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Periodic Table of topological insulators/superconductors
from Hasan & Kane, Rev. Mod. Phys. (2011):

Symmetry d QSHI = Quantum
AZ © = |1 2 3 4 5 6 7 8 Spin Hall Insulator
A 0 0 0 o |(Z| 0 Z 0 Z 0 Z
Al 0 0 11 Z2 0 Z 0 Z 0 Z 0 Quantum Hall Effect
Al 1 0 0 o 0 0 Z 0 Zo Zo Z
BDI| 1 1 1 Z 0 0 0 Z 0 Zo Zo He-3 (B phase)
D 0 1 0 ||Zsl Z 0 0 0 Z 0 Zso
DIIT| -1 1 1 Zio Lo 4| O 0 0O Z 0 QSHI: HgTe
AIT| =1 0 0| 0 Zo Zo Z 0 0 0 Z _
Cll| -1 -1 1| Z 0 Zy Zo Z 0 0 0 Majorana
C 0 —1 0 0 Z 0 Zo Zo Z 0 0 Bi, Se,
CI 1 —1 1 0O 0 Z 0 Zo Zo Z 0

TABLE I Periodic table of topological insulators and super-
conductors. The 10 symmetry classes are labeled using the
notation of Altland and Zirnbauer (1997)

Schnyder, Ryu, Furusaki, Ludwig (2008); Kitaev (2009); Teo & Kane (2010);
Stone, Chiu, Roy (2011); Freedman, Hastings, Nayak, Qi, Walker, Wang (2011);
Abramovici & Kalugin (2012); Freed & Moore (2013)
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D.J. Thouless (1982-5; Nobel Prize Physics 2016):
Ground state = complex line bundle .~/ over 12

Hall conductance = [/ V4 = ne/h
n = (integral of) first Chern class of .°/

bulk-boundary correspondence



I CdT d
Quantum Spin Hall Insulator Sl T
(Kane & Mele, 2005) CdTe

Strong spin-orbit scattering (preserves time-reversal invariance)
causes band inversion ~ the bundle of Fermi projections is twisted.

This twisting is detected by the
Kane-Mele index.

Bulk-boundary correspondence:

G =0.01e2h

non-trivial bulk topological invariant of T

[ T=30mK

- perfectly conducting surface mode

R14,23 (Q)

Molenkamp group ™|
< (Wiirzburg, 2007) 10°L—




Majorana chain (gapped 1d superconductor)

No symmetries, “spinless fermions”, single band; momentum k

Bogoliubov transformation: v = u(k) ¢ + v(k) cik (ke R/217)

u=20

Fermi constraint: {7, 7.« =0 S -

A u(k)v(—k) + (k) u(—k) = 0. ver{  Viws
Weak pairing: u(0) =v(x) =0 (topol. invt.) Q "

V=20

Weak pairing: bulk-boundary correspondence —> gapless edge state

(a) (b) E (c) Ah/A (d)
AL \T// el vovesc /B
y& 4 W R - - fY‘—g—; - B —
X o N : I wire I
S-wave Superconductor TrIVIaI /L/A
> I >

FIG. 6. (a) Basic architecture required to stabilize a topological superconducting state in a 1D spin-orbit-coupled wire. (b) Band structure
for the wire when time-reversal symmetry is present (red and blue curves) and broken by a magnetic field (black curves). When the chemical
potential lies within the field-induced gap at £ = 0, the wire appears ‘spinless’. Incorporating the pairing induced by the proximate super-
conductor leads to the phase diagram in (c). The endpoints of topological (green) segments of the wire host localized, zero-energy Majorana
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Cewpﬁex vector APau Vi
Dual vector Apoce V*

Exterior aﬂad&ro\ A(V)

Ex{-u-iol' muﬂ{-irg.&ca{—im V> v e(w) : /\‘1 (V) — /\1+1(V)
4 > onA

Juwar product V¥3 ¢ b 1(p): AT(V) = AT (W)

0 A /\U’I—>§ )(1 s G ALAY
. (9-9; N AT A A



SP&u o{r (1/[&%{'&“4) Fetds W =VeV*

Sdmm{'nc Qhﬁww :Form (Mm—(ﬂaﬂu\&ra{-ﬁ)

{'/'}‘ WeW — C, (xeq)e(neq)— (490 + (4-u)

CQiHlord aﬁdmen-o. Co(W)
@\Qfmw{n‘a’m of Cﬁiﬂzorol aﬂﬂdfm CLW) o A(V):
“ﬂo) e(v) + e(v) 1(((:) = (¢-v) 1

A (V)

e(v) e(y) +e(np)e(y) = 0 = 1,(((;1)1,((?2) + 1,((f>z) 1(@1)



Assrae V' Hitbert space. (nec)

Hilberd 4'/10worFLwaL h:. V— V*/ AU — 3\(0/ .

’P\QCLQ At ucture 6: W—>W lr(t-)l U‘GB(f) —> 4&;1(?®h0”
Note : K COIMPRAK ombi - Livear ound Kzz 1w.

