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Exercise 1: Spin correlations of the one-dimensional Heisenberg model

(11 points)

Here we focus on the isotropic Heisenberg model in dimension d = 1 with open
boundary conditions

H = −J
N−1
∑

i=1

~Si · ~Si+1 ,

with J = −1 (the antiferromagnetic case). We are interested in the spin correlations

between sites 1 and n, χ1n = 〈~S1 · ~Sn〉, for both zero and finite temperature.

a) Calculate χ1n = 〈ψg|~S1 · ~Sn|ψg〉 for the ground state |ψg〉 of a Heisenberg chain
with N = 10 sites and n = 1, . . . , 10. Note that for an even number of sites N ,
the ground state of the antiferromagnetic Heisenberg chain is non-degenerate.
(5 points)

b) Calculate the temperature dependence of the spin correlation

χ1n(T ) =
1

Z

∑

l

〈l|~S1 · ~Sn|l〉e−βEl ,

with Z =
∑

l e
−βEl the partition function, β = 1/(kBT ) (kB can be set to 1),

and |l〉 the eigenstates of H with eigenenergies El, for temperatures T = 0.5, 2,
and 10. (4 points)

c) Show numerically that, in the limit T → 0, the finite-temperature spin-
correlation χ1n(T ) of part b) corresponds to the zero-temperature spin-
correlation of part a). (2 points)
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Exercise 2: Reduced density matrix

(4 points)

Consider a two-site system (with sites A and B) with a two-dimensional basis for
each site: {|i〉} = {| ↑〉A, | ↓〉A} for site A and {|j〉} for site B accordingly. A given
state |ψ〉 can be expressed in this basis as

|ψ〉 =
2

∑

i=1

2
∑

j=1

ψij|i〉|j〉 . (1)

Here we want to calculate the reduced density matrices ρ for the following three
states:

|ψ〉1 = | ↑〉A| ↓〉B ,

|ψ〉2 =
1√
2
(| ↑〉A| ↓〉B − | ↓〉A| ↑〉B) ,

|ψ〉3 =
1

2
(| ↑〉A + | ↓〉A) (| ↑〉B + | ↓〉B) .

a) Write the states |ψ〉i (i = 1, 2, 3) in the form given by eq. (1), i.e. determine
the matrix ψ̄ with matrix elements (ψ̄)ij = ψij. (1 point)

The reduced density operator ρ̂ is defined as

ρ̂ = TrB (|ψ〉〈ψ|) =
2

∑

j=1

〈j|ψ〉〈ψ|j〉 ,

with the matrix elements ρii′ = 〈i|ρ̂|i′〉 = ∑

j ψijψi′j.

b) Calculate the reduced density matrices (i.e. the matrix elements ρii′) for the
states |ψ〉i (i = 1, 2, 3). (3 points)

The entanglement between sites A and B can be directly calculated from these
reduced density matrices (see the following exercise).
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Exercise 3: Reduced density matrix and entanglement entropy

(11 points)

With the definition of the reduced density matrix given in the previous exercise, we
can now proceed with calculating the entanglement entropy Se:

Se = −TrA [ρ̂A ln ρ̂A] = −
∑

α

wα lnwα ,

with wα the eigenvalues of the reduced density matrix. The entanglement entropy is
a measure of the entanglement between subsystems A and B of a quantum system;
this can now be tested on the three states |ψ〉i, i = 1, 2, 3, given in exercise 2.

a) Calculate the entanglement entropy Se for the states |ψ〉i. (1 point)

We now extend the analysis to larger systems, in particular one-dimensional spin
systems with a bi-partitioning into parts A and B as shown in the figure:

31 2 M −1 M M +1 M

... ...

AAA

A B

The number of sites in parts A (B) is MA (MB), with MA +MB = M . The state
of the total system in expressed in the standard basis {|l〉}, l = 1, . . . , 2M , with
{|l〉} = {| ↓↓ . . . ↓〉, | ↑↓ . . . ↓〉, . . .}:

|ψ〉 =
2M−1
∑

l=0

al|l〉 .

b) Consider a random state |ψ〉r with āl random numbers in the range [−1, 1],
and al = āl/

√
∑

l ā
2
l . Calculate Se for different values of MA and M = 10. (4

points)

c) The following state has a much simpler structure:

|ψ〉afm =
1√
2
(| ↑↓↑↓ . . .〉 − | ↓↑↓↑ . . .〉) .

Calculate Se for different values of MA and M = 10. (3 points)

d) In the following state, site 1 is entangled with site 5:

|ψ〉1−5 =
1

2(M−1)/2
(| ↑〉1| ↓〉5 − | ↓〉1| ↑〉5)

4
∏

i=2

(| ↑〉i + | ↓〉i)
M
∏

i=6

(| ↑〉i + | ↓〉i) .

How does this entanglement show up in the entanglement entropy Se as a
function of MA (M = 10)? (3 points)
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