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Quantum spin liquids

Quantum spin liquids are exotic ground states of 
frustrated quantum magnets, in which local moments 
are highly correlated but still fluctuate strongly 
down to zero temperature.

Leon Balents

Quantum spin liquids are long-ranged entangled 
states with fractionalized excitations. Some of them 
exhibit intrinsic topological order – very much like 
the fractional quantum Hall states.
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Where do we find them?
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in these materials?

http://www.kitp.ucsb.edu/~trebst/
http://www.kitp.ucsb.edu/~trebst/


© Simon Trebst

How many are there?

spatial dimensions

energy spectrum

Classification scheme

two spatial dimensions

three spatial dimensions

gapped gapless

singular points
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spinon surface,
Bose surface
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spin liquids

entanglement

S = aL+ c �(L
x

, L
y

) S = cL ln(L)

S = aL� �

time-reversal
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quantum double models
Levin-Wen / Kitaev models

“Bose metals”
(Motrunich, Sheng & Fisher)
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How do we talk about spin liquids?

Schwinger representation
U(1) spin liquids

S� =
1

2
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bosons or fermions

Pauli matrices

network models
chiral spin liquids

Gapped and gapless spin liquid phases on the Kagome lattice

from chiral three-spin interactions
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We argue that a relatively simple model containing only SU(2)-invariant chiral three-spin interactions on a
Kagome lattice of S = 1/2 spins can give rise to both a gapped and a gapless quantum spin liquid. Our
arguments are rooted in a formulation in terms of network models of edge states and are backed up by a careful
numerical analysis. For a uniform choice of chirality on the lattice, we realize the Kalmeyer-Laughlin state,
i.e. a gapped spin liquid which is identified as the ⌫ = 1/2 bosonic Laughlin state. For staggered chiralities,
a gapless spin liquid emerges which exhibits gapless spin excitations along lines in momentum space, a feature
that we probe by studying quasi-two-dimensional systems of finite width. We thus provide a single, appealingly
simple spin model (i) for what is probably the simplest realization of the Kalmeyer-Laughlin state to date, as
well as (ii) for a non-Fermi liquid state with lines of gapless SU(2) spin excitations.

Quantum spin liquids are elusive phases of matter where
spins do not freeze into local ordering patterns even at zero
temperature [1]. Typically, such spin liquids come in two gen-
eral flavors, namely gapped topological spin liquids and gap-
less spin liquids [2]. Key properties of topological spin liq-
uids are that they have ground-state degeneracies depending
on the topology of the system and, when confined to two spa-
tial dimensions, they host quasiparticle excitations with ex-
otic anyonic particle exchange statistics. Many examples of
such systems are known both with [3, 4] and without [5] time-
reversal symmetry. Systems in the other broad class, gap-
less spin liquids, are characterized by gapless excitations that
are not Goldstone modes arising from spontaneous breaking
of a symmetry. These states can be further divided into two
groups: One where gapless excitations occur at singular points
in momentum space – such as, e.g., the case of algebraic spin
liquids [6], the celebrated Kitaev honeycomb model [7] and
variations thereof [8]. In the other group, the gapless modes
arise on surfaces in momentum space [8–12], generalizing the
notion of a Fermi surface to systems with bosonic character,
frequently referred to as Bose surfaces [12]. However, for
the latter group of states, few results [12–19] firmly establish
a connection between such states and microscopic models,
or identify the fundamental theory characterizing the gapless
modes on the Bose surface of such non-Fermi liquids.

Here, we explore the phases that emerge when promoting
the scalar spin chirality

�
ijk

=

~S
i

· (

~S
j

⇥ ~S
k

), (1)

which is SU(2) invariant, but breaks both parity and time-
reversal invariance, to an interaction between spins on a lattice
built from triangles,

H =
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i,j,k24,5
J
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J
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where i, j, k are always ordered clockwise around a trian-
gle. We show that depending on the assignment of the chi-
ralities J

ijk

to the triangles of the lattice, this interaction can

give rise to either a chiral topological spin liquid or a gapless
non-Fermi-liquid state with lines of gapless spin excitations
in momentum space.

The existence of gapped chiral spin liquid phases, which are
obtained as generalizations of fractional quantum Hall states
to spins, was first hypothesized by Kalmeyer and Laughlin [5].
Soon after this proposal, it was suggested that the scalar spin
chirality (1) could be relevant for stabilizing such a spin liquid
phase [20, 21]. However, making a stringent connection be-
tween a microscopic Hamiltonian and the sought-after chiral
spin liquid state has remained elusive for many years. Some
progress has recently been made in constructing somewhat ar-
tificial spin Hamiltonians [22–25] involving decorated lattices
or long-range interactions. Furthermore, an alternative per-
spective arose from topological flat band models [26–29].

