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In the field of monitored quantum circuits, it has remained an open question whether finite-time protocols for
preparing long-range entangled (LRE) states lead to phases of matter which are stable to gate imperfections.
Here we show that such gate imperfections effectively convert projective into weak measurements and that, in
certain cases, long-range entanglement persists, even in the presence of weak measurements and gives rise to
novel forms of quantum criticality. We demonstrate this explicitly for preparing the two-dimensional (2D) GHZ
cat state and the three-dimensional (3D) toric code as minimal instances. In contrast to previous studies on
measurement-induced phases and transitions, our circuit of gates and measurements is deterministic; the only
randomness is in the measurement outcomes. We show how the randomness in these weak measurements allows
us to track the solvable Nishimori line of the random-bond Ising model, rigorously establishing the stability of
the glassy LRE states in two and three spatial dimensions. Away from this exactly solvable construction, we use
hybrid tensor network and Monte Carlo simulations to obtain a non-zero Edwards-Anderson order parameter
as an indicator of long-range entanglement in the 2D scenario. We argue that our protocol admits a natural
implementation in existing quantum computing architectures, requiring only a depth-3 circuit on IBM’s heavy-
hexagon transmon chips.

In extended quantum systems, the rich interplay between
measurements and quantum correlations point to a plethora of
new emergent phenomena. Although measurements are often
associated with reducing entanglement, they provide an in-
triguing loophole enabling the fast preparation of long-range
entangled (LRE) states – such as macroscopic cat states or
topologically ordered states – that are otherwise forbidden. In-
deed, while LRE can only be prepared with a unitary quantum
circuit whose depth grows with system size [1–8], a large class
of them can be prepared in finite time by simply measuring
certain stabilizers (which are finite products of Pauli opera-
tors) [9]. This allows for deterministic state preparation using
a finite-depth unitary feedback [10–15], intimately tied to the
idea of quantum error correcting codes [16, 17]. Moreover, it
has recently been shown that measurement-based state prepa-
ration protocols also exists for certain non-stabilizer states, in-
cluding, e.g., non-Abelian topological order [18–21].

Remarkably, it has not yet been studied whether such
measurement-induced states form stable phases of matter,
which are robust to local perturbations of the preparation pro-
tocol. While this question is of clear practical significance,
it is also of conceptual interest to explore whether one can
extend the familiar notion of stability of phases of matter (pri-
marily developed for solid-state purposes) to the era of quan-
tum simulators and computers [22, 23]. Here we explore what
happens when the circuit is perturbed prior to measuring. In
effect, this turns an originally projective measurement into a
weak measurement, as we will discuss. We ask whether such
a generic scenario allows for stable long-range entanglement;
and if so, is there a critical point at the boundary of stability?

This motivating question fits naturally into the broader
realm of monitored quantum circuits [24]. Recent years have

seen a great deal of progress and activity in studying the long-
time limit of random unitary gates combined with (projective)
measurements. A key result has been that there is an entangle-
ment transition between volume-law and area-law entangled
regions as one increases the measurement rate [25, 26]. Sub-
sequent works also explored how the latter can be in distinct
phases of matter [27–32]. While the effects of weak measure-
ments have been partially explored for the case of long-time
quantum trajectories [33–41], to the best of our knowledge it
has not been explored in the finite-time protocols. This ques-
tion is especially important in the latter case, since using mea-
surement is then the only route toward preparing long-range
entangled states.

In this Letter, we establish a stability threshold for various
measurement based protocols that induce long range entangle-
ment, with a novel form of quantum criticality at the thresh-
old. For this it is of fundamental importance to recall how one
experimentally measures a multi-body stabilizer O for an ar-
bitrary state ∣ψ⟩, such as the two-body Ising interaction for a
cat state [10] or the four-body stabilizers of the toric code [43].
Since most platforms naturally perform single-site measure-
ments, one introduces an ancilla qubit and entangles it with
∣ψ⟩ in such a way that measuring the ancilla effectively mea-
sures O. However, if the entangling operation is not perfect,
the net result is to have a (partial collapsing) weak measure-
ment [44]. This can be seen most clearly from the following
identity that transforms real time into imaginary time evolu-
tion (derived in the Supplemental Material (SM) [45])

⟨±y ∣e−its
z
⊗O ∣+x⟩∝ e±

β
2O with tanh(β/2) = tan t , (1)

where ∣±α⟩ are the eigenstates of Pauli matrix sα on the an-
cilla qubit. This is a projective measurement on ∣ψ⟩ only if

ar
X

iv
:2

20
8.

11
13

6v
1 

 [
qu

an
t-

ph
] 

 2
3 

A
ug

 2
02

2



2

ps′ =1

T

Ferro−

Paramagnet

Nishimori line

magnet Spin glass

RBIM

| tA |

| tB |

π/20

π/2

π/4

π/4

SRE

LRE
Nishimori line

(c) (d)(b)(a)

2(tA + tB) 2(tB − tA)
x

y
z

|ψ⟩ = ∑
{σ}

A

B

X X

ZZ
tA tB

tA
tB ZZ

ZZ

ZZ

FIG. 1. Circuit and phase diagram for Nishimori’s cat from measurements. (a) On the Lieb lattice with its tripartite sublattices populated
with physical site (blue/green) and ancilla bond (white) spins, a depth-4 circuit of e−itZZ gates is applied to nearest neighbor spins, where the
evolution time depends on the site sublattice (A/B), and the ancilla bond spins are then measured in Pauli-x basis. A unit-cell of the circuit
is shown schematically. (b) A classical snapshot of the resulting wavefunction. As z axis lies out-of-plane, we use the circle to label spin
up ↑ while the cross for spin down ↓, and its domain walls are highlighted by red loops. The Ising evolutions rotate the ancilla spins in the
xy plane with angles denoted in the bottom corner, which is correlated with the domain wall: the ancillae residing on domain wall tends to
the right direction. The other bond configurations can be deduced by global Ising symmetry. When tB = π/4, all the ancilla bond spins are
related by a π rotation around z(y) axis depending on the domain, indicative of an Ising gauge symmetry. (c) Wavefunction phase diagram
and the Nishimori line by tuning the evolution times on A(B) sublattice. The post-measurement wavefunction is a long-ranged entangled
(LRE) disordered cat state inside the yellow region, and a short-ranged entangled (SRE) state outside. A Z2 gauge symmetry emerges along
the red lines, denoted as Nishimori lines that, using a gauge symmetrization, can be mapped exactly onto the eponymous line [42] in the phase
diagram of the classical random bond Ising model (RBIM) shown in (d). The fixed point cat wavefunction at (π/4, π/4) indicated by the black
dot corresponds to the zero temperature fixed point of the RBIM. Beyond the Nishimori line the phase boundaries in (c) are charted out by
numerical computations (yellow dots), which have no direct equivalent in the RBIM phase diagram.

t = π
4

: then β = ∞ pins O = ±1 depending on the measure-
ment outcome. Eq. (1) gives us two key insights into the cor-
relations resulting from weak measurements (e.g., for times
0 < t < π/4): first, the effective imaginary time-evolution
suggests we ought to consider phases which are stable to fi-
nite temperature, such as a 2D Ising ferromagnet or 3D dis-
crete gauge theory. Second, the randomness of measurement
outcomes introduces effective disorder. A large part of our
analysis is devoted to demonstrating stability against this dis-
order, which we discuss in detail for the minimal cases of a
2D GHZ-type [46] state, and whose discussion mutatis mu-
tandis carries over for the 3D toric code. Crucially, the disor-
der distribution in our scenario is highly correlated, enabling
us to map the entire range between strong and weak measure-
ments π/4 ≥ t ≥ 0 exactly onto the solvable Nishimori line
of the random bond Ising model [42]. For instance, for the
simple protocol in Eq. (1), we find a Nishimori critical point
at tc ≈ 0.143π in 2D. Our work thereby also establishes a firm
connection between monitored circuits and the vast literature
on spin glasses.

Prior work.– Previous studies of structured monitored cir-
cuits with glassy Ising [29] or topological [27, 28, 30–32]
phases differ in two significant ways from the present study.
First, these typically concern long-time quantum trajectories
rather than states prepared in finite time, and second, the mea-
surements are projective and in stochastic locations (leading
to a percolation transition in any spatial dimension). In con-
trast, our work considers phases and transitions upon evolving
from strong to weak measurements at deterministic locations.

We further note that finite-time transitions have recently been
explored in the context of teleportation transitions [47, 48],
which again involves projective measurements and where one
leaves a subextensive region unmeasured, while Ref. 49 stud-
ied the effect of weak measurement on removing quantum cor-
relations of an initially critical state. Finite-depth transitions
have also been explored in the context of computational [50]
and complexity transitions [51]. Finally, we point out an in-
triguing formal connection to phase transitions in information
recovery in surface codes [17], where in the absence (pres-
ence) of syndrome measurement errors, the problem is also
mapped to the 2D random bond Ising (3D random plaquette
Ising gauge) model along the Nishimori line.

