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Topological quantum matter

The interplay between physics and topology 
takes its first roots in the 1860s.

The mathematician Peter Tait sets out to 
perform experimental studies.
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Topological quantum matter

• 1867: Lord Kelvin
atoms = knotted tubes of ether
Knots might explain stability, variety, vibrations, ...

• Maxwell: “It satisfies more of the
conditions than any atom hitherto
imagined.”

• This inspires the mathematician
Tait to classify knots.
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Non-topological (quantum) matter
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Topological quantum matter

• Xiao-Gang Wen: A ground state of a 
many-body system that cannot be fully 
characterized by a local order parameter.

• A ground state of a many-body system 
that cannot be transformed to “simple 
phases” via local perturbations without 
going through phase transitions.

• Often characterized by a variety of 
“topological properties”.

http://www.kitp.ucsb.edu/~trebst/
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Topological matter / classification  (rough)

Topological order

inherent

Gapped phases that cannot be transformed
– without closing the bulk gap –

to “simple phases”
via any “paths”

quantum Hall states
spin liquids

symmetry protected

Gapped phases that cannot be transformed
– without closing the bulk gap –

to “simple phases”
via any symmetry preserving “paths”.

topological band insulators

http://www.kitp.ucsb.edu/~trebst/
http://www.kitp.ucsb.edu/~trebst/
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Quantum Hall effect

Semiconductor heterostructure confines 
electron gas to two spatial dimensions.

Quantization of conductivity 
for a two-dimensional electron gas 

at very low temperatures 
in a high magnetic field.

AlGaAs
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Quantum Hall states

B
Landau levels
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Landau level degeneracy integer quantum Hall fractional quantum Hall

incompressible liquid incompressible liquid

edge states

filled level partially filled level2�/�0 Coulomb repulsion

orbital states
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Fractional quantum Hall states

J.S. Xia et al., PRL (2004)

Charge e/4 quasiparticles
Ising anyons

Moore & Read (1994)

Nayak & Wilzcek (1996)

SU(2)2

“Pfaffian” state

Charge e/5 quasiparticles
Fibonacci anyons

Read & Rezayi (1999)

Slingerland & Bais (2001)

SU(2)3

“Parafermion” state

http://www.kitp.ucsb.edu/~trebst/
http://www.kitp.ucsb.edu/~trebst/
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px+ipy superconductors

px+ipy superconductor

�

�
�

�

�
�

�
possible realizations

Sr2RuO4

p-wave superfluid of cold atoms
A1 phase of 3He films

�

�

�

vortex

fermion

SU(2)2
Topological properties of px+ipy superconductors

Read & Green (2000)

Vortices carry characteristic “zero mode”

2N vortices give degeneracy of 2N.
� � � = 1 + ⇥

http://www.kitp.ucsb.edu/~trebst/
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Topological Insulators

arises from the interaction between the elec-
trons’ spin and orbital degrees of freedom (4).
The resulting electronic state is inert in the
bulk like an insulator, but has conducting edge
states. We found that a new topological invari-
ant distinguishes this state from a conventional
insulator and guarantees the presence of those
edge states (5). In the simplest picture, the edge
states are spin-filtered in that electrons with

spin-up propagate in one direc-
tion, whereas electrons with spin-
down propagate in the opposite
direction. In this sense, this
state exhibits a quantum spin
Hall effect.

The quantum spin Hall effect
will be hard to observe in graph-
ene because carbon’s weak spin-
orbit interaction makes the energy
gap quite small and susceptible
to thermal fluctuations. The new
proposal by Bernevig et al. is
exciting because it solves this
problem and provides a feasible
method for observing the quan-

tum spin Hall effect.  They considered a semi-
conductor heterostructure consisting of a thin
layer of HgTe sandwiched between crystals
of CdTe. Their convincing theoretical analy-
sis shows that in an appropriate range of
layer thickness this two-dimensional struc-
ture should exhibit a robust quantum spin
Hall effect. HgTe, CdTe, and their alloys are
a well-studied family of semiconductor

materials with strong spin-orbit interactions.
The proposed device can be made with cur-
rent technology, thanks to decades of experi-
ence in the growth of high-quality semicon-
ductor structures.