Here, we develop a powerful perspective rooted in the
physics of network models of edge states akin to the Chalker-
Coddington network model for the integer quantum Hall tran-
sition [30]. The key step is to view each triangle of spins as
the seed of a chiral topological phase, a puddle encircled by
an edge state, as illustrated in Fig. 1. The natural candidate for
the phase filling the puddle is the bosonic ⌫ = 1/2 Laughlin
state [31], which is known to have the SU(2) symmetry re-
quired by our construction and is also the state envisioned by
Kalmeyer and Laughlin [5]. Forming a lattice out of the ele-
mentary triangles, we should then consider a situation with
many individual puddles of this topological phase. To see
what collective state is formed, we have to understand how
two puddles are joined. In doing so, it turns out to be useful
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FIG. 1. Sketch of a puddle of topological phase replacing each trian-
gle of three spins.
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Chiral spin liquids (CSL)
The original proposal

Ground state of triangular lattice 
Heisenberg antiferromagnet 
conjectured to be ν=1/2 Laughlin state

H =
X

hi,ji

~Si · ~Sj

Kalmeyer & Laughlin (1987)

Scalar spin chirality as order parameter 
for chiral spin states

Wen, Zee & Wilzek (1989); Baskaran (1989)

�ijk = ~Si · (~Sj ⇥ ~Sk)

A recent revival

Exact parent Hamiltonians

Yao & Kivelson (2007) 
decorated honeycomb lattice

Schroeter, Thomale, Kapit, Greiter (2007-2012) 
long-range interactions

Topological flat band models

Tang et al (2011)
Sun et al (2011)
Neupert et al (2011)
and others
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A path to much simpler models

Hubbard model
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TR breaking
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A rather simple model in two variants
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Warm-up: Majorana fermions

spinless fermions / Majorana fermions

�̃ijk = i[(c†i cj � c†jci)+

(c†jck � c†kcj)+

(c†kci � c†i ck)]

�ijk = ~Si · (~Sj ⇥ ~Sk)

spin degrees of freedom
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uids are that they have ground-state degeneracies depending
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such systems are known both with [3, 4] and without [5] time-
reversal symmetry. Systems in the other broad class, gap-
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of a symmetry. These states can be further divided into two
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in momentum space – such as, e.g., the case of algebraic spin
liquids [6], the celebrated Kitaev honeycomb model [7] and
variations thereof [8]. In the other group, the gapless modes
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homogenous couplings staggered couplings
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Gapped spectrum

Chern number of the top and bottom bands: C = ±1

Gapless spectrum

Fermi surfaces 
= lines in momentum space

Ohgushi, Murakami, Nagaosa, (2000) Shankar, Burnell & Sondhi, (2009)

Warm-up: Majorana fermions
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less spin liquids [2]. Key properties of topological spin liq-
uids are that they have ground-state degeneracies depending
on the topology of the system and, when confined to two spa-
tial dimensions, they host quasiparticle excitations with ex-
otic anyonic particle exchange statistics. Many examples of
such systems are known both with [3, 4] and without [5] time-
reversal symmetry. Systems in the other broad class, gap-
less spin liquids, are characterized by gapless excitations that
are not Goldstone modes arising from spontaneous breaking
of a symmetry. These states can be further divided into two
groups: One where gapless excitations occur at singular points
in momentum space – such as, e.g., the case of algebraic spin
liquids [6], the celebrated Kitaev honeycomb model [7] and
variations thereof [8]. In the other group, the gapless modes
arise on surfaces in momentum space [8–12], generalizing the
notion of a Fermi surface to systems with bosonic character,
frequently referred to as Bose surfaces [12]. However, for
the latter group of states, few results [12–19] firmly establish
a connection between such states and microscopic models,
or identify the fundamental theory characterizing the gapless
modes on the Bose surface of such non-Fermi liquids.

Here, we explore the phases that emerge when promoting
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The existence of gapped chiral spin liquid phases, which are
obtained as generalizations of fractional quantum Hall states
to spins, was first hypothesized by Kalmeyer and Laughlin [5].
Soon after this proposal, it was suggested that the scalar spin
chirality (1) could be relevant for stabilizing such a spin liquid
phase [20, 21]. However, making a stringent connection be-
tween a microscopic Hamiltonian and the sought-after chiral
spin liquid state has remained elusive for many years. Some
progress has recently been made in constructing somewhat ar-
tificial spin Hamiltonians [22–25] involving decorated lattices
or long-range interactions. Furthermore, an alternative per-
spective arose from topological flat band models [26–29].

Here, we develop a powerful perspective rooted in the
physics of network models of edge states akin to the Chalker-
Coddington network model for the integer quantum Hall tran-
sition [30]. The key step is to view each triangle of spins as
the seed of a chiral topological phase, a puddle encircled by
an edge state, as illustrated in Fig. 1. The natural candidate for
the phase filling the puddle is the bosonic ⌫ = 1/2 Laughlin
state [31], which is known to have the SU(2) symmetry re-
quired by our construction and is also the state envisioned by
Kalmeyer and Laughlin [5]. Forming a lattice out of the ele-
mentary triangles, we should then consider a situation with
many individual puddles of this topological phase. To see
what collective state is formed, we have to understand how
two puddles are joined. In doing so, it turns out to be useful
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We argue that a model containing only SU(2)-invariant chiral three-spin interactions on a Kagome lattice of
S = 1/2 spins can give rise to both a gapped and a gapless quantum spin liquid. We give intuitive arguments
from the point of view of network models of edge states. These arguments are backed up with large-scale
numerical simulations. We identify the gapped spin liquid with the ⌫ = 1/2 bosonic Laughlin state. The
gapless spin liquid phase is characterized by gapless excitations on an extended surface in momentum space. A
hallmark of such a phase is that the number of gapless degrees of freedom in quasi-one-dimensional systems
grows with the width of the system. We can predict the number of such degrees of freedom from our network
model and numerically observe the expected result for the central charge.