Remork . Herwmitiaw Acoler ‘arvduc’c imduced on A (V)
7 g(v) adém:u,{' o 1(hv).

Suﬂrsfaau OF ~al ftidA wm = ?ixw(()



CAR bracket sukich +o {’, . }2 NTR® NTR — TR,
Or’c{»o%tmd group O(Nm)

U(v) < O(NTR) Xra W > veoho — (80)®h(30), geu(\/).

R

Toct /'Dafiui{-iw. A Fm—?amim %mwuo\ atote 4 (Ha Aome an) a

CAR_QYU*O_Q,PRQ,t FP&&UV‘W% COIMPLO_)( Ahuc‘{'urg 3 Ty w‘IR , ie.
J € E“d(wm)/ Jl: - 1/ {3'\?1/3'%} — {“”1,’%} ("(’1/’\{/,_6 wm)'

Pewmarks. 3/\ FoQan‘aaﬁm W = E+{(J) P E-J&) = Ae A

{A A} =0 ={A A
,j: _%Zm (K;Km_h‘;)/ J'Ku = I:/j/x«] = Y



TRawmarks (th’(’o\).

Tl Apace of CAR—meiua complex afuctures ow Wy
o cowmpact Complex mamifold | Cp, (Wy) .

Tack. €M) = 0(w,)/ W(V).

Proof. Tk group O(Wg) of Dogoliubor tausformation

ach tawitively ow growud atates, i Cp(Mg) = O(Wg) - ] .

The V&Cuum—ol A ﬂeF{ invoriont bal He uuitarivs @ WU(V) .avac:a

vac

TRawark. d&mc \e’CAR(Nm) — V\(Vl—1)/2 , diw Nm: In.
\eCAR(Nﬂ) hos 2 Connected Qochmowh

Exaumple : Coo(®) = {(33), (3 7))

CAR



Tntelude.  Siwilar A{-orq». for Arozous :

QO.PQ&Q /\(\/) — S(V) Adzwmt/l'c &thﬂ.rra
€ (U‘) —> }A(U) Aﬁwm. MMQBPL&C&{'\W
1(g) — 8(@) derivatio

CLIW) — W(W) Naa.QaQ&eera.

CCR &r&cﬂaeﬁl’ I:-/ :I : WeW — C ,
(we¢) @ (nee) = (¢-0) — (4

resfich bo \/—_1XAawPQec-l'ic ,Fom 0w N'rp.'
"F&Ct. A Fru—ﬂj-o'sm %muwcl Atote witheut BEC ({.1. <A{/> :O)

i a CCR-bracket ,f)ruuxrw% couuPhx At ucture 6[ o Nm :

€

CCR

(W,R) = S,P(wm)/U(V) hen-Cowmpact Couplex nn+1)/2 wcwi{—old. ‘



Comment : mm—(iwma«mwodﬂ.
NLeM for disordered supueonductors with broken tiwe-reversal aud
Ay rokeu Apim-rotation Aot (claw D) Ao {or ih {'o.r&d Apace a
Ricwaunion sguuetic AnpLApac frosed on

(Sp/U) »
frrson-troson acchor ;. ate M2, JUP (1996).
o wmphx Afructures prestrving aupar-brocket ou R

\Suwmaré. 'ﬂnt A'IDCLC.Q W oiF Terwi {LEQU 0'90.ra.+0r3 Comes With
—  CAR Ubracket { " } ( C—fﬁﬂiuecu'/ A{‘Mwu’l?ic)
— ol atructwre Wy = "Fixw(b)

‘Frea—Fuwim &romol statn ‘(’,CAR(wm) _

Cobutuewf owu '-Ftu—mi FWJQQHM L) %romd Atates
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Symmetries in quantum mechanics

Q: What’s a symmetry in quantum mechanics?
A: An operator T : Zvy; — Zvy» on Hilbert rays that preserves
all transition probabilities: | (TZv, . TZ ) \2 = [(Zv, R ) \2.

Wigner’s Theorem: c@. D.freed | e 422433
A symmetry T in guantum mechanics can always

Fay

be represented on Hilbert space by an operator T
which is either unitary or anti—unitary.\l

(Tya|Tyr) = (ya|yn) .
Remark 1: The symmetries form a group, G. Eugene P. Wigner

Remark 2: Symmetries commute with the Hamiltonian (TH = HT).
Thus “chiral symmetry” (5D = —D) is not a symmetry.



TRecal W = Ve V*/ real AA,JJ-ST:JCLCQ N*IR = ?l'xw(}{)/ CAR Lrrocket ‘I * Lt }

Notatim. Lot G(V) &e Ha group of (auti-)uuitary opuaton ou V.