Circuit model.– To achieve an Ising LRE phase we weakly
measure the domain wall operator: O = σzi σzj . The latter in-
vokes three-body gate evolution including an additional an-
cilla spin (see Eq. (1)), but one can decompose it and design
a protocol with only two-body evolutions [45]. For this, we
consider qubits on the Lieb lattice (Figure 1a), where we de-
note the target spins on the square lattice as σz(x)j and the an-

cilla spins at the bond centers as sz(x)l . We entangle these two
types of spins by a depth-4 unitary circuit of nearest-neighbor
Ising evolution gates (Fig. 1a):

∣ψ(tA, tB)⟩ = e−i∑j,l∣j∈∂l tjσ
z
j s
z
l ∣+x⟩⊗N . (2)

Crucially, we have introduced two evolution times tj = tA(B)
if j belongs to the A or B sublattice (of the original square
lattice of site spins), see Fig. 1a. As shown in Fig. 1b, the pair
of gates associated with any given bond effectively rotates the
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ancilla bond spin by an angle 2(tA ± tB) depending on the
alignment of the spin pair on the neighboring sites. Conse-
quently, measuring the ancilla bond spin in x direction weakly
measures the domain wall of the target spins, which becomes
a strong measurement only when both tA, tB → π

4
, in which

case ∣ψ⟩ equals the 2D cluster state [10]. More generally, the
entire wavefunction (2) can be viewed as a superposition of
all allowed {σ} classical configurations, in which the orienta-
tion of ancilla spins uniquely depends on whether it sits on a
domain wall or not (Fig. 1b).

The probability of the measurement outcome sxij → sij =
±1 is given by Born’s rule:

p{s} ≡ ∥⟨{s}∣ψ⟩∥2 ∝ ∑
{σ}

e−β∑ij(Jsijσiσj+hsij) , (3)

where a straightforward computation [45] shows that

tanh
β

2
J+ = tan tA tan tB , tanh

β

2
J− = − tan tA cot tB ,

and βh = 1
2
ln∣tan(tA + tB) tan(tA − tB)∣. The subspace

(tA, tB = π/4) of this two-parameter protocol recovers the
single-parameter protocol of Eq. (1). Note that we can in-
terpret the right-hand side of Eq. (3) as a classical partition
function Z{s}, which contains the information of all diagonal
correlation functions [52–54] of our post-measurement quan-
tum state.

We can thus interpret the ensemble (over all measurement
outcomes of the ancillas) as a classical system with disorder
{s}, where frustrated plaquettes∏l∈◻ sl = −1 are said to have
an Ising vortex. However, unlike commonly studied disor-
dered models, the disorder distribution in Eq. (3) is highly
correlated (making the vortices attractive). In fact, the prop-
erty that Z{s} ∝ p{s} is akin to the structure which Nishi-
mori first uncovered after a gauge transformation [42] for his
eponymous line in the random bond Ising model (RBIM).
For instance, it implies that the disorder averaged effective
free energy can be cast in the form of a frustration entropy
F = −∑{s} p{s} lnp{s}. This signifies that the disorder frus-
tration and the effective thermal fluctuations are not indepen-
dent of each other. It also implies that certain quantities (like
the internal energy) are non-singular even at the transition.
This remarkable fact is naturally explained by our approach,
since those quantities can be expressed as linear functions of
the density matrix of the pre-measurement wavefunction, gen-
erated by finite-depth unitary circuit.

To chart out our generic phase diagram in Fig. 1c, we use
the Edwards-Anderson (EA) order parameter (in the presence
of symmetry-breaking field on a single site) as our diagnostic
for the formation of a glassy LRE state [55]:

[⟨σ⟩2] ≡∑
{s}

p{s}⟨σ⟩2{s} , (4)

where [⋯] denotes the measurement (disorder) average, and
⟨⋯⟩ the quantum average of the post-measurement wavefunc-
tion, equivalent to the classical ensemble average for a given

disorder pattern. It is important to keep in mind that the or-
dered phase of this classical description corresponds to the
post-measurement quantum state being a long-range entan-
gled cat state.

Nishimori line.– Along the line (tB = π/4) (the red hori-
zontal line in Fig. 1c, although the same discussion also ap-
plies to the red vertical line tA = π/4), the EA order parame-
ter can be exactly mapped to the magnetization of the Nishi-
mori line in the random bond Ising model (RBIM), which ex-
hibits a phase transition on crossing the Nishimori multicriti-
cal point [56–64]. Importantly, this point is located at a finite
tA < π/4 in our circuit model, implying stability of the cat
state up to a finite error threshold at tcA ≈ 0.143π [42, 59–
65]. This can be seen as follows: Firstly, consider the par-
tition function (10) for a given disorder realization. Then as
βJ+ = −βJ− and βh = 0, our circuit model becomes pre-
cisely equivalent to the RBIM with quenched binary bond dis-
order, where the inverse temperature β ≡ ln ∣ tan(tA + π/4)∣
(by setting J+ = −J− = 1) is tuned by the unitary evolu-
tion time. Secondly, consider the disorder ensemble: due to
an Ising gauge symmetry in the pre-measurement wavefunc-
tion [45], any pair of bond disorder configurations that share
the same vortex configuration are gauge equivalent and have
the same probability. Together, this implies that our possible
measurement outcomes {s} form a gauge symmetric disorder
ensemble generated by gauge symmetrizing an uncorrelated
bond disorder {s′} with probability ps′=1 = 1/(1 + e2β) =
(1 − sin(2tA))/2, according to

σ′j = σjτj , s′ij = sijτiτj , (5)

where τj = ±1 stands for a local Z2 gauge transformation.
Then the measurement average can be decomposed to two
steps: [⋯] = ∑{τ}[⋯]′, where [⋯]′ denotes the uncorrelated
disorder average as in RBIM, and ∑{τ} denotes gauge sym-
metrization. We thus find that all gauge invariant observables
of the Nishimori line in the RBIM (i.e. the red line in Fig. 1e)
coincide with those in our model.

The Nishimori line is known to be invariant under a renor-
malization group flow [65, 66], which crosses the para-
magnetic/ferromagnetic phase boundary at a multicritical
point [42, 60, 67]. It was mathematically proven that the
phase transition happens at finite critical disorder probabil-
ity [17, 42, 68]. Inside the ferromagnetic phase, [⟨σ⟩]′ ≠ 0
in the presence of a weak pinning field at the boundary. Nev-
ertheless, our wavefunction measurement average involves an
extra gauge symmetrization, i.e. summation over τ = ±1,
which turns the ferromagnetic phase into a finite-temperature
spin glass: [⟨σ⟩] = 0, [⟨σ⟩2] ≠ 0 . That is, while the linear
magnetization vanishes, the non-linear EA order parameter
keeps track of the magnetization in each gauge sample, be-
cause [⟨σ⟩2] = [⟨σ⟩2]′ = [⟨σ⟩]′ [42]. More generally, any odd
moment of a σ correlation function is odd under gauge trans-
form and thus vanishes under gauge symmetrization. Note
that this spin glass state should be contrasted to the zero-
temperature spin glass in the 2D RBIM (indicated by the gray
dashed line in Fig. 1e). The robust glassiness of our state
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FIG. 2. Transition from SRE to LRE states after finite evolution
time along the Nishimori line (tA, tB = π/4) in the phase diagram
of Fig. 1(d). Shown are results for the EA order parameter from our
hybrid Monte-Carlo / tensor-network approach (symbols) for Lieb
lattices of varying system sizes with open boundaries. The vertical
grey line indicates our estimate of the critical point tc ≈ 0.149π ex-
tracted from a data collapse in a window 0.1π ≤ tA ≤ 0.2π, fitting a
scaling function [70] [⟨σ⟩2]∝ L−β/νf((tA − tcA)L

1/ν
).

against finite temperature originates from the gauge symme-
try, analogous to the exactly solvable Mattis spin glass [58, 69]
which gauge symmetrizes the frustration-free Ising ordered
phase. Nevertheless, away from the limit tA → π/4, our state
features a finite density of Ising vortices which is more non-
trivial than conventional Mattis spin glasses.

Beyond the Nishimori line.– We expect the phase diagram
established on the Nishimori line to be perturbatively robust,
because any symmetric perturbation in the circuit away from
the Nishimori line can be mapped to a local, Ising-symmetric
perturbation in the corresponding classical model. For more
generic (tA, tB) the partition function Z{s} of Eq. (10) can
still be interpreted as a disordered Ising model, albeit one with
imbalanced strengths, J+ and J−, of the ferro- and antiferro-
magnetic bonds signaling the breakdown of the gauge sym-
metry, i.e. we are moving away from the solvable line in the
phase diagram of Fig. 1c (and out of the plane of the phase
diagram in Fig. 1d). Indeed, while the ‘Nishimori property’
p{s} ∝ Z{s} remains, the gauge symmetry was crucial for ob-
taining exact results along the Nishimori line [42]. This cou-
pling imbalance becomes particularly pronounced when one
approaches the diagonal line tA = tB in the phase diagram of
Fig. 1c, where the strength of the ferromagnetic bond diverges
to infinity.