In addition to providing a venue for a new
fundamental state of matter, the structure
proposed by Bernevig et al. may be of practi-
cal interest because it provides a method for
the electrical manipulation of spins and spin
currents with little or no dissipation. The
experimental demonstration of the quantum
spin Hall effect would be an important step in
this direction.
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States of matter. (Top) Electrons in an insulator are bound in localized orbitals (left) and have
an energy gap (right) separating the occupied valence band from the empty conduction band.
(Middle) A two-dimensional quantum Hall state in a strong magnetic field has a bulk energy
gap like an insulator but permits electrical conduction in one-dimensional “one way” edge
states along the sample boundary. (Bottom) The quantum spin Hall state at zero magnetic
field also has a bulk energy gap but allows conduction in spin-filtered edge states.

P
hotocopiers and laser printers play an
important role in our day-to-day life,
but we rarely pay attention to how these

devices work. They rely on photoconductors,
which are insulators in the dark but become
conductive under light illumination. About
three decades ago, environmentally more
benign organic photoconductors replaced the
toxic inorganic selenium alloy (1). The photo-
conductors in use today are bilayer systems
consisting of a charge-generating layer and a
charge-transporting layer (1). 

On page 1761 of this issue, Yamamoto et

al. describe a nanometer-scale analog of such

bulk photoconductors. They report well-
defined self-assembled coaxial nanowires, in
which hexabenzocoronene (HBC) layers are
laminated by trinitrofluorenones (TNF) (see
the figure) (2). Like their macroscopic coun-
terparts, these nanowires are insulators in the
dark but generate a photocurrent upon irradia-
tion with ultraviolet or visible light. 

Earlier attempts to create supramolecular
organic photoconductors have mainly focused
on columnar liquid-crystalline materials (3–5).
Müllen and colleagues have shown that HBC-
based columnar liquid crystals can achieve
charge carrier mobilities three orders of magni-
tude higher than those of commercially
available amorphous organic materials (4).
Recently, Percec et al. have reported more com-
plex photoconducting columnar liquid crystals,
in which the active units (carbazoles and TNFs)

are confined in the center of the columns (5).
These studies aim to create a highly organ-

ized, higher-mobility bulk material that can
replace existing low-molecular-weight organic
photoconductors or can be used in other appli-
cations, such as field-effect transistors. In
contrast, the coaxial nanowires described by
Yamamoto et al. are not primarily targeted for
implementation in existing technologies. Rather,
the incentive for this work comes from the
desire to create nanometer-scale functional
supramolecular entities. Such entities are ubiq-
uitous in nature, for example in photosynthesis,
where different self-assembled units interact to
accomplish light harvesting, charge separation,
and water oxidation in the confined space of a
membrane (6). The tubular organization of the
HBC molecules in the system of Yamamoto
et al. (see the figure) has a striking similarity to

Scientists have devised a nanometer-scale

analog of the bulk photoconductors used in

copiers and laser printers.

Generating a Photocurrent on 

the Nanometer Scale

Frank Würthner
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The author is at the Institute of Organic Chemistry and the
Wilhelm Conrad Röntgen Research Center of Complex
Material Systems, University of Würzburg, 97074 Würzburg,
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2D – HgTe quantum wells 3D – Bi2Se3

NEWS & VIEWS

CONDENSED MATTER

An insulator with a twist

Charles L. Kane
is in the Department of Physics and Astronomy, 
University of Pennsylvania, 209 South 33rd Street, 
Philadelphia, Pennsylvania 19104-6396, USA.

e-mail: kane@physics.upenn.edu

T he insulating state is the most basic 
electronic phase of matter. It is 
characterized by an energy gap for 

electronic excitations, which makes it 
electrically inert at low energies. As they 
report in Nature, Hsieh et al.1 have now 
observed a new kind of insulator — dubbed 
a ‘topological insulator’ — that has unique 
conducting states bound to its surface. !ese 
surface states are unlike any other known 
two-dimensional electron system, and 
could be used to test proposed schemes for 
topological quantum computation.