Lek G(W) e b group of complex (anki)insas oprrator § : W= W

which atobitize Wy (i §Wo=Wy) aud praserve Uu CAR bracket :
194, 3% = 1% 4.

lewwa. G(V) = /G\(W) Xl‘a Hillert iAmMOrPLm:
g(\T@ﬁO) = (8U)$(h8£1?) (Froofcu Q.XO.I‘CEAQ),

DQF«MHW. A tw{loma{-im ’gé /G\(W) s Called a oF Ha

{LQQ—FQrmim ér&wwsl Atate 3 *iF it Commutes with {3'

Pamark. 'g i& §—1 = {a & g EH(J) = EH(J)
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— U(ﬂg Aamm‘hra (C&Qram &Po.ro:[‘bf Q )

QtBQ : Ug? . Qwu o Q—w?

— Su(2) = SPW (3)  Apin rotatiows %uo,roi-o.d lra 51,5 LS,
R Cop > Roe R’ (P

— SURT%I‘DU.T,)A 0{ HA-L 3I'Duf) Of EU.CQ.fﬂl0.0M IM.O‘I:(M:
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Basic Qul-i—mi-kar& operator:

1. Time ceversal
T: VoV, T=-1  ou fuwdamentol ferwion ( Dirac)
AT AYV) = AV

Om {ieﬁal Apate W =VeV*: vep > To o h’”f'ti)

2. Particke - dole mju&a{-{m
A dLFiMwl N {ﬁ'eﬁd /.)")(L(’.o,/ C: W= W , C*= 1w
and Ufs o om olamﬁm C: /\"mlf-*qw) — ‘Lalf_q(\/) ou Fork Apace

oo CQC'=-Q (Q (‘Lalaa 0130.1—&-{-0#} norweal-ordered )

Recall T (C) Aawwfva e{ arowd/.\{‘aﬁ(] & TA=A (CA=A)
'%OT' A - E.H(J)



WARNING .

1. ’Par{-iclla FL ACA
’T«.m NVQB&Q Onti- I.MM‘{TO% and E 'E) E E) (VVN aau&e, ,Fndlc&
Cfa.o,tao. QOuau&ochm C Lw(i{m—a (p7y {WLM (nc[,’ E/E) —E/ —E)

(RQ_IMQF{?. CDM/EA'[’LVLCE} CO'IAGli'HW C. Q‘:GQ = Qi@@. - C

2. Cond ewsed muwaﬂAm
Both ’f C aunhk- wm{ma omd. E B |—> E [} (Lackground fistds)

Romark. Po”njt& $ C_\?

Hwe reversal $ ¢
daarat Co'hau&u,{-\o'u $ $



Exouurh . Covive broud

H —/.(N — %E(h) Q;Qk y E(hur) = — SUZ)/
[eRdr =0.

Sowe fur%.u' QxameA.

Hublrard woddl ot hodf fiu.:u&

(/‘q QKHFUNM&&AA—U"l)
H‘OQ—F‘I&& Qowest Lamdan Lovd (D.1T. Sou)
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Note. Givu a fru—{nmim 3rowuol atote &/ We cau ek
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SQ‘H’MQ‘

Sty group 6 = G,U G UG UG, ¢ GW), G, reduckve,

Vae G
Dloek &me?mdﬁm 1',3 a: 81'3 8_1 = @ 1',39\

Theorum (“TQy\f—uﬁd Na&" ) All filocka J,)\ that orewr i Hae dtcomt:ni{'{m
of (} Ore ef oue of 10 {a‘au/ ool Hote ot iw owe—to— oue
Corwsl:molqmu Wit Hae Q_ouat {Qmiﬁiu OF cQassical Aammhic Apaces.

(Proof. Tlus 44 om Q,(M(q[ Qﬂrolar& 9{, o result fr& HKZ (CM'P/ 2005).
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Abstract: Building upon Dyson’s fundamental 1962 article known in random-matrix
theory as the threefold way, we classify disordered fermion systems with quadratic Ham-
iltonians by their unitary and antiunitary symmetries. Important physical examples are
afforded by noninteracting quasiparticles in disordered metals and superconductors, and
by relativistic fermions in random gauge field backgrounds.

The primary data of the classification are a Nambu space of fermionic field operators
which carry a representation of some symmetry group. Our approach is to eliminate all



What’s a symmetric space?
Riemann tensor:  R'j;; =9I}, — 9T, +I}iT;, —T/iT},

Def.: A (locally) symmetric space is a Riemannian manifold
X = U/K with covariantly constant curvature: VR=20.

Ex. 1: the round two-sphere X =S?, ds* =d6?+sin’0d¢?

Ex. 2: the set X = Gr,(C") =U(N)/U(n) x UN —n)
of all subspaces C"~Vv c CV

Classification:

Globally symmetric spaces classified by E. Cartan (1926)
10 large families: A, Al, All, Alll, BD, BDI, C, Cl, Cll, DIl




Tonfold Way: basic realizatinn (T5=-1 , C*=+1)
d G, T | C | Comuwant

O/u {e} o | wo | supurconductor

u Sp {e} yes | o Mfucmalucl:or

Sp/spxsp| U1, gt | wo | Wigmer-Dyeom (GSE)
Sp UM | yes | yeo | "chuiral!