For this generic scenario with two time scales (tA, tB), one
needs to numerically contract out the entire TN to calculate
the disorder probability p{s}. To do so, we develop a hybrid
Monte-Carlo / tensor-network approach, which traces out the
two degrees of freedoms in different manners: We sample the
ancilla bond spins {s} using a standard Metropolis algorithm
but the weights of the importance sampling are computed by
tracing out the site spins {σ} via a tensor-network algorithm

(for details of the algorithm see SM [45]). Despite the consid-
erable cost of such Monte Carlo sweeps, this treatment has the
advantage that it effectively avoids the minima of the glassy
landscape for the {σ} spins in the presence of disorder [71].

We use this method to chart out the phase diagram in Fig. 1c
by performing calculations for three scenarios: along the
Nishimori line tB = π/4 (to validate our approach), along the
diagonal line tB = tA (with maximal coupling imbalance), as
well as for a case in-between with tB = π/5. For each case, we
check that our Monte Carlo samples does reproduce the cor-
rect ancillae correlations [s], [ssss], as well as a string cor-
relation of ancillae connecting spins [⟨σss⋯ssσ] [45]. Along
the Nishimori line, varying the system size and analyzing
the finite-size scaling of the EA order parameter as shown in
Fig. 2, we can verify the existence of a true critical point at
tcA ≈ 0.149π, in reasonable numerical agreement with the lo-
cation of the multicritial Nishimori point established in large-
scale simulations [42, 59–65] of the RBIM identifying the
critical point tcA ≈ 0.143π and ν ≈ 4/3. The numerical results
for the diagonal line tB = tA and tB = π/5 are qualitatively
similar and provided in SM [45].

Experimental implementation.– Vying a potential experi-
mental realization of our 2D cat state construction, we note
that our protocol is based on two basic ingredients that are
readily available in current digital quantum computing plat-
forms: a two-body Ising evolution and selective measure-
ments for an extensive set of ancilla qubits between every two
sites. A particularly well-suited experimental platform might
be IBM’s quantum computing systems [23], which arrange
their superconducting transmon qubits in a heavy-hexagon lat-
tice geometry – a honeycomb variant of the square Lieb lat-
tice, which exhibits qualitatively similar physics as discussed
above (for detailed calculations see the SM [45]). An im-
portant question is how to experimentally prove the success-
ful preparation of a LRE state. Along the Nishimori line, a
large number of distinct ancillae configurations are related by
the gauge transformation such that the classical spin snapshot
for one ancilla configuration can be transformed to that for
another gauge equivalent configuration. For the chip sizes
currently available (with up to 127 qubits), one can follow
a brute-force approach to post-select [72] the same ancillae
vortex configuration (which for the 18 plaquettes in the largest
chip amounts to some 250,000 possible vortex configurations)
so as to perform the quantum average for the site spins (e.g.
to explicitly calculate the EA order parameter).

Glassy topological order.– As the 2D Ising protocol mea-
suring domain walls generates Nishimori’s cat state with Ising
vortex disorder, an analogous 3D gauge protocol that weakly
measures plaquette fluxes results in a glassy Z2 topological
order [73, 74] with magnetic monopole disorder [17]. For
instance, using Eq. (1) for the four-body plaquette stabilizer
O = Bp of the toric code on the cubic lattice, results in the
correlations of classical 3D Z2 lattice gauge theory (describ-
ing the fluctuation of magnetic flux tubes). The latter is well-
known to have a finite-temperature transition [75, 76] in the
clean case. Our correlated disorder distribution is by construc-
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tion (and like the 2D case) of Nishimori type, which allows us
to directly relate the post-measurement state to the solvable
line of the classical 3D random plaquette Z2 gauge model
[45]. This has an extended deconfined phase with a known
transition [17, 68, 77] which, mapped to our time parametriza-
tion, occurs at tc ≈ 0.192π. For times beyond this critical
threshold, we have stable topological order, which can be de-
tected by the perimeter law scaling of the EA analogue of the
Wilson loop. We note that this protocol only (weakly) mea-
sures fluxes; gauge charges remain frozen and absent at all
times. See the SM for more details, in particular, how the
above solvable path can be achieved using only three-body
gates [45].

Outlook.– We have demonstrated that stable LRE phases
(2D cat states and 3D topological order) can be realized in
fixed-depth unitaries upon relaxing strong to weak measure-
ments. The key conceptual finding is that weak measure-
ments can effectively act as a source of thermal fluctuations
and correlated disorder that conspire to yield precisely Nishi-
mori’s critical state. Unlike deep-depth random unitary cir-
cuits which feature fluctuations in the temporal dimension,
our state exhibits criticality with fluctuations solely in space,
reminiscent of projected-entangled-paired-state wavefunction
deformation criticality [52–54, 78–83] effectively tuned by a
deterministic circuit.

Although the focus of the present work was on stable
measurement-induced LRE, we note that our mechanism can
be used more generally to prepare exotic states. For instance,
while weak measurements do not produce stable LRE phases
in 1D, we can efficiently prepare transitions between dis-
tinct stable SRE phases. Moreover, due to the absence of
loops in 1D, we can even prepare clean transitions. As a
minimal example, it is known [84–86] how a complex Ising
time-evolution interpolates between the paramagnet and clus-
ter SPT phase, with a diverging correlation length between
them. Using Eq. (1), we can deterministically prepare this
wavefunction with a finite-time Ising evolution. In particular,
a depth-4 circuit is sufficient; see SM for details [45], where
we also explain how the same principle can be used to pre-
pare frustration-free transitions between distinct symmetry-
enriched cat states in higher dimensions. More generally, it
would be interesting to further explore how weak measure-
ments can give rise to new phenomenology in monitored cir-
cuits.

We emphasize the experimental implementability of our
protocol, in particular with regard to the heavy-hexagon ge-
ometry of the IBM transmon chips, which readily allows for
an identification of site and bond qubits/spins and will require
only a depth-3 circuit to bring Nishimori’s cat to life. Alter-
natively, Rydberg atom simulators are a highly tunable plat-
form [87–89] allowing for measuring ancillas [90–92]. The
Ising interactions of Rydbergs on sites and bonds of a hexag-
onal lattice have been argued to generate the requisite unitary
evolution [18], making this a promising platform for realizing
this transition. While the EA order parameter can in principle
be measured in a brute-force manner for current chip sizes,

an important open question is whether post-selection can be
effectively avoided, e.g., by engineering a clever decoder for
reading out hidden information [93–97]. To implement a min-
imal instance of glassy topological order via a 3D ‘Nishimori
code’, we anticipate that a two-body Ising evolution on the
Raussendorf lattice [98] is sufficient to give a stable toric code
phase in 3D. This should be further explored in future work
(see the SM for first steps in this direction).

Note added.– Upon completion of the present manuscript,
we became aware of an independent work studying extended
long-range entangled phases and transitions from finite-depth
unitaries and measurement, which will appear in the same
arXiv posting [99].
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Topological Order in the Projected Entangled-Pair States For-
malism: Transfer Operator and Boundary Hamiltonians, Phys.
Rev. Lett. 111, 090501 (2013).

[80] G.-Y. Zhu and G.-M. Zhang, Gapless Coulomb State Emerg-
ing from a Self-Dual Topological Tensor-Network State, Phys.
Rev. Lett. 122, 176401 (2019).

[81] W.-T. Xu, Q. Zhang, and G.-M. Zhang, Tensor Network Ap-
proach to Phase Transitions of a Non-Abelian Topological
Phase, Phys. Rev. Lett. 124, 130603 (2020).

[82] Q. Zhang, W.-T. Xu, Z.-Q. Wang, and G.-M. Zhang, Non-
Hermitian effects of the intrinsic signs in topologically ordered
wavefunctions, Communications Physics 3, 209 (2020).

[83] G.-Y. Zhu, J.-Y. Chen, P. Ye, and S. Trebst, Topological frac-
ton quantum phase transitions by tuning exact tensor network
states, (2022), arXiv:2203.00015.

[84] M. M. Wolf, G. Ortiz, F. Verstraete, and J. I. Cirac, Quantum
Phase Transitions in Matrix Product Systems, Phys. Rev. Lett.
97, 110403 (2006).