One of the triumphs of quantum 
mechanics in the twentieth century was the 
development of the band theory of solids. 
An insulator has a band structure in which 
occupied and empty bands are separated by 
an energy gap. !e existence of an energy gap, 
however, does not guarantee that a material 
is a simple insulator. A counterexample 
is the two-dimensional integer quantum 
Hall state, which has an energy gap due 
to the quantization of electronic states 
in a magnetic "eld. Despite the gap, this 
state is not a conventional insulator, but 
rather has a quantized Hall conductivity. 
!e classi"cation of distinct insulating 
band structures was pioneered in 1982 by 
!ouless and colleagues2, who showed that 
the quantized Hall conductivity de"nes an 
integer topological invariant. !is invariant 
is insensitive to small changes in the band 
structure, and can only change at a phase 
transition where the energy gap vanishes.

Quantum Hall states require the 
presence of a magnetic "eld, which leads 
to a violation of time-reversal symmetry. 
In the past few years, a new class of time-
reversal-invariant topological insulators, 
which are distinguished by a di#erent 
topological invariant, has been predicted for 
two-dimensional3 and three-dimensional4–6 
crystals. !e two-dimensional state, "rst 
predicted in graphene7, is known as a 
quantum spin Hall insulator. !is state was 

subsequently predicted8 to exist, and was 
then observed9, in HgxCd1−xTe quantum 
wells. In 2007, Liang Fu and I predicted 
that the semiconducting alloy Bi1−xSbx is a 
three-dimensional topological insulator10. 
In their experiment, Hsieh et al.1 probed 
the surface of Bi1−xSbx using angle-resolved 
photoemission spectroscopy, and found the 
signature of the topological insulator state in 
the observed surface states.

A distinctive property of topological 
insulators is the existence of gapless states 
on the sample boundary. Such states always 
occur at the spatial interface between regions 
that are in di#erent topological classes. !is 
is easiest to see by imagining a smooth limit 
where the band structure slowly interpolates 
as a function of position between the two 

sides. Somewhere along the way the energy 
gap has to vanish; otherwise the two sides 
would be in the same class. Gapless states 
are thus bound to the interface. !e surface 
of a crystal can be viewed as an interface 
with the vacuum, which, like a conventional 
insulator, is in the trivial topological class. 
!is guarantees the existence of gapless states 
on the surface (or edge) of a non-trivial 
insulator. !ese states are well known in the 
quantum Hall e#ect, which has gapless one-
dimensional edge states that are unique in 
that they propagate in one direction only. It is 
impossible to have such states in an isolated 
one-dimensional system.

Unlike the quantum Hall e#ect in 
which the topological invariant is an integer, 
the invariant distinguishing a topological 

Experiment has now proved the existence of the predicted three-dimensional ‘topological 
insulator’ in the semiconducting alloy Bi1−xSbx.

Figure 1 The surface of a topological insulator. a,b, The surface in real space (a) and in reciprocal space (b), where 
momentum vectors k in the surface Brillouin zone define Kramers degenerate points, Γ1–4. c,d, Surface state dispersion 
between two Kramers degenerate points: in c, the number of surface states crossing the Fermi energy EF is even, 
whereas in d it is odd. An odd number of crossings leads to topologically protected metallic surface states.

a b

Valence band

Conduction band

k

2

3

1

4

kx

kY

a b

Valence band

Conduction band

EF EF

k

E E

E

EF

x

y

Topological insulator

348 nature physics | VOL 4 | MAY 2008 | www.nature.com/naturephysics

http://www.kitp.ucsb.edu/~trebst/
http://www.kitp.ucsb.edu/~trebst/


© Simon Trebst

Proximity effects / heterostructures

Proximity effect

Proximity effect between an s-wave
superconductor and the surface states

of a (strong) topological insulator
induces exotic vortex statistics

in the superconductor.