Uusu| U, no | wo | Wigwer-Dysom (GUE)
U U, no | yes | "cCliral!

Sp/u| Su@), | wo | wo | avpuconductor
WO | Su@)y, | g | we | aupuconductor
0/0:0|su@ s ut, | yes | wo Wigaur-Dyson (GOE)
O |su@grum,| yos | yos | "chriral!

cg_ MZ "Sywuaty Classes
, Y
arXiv 1001.0%22



/(%f'eto{ Ua&: Aasic realization (T*= -1 , C*=+1)
(']l GO T C Comumant
O/u {el no no urconductor
o [0/ te o]
u u/ SP {e} Yes no Anfuco-uoluc-l:or
O [Sfsmss] UYL, | Su | &, | 1
Sp SpxSp o e no tha/wll'——Dqu (GSE)
SP U\(ﬂa yes yes "cLriroL"
UWuu| U@, no no N«iamr-])qam (GUE)
U U@, ho | yes "cLriral"
SP u SU(Z}P no no Mfuco-uoluc{or
u/o SU(2) .| e no Amlauccmo(uc{or
O/O:O SU(Z)Pi: uy, yes no lvd»iazw.r— "qum (GOE)
O SU@ x UG, | yes | yes "cLriroL"




1(1-9.0. Of eP\"DOf

Go reductive 1)3 OAAMMAPHG‘M.. Heunce W = @9\\/\”)\ (irn‘m u{ téﬂ“ N)

DLock {;om o‘F Co uk(ﬂ.ax Atucture :

)
d=¢d§ =
({-ar all %e@uo) 0 dx }w%

Reduction lya G, (%ou—k(reﬂ,im cade ) :
M,
\I\J'A — (’19\@’ M’)\/ Mg\: H-GWG((RO\/ \IJQ\) = G:

Travafer 1,C, 4} from Wy b My
kea observabioun : ’l', C, {/} W&a Ouﬁa CLAuat ther ’Dod‘i‘%

Excuw[al.e. Reduction lr& {unol.up. of SU2) comnun o,V — [+, -]
TP = -1 — T2 = +1



SPQCiaQ cose G, = {hmumtabinl .
Mowwmbum R cowsaved A W =B W, , W, =V, @\
CAR abuctue A pairing {+ ] W, ®W, — C (no-degen.)
Neal abucture W, 5 W_,
Henuition scalor product ow Wi &ty 4> = {4, 4, ]
Comditions ow } =&, 1,

dh = Fu Adf R=-R=R, Ha Jo € O/ U

L _ — *
Jon=-1 aud Jo=-07 A J, € URD/UW U

<Jn*h,‘|’1>wk: {BJh"h/"h} - {J—hﬁkhfkh} - { Aty J:Ah} - _<‘\I/1"J”‘Al’1>‘l~‘|t

o/u o/u o/u
ExamPh: Maa'arma clhain . + + +—> Ra
2xn

0 p 18
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Exwh: quantuw Api Hall fuanlator  ((with foslation 4uv.)

Cka,rao. Q. covaerved \b&
A g € W)/ Ulp) < Uiy

13+C[ =N | . SF/QFXSF
TAuam - reversol A&wwha

A N SP(M/SP(P)"SP(‘I)

e L )h

X

EXQMPQQ: owowca Lot 'hFPO'QDaJQ0.0. PbLuAP (ZLOAA&& l<aue ZOH")

431_ 4)7_
S1 4)1 A
]
Wsp
SQ_ Cbl -® U ®
S,, T-imvariant /JMPLrMu,d-on o/ o/u
WA Ha A[DA'M—or-QJ-H: AQQ,H-U—WL% ‘WSP. " & > fQ



Qecafi%uﬁa&

iMMQ&{'Df — AaAl'twt W H UA-U'&& %&P {'or excitohnu
(eowq—t “g da-o.rat/ Apin/ turrgy )

Tree- f,uuum aro'wucl Atate = (‘,ouuPLLx Abuetur & [T N
Pn/ur\ltu% CAR

]:oﬁarizahm W=AaoA ;
reduces o Forwa 'P'_DJLQHN f«or duxra;— QO'uAlLrviu,%AaAhM.
TU&{%M Ua& in /JQH'WL Of HH 2 (CMQ 2005 )
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A of 0L &F 10 Rnoww {Eﬁ’“
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||AQ+QaMd—24mbawzr CQGAAAfaca{'tm * TQ,UUFOQA waa,



Bott Periodicity



Bott Periodicity ()

X compact Riemannian manifold

Vv triple (p,q;h)
XV space of minimal geodesics of class v

'V| minimum over all non-minimal geodesics of class v
of no. of negative eigenvalues of Hessian of length function

Thm (Bott, 1959). If X is a symmetric space, thensois XV,
and 7m;(X")=my.(X) for O0<d<|v|]—1.