[85] A. Smith, B. Jobst, A. G. Green, and F. Pollmann, Crossing a
topological phase transition with a quantum computer, Phys.

https://doi.org/10.48550/arXiv.0712.0921
https://arxiv.org/abs/0712.0921
https://arxiv.org/abs/2110.06963
https://arxiv.org/abs/2203.07510
https://arxiv.org/abs/2207.09476
https://doi.org/10.1088/1367-2630/10/2/023010
https://doi.org/10.1103/PhysRevX.12.021021
https://doi.org/10.1103/PhysRevX.12.021021
https://doi.org/10.1088/0953-8984/16/11/045
https://doi.org/10.1088/0953-8984/16/11/045
https://doi.org/10.1016/j.aop.2004.01.004
https://doi.org/10.1016/j.aop.2004.01.004
https://doi.org/10.1103/PhysRevLett.96.220601
https://doi.org/10.1103/PhysRevLett.96.220601
https://doi.org/10.1088/0305-4608/5/5/017
https://doi.org/10.1051/jphys:019850046080130900
https://doi.org/10.1051/jphys:019850046080130900
https://doi.org/10.1051/jphys:0198500460110182700
https://doi.org/10.1103/RevModPhys.58.801
https://doi.org/10.1103/RevModPhys.58.801
https://doi.org/10.1103/PhysRevB.54.364
https://doi.org/10.1103/PhysRevB.55.1025
https://doi.org/10.1103/PhysRevB.63.024404
https://doi.org/10.1103/PhysRevLett.87.047201
https://doi.org/10.1103/PhysRevB.65.054425
https://doi.org/10.1103/PhysRevB.65.054425
https://doi.org/10.1103/PhysRevB.70.134425
https://doi.org/10.1103/PhysRevLett.61.625
https://doi.org/10.1103/PhysRevLett.61.625
https://doi.org/10.1103/PhysRevB.40.9249
https://doi.org/10.1103/PhysRevB.40.9249
https://doi.org/10.1103/PhysRevB.63.104422
https://doi.org/https://doi.org/10.1016/S0003-4916(02)00019-2
https://doi.org/https://doi.org/10.1016/S0003-4916(02)00019-2
https://doi.org/https://doi.org/10.1016/0375-9601(76)90396-0
https://arxiv.org/abs/0910.5403
https://arxiv.org/abs/2203.04338
https://doi.org/10.1103/PhysRevB.72.035307
https://doi.org/10.1103/PhysRevB.72.035307
https://doi.org/10.1103/PhysRevB.78.155120
https://doi.org/10.1103/PhysRevB.78.155120
https://doi.org/10.1063/1.1665530
https://doi.org/10.1063/1.1665530
https://doi.org/10.1103/RevModPhys.51.659
https://doi.org/https://doi.org/10.1016/j.nuclphysb.2004.07.003
https://doi.org/https://doi.org/10.1016/j.nuclphysb.2004.07.003
https://doi.org/10.1201/b10273-14
https://arxiv.org/abs/0912.3272
https://doi.org/10.1103/PhysRevLett.111.090501
https://doi.org/10.1103/PhysRevLett.111.090501
https://doi.org/10.1103/PhysRevLett.122.176401
https://doi.org/10.1103/PhysRevLett.122.176401
https://doi.org/10.1103/PhysRevLett.124.130603
https://doi.org/10.1038/s42005-020-00479-y
https://arxiv.org/abs/2203.00015
https://doi.org/10.1103/PhysRevLett.97.110403
https://doi.org/10.1103/PhysRevLett.97.110403
https://doi.org/10.1103/PhysRevResearch.4.L022020


8

Rev. Research 4, L022020 (2022).
[86] N. G. Jones, J. Bibo, B. Jobst, F. Pollmann, A. Smith, and

R. Verresen, Skeleton of matrix-product-state-solvable models
connecting topological phases of matter, Phys. Rev. Research
3, 033265 (2021).

[87] A. Browaeys and T. Lahaye, Many-body physics with indi-
vidually controlled Rydberg atoms, Nature Physics 16, 132
(2020).

[88] S. Ebadi, T. T. Wang, H. Levine, A. Keesling, G. Semeghini,
A. Omran, D. Bluvstein, R. Samajdar, H. Pichler, W. W. Ho,
S. Choi, S. Sachdev, M. Greiner, V. Vuletić, and M. D. Lukin,
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SUPPLEMENTAL MATERIAL

In this supplemental material, we first show details of our
weak measurement protocol, and then discuss the resultant
correlated disorder, for which we show how the gauge sym-
metry emerging in a restricted perturbation line allows analyt-
ical treatment. For more general perturbation we discuss the
tensor-network representation, and propose a hybrid tensor-
network / Monte Carlo algorithm to perform the numerical
calculations. Relatedly, we also provide numerical results for
the alternative heavy-hexagon lattice geometry. In the end, we
discuss the route to the 3D glassy topological order, as well as
the 1D SRE phase transition.

Appendix A: Multibody measurement via ancilla

In order to realize interesting long-range-entangled (LRE)
states under finite-depth circuit, we would like to measure cer-
tain stabilizers defined as multibody Pauli string operators. To
achieve this by more realistic single-site measurement, we can
introduce ancillae spins, which are entangled with the target
spins in such a way that measuring the ancillae indirectly mea-
sures the target stabilizers. The parameter that controls the en-
tanglement between target spins and ancillae effectively con-
trols the strength of measurement.

First let us show the way to measure a single arbitrary Pauli
string operator O (satisfying O† = O, O2 = 1) acting on the
physical spins. By preparing the ancilla spin in the x-basis, we
time evolve it with the physical spins by sz ⊗O, after which
we projectively measure the ancilla in y-basis. As a result, we
get an effective non-unitary operator as follows:

Ms = ⟨sy ≡ s∣e−its
z
⊗O ∣+x⟩

=
⎧⎪⎪⎨⎪⎪⎩

(1 − i) (cos t +O sin t) , s = +1
(1 + i) (cos t −O sin t) , s = −1

∝ e
1
2βsO ,

(6)

up to a phase factor, where the real evolution time
is effectively transformed into an imaginary time β ≡
2 tanh−1(tan t). The phase factor is fixed for each mea-
surement outcome, and thus can be gauged away from the
post-measurement wavefunction without any physical conse-
quence. The physical meaning of the post-measurement non-
unitary operator is that of a weak measurement (implemented
via an imaginary time evolution), where the effective temper-
ature tunes the strength of the measurement. At zero tempera-
ture (β =∞), it becomes a projector for a strong measurement.

Secondly, to measure a set of (mutually commuting) {Oj}
stabilizers, one can simply introduce a set of ancillae spins
{sj} and repeatedly apply the weak measurement operator (6)
for every j term to reach the manybody non-unitary operator
exp(− 1

2
β∑j sjOj), which stabilizes the stabilizer state at the

limit β →∞. Note that this can be achieved by a finite-depth
circuit, where the depth is bounded by the maximal number of

stabilizers that share common spin, instead of diverging with
the system size.

Thirdly, let us focus on stabilizers {Oj} being purely Pauli
Z strings, and apply the weak measurement for them upon
a spin product state ∣+⟩ in x-basis, which have one to one
correspondence with certain classical model in the same spa-
tial dimension analogous to the Rokhsar-Kivelson state [52–
54]. Namely, we turn on the fixed-depth circuit implementing
exp(−it∑j szj ⊗Oj), and then measure all the ancilla spins
in y basis, which results in a post-measurement state for the
target spins as follows:

e−
1
2β∑j sjOj ∣+⟩ . (7)

All diagonal correlations in the post-measurement state are
described by the classical model capturing the fluctuation of
the stabilizers [52–54]:

∥e− 1
2β∑j sjOj ∣+⟩∥

2
= ∑
{σ}

e−β∑j sjOj . (8)

Nevertheless, the multi-body unitary gate evolution may
render difficulty in experiment. It is thus desirable to break
such entanglers into smaller pieces while reaching the same
result. For example, it can always be decomposed into two
Pauli string operators OA and OB such that O = OAOB .
Then by separately entangling them with the ancilla and then
measuring the ancilla, we get the effective non-unitary rem-
nant operator parametrized by two evolution times (where for
convenience we now instead measure in the x-basis, which
also closely matches the cluster state set-up):

Ms = ⟨sx ≡ s∣ e−is
z
⊗(tAOA+tBOB)∣+⟩

=
⎧⎪⎪⎨⎪⎪⎩

cos tA cos tB − sin tA sin tBO, s = +1
−iOB (cos tA sin tB + sin tA cos tBO) , s = −1

∝e− 1
2β(JsO+hs) .

(9)

Note that since ∣iOB ∣2 = 1, it does not affect the resulting
classical partition function:

p{s} ≡ ∥⟨{s}∣ψ⟩∥2 = ⟨+∣M †M ∣+⟩∝ ∑
{σ}

e−β∑j(JsjOj+hsj) ,

(10)
and the resultant effective couplings are determined by the
measurement outcomes as follows:

tanh
β

2
J+ = tan tA tan tB , tanh

β

2
J− = − tan tA cot tB ,

βh = 1

2
ln ∣tan(tA + tB) tan(tA − tB)∣ .

(11)

This two-parameter protocol (9) contains a subspace tB = π/4
that recovers the one-parameter protocol (6), up to a measure-
ment outcome dependent local basis transformation. Even
though the circuit is deterministic, the measurement inevitably
introduces inherent randomness underlying the fundamental
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quantum mechanics. We can treat the random measurement
outcome of ancillae {s = ±1} as a disorder sample, which
compose the disorder ensemble. The probability is dictated
by the Born’s rule p{s} = ∥⟨{s}∣ψ⟩∥2.

Below we apply this engineering principle to two minimal
representative examples:

• Ising protocol: in a bipartite lattice in any dimen-
sion, we place ancillas on the bond centers, and choose
OA(B) = σzA(B) for the site-A(B) sublattice, thus reach-
ing an effective model with nearest neighbor Ising inter-
action O = σzAσzB . Note that the Ising symmetry in the
effective classical model originates from the initial state
∣+⟩ and the measurement observableO being Ising sym-
metric. In view of the circuit, the Ising symmetry in the
post-measurement state ∏j σxj ∝ ∏j σxj ∏l sxl can be
guaranteed if the all the gates preserve the global Ising
symmetry including both the spins and ancillae.