Spinless px+ipy superconductor
where vortices bind a zero mode.

topological
insulator

s-wave
superconductor

http://www.kitp.ucsb.edu/~trebst/
http://www.kitp.ucsb.edu/~trebst/
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Vortices, quasiholes, anyons, ...

Interactions
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Abelian vs. non-Abelian vortices

Abelian non-Abelian

single state (degenerate) manifold of states

Consider a set of ‘pinned’ vortices at fixed positions.

Example:

Laughlin-wavefunction + quasiholes

Manifold of states grows exponentially
with the number of vortices.

Ising anyons
(Majorana fermions)

p
2
N Fibonacci 

anyons
�N

http://www.kitp.ucsb.edu/~trebst/
http://www.kitp.ucsb.edu/~trebst/
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Abelian vs. non-Abelian vortices

Abelian non-Abelian

�(x2, x1) = ei⇥� · �(x1, x2)

fractional phase
In general M and N do not commute!

�(x2 ⇥ x3) = N · �(x1, . . . , xn)

�(x1 ⇥ x3) = M · �(x1, . . . , xn)
matrix

single state (degenerate) manifold of states

Consider a set of ‘pinned’ vortices at fixed positions.

http://www.kitp.ucsb.edu/~trebst/
http://www.kitp.ucsb.edu/~trebst/
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Topological quantum computing

Employ braiding of non-Abelian
vortices to perform computing

(unitary transformations).

Degenerate manifold = qubit

Topological quantum computing

Topological Quantum Computation
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Matrix depends only on the topology of the braid swept out by 

quasiparticle world lines!

Robust quantum computation? 

(Kitaev ‘97; Freedman, Larsen and Wang ‘01)

tim
e

non-Abelian

In general M and N do not commute!

�(x2 ⇥ x3) = N · �(x1, . . . , xn)

�(x1 ⇥ x3) = M · �(x1, . . . , xn)
matrix

(degenerate) manifold of states

5

FIG. 5: A schematic blueprint for a universal Ising topological quan-
tum computer: an ISH system that is primarily planar with (non-
planar) DTC structures (as in Fig. 4) distributed throughout. Non-
Abelian quasiparticles are represented by black dots and a topologi-
cal charge measuring device (in this case an interferometer) is repre-
sented by the red “claws” at the front of the ISH system. The gates
and devices used to perform DTC operations, quasiparticle braiding,
and topological charge measurement are all controlled by a classical
computer.
Note: figure not drawn to scale.

One might be concerned about the practicality of working
with twisted geometries such as in Fig. 1(c), especially since
the many applications of the ⇡/8-phase gate needed in a com-
putation appear to produce too much twisting for the physical
constraints of the system. This is however not as severe a
problem as it seems, since the encoded quantum information
can be teleported into and out of DTC structures using anyonic
teleportation [21]. Performing such anyonic teleportations for
the state encoded in the twisted geometry may be rather chal-
lenging experimentally, since it involves a topological charge
measurement enclosing one of the twisted boundaries. This is
the most technologically demanding step in our protocol, but
it should be realizable in ISHs.

Thus, it is interesting to compare ISHs and the ⌫ = 5/2
fractional quantum Hall state in the context of our proposal.
The fundamental favorable characteristic of ISH systems over
5/2 is that the energy scale of the gap is derived from the prox-

imate superconducting gap � and is therefore: (1) potentially
much larger, and (2) not dependent on the realization of a high
mobility heterostructure. This last requirement has, until now,
dictated precise planarity for fractional quantum Hall states.
Our computationally universal proposal requires, at a funda-
mental level, the use of curved (non-planar) topological fluids,
which should be possible in ISHs.