Quantum spin liquids are elusive phases of matter where
spins do not freeze into local ordering patterns down to ex-
tremely low temperatures [1]. Such spin liquids come in two
flavors, namely gapped topological spin liquids and gapless
spin liquids. Key properties of topological spin liquids are that
they host quasiparticle excitations with exotic anyonic parti-
cle statistics and have a ground-state degeneracy depending
on the topology of the system. Many examples of such sys-
tems are known both with both broken [2] and unbroken time-
reversal symmetry [3, 4]. Systems in the other broad class
of spin liquid states, gapless spin liquids, are characterized
by gapless excitations which are not Goldstone modes due to
spontaneous breaking of a local symmetry. These states can
be further classified according to whether such emergent low-
energy excitations arise at singular points [5–7] or surfaces in
momentum space, generalizing the notion of a Fermi surface
to systems with possibly bosonic character [7–10].

In this Letter, we explore the phases stabilized by the chiral
interaction

�ijk =

i

2

Si · (Sj ⇥ Sk) (1)

between three spin-1/2 on a lattice built from triangles. This
term is SU(2)-invariant, but breaks time-reversal invariance.
We show that depending on the choice of chirality for each
triangle, it can give rise to either a chiral topological spin liq-
uid or a gapless state with a surface of excitations. This can
be visualized by viewing each triangle as the seed for a chi-
ral topological phase encircled by an edge state (see top panel
of Fig. 1). Both types of spin liquid phases mentioned above
then arise naturally from coupling all triangles to a network of
edge states, reminiscient of the Chalker-Coddington network
model for the integer Quantum Hall plateau transition [11].

The existence of gapped chiral spin liquid phases, which are
obtained as generalizations of fractional Quantum Hall states
to spins, was first hypothesized by Kalmeyer and Laughlin [2].
Soon after the proposal by Kalmeyer and Laughlin, it was
suggested that the chiral term of Eqn. (1) could be relevant
for stabilizing such a spin liquid phase [12, 13]. While such
states have remained elusive for many years, it has recently
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been shown that this state is the exact eigenstate of a certain
spin Hamiltonians [14–17]. Furthermore, much progress has
been achieved using topological flat band models [18–21].

A very exciting novel class of phases of matter are gap-
less spin liquids, for which (aside from a number of exactly
soluble generalizations of Kitaev’s model [6]) few examples
are firmly established by microscopic calculations [10, 22–
25]. A characteristic of these phases is that their quasi-
one-dimensional precursors are critical where the number of
gapless degrees of freedom grows to the width of the sys-
tem [22, 23]. This can be understood as a discretization of
momentum in one direction, which yields a finite number of
gapless points where those momenta intersect the emergent
surface of excitations.

To explain how these phases arise from a network of edge
states, we need to discuss the behavior at a node of such a
network, which is the corner shared by two adjacent triangles.
If we envision these triangles to be very large and filled with
the bosonic ⌫ = 1/2 Laughlin state [26], they would carry the
corresponding edge state on each side and the corner would
look as shown in panel (I.a) of Fig. 1. The upper pair of edge
states, associated with the upper triangle, can be viewed as

The physics of joining two puddles 
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been shown that this state is the exact eigenstate of a certain
spin Hamiltonians [14–17]. Furthermore, much progress has
been achieved using topological flat band models [18–21].

A very exciting novel class of phases of matter are gap-
less spin liquids, for which (aside from a number of exactly
soluble generalizations of Kitaev’s model [6]) few examples
are firmly established by microscopic calculations [10, 22–
25]. A characteristic of these phases is that their quasi-
one-dimensional precursors are critical where the number of
gapless degrees of freedom grows to the width of the sys-
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surface of excitations.
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If we envision these triangles to be very large and filled with
the bosonic ⌫ = 1/2 Laughlin state [26], they would carry the
corresponding edge state on each side and the corner would
look as shown in panel (I.a) of Fig. 1. The upper pair of edge
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FIG. 2. (color online) Top panel: Illustration of the behavior of the
edge states at a corner shared by two puddles. Bottom panel: Be-
havior of two corner-sharing triangular puddles of the topological
phase. Different colors indicate different chiralities of the topologi-
cal phases.

it turns out to be useful to consider the specific situation of
corner-sharing triangles, as realized for instance in a Kagome
lattice. This situation of edges meeting at the corner shared by
two triangles is an incarnation of two-channel Kondo physics
(see e.g. Ref. [33, 34])): If we envision the puddles to be very
large, they would carry the edge state on each side and the
corner would look as shown in panel (I.a) of Fig. 2. The pair
of edge states on the upper triangle is known [31, 32] to be
described by the same theory as the right- and left-movers of
a semi-infinite uniform spin-1/2 Heisenberg chain, and analo-
gously for the lower pair of edge states. The spin at the cor-
ner then appears as the center spin of an infinite chain (pan-
els (I.b,I.c)). It is well known in the context of two-channel
Kondo physics that the infinite chain will heal if the cen-
ter spin is coupled to the two semi-infinite chains with equal
strength [35, 36]. Then, the right- and left-movers will extend
throughout the entire, infinite system (panel (I.d)). The effect
on the corner spin is summarized in panel II of Fig. 2, where
the situation shown in II.a corresponds to I.a, while II.d cor-
responds to I.d. As is evident from II.d, the corner spin has
merged the two triangles to form a larger puddle encircled by
a single edge state, i.e. to form a larger region of the topolog-
ical phase.