• Ising gauge protocol: in a hyper-cubic lattice, we place
ancillas to the plaquette centers, and choose OA =
σzl σ

z
u, while OB = σzrσ

z
d , where l, u, r, d labels the

physical spins on the left, up, right, and down edge of
the plaquette. In this way, we reach an effective model
with plaquette Ising interaction O = σzl σzuσzrσzd . Note
that the initial state ∣+⟩ and the measurement observ-
able O guarantees the 1-form symmetry resulting in
charge-free condition, and the 2-form symmetry present
in strong measurement limit is perturbatively stable.

The recipe can be applied to arbitrary dimensions, but in the
following we will mainly focus on the 2D Ising protocol,
while the 3D Ising gauge protocol and the 1D protocol will
be discussed in the end.

Appendix B: Analytic discussions for 2D Ising protocol

In this section we focus on the 2D Ising protocol and an-
alytically discuss the correlated disorder ensemble as well as
the gauge symmetric Nishimori line.

Disorder correlation

To characterize the disorder ensemble for the 2-body Ising
protocol, a central quantity is the string correlation:

[∏
l∈Sij

sl] = ⟨ψ∣ ∏
l∈Sij

sxl ∣ψ⟩

= (cos(2tA) cos(2tB))∣Sij ∣ + δi,j (− sin(2tA) sin(2tB))∣Sij ∣ ,
(12)

where [⋯] denotes measurement average over the measure-
ment samples {s}; Sij denotes a string configuration along
the links of the lattice terminating at site i and j; ∣Sij ∣ counts
its length; and the δij in the second contribution accounts for

the correlation of the closed loop when i is the same site as
j. It gives the measurement average of a single local ancilla
spin:

[s] = ⟨ψ∣ sx ∣ψ⟩ = cos(2tA) cos(2tB) . (13)

Thus the connected correlation

[∏
l∈Sij

sl] − ∏
l∈Sij

[sl] = δi,j (− sin(2tA) sin(2tB))∣Sij ∣ , (14)

is nonzero if and only if the ancillae form a closed loop. For
example, the four ancillae surrounding a plaquette:

[∏
l∈◻

sl] = (cos(2tA) cos(2tB))4 + (sin(2tA) sin(2tB))4 .

(15)

The correlation vanishes in the limit tA = 0 or tB = 0, and
becomes strongest when tA = tB = π/4. When an open string
is decorated by site spins σ at the end points, this defines a
string operator

⟨ψ∣σzi
⎛
⎝∏l∈Sij

sxl
⎞
⎠
σzj ∣ψ⟩ = (− sin(2tA) sin(2tB))∣Sij ∣ , (16)

which can be interpreted as the gauge invariant Wilson line
when gauge symmetry is present, i.e. tB(A) = π/4. This Wil-
son line is always exponential decaying whenever away from
the limit tA = tB = π/4.

The non-local correlation derived in this section tells us that
the disorder ensemble is highly correlated in general. Never-
theless, we will provide two treatments

• If the measurement is weakened along a restricted line
such that gauge symmetry emerges, the disorder ensem-
ble can be uncorrelated upon gauge fixing. Then the
problem can be treated with standard disorder methods.

• For general perturbation without an apparent gauge
symmetry, we can represent the probability function as
a tensor-network. Then we propose a hybrid Monte
Carlo / Tensor-network numerical method.

Gauge symmetric Nishimori line

In this section we focus on the line of varying tA while
fixing tB = π/4 (or vice versa), and show the emergent Z2

gauge symmetry as well as its consequences, and draw the
connection to the classical Nishimori line in random bond
Ising model upon gauge fixing.

The disorder probability function along this line is simpli-
fied to

p{s} = Z{s} ∝ ∑
{σ}

e−β∑ij sijσiσj , (17)

which also serves as the partition function. The classical en-
ergy is invariant under a gauge symmetry

σ′j = σjτj , s′ij = sijτiτj , (18)
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where {τj = ±1} specifies the Ising gauge configuration. Note
that the configuration {s} can be faithfully represented as
a string configuration along the dual lattice, by interpreting
s = 1 as the vacuum while s = −1 as a string segment. The
open string terminates at a pair of frustrated plaquettes where
∏l∈◻ sl = −1, which defines the Ising vortex. The vortex dis-
tribution is invariant under the gauge transformation. The vor-
tex pairs generally have effectively attractive interaction be-
cause the open string defect generally costs energy that scales
linearly with its length in the Ising model in the ordered phase.

The gauge symmetry allows us to view the dummy variable
in the probability function as a gauge variable, and to avoid
confusion let us relabel this dummy variable in the probabil-
ity function as {τ}, while that in the partition function as {σ}.
Their respective roles are most transparently seen in the mea-
surement averaged free energy by putting together the proba-
bility function and partition function:

F =∑
{s}

p{s} lnZ{s}

=∑
{s}

⎛
⎝∑
{τ}

e−β∑ij sijτiτj
⎞
⎠
ln

⎛
⎝∑
{σ}

e−β∑ij sijσiσj
⎞
⎠

=∑
{τ}

∑
{s′}

e−β∑ij s
′

ij ln
⎛
⎝∑
{σ′}

e−β∑ij s
′

ijσ
′

iσ
′

j
⎞
⎠
.

(19)

Note the connection to Nishimori’s operation in Ref. [42]:
Nishimori started from the RBIM with uncorrelated disor-
der and performed gauge symmetrization to obtain the form
p{s} ∝ Z{s}, going from the bottom line to the first line in the
equation above. In contrast, starting from our model we are
fixing the gauge to establish its connection to the RBIM.

In this way, the measurement average for the nth moment of
an arbitrary correlation function can be brought to the gauge
symmetrized form:

[⟨σi⋯σj⟩n] =∑
{s}

p{s}⟨σi⋯σj⟩n{s}

= ∑
{τ}

(τi⋯τj)n
⎛
⎝∑
{s′}

e−β∑ij s
′

ij ⟨σi⋯σj⟩n{s′ij}
⎞
⎠

≡ ∑
{τ}

(τi⋯τj)n [⟨σi⋯σj⟩n]′ . (20)

where [⋯]′ denotes the average over an uncorrelated bond
disorder {s′} with probability ps′=1 = 1/(1 + e2β) in a fixed
gauge configuration, and∑{τ} denotes the gauge symmetriza-
tion i.e. superposition over all allowed gauge configurations.
The probability function fulfils the Nishimori condition [42],
which can be understood as equating the temperature of the
spin with an effective “temperature” of the disorder ensem-
ble. As a result of gauge symmetrization, the measurement
average of the magnetization remains always zero:

[⟨σ⟩] = 0. (21)

But the EA order parameter equals the magnetization in the

RBIM along the Nishimori line

[⟨σ⟩2] = [⟨σ⟩]′ , (22)

which can be proved as follows

[⟨σj⟩]′ ∝∑
{τ}

∑
{s′}

e−β∑ij s
′

ij ⟨σj⟩{s′}

=∑
{s}

⎛
⎝∑
{τ}

τje
−β∑ij sijτiτj

⎞
⎠
⟨σj⟩{s}

=∑
{s}

p{s}⟨σj⟩2{s}

=[⟨σj⟩2] .

Here the gauge symmetry is exploited to lift the moment of
the correlation function at the Nishimori’s temperature. It is
straightforward to prove a similar equality between even mo-
ments and odd moments of correlation functions [42]

[⟨σi⋯σj⟩2n] = [⟨σi⋯σj⟩2n−1]′ . (23)

Combined with the gauge invariance of even moments:
[⟨σi⋯σj⟩2n] = [⟨σi⋯σj⟩2n]′, one can derive [⟨σ⟩2]′ =
[⟨σ⟩]′ [42], which was a key result being used to argue that the
Nishimori line of RBIM cannot pass through the conventional
spin glass phase with vanishing magnetization but nonzero EA
order. We emphasize that it does not contradict our glassy
state satisfying [⟨σ⟩2] ≠ 0, [⟨σ⟩] = 0, which originates from
the gauge symmetry. Moreover, away from the Nishimori line
in the phase diagram of RBIM, one can still perform similar
gauge trick to prove a rigorous correlation inequality between
the Nishimori temperature and any other temperature, for a
given probability [42]. This constrains the topology of the
classical phase diagram and tells us the existence of a stable
ferromagnetic phase along the Nishimori line.