We estimate the proximity-induced gap in an ISH to be
⇡ 5 K if Nb is the superconducting element (in contrast to
the ⌫ = 5/2 gap of ⇠ 500 mK). This gap, unlike in the frac-
tional quantum Hall situation, does not depend on ultra-high
mobility since it is protected by Anderson’s theorem [44].
Therefore, the TQC operating temperature, which must be
well below the gap, need not be in the millikelvin range for
ISH, where a dilution refrigerator would be required. In fact,
none of the microscopic design elements need to be particu-
larly exotic. The superconducting film should have a thick-
ness larger than the coherence length, which is approximately
0.1 µm for a variety of superconductors. In semiconductor
ISHs, the semicondutor layer should be a generic quantum
well, approximately 10 � 50 nm thick, with a doping of ap-
proximately 1010 electrons/cm2. The various DTC and qubit
structures are on the micron scale. The gates needed for braid-
ing, measurement, and DTC operations are standard metallic
electrical gates and micro-magnetic metallic gates creating lo-
cal magnetic fields.

Putting all the pieces together, we draw up a schematic
blueprint in Fig. 5 of an Ising anyon based topologically fault-
tolerant quantum computer in which quasiparticle braiding,
dynamical topology change, and topological charge measure-
ment can all be performed, thus allowing universal quantum
computation.
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Vortex-vortex interactions

E

a� �m

E

a ⇡ ⇠m

vortex separation

�E

exponential decay / exp(�a/⇠m)

RKKY-like oscillation / kF
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Vortex-vortex interactions

E
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Vortex-vortex interactions

Vortex quantum numbers

SU(2)k = ‘deformation’ of SU(2)

with finite set of representations

Energetics for many vortices

H = J
�

�ij⇥

⇥

ij

0

“Heisenberg Hamiltonian”
for vortices

Vortex pair

1/2⇥ 1/2 = 0 + 1

0

1

1/2

1/2

0,
1
2
, 1,

3
2
, 2, . . . ,

k

2

j1 ⇥ j2 =
|j1 � j2| + (|j1 � j2| + 1) + . . . +
min(j1 + j2, k � j1 � j2)

fusion rules

example   k = 2

1/2⇥ 1/2 = 0 + 1
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Vortex-vortex interactions

Microscopics

Energetics for many vortices

H = J
�

�ij⇥

⇥

ij

0

“Heisenberg Hamiltonian”
for vortices

Vortex pair

1/2⇥ 1/2 = 0 + 1

0

1

1/2

1/2

J

vortex separation

1/2⇥ 1/2! 0

1/2⇥ 1/2! 1

Which channel is favored is 
not universal, but microscopic detail.

p-wave SC, Kitaev model

Moore-Read state
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The many-vortex problem

quantum liquid

a

a� �m

E

macroscopic degeneracy

vortex-vortex
interactions

unique ground state

a ⇡ ⇠m

�

quantum liquid

new quantum liquid
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The collective state

quantum liquid

bulk gap

quantum liquid

1/2� 1/2⇥ 0

1/2� 1/2⇥ 1
SU(2)k

SU(2)k-1

U(1)
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conformal field theory 
description

Edge states

Finite-size gap

�(L) � (1/L) z=1

Entanglement entropy

central charge
c = 7/10
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The operators                     form a representation of the 
Temperley-Lieb algebra

(Xi)2 = d · Xi XiXi±1Xi = Xi [Xi, Xj ] = 0
|i� j| ⇥ 2for

�2n

�2n�1 �2n+1

��
2n+1�⇥

2n�1

��
2n

W[2n]

W[2n + 1]
The transfer matrix 

is an integrable representation 
of the RSOS model.

Mapping & exact solution

d = 2 cos
�

�

k + 2

⇥

Xi = �d Hi
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level k
2
3
4
5
k
∞

Ising
c = 1/2

tricritical Ising
c = 7/10

tetracritical Ising
c = 4/5

pentacritical Ising
c = 6/7

k-critical Ising
c = 1-6/(k+1)(k+2)

Heisenberg AFM
c = 1

Ising
c = 1/2

3-state Potts
c = 4/5

Heisenberg FM
c = 2

c = 1

c = 8/7

Zk-parafermions
c = 2(k-1)/(k+2)

Gapless theories

SU(2)k�1 � SU(2)1
SU(2)k

SU(2)k

U(1)

