)a lattice for the
eight elementary loops shown in Fig. 20.

i.e., the loop is given by the product of all bonds within the unit
cell at position R. It turns out that the 0-flux configuration has
the lower energy of the two. The reader should note, however,
that (at least for the system sizes we could test numerically)
this symmetric flux sector is not the ground-state sector, even
though the energy difference decreases with system size [40].
Instead, flux configurations that break the threefold rotational
symmetry and/or inversion symmetry appear to have slightly
lower energy.

In the following, we will briefly discuss the properties
of the 0-flux sector. Note that we can always stabilize this
sector as the ground-state sector by assigning an energy to
12-loops that are combinations of two adjacent 9-loops, similar
to what was done in Ref. [41] for the Kitaev model on the
square-octagon lattice (see Appendix B 5 for details). The
analysis in this sector turns out to be slightly tedious. Even
though the flux configuration itself is translation invariant, it
requires a Z2 gauge that enlarges the unit cell by a factor 2
in all three lattice directions, resulting in a 96-site unit cell.
In this flux sector, the system has an extended gapless phase
around the isotropic point, shown in Fig. 19(b), with a varying
number of gapless Weyl points, depending on the coupling
constants. When increasing one of the coupling constants
sufficiently, all the Weyl points annihilate and the system
becomes gapped. At the isotropic point, we find that several of
the Weyl points coincide at k = 0, such that the zero mode is
eightfold degenerate. However, this multiple zero mode is not
stable, and splits into several distinct Weyl points as soon as
the coupling constants are altered. In addition to the eightfold
zero mode at k = 0, there are double Weyl nodes at positions
±(q1 + q2 + q3)/3 with charge ∓2, as shown in Fig. 19(c).

Note that the Brillouin zone is computed for the enlarged unit
cell. Breaking time-reversal symmetry does not change this
physics qualitatively, but only moves the (double) Weyl nodes
in the Brillouin zone.

We want to emphasize that for general flux configurations
that do not break inversion symmetry, the low-energy physics
remains qualitatively the same as in the 0-flux sector discussed
above. In particular, there will be an extended gapless phase
around the isotropic point, where the zero-energy modes are
Weyl points. For inversion-symmetry-breaking flux configu-
rations, one generically finds Majorana Fermi surfaces around
the isotropic point.

F. (10,3)a

We complete our classification program by discussing
the physics of 3D Kitaev models for the three lattices with
elementary loop length of 10 (see Table I). The Kitaev models
for lattices (10,3)a and (10,3)b have already been discussed
in the literature, but for the sake of completeness we briefly
review these results here. For the (10,3)a or hyperoctagon
lattice we summarize the results obtained by some of the
authors of this paper in Ref. [19], while for the (10,3)b or
hyperhoneycomb lattice we report on the results of Ref. [20].

Lattice structure. The (10,3)a lattice can be viewed as
another higher-dimensional variant of the square-octagon
lattice, where the squares and octagons form counter-rotating
spirals to form a three-dimensional lattice as illustrated in
Fig. 22(a). Close inspection of this spiral structure reveals that
it breaks inversion symmetry and as such the (10,3)a lattice is
one of the few chiral lattices in our family of tricoordinated
lattice (see Table I).

More formally, the (10,3)a lattice is a body-centered-cubic
lattice with four sites per unit cell at positions

r1 =
( 1

8 , 1
8 , 1

8

)
, r2 =

( 5
8 , 3

8 , − 1
8

)
,

(39)
r3 =

( 3
8 , 1

8 , − 1
8

)
, r4 =

( 7
8 , 3

8 , 1
8

)
.

The lattice vectors are given by
a1 = (1,0,0), a2 =

( 1
2 , 1

2 , − 1
2

)
, a3 =

( 1
2 , 1

2 , 1
2

)
, (40)

and their corresponding reciprocal lattice vectors are

q1 = (2π, − 2π,0), q2 = (0,2π, − 2π ),
(41)

q3 = (0,2π,2π ).

FIG. 22. (a) Visualization of the Kitaev couplings, unit cell, and translation vectors for the (10,3)a lattice. (b) Phase diagram for (10,3)a;
the gapless region is shaded orange and the gapped blue. The parameter regions shaded darker orange have topological Fermi surfaces, while
the lighter orange regions have trivial Fermi surfaces. (c) Visualization of the gapless modes for isotropic couplings.
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SUSY & topological mechanics

topological mechanics – phase space coordinates                               
                                          as bosonic degrees of freedom
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balls & springs Kitaev model
Majorana fermions 

on honeycomb lattice 

balls & springs 
on triangular lattice 
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From real bosons to balls and springs

Real Boson model on B sublattice Model of Classical balls and 
springs on B sublattice
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Dirac cone with linear dispersion 
= evidence of many-body physics 

 
(every single spring has a quadratic dispersion)

energy gap = low-frequency rigidity 
of a mechanical system (unusual) 

 
(no Goldstone modes here, explicit symmetry breaking)
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SUSY topological invariants for bosons

Our SUSY construction allows to explore  
topological properties of bosonic systems 

by connecting the symplectic bosonic eigenfunctions  
with a fermionic Berry phase of its SUSY partner.
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SUSY topological invariants for bosons

Our SUSY construction allows to explore  
topological properties of bosonic systems 

by connecting the symplectic bosonic eigenfunctions  
with a fermionic Berry phase of its SUSY partner.

fermionic Berry curvature
fermionic eigenstates
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Take-away messages

• versatile connections of  supersymmetry, locality, and topology

SUSY  bosonic invariants
classification of nexus points

bosons & fermions 
(complex or real) SUSY  graph correspondence  

graph squares & square roots

Phys. Rev. Res. 1, 032047(R) (2019)Phys. Rev. B 96, 085145 (2017)

• Unifying framework for frustrated magnets & topological mechanics

ground-state manifolds 
magnon / parton spectra 

Maxwell counting

Maxwell counting 
mechanical spin liquids
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