P
Example. X=¢5" xV P =gs"1"|y|=2(n-1) g
— 1y(S"") =m0 (S") for 0<d<2n-3 | S
(Freudenthal suspension theorem). "



Bott Periodicity (I1)

v—sequences: complex and real

T Ty T3 T4 T5 Tg T7 T8 Raoul Bott

Ceven | U/Ux U o 7Z 0 7 0 7 0 7 (1923-2005)
Codd U Z 0 Z 0 Z 0 Z 0

Fo O/U 0 Z 0 0 0 Z Zy Z

iy U/Sp Z 0 0 0 Z Zy Zy 0

Ry |Sp/SpxSp| 0 0 0 Z Zy Zo 0 Z

B Sp 0 0 Z Zy Zy 0 Z 0

Ry Sp/U 0 Z Zo Zo 0O Z 0 0

1s Uu/0o Zi Lo Zo 0 Z 0 0 0

R 0/0 x O Zo 7o 0O Z 0 0 0 7

fiz O Z, 0 Z 0 0 0 Z Z

Table 1. Bott Periodic Table of the stable homotopy groups of symmetric spaces



Bott Periodicity (lll): Morse Theory

Manifold M, function f: M — R (smooth and proper).

M :={xeM| f(x) <a}l.

homotopy-equivalent

Thm 1. If f has no critical values in |a,b], then M“ &ﬁ,

Thm 2. Let x € M be a non-degenerate critical point of f
of index n. If x isthe only critical pointin f'[f(x)—e,f(x)+¢],
then MfWHe L pMFO=€ e (n-cell ).

. <o ¢y >a>c
critical values
Ca> > 0y>C ;»

Example: 2-torus
¢ >a>c,

height function f/ O

Fact. Functions f of the needed kind (Morse functions) do exist.




Bott Periodicity (IV): Idea of proof

M = QVX (space of pathsin X from p to ¢ of homology class /),
Morse function f = length of path.

M® =0 if a <L = geodesic distance from p to ¢,
M?=X" if L<a<L+e,

Q"X =X"Ue,Ue, U... where dime, > |v|.

Hence 7y (X) =my(QYX) =my(XY) if 0<d<|v|—1.



Bott Periodicity (V): Clifford algebra

W = C?* Hermitian vector space with compatible
symmetric bilinear form {-,-}: WoW — C.

Ji,....Js generators of Clifford algebra on W':

I +dnd; = =28 ddw,  (JIF =01 =Jl).
Note: W = E+i(.]) @E_i(.]).
Let Cy(n) := Gr,(W) Grassmann m’fld of complex n-planesin W.
Define ¢ (n):={AcCym) | hA=...= A=A},

Ry(n) :={A €Cs(n) | {A,A} =0}.

Lemma.

Co(n) D Ci(n) D Cy(n) O ... complex Bott v—sequence,

Ry(n) D Ri(n) DRy(n) D ... real Bott v—sequence.



More precisely,

5 Cy(8r) Ry(8r)
0 | Upsg=16rUter/(Up x Uy) O16r/Usg,
1 (USr X USr)/USr U8r/Sp8r
2 Up—l—q:SrUSr/(Up X Uq) Up—l—q=4r Sp8r/(sp2p X Sp2q)
3 (U4i’ X U4?)/U47’ (Sp4r X Sp4r)/sp4r
41 Upig=arUar/(Up x Uy) SP4r/Uar
5 (U2r X U2r)/U2r U2r/02r
6 Up+q:2rU2r/(UP X Uq) Up+q:2r OZr/(Op X Oq)
7 (U, xU,) /U, (Or x O;) /0,
Shketch oF Pt-o-o{ {-or R, (n). J Miﬁu.orf "Morse T"""’r&" (pﬁwm/ 1%3)

Rio = {A] 1A AV =0, ASA T

Lt Ay = Apom {cu}/ Aw = Apom {cL}

Tan Ry = U-Ag whee U = ( U(EL(3)) < O®R™ ).
A(o)/5l1 determine “qMaJ-trwim" /J#ruclmre/ iwvariout wuder SP clL.



Bott Periodicity (VI): Bott Map

Make the identifications X = Ry _1(n), XY = R,(n);
and QVX = paths from E;(J;) to E_;(Js).

Given A € Ry(n),

assign to A a minimal geodesic [ : |—-7/2.7/2] — R, {(n)
by Bia) = DA A J(A) = i(TTy —TTge).
E.;(3)
This is the Bott Map ... Ry (w)
R (n)
R

Comment. Same for Cs(n) instead of Rg(n).



Bott Periodicity (II’)

v—sequences: complex and real

Ty T2 T3 T4 Ts Te T7 T8

Ceven U/UxU o 4 0 Z 0 #Z 0 Z
Codd U Z 0 Z 0 Z 0 Z 0
Ry O/U 0 Z 0 0 0 Z Zo 7o
Ry U/Sp Zo 0 0 0 Zo 0
Ry | Sp/SpxSp| 0 0 0 Z 0 Z
Rs Sp 0 0 Z Zo 0
R U/0O Z. 0 0
Rs | O/OxO | Z 0 Z
R~ O Lo 4 7o

Bott Map

Table 1. Bott Periodic Table of the stable homotopy groups of symmetric spaces
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'Fr*owu A‘ammtriu to PAQK&U—AathfiM .