1/2� 1/2⇥ 11/2� 1/2⇥ 0
‘antiferromagnetic’ ‘ferromagnetic’
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Gapless modes & edge states

SU(2)k liquid

critical theory
(AFM couplings)

SU(2)k�1 � SU(2)1
SU(2)k

SU(2)k liquid
gapless modes = edge states

nucleated liquid

interactions

SU(2)k�1 � SU(2)1
SU(2)k

SU(2)k�1 � SU(2)1
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Interactions + disorder

Work done with 
Chris Laumann (Harvard)

David Huse (Princeton)
Andreas Ludwig (UCSB)

arXiv:1106.6265
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Disorder induced phase transition

quantum liquid

a

a� �m

E

macroscopic degeneracy

disorder +
vortex-vortex
interactions

degeneracy is split

a ⇡ ⇠m

thermal metal
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Interactions and disorder

quantum liquid

a

J

separation a

1/2⇥ 1/2! 0

1/2⇥ 1/2! 1

H =
X

hjki

Jjk⇧jk

sign disorder
+ strong amplitude modulation

Natural analytical tool:
strong-randomness RG

Unfortunately, this does not work.
The system flows away from strong 

disorder under the RG. 
No infinite randomness fixed point.
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From Ising anyons to Majorana fermions

H =
X

hjki

Jjk⇧jk

interacting Ising anyons
“anyonic Heisenberg model”

Ising anyon

SU(2)2

quantum number

free Majorana fermion
hopping model

Majorana fermion
zero mode

Majorana operator �i

H = �
X

hjki

iJjk�j�k
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From Ising anyons to Majorana fermions

Majorana operators

{�i, �j} = �ij

�†
i = �i

�i1 = (c†i + ci )/2

�i2 = (c†i � ci )/2i

⇡/2

⇡/2

free Majorana fermion
hopping model

Majorana fermion
zero mode

Majorana operator �i

H = �
X

hjki

iJjk�j�k

particle-hole symmetry
time-reversal symmetry

✓
✘ } symmetry

class D
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A disorder-driven metal-insulator transition

Density of states indicates phase transition.
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Density of states

Oscillations in the DOS fit the prediction 
from random matrix theory for symmetry class D

⇢(E) = ↵+ sin(2⇡↵EL2)
2⇡EL2
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The thermal metal
Density of states diverges logarithmically at zero energy.
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The thermal metal
Inverse participation ratios (moments of the GS wavefunction)
indicate multifractal structure characteristic of a metallic state.

Iq =

Z
d2r | (r)|2q ⇠ 1

L⌧q
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A disorder-driven metal-insulator transition
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Disorder induced phase transition

quantum liquid

a

a� �m

E

macroscopic degeneracy

disorder +
vortex-vortex
interactions

degeneracy is split

a ⇡ ⇠m

thermal metal
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Experimental consequences
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Heat transport

Caltech thermopower experiment

middle of plateau

electrical transport remains unchanged

quantum liquid

new quantum liquid
Heat transport

along the sample edges
changes quantitatively

thermal metalBulk heat transport
diverges logarithmically

as T → 0.


xx

/T / log T
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Collective states – a good thing?
Topological quantum computing

Employ braiding of non-Abelian
vortices to perform computing

(unitary transformations).

Degenerate manifold = qubit

Topological Quantum Computation
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Matrix depends only on the topology of the braid swept out by 

quasiparticle world lines!

Robust quantum computation? 

(Kitaev ‘97; Freedman, Larsen and Wang ‘01)

tim
e

The interaction induced splitting 
of the degenerate manifold = qubit states

is yet another obstacle to overcome.

Probably, a topological quantum computer 
works best at finite temperatures.

The formation of collective states renders
all ideas of manipulating individual anyons

inapplicable.
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Summary

• Lord Kelvin was way ahead of his time.

• Topology has re-entered physics in many ways.

• Topological excitations + interactions + disorder 
can give rise to a plethora of collective phenomena.
• Topological liquid nucleation

• Thermal metal

• Distinct experimental bulk observable (heat transport) 
in search for Majorana fermions.
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