If we consider all triangles to have the same chirality (J4 =

J5), we can repeat these steps for all corner-sharing triangles
of the Kagome lattice. The system then forms one macro-
scopic, extended region of a single topological phase with
one edge state encircling its boundary, as illustrated in the
top panel of Fig. 3, with closed loops encircling the interior
hexagons of the Kagome lattice. We conclude that choosing

FIG. 3. (color online) Top panel: Visualization of the topological
phase for uniform choice of chiralities. A collective edge state encir-
cles the whole systems, and closed edges encircle each hexagon. Bot-
tom panels: Real-space (left) and momentum-space (right) picture of
the staggered (gapless) phase. The colors correspond to the three
independent directions of extended edge states. The inner hexagon,
enclosed by a solid line, shows the first Brillouin zone.

uniform chiralities in our model, we obtain a direct realiza-
tion of the Kalmeyer-Laughlin proposal for a chiral topologi-
cal spin liquid phase.

It is now natural to ask whether other phases can be pre-
dicted from the same perspective when choosing different pat-
terns of chiralities. It turns out that this is indeed the case for
staggered chiralities, i.e. when the down-pointing and the up-
pointing triangles of the Kagome lattice are assigned opposite
chiralities (J4 = �J5). For this pattern, we find the sought-
after non-Fermi-liquid state with gapless spin excitations on
lines in momentum space.

To see this, we again start from the case of two adjacent tri-
angles, which are now filled with topological phases of oppo-
site chirality (Fig. 2 III.a). To see the effect on the edge states,
consider changing the chirality of the upper triangle by ex-
changing its two top spins, that is twisting the upper triangle.
The resulting pattern of edge states after healing is depicted in
panel III.d; note that no backscattering occurs. Again repeat-
ing this for all triangles of the Kagome lattice results in edge
states extended throughout the entire system, as shown in the
left panel of Fig. 3. The pattern of edge states follows three
sets of parallel lines rotated with respect to each other by 120
degree rotations.

To infer the shape of the resulting Bose surface of gapless
excitations (corresponding to the extended edge states), we
note that a single extended edge state, say in the x direction,
is gapless at a single point in momentum space, k

x

= 0. Since
all edges are decoupled, the gapless points corresponding to a

Gapped and gapless spin liquid phases on the Kagome lattice

from chiral three-spin interactions

Bela Bauer,1 Brendan P. Keller,2 Simon Trebst,3 and Andreas W. W. Ludwig2

1
Station Q, Microsoft Research, Santa Barbara, CA 93106-6105, USA

2
Physics Department, University of California, Santa Barbara, CA 93106, USA

3
Institute for Theoretical Physics, University of Cologne, 50937 Cologne, Germany

We argue that a model containing only SU(2)-invariant chiral three-spin interactions on a Kagome lattice of
S = 1/2 spins can give rise to both a gapped and a gapless quantum spin liquid. We give intuitive arguments
from the point of view of network models of edge states. These arguments are backed up with large-scale
numerical simulations. We identify the gapped spin liquid with the ⌫ = 1/2 bosonic Laughlin state. The
gapless spin liquid phase is characterized by gapless excitations on an extended surface in momentum space. A
hallmark of such a phase is that the number of gapless degrees of freedom in quasi-one-dimensional systems
grows with the width of the system. We can predict the number of such degrees of freedom from our network
model and numerically observe the expected result for the central charge.

Quantum spin liquids are elusive phases of matter where
spins do not freeze into local ordering patterns down to ex-
tremely low temperatures [1]. Such spin liquids come in two
flavors, namely gapped topological spin liquids and gapless
spin liquids. Key properties of topological spin liquids are that
they host quasiparticle excitations with exotic anyonic parti-
cle statistics and have a ground-state degeneracy depending
on the topology of the system. Many examples of such sys-
tems are known both with both broken [2] and unbroken time-
reversal symmetry [3, 4]. Systems in the other broad class
of spin liquid states, gapless spin liquids, are characterized
by gapless excitations which are not Goldstone modes due to
spontaneous breaking of a local symmetry. These states can
be further classified according to whether such emergent low-
energy excitations arise at singular points [5–7] or surfaces in
momentum space, generalizing the notion of a Fermi surface
to systems with possibly bosonic character [7–10].

In this Letter, we explore the phases stabilized by the chiral
interaction

�ijk =

i

2

Si · (Sj ⇥ Sk) (1)

between three spin-1/2 on a lattice built from triangles. This
term is SU(2)-invariant, but breaks time-reversal invariance.
We show that depending on the choice of chirality for each
triangle, it can give rise to either a chiral topological spin liq-
uid or a gapless state with a surface of excitations. This can
be visualized by viewing each triangle as the seed for a chi-
ral topological phase encircled by an edge state (see top panel
of Fig. 1). Both types of spin liquid phases mentioned above
then arise naturally from coupling all triangles to a network of
edge states, reminiscient of the Chalker-Coddington network
model for the integer Quantum Hall plateau transition [11].