Exam(;b.’l . Tiwe-revenal Aaum’&a -for AP'{“ h -
TA = A , (k= —1/ 1 QowPhx ouki- Lineos.
Couwnider 31 1= Uo’f.
31 btui{'ara/ Or-ngmQ/ 311 = 1= -1,
J,A = y(TA) = yA = A",
DL‘C. A fm-quim &rowucl Atate iA a Poﬁw—itaﬁm
W=AaoA whore Haa QOme;x vector ApPoce A is Aab—éu.{’ to

—  Ferwi Cowstaint : {A/A}:O
- PAludD—AaMAM'FiM: 31/\ = ... = JSA — AC.

(Clif{-orol aﬁﬂ,dn-q: JiIm +Ind) = —28;,,1dw, (J{* :J[_l :J[T)')



Exam(ah 2. Tine-ceversal Aauqua and ol«.maa Cousurvation
TA=A=QA, Q=+-1,.
Comnider , := i@, = iy TQ..
& uuikara/ or-[—t,,ogMQ/
3 =-(a3)=ag =+,
4, A = iQA = A,
Jidatdhdy = 0 since I ond Q. anbi-commute.

Q (0%oue) Ails Hae Forwi cowshaint.

QA = A N A = VhGBV[: p Ac: VPQV:
/s { A,A} =0 4a o.t,a{-crmd-\’caLll<.i Aatisfied .
Without Lsva 0ue Com work with Fonai fro‘j‘mcl-t'm du Vh .



Kitaev Sequence (“real” and “complex” classes)

class | symmetries S | pseudo-syms
D none O | Fermiconstraint
D T (time reversal) 1| Jy=yT
All | T,Q (charge) 2 h=1yTQ
CIl |T,Q,C (ph-conj) 3 J3=1yCQ
C 51,82, S3 (spinrot) |4 | seebelow
CI S1,8, 8, T 5
Al S1,8,8, T, 0 6
BDI | §1,8:,,. 85, 7T,0,C ]
class | symmetries S | pseudo-syms
A Q O | Fermi constraint
Alll | O.C 1| J; = i}/C




Q: Why do 3 spin generators amount to 4 pseudo-symmetries?
Tool: (1,1) periodicity.

Co(n) :={A € Gr,(C*") | JA= ... = J;,A =A%}
Rs(n) :={A e Cs(n)|{A,A} =0}

Double the dimension (C?" to C*" ¢ C?") and let

. 0 12;'1 . 12?1 0 T _ 0 Jl _
I_(—lzn O>j K—I(O _12}2)3 J;—(Jl 0 (I=1,....5)

Note: K is “imaginary”: {Kw,Kw'} = —{w,w'}

Lemma. Cg(n) ~Cs12(2n), Rs(n) ~Ryi1.1(2n)

Proof. " 1 1
RO

a €A, a’EAC}



Nt N N

Corollary. Let (note K = iJ;/hJ3)

T 13 0 = = 0 J
J,.(O —iS,) (1<3), Jai=1, Jji= (J/ 0) (1>5)

Then (1,1) periodicity isomorphism s pseudo-symmetries
equivalent to s —4 pseudo-syms. plus 3 spin rotation symmetries.



Diagonal Map



Bott-Kitaev Periodic Table

Question: does there exist a " 'Diagonal Map”’?

from Hasan & Kane, Rev. Mod. Phys. (2011):

?

Quantum Hall Effect

Symmetry d
AZ © = 1
U/UxU Al 0 0 0
U AIITl 0 0 1
O/OxO AI| 1 0 0
O BDI| 1 1 1
O/U D| 0 1 0
U/Sp DIIT| —1 1 1
Sp/SpxSp  AIl| -1 0 0] 0 Z
Sp CIIf| -1 -1 1| Z 0
Sp/U cC| 0 -1 0] 0 0
U/o CI| 1 -1 1|0 0 Z 0 Zy Zo Z 0

He-3 (B phase)

QSHI: HgTe

Majorana

TABLE I Periodic table of topological insulators and super-
conductors. The 10 symmetry classes are labeled using the
notation of Altland and Zirnbauer (1997)

Bi, Se;

?




Diagonal Map: heuristic

Clean limit: translations are symmetries

Conserved momentum kK € M ™ decomposition A = @keM

Gapped system (insulator) ™~ {Aj }rep vector bundle

Under A = EB 1, Ak the Fermi constraint {A,A} =0 refines to
{Ar, A} =0 (forall ke M).

Thus our free-fermion ground states are vector bundles 7w: &/ — M
subject to a Z»-equivariance condition

o 2 o
M M M

with non-trivial involution Ty : M — M, k+— —k.



