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The uncanny power of prediction by      
random matrix theory

universal fluctuations in energy spectra, scattering cross sections, …



Compound nucleus resonances

Total cross section versus center of mass energy for scattering of slow neutrons on 
232Th and 238U. The resonances all have the same spin 1/2 and positive parity.





Niels Bohr’s picture of the compound nucleus



Nuclear Data Ensemble  (1726 levels)



Quantum chaotic billiard

Random matrix conjecture by Bohigas, Giannoni, and Schmit (1984)



Chiral random matrices

Verbaarschot, Zahed (1993):
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Chiral random matrix ensembles 
for the QCD Dirac operator

Verbaarschot, Zahed (1993)



QCD Dirac spectra
from Berbenni-Bitsch et al. (1997)



Riemann zeroes
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Spacing Distribution of the Riemann Zeroes
from A. Odlyzko (1987)

GUE

Normalized spacings between neighboring Riemann zeroes. 
The data set consists of 70 x 10^6 consecutive zeroes, 
starting at the zero of order 10^20.



Universality of Spectral Fluctuations
In the spectrum of the Schrödinger, wave, or Dirac operator
for a large variety of physical systems, such as

• atomic nuclei (neutron resonances),

• disordered metallic grains,

• chaotic billiards (Sinai, Bunimovich),

• microwaves in a cavity,

• acoustic modes of a vibrating solid,

• quarks in a nonabelian gauge field,

• zeroes of the Riemann zeta function,

one observes fluctuations that obey the laws of random matrix theory 

for the appropriate symmetry class and in the ergodic limit.



Spectral fluctuations are universal.

Why?

Supersymmetric non-linear sigma models …

Wilson’s renormalization group …

Universality at RG-fixed points …



The Threefold Way







Unitary and anti-unitary symmetries
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Dyson’s Setting
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Double Commutant Theorem

Thm. Let the action of A on V be reductive.  If B = Z(A)           
is the commutant of A in End(V), then 

here act the unitary 
symmetries

there act the 
Hamiltonians

: a group of unitary operators acting on V.
A = the group algebra of      .  Let dimV <     . ∞

UG
UG

1. B acts reductively on V.
2. Z(B) = A (the double commutant property).
3. V is a direct sum of      -isotypic components:UG

UG)V,R(HomRVV λλλλλλ ⊗⊕≅⊕=



Reduction by unitary symmetries (H. Weyl)
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Enter the Anti-Unitaries

If and              then no condition on                  
results but .               
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complex hermitian matrices

quaternion self-dual matrices

real symmetric matrices
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Consequences of anti-unitary symmetry 
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Example: Case 3 (class AII, symplectic ensemble) 

Dyson 
(1970):

Dyson (1962):



Example: Case 3 (class AII) 
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Modes of quantum interference (AII) 
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Disordered Mg films with Au impurities (G. Bergmann, 1984)



Wigner-Dyson symmetry classes:

• A   : complex Hermitian matrices (‘unitary class’, GUE)

• AI  : real symmetric matrices (‘orthogonal class’, GOE)

• AII : quaternion self-dual matrices (‘symplectic class’, GSE)

Dyson: ``The most general kind of matrix ensemble, defined with a 
symmetry group which may be completely arbitrary, reduces to 
a direct product of independent irreducible ensembles each of 
which belongs to one of three known types.’’

This classification has proved fundamental to various areas of 
theoretical physics, including the statistical theory of complex
many-body systems, mesoscopic physics, disordered electron 
systems, and the field of quantum chaos.



The Tenfold Way



Beyond Dyson:



Metal / superconductor junctions



Beyond Dyson: Ensembles of L-functions
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from N. Katz and P. Sarnak (1999):       
“Random matrices and Frobenius
eigenvalues”

Distribution of the first zero



A. Altland, MZ: Non-standard symmetry classes in 
mesoscopic normal-/superconducting hybrid systems, 
Phys. Rev. B 55 (1997) 1142-1161 

MZ: Riemannian symmetric superspaces and their origin 
in random matrix theory,                                        
J. Math. Phys. 37 (1996) 4986-5018



Our setting: Fock space
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Our setting: symmetries
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Statement of problem
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Every irreducible block (of the Hamiltonians) 
occurring in this setting corresponds to a    
classical irreducible symmetric space, 

and conversely, 

every classical irreducible symmetric space 
occurs in this way.

:Z)(H Theorem 2



What’s a symmetric space?
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10-Way Table
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10-Way Table
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Example
ρ

ε

clean

Effect of a random potential on the quasiparticle
density of states of a d-wave superconductor
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Effect of a random potential on the quasiparticle
density of states of a d-wave superconductor
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Nersesyan et al. 93

Effect of a random potential on the quasiparticle
density of states of a d-wave superconductor
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Nersesyan et al. 93

Ziegler et al. 96

Effect of a random potential on the quasiparticle
density of states of a d-wave superconductor



Example
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clean
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Nersesyan et al. 93

Ziegler et al. 96

Pepin & Lee 98

Effect of a random potential on the quasiparticle
density of states of a d-wave superconductor



Example
ρ

ε

clean

SCTA

Nersesyan et al. 93

Ziegler et al. 96

Pepin & Lee 98

Senthil et al. 98

Effect of a random potential on the quasiparticle
density of states of a d-wave superconductor



Example (continued)
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Altland, Simons & MRZ: 

Phys. Rep. 359 (2002) 283
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Directions of current research

• Analysis of supersymmetric nonlinear sigma models

• Symmetry classes of disordered bosons

• Classification of topological insulators and 
superconductors



Topological Insulators
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TeBi ,SeBi ,SbBi  :3d
      HgCdTe,  :2d

(2007) al. et König
 (2006), al. et Zhang S.C.
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classeshomotopy 
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Classification of Topological Insulators
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Quantum Hall Effect  

He-3 (B phase) 

HgTe 

xx1
SbBi

-

Periodic Table (Kitaev, 2008; Ludwig et al., 2009) 



Periodic Table (Kitaev, 2008; A. Ludwig et al., 2009) 



Periodic Table (Kitaev, 2008; A. Ludwig et al., 2009) 
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