Appendix C: Numerical calculations for 2D Ising protocol

Tensor-network representation of disorder probability function

For more general perturbation, let us discuss the explicit
tensor-network form of the measurement-induced disorder
probability function of the 2D Ising protocol, which will be
used in the numerical calculation. The partition function
p{s} = ∥⟨{s}∣ψ⟩∥2 can be cast into the tensor-network for-
malism:

p{s}

s

⋯= ⋯

⋯
⋯

, (24)
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× (y − 1)

× (Ly − y)

⋯
⋯

⟨Ô⟩ ≡ = =
(y, x)

pin to ↑

Normalized MPS

=

Ô = B±

B∓ , σ

|ϕt⟩

|ϕb⟩

si,j,x

Disordered MPS

Disordered
 MPO

Normalized
boundary

FIG. 3. Contraction for a finite size disordered TN on Lieb square lattice using MPS techniques. The state space of the effectively
evolved MPS is composed of all contributing classical configurations in the same row.

where the solid dot on each vertex denotes a rank-4 delta type
tensor Tl,u,r,d = δl,uδl,rδl,d, while the hollow circle on bond
denotes a bond matrix Bs determined by s = ±1:

B+ = (cos(tA + tB)2 cos(tA − tB)2

cos(tA − tB)2 cos(tA + tB)2) ,

B− = (sin(tA + tB)2 sin(tA − tB)2

sin(tA − tB)2 sin(tA + tB)2) .
(25)

The matrix elements can be derived from fixing a classical
configuration for the site spin and extract the components of
the bond acilla spin in x basis. Notice that the tensor-network
representation for the classical Ising model (in arbitrary di-
mension) has the same structure with the bond matrix express-
ing the Ising interaction:

(e
−βJl eβJl

eβJl e−βJl
) ,

where Jl is the bond dependent Ising interaction strength.
One can then check that swapping tA ↔ tB leaves the ten-
sor invariant, and a transformation tA → −tA is equivalent
to flipping one site sublattice spins, while a transformation
tA → tA+π/2 is equivalent to flipping all the bond spins. They
all leave the measurement averaged results invariant, and the
whole phase diagram in the main text can be deduced, e.g.,
from the corner region 0 ≤ tA ≤ tB ≤ π/4.

Moreover, the above tensor-network construction can be
generalized to any bipartite lattice in any dimension, keep-
ing the same bond matrix and extending the site delta tensor
to include more legs.

Hybrid Monte Carlo / tensor network algorithm

With the TN expression at hand, here we explain in details
our hybrid Monte Carlo / tensor network algorithm designed
for sampling the post-measurement 2D PEPS wavefunction.

The numerical algorithm is as follows: (i) We initialize
a (uniform or fully random or random but flux-free ) bond
spin configuration {s}. (ii) As in the standard Metropolis al-
gorithm, in each Monte Carlo step, we propose a local flip
s′l = −sl at a randomly chosen bond spin, with an acceptance
probability min{p{s′}/p{s},1}. (iii) The relative probability
p{s′}/p{s} is the ratio between two classical TNs that share
the same bond disorder except at the proposed spin-flip bond.
Therefore we can contract out the entire finite size TN except
the target bond, using the standard density matrix compression
algorithm. In this way, the effective normalized environment
for this bond spin is obtained. The physical observable, either
the relative probability, or the magnetization can be inserted to
the bond before the final contraction for a number. (iv) After
each Monte Carlo sweep (one step per bond spin), we measure
our bond spin sample, and also use the same TN contraction
scheme to measure the magnetization of the central site spin.
(v) Finally, we collect many independent Markov chains ini-
tiating from independent random configurations, discarding
the data until equilibration time, and perform binning anal-
ysis (implemented with Julia package BinningAnalysis.jl) to
perform the statistical average for all the physical observables
[⟨⋯⟩].

The detailed TN contraction scheme for the square lattice
is as follows: (i) We start from the bottom boundary row and
construct an MPS out of local rank-3 tensors ∣φb⟩ as shown in
Fig. 3. (ii) Construct the transfer matrix MPOs out of the local
rank-4 tensors in the next rows, which are used to update the
boundary MPS consecutively, where the virtual bond is trun-
cated with error tolerance e.g. 10−10. (iii) Perform the same
MPS evolution for the top boundary in the reverse direction
∣φt⟩, until we get two MPSs from bottom and top, respec-
tively, which sandwich the target y-bond at (x, y) location,
see Fig. 3. (iv) Insert physical observables into the target bond
and contract it out with the top and bottom MPSs ⟨ψt∣Ô∣φb⟩.

A few remarks: (i) The state space of the MPS is the pos-
sible classical configurations at the boundary. (ii) A pinning
field at the lattice boundary corner can be applied to the ini-
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tial boundary MPS. (iii) The MPO is generally not a unitary
operator, and therefore the evolved boundary MPS could lie
in an area law low entangled space [51], such that our algo-
rithm can be applied to very large system sizes. (iv) The phys-
ical meaning of the norm of the MPS evolved by many layers
of MPO is related to the partition function of the 2D classi-
cal model, which is expected to decay exponentially with the
system size ∝ e−L

2

for a finite free energy density. There-
fore, renormalization in each step is indispensable, analogous
to generic transfer matrix methods for disorder problem. (v)
In our problem, when (tA, tB)→ (π/4, π/4), the effective en-
ergy landscape for the bond spin consists of extensive number
of disconnected valleys, which correspond to different loop
configurations and are related to each other by gauge transfor-
mation.

Numerical results for the Nishimori line

While the finite-size-scaling for the Nishimori line has been
shown in the main text, here we present all the complementary
observables for the fixed finite size L = 24.

[⟨σ⟩2]

s ss
s

σ

σ

σ𝒮σ

FIG. 4. Transition from SRE to LRE states after finite evolution
time along the Nishimori line (tA, tB = π/4) in the phase diagram
of Fig. 1(d). Shown are results from our hybrid Monte-Carlo / tensor-
network approach (symbols) for a 24 × 24 Lieb lattice with open
boundaries, compared to analytical predictions (dashed lines). The
EA order parameter [⟨σ⟩2] for the site spins signals the onset of LRE
/ spin glass order. The bond-spin observables [⟨s⟩], [⟨ssss⟩] indi-
cate a vanishing average local magnetization and a plaquette Wilson
loop in agreement with our analytical expectation (dashed lines) for
the measurement outcomes obtained in our numerical approach. The
orange dashed line indicates the analytical value sin(2tA)

4 for pla-
quette Wilson loop, while the green dashed line indicates sin(2tA)

L

for a Wilson line operator, which is schematically shown in inset.
Note that the bottom left corner spin is pinned in our calculations.

In Fig. 4 we show numerical results along the Nishimori
line (tB = π/4) for fixed linear system size L = 24 and
open (free) boundary conditions, a case which can be directly
compared to the RBIM. Firstly, we find an ancilla bond spin
magnetization [s] ≈ 0, which validates that our Monte Carlo

sampling indeed reproduces the vanishing local expectation
of ancilla bond spins, while simultaneously observing a fi-
nite density of π-fluxes that frustrate the site spins, with mea-
surements of the gauge invariant plaquette Wilson loop being
quantitatively consistent with the analytical derivation from
Eq. (2), i.e. [ssss] = sin(2tA)4. Secondly, the gauge invari-
ant open Wilson line, a collective correlation between the site
spins and bond spins (illustrated in the inset), is also consis-
tent with our analytical expectation [⟨σs⋯sσ⟩] = sin(2tA)L,
where L is the length of the line. Thirdly, the EA order param-
eter [⟨σ⟩2] turns non-zero for an intermediate value tA < π/4,
while [⟨σ⟩] ≈ 0, though some visible fluctuations arise for this
gauge-sensitive observable for large tA. These numerical fluc-
tuations arise due to the fact that when (tA, tB)→ (π/4, π/4),
different gauge-equivalent loop configurations become dis-
connected deep valleys not connected by local ancilla bond
spin flips, and therefore our Monte Carlo samples tend to get
trapped in some gauge minima. Note that this insufficiency
leads to fluctuations only for the gauge-dependent observ-
ables. One can always replicate the Monte Carlo samples and
perform a further gauge symmetrization to smoothen out the
gauge-dependent observables to zero.

Numerical results beyond the Nishimori line

Going beyond the analytically tractable, gauge-symmetric
Nishimori line we show explicit numerical results from our
hybrid TN/Monte Carlo approach for the two alternate cou-
plings discussed in the main text, i.e. for tB = tA with max-
imal coupling imbalance which corresponds to the diagonal
line in the phase diagram of Fig. 1(d), as well as for a case in-
between with tB = π/5. Our numerical results for these two
settings are presented in Figs. 5 and 6, respectively. The re-
sults mirror the plots showing results for the gauge-symmetric
case, tB = π/4, shown in Figs. 4 and 2 of the main text. Note
that for the horizontal cut in Fig. 6, which does not include the
origin, the EA order parameter saturates slightly below 1 (as
it would in the vicinity of the origin); similar deviations from
their maximal values are also seen for other observables.

The finite-size scaling analysis, shown in the right panels
of Figs. 5 and 6, provides estimates for the critical point and
exponents as summarized in Table I below.