The existence of gapped chiral spin liquid phases, which are
obtained as generalizations of fractional Quantum Hall states
to spins, was first hypothesized by Kalmeyer and Laughlin [2].
Soon after the proposal by Kalmeyer and Laughlin, it was
suggested that the chiral term of Eqn. (1) could be relevant
for stabilizing such a spin liquid phase [12, 13]. While such
states have remained elusive for many years, it has recently
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FIG. 1. [Will add triangles back.]

been shown that this state is the exact eigenstate of a certain
spin Hamiltonians [14–17]. Furthermore, much progress has
been achieved using topological flat band models [18–21].

A very exciting novel class of phases of matter are gap-
less spin liquids, for which (aside from a number of exactly
soluble generalizations of Kitaev’s model [6]) few examples
are firmly established by microscopic calculations [10, 22–
25]. A characteristic of these phases is that their quasi-
one-dimensional precursors are critical where the number of
gapless degrees of freedom grows to the width of the sys-
tem [22, 23]. This can be understood as a discretization of
momentum in one direction, which yields a finite number of
gapless points where those momenta intersect the emergent
surface of excitations.

To explain how these phases arise from a network of edge
states, we need to discuss the behavior at a node of such a
network, which is the corner shared by two adjacent triangles.
If we envision these triangles to be very large and filled with
the bosonic ⌫ = 1/2 Laughlin state [26], they would carry the
corresponding edge state on each side and the corner would
look as shown in panel (I.a) of Fig. 1. The upper pair of edge
states, associated with the upper triangle, can be viewed as
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numerical results

Can we repeat the same with spins? 
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topological phase – thin systems
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FIG. 9. This figure illustrates the construction of the gapless lines in momentum space (lower panels) from the real-space picture (upper
panels). Each of the three sets of parallel lines forming the Kagome lattice gives rise to a line of gapless points in momentum space. The
horizontal lines give rise to gapless states at k

x

= 0 (left panel). The two other lines are rotated by 120 and 240 degrees, respectively.

FIG. 10. Two-leg Kagome systems with illustration of the choice of chiralities for the uniform and staggered model. The red dashed lines
indicate right-moving extended states, blue dashed line indicate left-moving extended states, and the green dashed lines encircling the hexagon
show the localized states in the topological phase.
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topological phase – energy & entanglement
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topological phase – modular matrices

Modular matrices for chiral spin liquid

T = e�i 2⇡
24 0.988


1 0
0 i · e�i0.0021⇡

�
S =

1p
2


0.996 0.995
0.996 �0.994e�i0.0019⇡

�

Modular matrices for v=1/2 Laughlin state

T = e�i 2⇡
24


1 0
0 i

�
S =

1p
2


1 1
1 �1

�

6

ment spectrum by transverse momentum. We here only de-
scribe how to obtain the T and S matrices and defer the dis-
cussion of how we extract the fidelity and gaps to the Supple-
mentary Material.

The T and S matrices are defined through a world-line dia-
gram for anyonic particles as:

Tab = e�i 2⇡
24 c�abda⇥a ⇥a =

a a

Sab =
1

D
a b

Here, D is the total quantum dimension of the phase, and da
is the quantum dimension of a quasi-particle of topological
charge a. These matrices can be related to generators of the
modular group on the torus, and fulfill the conditions (ST )3 =

S2 and S4

= 1. The T -matrix is proportional to the twist
factors ⇥a, which contain the self-statistics of the excitations,
i.e. the phase that is obtained when two particles of the same
kind are exchanged once; we have ⇥1 = 1. The T matrix
has a prefactor e�i 2⇡

24 c
= T11, where c is the central charge of

the anyon model. The S-matrix contains the mutual statistics,
i.e. the statistics obtained when particles of general types a, b
are braided around each other. The first row of the S matrix
contains the quantum dimensions da of the quasiparticles.

To numerically obtain these matrices, first a quasi-
orthonormal basis {| tor

a i} on a torus of 3 ⇥ L ⇥ L sites
with well-defined topological flux a through the torus and a
⇡/3 rotational symmetry must be obtained. As pointed out in
Ref. 57, the modular matrices T and S of the emergent anyon
model can then be extracted from the matrix elements of a ⇡/3
rotation R⇡/3 by using the relation

h tor

a |R⇡/3| tor

b i = (DTS�1D†
)ab. (6)

Here, D is a diagonal matrix containing only complex phases;
it accounts for the freedom in choosing the phases of the vec-
tors | tor

a i. In Ref. 56, it was shown (i) how to build the basis
| tor

a i from an MPS representation for | cyl
a i and (ii) how to

extract both T and S from h tor

a |R⇡/3| tor

b i. Note that the
matrix T is referred to as U in the reference.
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To numerically obtain these matrices, first a quasi-
orthonormal basis {| tor

a i} on a torus of 3 ⇥ L ⇥ L sites
with well-defined topological flux a through the torus and a
⇡/3 rotational symmetry must be obtained. As pointed out in
Ref. 57, the modular matrices T and S of the emergent anyon
model can then be extracted from the matrix elements of a ⇡/3
rotation R⇡/3 by using the relation

h tor

a |R⇡/3| tor

b i = (DTS�1D†
)ab. (6)