Diagonal Map (d,s) = (d+1,s+1)

Starting point: Ji,....J; and {A;}ien,

Preparatory step: jack up by (1,1) periodicity

~ New starting point: Jy,....Js;[,K and {A;}ren,

Define:

Note:

Ay = el/2DKIA) 4

J(A) = i(I1lg —I1a¢)

1. Fermiconstraint: {A,,,A ; ,} =0V

2. Pseudo-syms:
3. Degeneration:

JlAkﬁf — = J.S‘Ak,f :Az,; — [Ak,r v
Ai-trr=E=i(K) vV

—~

Outcome: V.B. {A;;} . em,,, inclass s+1 on Mg =S(My)



D (none) DIl (T)
Example 1. (d,s) =(0,0) to (d,s) = (1,1).
n=1:Ry(l)={C-¢,C-c"}
(1,1) doubling ™ tensor with ((CZ)Spin and let K =i(0})paG ® (O1)spin»
I=J,=7T = (01)BaG @ (i02)spin, A =spanc{c],c]} = [full).

Ac = WKW 4 = spanc { el (—k)cos(k/2) — o (K) sin(k/2) } .
=T,

In BCS form: |g.s.) = e LkOUK/2)F lyac) where B = ci(k)e] (—k).

For more general K =K(a):
Pe = ¢l (k)c| (k) cos a+ (¢} (k)cl(—k) —c

—

Topological 1d superconductor with
spin-triplet pairing and T-invariance




DIl (T) All (T, Q)
Example 2. (d,s) = (1,1) to (d,s) = (2,2)

(1,1) doubling ™ tensor with band space (C*),

Topological 1d class-DIIT superconductor (after ph-transformation):
Ay, = spang {C;;T(kl) cos(ki /2) +ich (ki) sin(k; /2); & T, i — —i}

Apply 1-par. group: A_; = e (ko/2)KT(A ) Ay, = SpanC{& Tl ,1— —i;
(172, +)

o (C,ZT(k) cos(ki /2) +ich (k) sin(ky /2)) cos(ko /2)

n (c;; (k) cos (ki /2) +ic), (k) sin(ky /2)) sin(ko /2)}

Note: A,/ 4, = spanc {czTic% : c;;¢ ic;;T}
~ kg =+m/2 areisolated zeros of Kane-Mele Pfaffian

~ Kane-Mele invariant non-trivial (QSHI)

Next SPT phases in line: 3d insulator (Cll), 4d superconductor (C), etc.



FD/LAOI'&@HLO{ S?A{TWUS
Mw—cbwmud:od':‘we, Gwm’&& AFProad\.




N v — commutative G&mdfa_.

A. Couven : Afbﬂ.ctna Fiple (A,X,D)

’[uﬁau Qm{'m Ha“ Eﬁctc‘t
NCG a(o{or-oo.cﬁ. &QVQQO'IOQ.Cl j,& }.%QLLWQ:A et ol . (follow’iu% Couw)

*_QQ&LQH"& ./4‘ OF erO'uucQ)wl &FU“CL{'OFS.
’Pa,u‘n'u% bebwran K, (A4) and QaCQiC Co*&maeo%&.
A Hal conductomer = wou—commutnhve Chern uunwder.

Prodau , Schulz-Baldes (2013), T&am& (201%), Kalewdouk
Bo-ersth, Loriugr (1015)/ COu—e& et al. (1016)



1.

’fofaoﬂ,eﬁ,{cal {mvariouts o{ Q MAME-FOQC{ M

DeRhawm Cu‘e\O'WOQ,O&a
H‘\(M) = losed al--foruu (VA M/ exoct ﬂ—f?orwm am M

Howe{-oFa groups
ﬂq(M) = s (&rﬁu?) 0{: Lcrwofom clagaes OF wa«PA 31 — M

Suﬂr«wwi{a{& NcM
R otive cohmuo(o‘?&/ refoRve Lmo-to.',&

Twvorievds 4n Qow//&’ae,cﬁal divewaiowa ...



2. Tnvoriouh {or vector bundles E 5 M = Quu y El = U, x "
U, c M

° Hwo{-opa losses
Cowsider aub-tbundtes E ¢ MxCV

Associote with EE" M 'Hn-lwmla '+E‘ M- Grh(C”)
x > T 60 = E,

Etr;.ivaﬂauu relotion: E o~ IE’ .i-FF A’JErv A‘?.’ (Via, &°w°’f°1’-’a)

° T/JWW clogses
Local frvializakion 2 E| — tx €
Upc M
Troawaition ‘ch‘{'\'m 85‘?’) : ’u,,\nuf, — UM) ¢ GL(C")
Equivalnes relation E~E 4f g = % gOON will Nos U= UMW

o k- {'lﬂbﬂra casses (_> diAorOllr)



Grothundieck Fumctor

fum aw Abeliow wonrid M (= Cowmutative Avmigroup with maukal elomant)
ivk on Aleliow Jroup K (Hae OroHuudicck group o‘f M).