TABLE I. Phase boundary points for square lattice obtained from
numerical calculations.

tB tcA ν β
π/4 0.149π 1.4 0.36
π/5 0.151π 1.5 0.39
tA 0.168π 1.7 0.31



14

tA

tB

FIG. 5. Transition from SRE to LRE for maximal coupling imbalance along diagonal cut tB = tA. (a) The left panel shows, in analogy
to Fig. 4, several observables for a fixed system size L = 20, with symbols indicating numerical data and the dashed lines show the analytical
expectations. The inset shows the line cut through the 2D phase diagram. (b) The right panel shows finite-size scaling of the EA order
parameter, in analogy to Fig. 2 of the main text, including an inset showing a data collapse of the data within the window 0.1π ≤ tA ≤ 0.2π.
The finite size scaling fitting is performed using autoScale.py [70], and the fitting exponents are shown in the figure.

tA

tB

FIG. 6. Transition from SRE to LRE for imbalanced couplings along horizontal cut for tB = π/5. Same as Fig. 5 but for the indicated
horizontal cut.

Technical details

On a technical level, our simulations here are done for a
square Lieb lattice with open (free) boundary conditions and
equal linear size Lx = Ly = L with total number of spins
N = 3L2 + 4L + 1 for L = 6,8, . . . ,20, i.e. the largest system
has N = 20 × 20 × 3 + 81 = 1,281 spins.

The TN contraction has been performed with MPS evolu-
tion under row transfer matrix, where the MPS in each step
is truncated with a 10−10 cutoff in the density matrix eigen-
values as in standard DMRG calculation (details explained in
previous algorithm section). For the Monte Carlo sampling,
we have simulated 11 independent Markov chains initiated
from a random-bond but flux-free configurations (bonds
at all rows and the first column are random), up to 10,000
sweeps (flips per bond) for L ≤ 10, 5,000 sweeps for L = 12,

3,000 sweeps for L = 16, and 1,000 sweeps for L = 20. For
every Markov chain, the data during the first one tenth of the
sweeps are discarded, while the rest are treated as equilibrium
ensemble and analyzed using a binning analysis for statistical
averages.

Appendix D: Numerical results for IBM’s heavy-hexagon
geometry

In the current incarnation of its transmon-based quantum
computing devices that IBM deploys in its cloud access pro-
gram [100], the underlying lattice geometry of the transmon
qubits is a heavy-hexagon lattice – a lattice geometry that can
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σs
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FIG. 7. Transition from SRE to LRE for the gauge-symmetric model (tB = π/4) on the heavy-hexagon lattice. (a) The left panel shows,
in analogy to Fig. 4 of the main text, several observables for a fixed 4 × 7 system size, with symbols indicating numerical data and the dashed
lines show the analytical expectations. (b) The right panel shows finite-size scaling of the EA order parameter, in analogy to Fig. 2 of the main
text, including an inset showing a data collapse of the data within the window 0.1π ≤ tA ≤ 0.22π.

FIG. 8. Transition from SRE to LRE for the maximally imbalanced model (tB = tA) on the heavy-hexagon lattice. Same as Fig. 7 but
for the indicated diagonal cut.

be conceptualized as a honeycomb lattice whose bonds have
been decorated with an additional site, i.e. a honeycomb vari-
ant of the square Lieb lattice discussed in the main text.

In order to provide quantitative guidance, we have redone
some of our principal calculations for this heavy-hexagon lat-
tice geometry. Figs. 7 and 8 provide information for the tran-
sition from SRE to LRE states for the gauge-symmetry and
maximally imbalanced model, i.e. for the horizontal/vertical
and diagonal cuts of our principal phase diagram in Fig. 1(d).
In comparison to the square Lieb lattice, we see a slight shift
of the critical point to higher values, indicating a somewhat
smaller extend of the LRE phase for this lattice geometry.
Otherwise our results remain basically unaltered as expected
by universality arguments.

Technical details

On a technical level, our simulations here are done for
heavy-hexagon lattices with open (free) boundary conditions
and spatial dimensions Ly × (Lx = 2Ly − 1) with Ly =
3,4,5,6,8,10. The total number of bonds are 3LxLy − Lx −
Ly−2 and the total number of sites are 2LyLx−2, and thus the
total number of spins areN = 5LxLy−Lx−Ly−4. The largest
system size thus hasN = 5×19×10−19−10−4 = 917 spins. In
particular, Ly = 4, Lx = 7 corresponds to N = 125, which are
the IBM 127 qubits quantum computing system [100] when
two dangling qubits at top left and bottom right are pinned.

The TN contraction has been performed with an MPS cutoff
of 10−10. For the Monte Carlo sampling, we have run 23 inde-
pendent Markov chains with 10,000 sweeps for Ly = 3,4,5,6
and 6,000 sweeps for Ly = 8 and 4,000 sweeps for Ly = 10,
where the first one tenth of the sweeps are discarded for equi-
libration ensemble average.
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Appendix E: Glassy topological order: 3D toric code on the
Nishimori line

In this section we discuss in details the three-body gate pro-
tocol to realize the 3D glassy Z2 topological order. A brief
discussion for the two-body gate protocol will be appended in
the end.

3-body gate protocol

Consider a 3D cubic lattice, with target physical spins on
the bond centers and ancilla spins at the plaquette centers. For
each plaquette we label the four spins by l, u, r, d in the mean-
ing of left, up, right, and down. We can take Eq. (9) with
OA = σzl σzu while OB = σzrσzd , as in Fig. 9a. After measuring
ancilla spins in x basis, the state is

⟨{sq}∣ψ⟩∝ e−
β
2 ∑q(JsqWq+hsq) ∣+⟩ , (26)

which satisfies ∏l∈B σxl = 1 indicating the electric charge is
frozen. At the strong measurement fixed point tA = tB = π/4,
β = +∞, Wq = ∏l∈∂q σzl = −sq , which corresponds to a topo-
logical toric code eigen-state with a static magnetic flux tube
defect penetrating those plaquettes satisfying sq = 1. Away
from the fixed point, two physical ingredients start to play
their roles: (i) the fluctuation of magnetic flux; (ii) the disor-
der with nonzero density of magnetic monopoles (in the cubic
centers). To understand the phase transition, the model can be
mapped to the classical 3D plaquette Ising gauge model [75]
with disordered plaquette interaction:

p{sq} = ∥⟨{sq}∣ψ⟩∥2 = ∑
{σ}

e−β∑q(JsqWq+hsq), (27)

σl
σr

σu

σd

stA
tB

σl σr

σu

σd

stA
tB

(a) (b)

FIG. 9. Protocols for preparing glassy toric code in 3D cubic
lattice. Target spins are placed on bond centers, while ancilla spins
are placed on plaquette centers, which are measured in x direction
after the unitary entangling operation. (a) A 3-body gate protocol:
the four spins surrounding a given plaquette are grouped into two
pairs, which are entangled with the ancilla by ZZZ gate evolution
separately. (b) A 2-body gate protocol: the four spins surrounding a
given plaquette are entangled with the ancilla by ZZ gate evolution
separately.

where q labels the plaquette, J± and h are the same as de-
fined before. The disorder probability is the same as the par-
tition function. Here the disorder correlation is nonzero if
and only if the ancillae on the plaquette centers form a closed
surface. Namely, the single ancilla measurement average be-
comes [s] = cos(2tA) cos(2tB), while the six ancillae spins
surrounding a cube exhibit:

[ ∏
q∈∂�

sq] = ⟨ψ∣ ∏
q∈∂�

sxq ∣ψ⟩

= cos6(2tA) cos6(2tB) + sin6(2tA) sin6(2tB) ,
(28)

which determines the disorder monopole density.
Analogous to the Ising protocol, the line tB = π/4 is

mapped to the standard random plaquette Ising gauge model
(RPGM) [17, 68, 77] with gauge symmetric disorder ensem-
ble: same probability for any two disorder plaquette configu-
rations that share common monopole distribution, related by
a modified gauge symmetry {τl = ±1}:

σ′l = σlτl, s′q = sq ∏
l∈∂q

τl . (29)

As a sanity check, along the Nishimori line the monopole den-
sity can be deduced from the uncorrelated flux disorder:

[ ∏
q∈∂�

sq] = ∏
q∈∂�

[s′q]′ = sin6(2tA) .

It was found that the monopole disorder does not destroy
the topological ordered phase immediately, which spans a fi-
nite phase region beyond the strong measurement limit, un-
til a critical point which was analytically proved to be fi-
nite [68] and numerically found to be pcs′=1 ≈ 0.033 [77]
i.e. tcA ≈ 0.192π. When tA > tcA, the magnetic flux fluctua-
tion is prohibited corresponding to the deconfined topological
ordered phase. Analogous to the spin glass, the linear Wil-
son loop always vanishes under symmetric disorder average,
while its second moment, an EA analogue of Wilson loop be-
comes perimeter-law scaling in the ordered phase.

[⟨∏
q∈A

Wq⟩] = 0, [⟨∏
q∈A

Wq⟩2]∝ e−∣∂A∣/ξ, (30)

where A is an arbitrary surface, ∣∂A∣ denotes its perimeter,
and ξ is a nonuniversal lengthscale.