Here, D is a diagonal matrix containing only complex phases;
it accounts for the freedom in choosing the phases of the vec-
tors | tor

a i. In Ref. 56, it was shown (i) how to build the basis
| tor

a i from an MPS representation for | cyl
a i and (ii) how to

extract both T and S from h tor

a |R⇡/3| tor

b i. Note that the
matrix T is referred to as U in the reference.
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the right- and left-mover of a semi-infinite uniform spin-1/2
Heisenberg chain, and analogously for the lower pair of edge
states. The spin at the corner then appears as the center spin
of an infinite chain (panels (I.b,I.c)). It is well known that
the infinite chain will heal if the center spin is coupled to the
two semi-infinite chains with equal strength [27, 28]. Then,
the right- and left-movers will extend throughout the entire,
infinite system (panel (I.d)).

The effect on a corner spin is summarized in panel II of
Fig. 1, where the situation shown in II.a corresponds to I.a,
while II.b corresponds to I.d. As is evident from II.b, the cor-
ner spin has merged the two triangles to form a larger region
encircled by a single edge state, i.e. to form a larger region of
the topological phase. So far, we have taken the two triangles
to have the same chirality. The case where the two triangles
have different chirality is obtained from this by exchanging
the top spins, that is twisting the upper triangle. The resulting
pattern of edge states is depicted in panel III.b of Fig. 1. In
both cases, the effect of the corner spin is to connect the edge
states on the two triangles into longer edge states, which do
not interact with each other

In the remainder of this paper, we consider the Kagome
lattice and let the terms �ijk of Eqn. (1) act on each triangle
with equal strength, i.e.

H =

X

i,j,k24,5
Jijk�ijk |Jijk| = 1 (2)

where i, j, k are ordered clockwise around a triangle. If we
were to imagine that this term gives rise to a small region of
a chiral phase on each triangle, which is encircled by an edge
state whose direction depends on the choice of sign for Jijk,
we can predict using the above arguments that certain patterns
of edge states emerge for the whole lattice. We now discuss
two such patterns and see how they give rise to two different
spin liquid phases.

In the simplest case, where the chirality of all triangles is
chosen the same (J4 = J5), we expect them to form one
macroscopic, extended region of a topological phase with one
edge state encircling its boundary to a trivial phase, and closed
loops of such states encircling the interior hexagons of the
Kagome lattice. This situation is depicted for a small system
in the top panel of Fig. 2. We refer to this as the homogeneous
phase.

The other case we consider is where the down-pointing and
the up-pointing triangles of the Kagome lattice are assigned
opposite chiralities, i.e. J4 = �J5. In this case, inspec-
tion of Figs. 1 and 3 shows that the edge states actually ex-
tend throughout the entire system without backscattering. The
resulting pattern of edge states follows three sets of parallel
chains on the Kagome lattice related by 120-degree rotations.
Note that in this case, the Hamiltonian and the state have only
a three-fold rotational symmetry instead of the six-fold rota-
tional symmetry of the original lattice. Figure 2 shows the
key feature of this system on quasi-one-dimensional geome-
tries: the number of conducting modes along the longitudinal
direction grows linearly with the width of the system in the

FIG. 2. Two-leg Kagome systems with illustration of the choice of
chiralities for the homogeneous and staggered model. The red dashed
lines indicate right-moving extended states, blue dashed line indicate
left-moving extended states, and the green dashed lines encircling
the hexagon illustrate the behavior in the topological phase, where
no extended states exist in the bulk.

FIG. 3. Two-dimensional Kagome lattice where the arrows and col-
ors correspond to the three directions of the extended edge states in
the staggered model.

transverse direction independently of boundary conditions in
that direction.

The simplest situation where the same emergence of macro-
scopic physics from a network of edge states can be observed
is in a system of free Majorana fermions which can be solved
exactly. To this end, we replace the three-spin interaction on
each triangle by

�̃ijk = i(�i�j + �j�k + �k�i). (3)

Here, the �i denote Majorana operators on the sites of the
Kagome lattice and the choice of sign again sets the chiral-
ity for a triangle. Similarly to the situation of spins, we can
view each triangle as the seed of a topological phase and ap-
ply arguments analogous to those discussed in the context
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each triangle by
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4

FIG. 4. Entanglement spectrum of the reduced density matrix ⇢a for
one half of an infinite cylinder obtained for both ground states | 1i
(left) and | si (right panel). The entanglement energies shown on
the vertical axis, up to the global shift and rescaling, are given by
Ea,� = � log(pa,�), where pa,� are the eigenvalues of ⇢a. The
horizontal axis shows the momentum in the transverse direction of
the corresponding eigenvectors of ⇢a. Each tower is identified by its
Sz quantum number as indicated by the blue label; we have offset the
momentum of different towers by 2⇡ to improve clarity. The cylinder
used here is XC12-6.

scendants (also 1-1-2-3-5-...). We note that in the identity sec-
tor, all towers carry integer representations of the spin quan-
tum number, whereas in the semion sector they carry half-
integer representations. In both ground states, the levels can
be grouped into SU(2) multipletts.