Exm.wl:,h M=N (hdwol uuwbern) N K = £ ('i.u{-edqrs)

Pictorial N

|
i) = (n,0) ¢

i, n) = m—n

N

Tn 5a,waﬁz Mx M 2 (m1/mz) ~ (n,/ n,) Afl W+ iy + R = g+ + R
(-For,aom &eﬂ)



T@Foloﬂ{co& I~ Huora.

K- vector bundles E — M (Kk=R,C,H).
Direct s ESF 0{ vickor Drund L ( Wﬂi’cua).
Froworphio osss: [E]@[F] = [EaF].

Vect (M) = Adelion muousid of nomorpluimue classu
of vickor bumdlea over M.

TOP oQoéa'c ol K- HA.wr'a :

K(M) = Ha Grotuendick group oF Ha Abelion wousid Veet(M) .

’Rivxg ARueture Xra tensor ,aﬁ)olwc’r Fot Of vector Humdles



Tolea OF the NCG AFPW&O&

CQoam /GHA{'QWL Disordared AHA{—UM
Fourier/ Bloch theory = H(R) C*- oQqebra A (Lrownded. ops. )
Vector bumdle E— M (’FQME) Frnée,d-im P

jdoworPLiAm s [E] S H«Lor{] Wy [P:I



NCG AU‘HMS {Lor Atotiutcal hfoﬂoﬁ&t& maulotors

Statistical  wnsundte of Howiltomious with AaAMMtra G
(WQQH«\M/ mﬁ(ec{-{m/ rotatHouns ) on avmmﬁl over thu dicordar.
G 4ia &meho{ ow Hilbest AP ace e b& % - M(&)

/Pr'olr&fﬁﬂi{*d /JPQCQ > w (raMoLotM vaﬁa?:{u)
Q ack ou 02 Xra g D(g).

Raundow. Howiloniow H: ) — L(&e)/ QW H— Hoo/
wust Aa{-{/s{ra Hu covariamce relaton

u(g) ku(g)_1 - H

D(g)-w

Q- imvt Prolr. M QoA ¢ g {((A) c&u(m) = S {(D(g).m) d]u(m)
Q Q



OP wrotor— theeretic Ao,lh;u& .

DQ{:n. A C*—aQﬁJm J‘l A
a Cmu(ahx vector Apace A with aw aaociative ,oroduc,t- Ax A —> A
omd a C- ambiliveos wap A—-A a ad wi Cab) = bfal

ond @ morm A - R, o lal ('/’t ia Domack, e ||°||—C°‘W1’uh)

t

auwd lafall = [al? (H/ut morm 40 Har Alo@.cta& radivg ) .

Tl Ff,qxifw-;!,i‘c{lr in nmliziu% tHa ‘srodu’c o Hillrert APw allowz to

wmimick Fowier bwfom od abil have @ (mou-commutative ) Drilowin zoue .



Defimition oF Ko (A4).
'Projac{-ors |:>1 =p= p*.

iH e = PO an — 0
Addikia. pe g (Oq) A®M,,(€C) , n— .
Eciuimhnce relation: A@JJ(M/“@:) > pN~gq € A@J&,\/h@t)
— P = V“U‘f/ q: V"'U. {;0..- \© € A@Mw‘,n(&:)
Ko(4) = b Grottendicek group e(; Hu Abeliow mownsid Gurerated ba
@,cimimhuoe closes &F Fr-oje,cﬁm P e A.
M&d&f&caﬁm moeded |
Dauitd Hu "Huora ou Cowplex Akuchures ivatead oF Prbjo.c{-im:

Addition: 107 = gf}).

Eaiuirmhuu Lotion : emﬂ(wﬂ®ﬂm) 5 1T~ 1,', € ECAR(NR®QM)
= IO ue ~ T O oo for sowe N> aax(w,n)

: N
in €CAR (WR®R )



Numarical Tuvarionk.

Exawpﬂa. DeRhouu Huora:
Pairing  H'(M) ® H,(M) — R
(w] & [c] gc.)
C
Algeoraic K-Theory.
o P&Jrfng Aetueen k-'ﬂuora ound CGCQLC c,o&omoﬂ.oga CACWW)
Exoawple :
Pl Hal conductomee = Tr (P [[X1/P]/ [Xl/P]])
° ﬁnolQX Pain‘w&(w—if&, k—MwQOa%) :
OPara'l:or—{'hore{'ic Varston 0{ Lwahiin-{'a'at Qraumehi



A&Or‘f exact AQCIMQWCQ :
l A~ ey

0 - —— A — A - 0

Adx—terw exact Aequince (QomPux CCMQ) :
Ko(&) —— Ko(A) — Ko(A)

Ind Exp l

eV A~ i

Ki(A) ~— Ki(A) =— Ki(E)

{ee E.Prodaw, M. Schutz-Dalda :
0wk oud ﬁ)cruudarq, Tuvariouts for Cow[ahx ToPo-?.oqienl Tusulators (&foriu%o_r, 2016)
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