2-body gate protocol

Since the implementation of a three-body ZZZ evolution
might be difficult to realize in experimental settings, we pro-
pose an alternate two-body Ising evolution protocol, simply
by further decomposing the ZZZ evolution into two Ising evo-
lutions, as shown in Fig. 9b. Then the post-measurement ef-
fective non-unitary operator becomes
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Ms = ⟨sx = s∣s e
−isz(tA(σ

z
l +σ

z
u)+tB(σ

z
r+σ

z
d)) ∣+⟩s

= cos2 tA cos2 tB×
⎧⎪⎪⎨⎪⎪⎩

1 + tan2 tA tan2 tBW − (tan2 tAσzl σzu + tan2 tBσ
z
rσ

z
d + tan tA tan tB(σzl + σzu)(σzr + σzd)), s = +1

−i (tan tA(σzl + σzu) + tan tB(σzr + σzd) − tan tA tan2 tBW (σzl + σzu) − tan2 tA tan tBW (σzr + σzd))) , s = −1
.

(31)

The fact that multiple terms are connected with the ancilla
separately leads to multiple polynomial terms for the non-
unitary operator, more complicated than the two-term protocol
we discussed above. Nevertheless, at the strong measurement
fixed point tA = tB = π/4, tan tA = tan tB = 1, the above
equation simplifies into

Ms(t =
π

4
) =1

4

⎧⎪⎪⎨⎪⎪⎩

2(1 +W )(−1)δσzl +σzu+σzr+σzd,±4 , s = +1
−i(1 −W )(σzl + σzu + σzr + σzd), s = −1

,

(32)

which projects out the same toric code eigenstate up to a pref-
actor

∏
q

Msq(t =
π

4
) ∣+⟩∝∏

q

1 ±Wq

2
∣+⟩ . (33)

Namely, the charge is frozen because ∏l∈B σxl = 1; the mea-
surement outcomes determine the static magnetic flux config-
uration, either expelled or occupied, because Wq = sq . Away
from the strong measurement limit, the diagonal correlation
is fully described by the effective classical model defined by
Boltzmann weight M †M , which would include not only the
plaquette interactionW but also the nearest neighbor and next
nearest neighbor two-body interactions. On the physical level,
these two-body Ising interactions fluctuate the electric charge
pairs. A detailed study of the phase transition of such model
is beyond the scope of our current work. Nevertheless, in
the perturbative regime, the topological order established at
strong disorder limit could be robust against such short-ranged
interactions.

Appendix F: Absence of stable LRE in 1D

For 1D lattice, there is no loop, and the probability function
can be analytically factorized in the domain wall basis µi ≡
σiσi+1:

p{s} = ∥⟨{s}∣ψ⟩∥2 ∝ ∑
{σ}

e−β∑i(Jsiσiσi+1+hsi)

∝∏
i

∑
µi=±1

e−β(Jsiµi+hsi),

from which one can derive the uncorrelated normalized prob-
ability of a single bond spin:

ps=1 =
1 + cos(2tA) cos(2tB)

2
, (34)

In the following we analytically derive the EA order parame-
ter for finite system size. Consider a 1D chain with L number
of bonds in open boundary condition, and fix the leftmost site
spin at site i = 0 to be ↑, thus σL/2 = ∏i≤L/2 µi, and there
is a one-to-one correspondence between the site spin and do-
main wall configurations: ∑{σ}⋯ = ∑{µ}⋯. In a random
bond configuration {si}, the magnetization of the site spin at
the central site i = L/2 can be derived by integrating out the
domain walls :

⟨σ⟩{s} =
1

Z
∑
{σ}

e−β∑i Jsiσiσi+1σL/2

=
∏i≤L/2∑µi=±1 e−βJsiµiµi
∏i≤L/2∑µi=±1 e−βJsiµi

= ∏
i≤L/2

tanh(−βJsi).

(35)

Recall that tanh(βJ±) = sin(2tA) sin(2tB)/(±1 +
cos(2tA) cos(2tB)), and when tB = π/4, this reduces
to ± sin(2tA). Then we can combine this with the factorized
probability function to obtain the measurement averaged EA
order parameter:

[⟨σ⟩2] =∑
{s}

p{s}⟨σ⟩2{s}

= (∑
s=±1

ps tanh(βJs)2)
L/2

= ( sin(2tA)2 sin(2tB)2

1 − cos(2tA)2 cos(2tB)2
)
L/2

.

(36)

Check that when tB = π/4, we have

[⟨σ⟩2] = sin(2tA)L , (37)

which determines the correlation length ξ = − 1
ln sin(2tA)

that
diverges only when approaching tA = π/4. And when tB =
tA = t, we have

[⟨σ⟩2] = ( sin(2t)4

1 − cos(2t)4
)
L/2

, (38)

where the correlation length again diverges only when ap-
proaching t = π/4.

Numerical confirmation

As a sanity check, we perform the same numerical calcula-
tions, where the sampling is reduced to uncorrelated sampling,
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FIG. 10. 1D numerical results for tB = tA and varying finite sys-
tem sizes. The inset schematically illustrates the circuit of Ising
(ZZ) evolution organized in a brickwall pattern, where every other
qubits are measured in sx-basis afterwards. The post-measurement
circuit, folded with its conjugate counterpart, can be compressed into
a chain of random 2-by-2 transfer matrices along the space dimen-
sion, schematically shown beneath the circuit. By contracting out
the transfer matrices one obtains a sample-dependent magnetization.
The square markers in the main plot are averaged over 1000 random,
uncorrelated samples of the bond spins. The dashed lines denote the
analytical scaling form of Eq. (38).

and the contraction of classical TN reduces to taking product
of dimension-2 transfer matrices along the chain. As shown in
Fig. 10, the numerical data (denoted by square markers) per-
fectly agrees with the analytically derived finite-size scaling
form (denoted by the dashed line).

Appendix G: Preparing frustration-free transitions

1D SRE phase transition

While the 1D case does not give rise to a stable LRE phase,
we can still prepare a transition between two extended SRE
phases. In particular, let us consider the following wave-
function which is a phase transition between 1D paramagnet
(−1 < λ < 1) and a 1D SPT phase protected by the ZT2 sym-
metry∏n σxnK (∣λ∣ > 1) [86]:

∣ψ(λ)⟩ = exp( − 1

2
arctanh(λ)∑

n

σznσ
z
n+1) ∣+x⟩⊗N . (39)

As one approaches the transition points at λ = ±1, the corre-
lation length blows up as ξ ∼ 1

∣1−λ∣
; at λ = ±1 the state is a cat

state with ξ = ∞. Indeed, these transitions are effectively the
zero-temperature transition of the classical Ising chain. More-

over, we point out that ∣ψ(λ)⟩ is the ground state of

H =∑
n

((1 − a)2σxn − a2σzn−1σxnσzn+1 − 2a(1 − a)σznσzn+1) ,

(40)
with a = λ

1+λ
, i.e., λ = a

1−a
.

This transition has been implemented before on a quan-
tum computer using a unitary circuit [85], which requires a
depth scaling linearly with system size. Here we point out
that Eq. (39) can be implemented with a finite-depth circuit
and single-site measurements. Let us first consider ∣λ∣ ≤ 1,
such that arctanh(λ) is real; we can interpret it as an effec-
tive inverse temperature β = arctanh(λ) = 1

2
ln ∣ 1+λ

1−λ
∣. As

we have already discussed, we can implement this imaginary
Ising time-evolution using a depth-2 circuit on a chain and
measuring ancillae. If ∣λ∣ > 1, then

arctanh(λ) = 1

2
ln ∣1 + λ

1 − λ ∣ − sign(λ) iπ
2
. (41)

Hence, for ∣λ∣ > 1, the complex evolution in Eq. (39) con-
sists of the imaginary Ising time evolution, as well as a uni-
tary time-evolution coinciding with the cluster SPT entangler.
Thus, the state for ∣λ∣ > 1 can be prepared with a depth-4 uni-
tary circuit, and a layer of single site measurement. Note that
for any value of λ, we can always correct for the measure-
ment outcomes with a single unitary feedback layer of spin
flips, due to the absence of loops in 1D. In conclusion, we can
exactly prepare Eq. (39) with a finite-time protocol (by cor-
recting for any measurement outcome due to the absence of
frustration), independent of system size.

LRE-to-LRE transition in any dimension

Consider an arbitrary graph. We consider a family of states
interpolating between the XX ferromagnet (0 ≤ λ < 1) and
Y Y ferromagnet (λ > 1), which realize distinct LRE phases in
the presence of a particular time-reversal T =K (i.e., complex
conjugation):

∣ψ(λ)⟩ = exp( − 1

2
arctanh(λ)∑

v

σzv)
⎛
⎝
∣+x⟩⊗N + ∣−x⟩⊗N√

2

⎞
⎠
.

It can be shown [101] that this state is the ground state of the
following Hamiltonian with α = λ2

1+λ2 :

H = − ∑
⟨v,v′⟩

[(1 − α)XvXv′ + αYvYv′]−
√
α(1 − α)∑

v

zvZv ,

where zv is the coordination number of each vertex. There
is a continuous zdyn = 2 phase transition separating these two
distinct LRE phases.

Using Eq. (1) of the main text, one can deterministically
prepare the wavefunction ∣ψ(λ)⟩ (i.e., one can correct for any
measurement outcome due to the absence of frustration). In
fact, the 1D case is Kramers-Wannier dual to the example
which we already discussed in Eq. (39).
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