Emergent anyons
The bulk of the chiral spin liquid phase has anyonic excita-
tions, referred to as semions. The topological properties of
these quasiparticles can be characterized through their modu-
lar T and S matrices [12]. The T matrix contains the central
charge c and the self-statistics of the anyonic particles, i.e. the
phase that is obtained when two particles of the same kind are
exchanged. The S matrix contains the mutual statistics of the
anyonic quasiparticles, their quantum dimensions (counting
the internal degrees of freedom of each particle), and the total
quantum dimension of the phase. More detailed definitions of
these quantities are given in the Methods summary.

For a fixed number of quasiparticles, only a finite number
of possible S and T matrices exist [44, 45]. For two types of
quasiparticles (as in the case of the ⌫ = 1/2 bosonic Laugh-
lin state) only two choices are possible [44]. Therefore, by
numerically calculating the S and T matrices and comparing
them against the two possibilities, we have fully identified the
universal properties of the topological phase. For the ⌫ = 1/2
Laughlin state, the modular matrices are

T = e�i

2⇡
24

"
1 0

0 i

#
S =

1p
2

"
1 1

1 �1

#
. (4)

For an XT8-4 torus of 48 sites at ✓ = 0.05⇡, where the
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FIG. 5. Singlet and triplet gaps as a function of ✓ for an infinite XC8-
4 cylinder. The triplet gap is a lower bound on the critical magnetic
field hc; hence, the shaded region in the middle panel indicates the
minimal stability of the phase in the ✓-hz phase diagram.

finite-size corrections to this quantity are minimal, we obtain

T = e�i

2⇡
24 0.988

"
1 0

0 i · e�i0.0021⇡

#
, (5)

S =

1p
2

"
0.996 0.995

0.996 �0.994e�i0.0019⇡

#
.

This is in very good agreement with the T and S matrices for
the ⌫ = 1/2 Laughlin state given in Eqn. (4) and provides the
strongest confirmation of the nature of the bulk topological
phase. The correct normalization of the first row or column of
the S matrix indicates that we have indeed obtained a full set
of ground states. We can also read off the total quantum di-
mension D = 1/S11 =

p
2/0.996 of the phase, which deter-

mines the topological entanglement entropy [46, 47] that has
been widely used to identify topological phases. Furthermore,
the central charge c = 0.988 is in excellent agreement with the
prediction and the value extracted from the edge above.

Stability of the chiral spin liquid
To establish the region in which the phase persists as ✓ is tuned
in the range ✓ 2 [0,⇡/2], we first consider the fidelity [48]
F (✓) = h 

a

(✓ � ✏)| 
a

(✓ + ✏)i shown in the bottom panel
of Fig. 5 (for the precise definition of this quantity for infinite
systems, see the appendix). The fidelity remains near unity
as ✓ is tuned away from the chiral point ✓ = ⇡/2, until it
suddenly drops for ✓ < 0.05⇡, indicating a transition. Fur-
ther support for the extended stability of the CSL is found in
various other characteristics, including the spectral gap, the
modular matrices and the entanglement spectrum. This is re-
markable as it indicates that tuning away from the Heisen-
berg model (✓ = 0) with a small critical chiral coupling of
(J

�

/JHB)crit  tan(0.05⇡) ⇡ 0.16 is sufficient to drive the
system into the chiral phase.

Back to the Heisenberg model

H = JHB

X

hi,ji

~Si · ~Sj + J�
X

i,j,k24

~Si · (~Sj ⇥ ~Sk)

tan ✓ = JHB/J�
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The hyper-kagome lattice can be constructed from the pyrochlore lattice by removing one site from
each tetrahedron in the pyrochlore lattice. A unit cubic cell of a hyper-kagome lattice is shown bellow. An
interactive 3D plot is also available in the mathematica file attached

Figure 1: Unit cubic cell of a hyper-kagome lattice (Blue) with the underlying pyrochlore lattice shown
(Green). See attached 3D mathematica plot for details

We would like to assign a + and � chirality to the triangles of the hyper-kagome lattice just like we
did for the kagome. In order to do this, we must assign an ”up” direction to each triangle since they don’t
lie in the same plane. This can be done by using the ”removed” tetrahdron site as a reference for the up
direction, as shown in Fig. 2.

Figure 2: A single tetrahedron of a pyrocholore lattice (Green) and the triangle of the hyper-kagome lattice
(Blue) that is obtained from removing one site. a) The ”removed” site of the tetrahedron gives the triangle
an ”up” direction. + triangles have counterclockwise oriented edge states as in b) and � triangles have
clockwise oriented edge states as in c)

Relative to this up directions, + triangles can be assigned counterclockwise oriented edge states and
� triangles can be assigned clockwise oriented edge states. The edge states of each triangle can then be
connected to edge states of neighboring corner sharing triangles in the same way that was done for the
Kagome lattice, as in Fig 3. If this is done for the case where all triangles have the same chirality, we find
that there are six distinct currents that flow through a unit cubic cell. If this is done for the case where the
triangles are staggered, we find that there are four distinct currents flowing through the unit cubic cell.

1

Can this be generalized to 3 dimensions?

hyperkagome lattice
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definition of chiralities

The hyperkagome is a lattice of corner-sharing 
triangles in three dimensions.

The triangles themselves form a bipartite 
lattice (like for the 2D kagome lattice).

The lattice can be viewed as a site-depleted
pyrochlore lattice.
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Figure 4: The edge states of a non-staggered Hyper-Kagome lattice. See mathematica 3D plot for details

3

Can this be generalized to 3 dimensions?

Edge network for uniform chiralities.
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Figure 4: The edge states of a non-staggered Hyper-Kagome lattice. See mathematica 3D plot for details

3

3D – uniform chiralities

Figure 5: We will represent a spiral of current by a cylinder with an arrow (Black) indicating the direction
of current flow

Figure 6: The six distinct currents form spirals that are stack in the lattice as follows. The orange current
is represented by a pink cylinder because it is easier to see

2 Staggered case

When the triangles have opposite chirality to each of their neighbors, there are four distinct currents
flowing through the unit cubic cell, as shown in Fig. 7 (and interactively in the 3D mathematica file).

4

Figure 5: We will represent a spiral of current by a cylinder with an arrow (Black) indicating the direction
of current flow
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3D – uniform chiralities
Figure 5: We will represent a spiral of current by a cylinder with an arrow (Black) indicating the direction
of current flow
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When the triangles have opposite chirality to each of their neighbors, there are four distinct currents
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3 Single-particle Fermi surface

Let’s assume, as we did in the Kagome case, that the three-spin chiral interaction may written as:

i~S1 · ~S2 ⇥ ~S3 = i�a

1�
a

2 + i�a

2�
a

3 + i�a

3�
a

1 (1)

where a = 1, 2 labels two flavors of Majoranas. In terms of Dirac fermions c†
i

= (�1
i

+i�2
i

) and c
i

= (�1
i

�i�2
i

)
we may write

i�a

i

�a

j

=
i

2
(c†

i

c
j

� c†
j

c
i

) (2)

Taking i = 1 and j = 2 as an example, we may transform this interaction to Fourier space as follows:

i

2
(c†1(x1)c2(x2)� c†2(x2)c1(x1)) =

X

k

i

2
((c1(k)e

�ikx1)†c2(k)e
�ikx2 � (c2(k)e

�ikx2)†c1(k)e
�ikx1) (3)

=
X

k

i

2
(c†1(k)c2(k)e

ik(x1�x2) � c†2(k)c1(k)e
�ik(x1�x2)) (4)

This means that to each edge state ”arrow” in Figs. 4 and 7 going from site i to site j we may assign
an interaction term c†

i

(k)c
j

(k)eik(xij) � c†
j

(k)c
i

(k)e�ik(xij) where i and j run over the sites of the unit cubic
cell. There are 12 distinct sites in total in a unit cubic cell. Doing this gives us a 12⇥ 12 Hamiltonian

H =
X

k

c†
m

(k)H
mn

c
n

(k) (5)

The entries of H
mn

take the form ± i

2e
ikxij for some lattice vector x

ij

. The Fermi surface of this
Hamiltonian is obtained by setting the determinant of H

nm

to zero. The resulting Fermi surfaces can be
visualized using Mathematica. The surfaces I obtain are shown bellow Figs. 8 and 9:

Figure 8: Fermi surface in the staggered case. The normal vector to each of the four planes is along the
direction of current flow.

The determinants for the staggered case is given by

cos2(k
x

) + cos2(k
y

) + cos2(k
z

)� 2 cos(k
x

) cos(k
y

) cos(k
z

)� 1 (6)
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3D – staggered chiralities
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Figure 7: The edge states of a staggered Hyper-Kagome lattice. See mathematica 3D plot for details

5

Figure 9: Fermi surface in the non-staggered case. The normal vector to each of the three planes is along
the direction of current flow.

This can be made sense of by doing the following coordinate transformation k
x

= (k
u

+ k
v

)/2 and k
y

=
(k

u

� k
v

)/2. Then the determinant becomes:

(cos(k
z

)� cos(k
u

))(cos(k
z

)� cos(k
v

)) (7)

This determinant is zero when k
z

= ±k
u

or k
z

= ±v which correspond to the planes seen in Fig. 8.
In the Kagome case, it was mentioned that a single extended edge state, say in the x direction, is

gapless at a single point in momentum space, k
x

= 0. A stack of such edge states form a continuous line
in momentum space perpendicular to the direction of k

x

i.e. a plane with k
x

= 0 and normal vector k̂
x

.
For the non-staggered Hyper-Kagome lattice, this would imply that there are stacks of edge states with
current flowing in the x̂, ŷ and ẑ direction. This agrees with the spiral picture in Fig. 6. For the staggered
case there would be four such stacks. These stacks are oriented such that they flow from one corner of
the cubic unit cell to the furthest opposite corner, i.e. (�x̂, ŷ, ẑ)/

p
3, (x̂,�ŷ, ẑ)/

p
3, (x̂, ŷ,�ẑ)/

p
3 and

(�x̂,�ŷ,�ẑ)/
p
3. This is precisely the ”net” direction of current flow for each of the four currents in the

staggered Hyper-Kagome lattice in Fig. 7.
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Conclusions & Outlook

• We have developed a powerful new perspective on 
spin liquids rooted in the physics of network models

• Prediction & numerical confirmation of 

• a gapped, chiral spin liquid

• a gapless spin liquid with gapless excitations on lines in momentum 
space, including the shape of the Fermi surface

• identification of fundamental theory describing gapless modes 

• for a simple, SU(2)-invariant spin-1/2 model on the Kagome lattice
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