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Aharonov-Bohm flux tubes

Quantum flux

°

f{ A dx — ¢ winds (')r/g/n
0 otherwise

°

by =27 =2

i

fundamental

@ Flux through a micro-organism
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AB Periodicity

Flux tube modifies boundary condition:

®A9 = ¢d(x € cut)
W>+ = e¢ W’)_

b.c. 27 periodic in ¢:

), =€ )_
AB periodicity

H(¢ + 27) = UH($)U*
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Projections: P
@ Orthogonal projections

PoE E-F
~—— S——

projection orthogonal

(~)
d
P=3"lv) (wil,  (wildy) =3
]
()
P =1-P
N————
complementary
(*)
PP, =P, P=0
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Family of projections
Paradigm

Berry: Spin in magnetic field B

) B
P(B)_M'ZL’(B), -8B
H(B) = B-o

E]
1 Bs
~2

By —iBs
By +iBs —Bs
P(B) sick at B = 0 < H(0) degenerates
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Family of projections
Parameter=control space
¢ € parameter space=control space

P(¢) : (parameter space) — smooth projections
Parameter space

J

Hilbert space
P(¢)

moving frame

P.(9)
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aP

Motion of projections

B
~——
matrices

PdP+ dPP = dP

Corrolary
dPP=(1-P)dP =P, dP J
PdPP=PP, dP=0
——
=0
Kato
PdPP =0 J
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Kato evolution

Unitary evolution in evolving subspaces

Kato’s unitary evolution

P=UP,U

, U=
Notion of parallel transport

Who generates U?

idU= _A U
=~

generator
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Kato’s evolution

Commutator equation

Generator satisfies commutator equation
dP = i[A, P] J

Proof:
Pob=UPU=0=(QU")PU+U"dPU+ U"PdU
0 = U(dU*) P+ dP + P (dU)U*
~— S~

—(dU)U~ —iA

A: Not unique!
Ambiguity: commutant (P) J
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Kato’s evolution

Generator

Commutator equation for A:
dP = i[A, P] J
A Generator
A=i(dU)U*
N—_——

Definition
Verify:

—i[dP, P]
——

Generator

N——
Avron (Technion)

ilA, P = [[dP, P], P] = (dP)P — 2 P(dP)P+P dP = dP
=0
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Parallel transport

Connection

Parallel transport: No motion in P

[v)=Ply), 0=Pdly)
vectore P

no—motion

dly) =d(Ply)) = (dP)[¢) + Pd |¢)

T
= (dP) Pl¢) = [dP, P |¢))

iA

parameter space
Covariant derivative:

D= (d—iA),
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Parallel transport
Berry’s phase

@ 1-D projection: P = [¢)) (1)] [¥1)
@ Parallel transport:
0 =Pdy) = |¢) (¥|dv) D|g) =0

@ Parallel transport
— No local Berry’s phase

|Y0)
0 = (p|dy) — 3d ((¥[)) lvo) € [uo)
=1
_ (®ldy) — (dyly
2
=i Im(p|de))
N————

Berry’s phase
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Curvature

Failure of parallel transport

Parallel transport is path dependent:

1) # r)

Curvature

|%0)

Curvature=Failure of parallel transport

definition
Avron (Technion)

Qi = i[Dj, D] = (8;Ak — Ok A)) — i[A;, Ak]
N—_——

Non—abelian magnetic fields
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Curvature for projections
P(dP)(dP)P
Curvature=iP(dp)(dP)P

Qi = i [Dj, Dx] = i[0;P, 0k P]
—
Proof:

definition

[Dj, D] P = [Pd}, Pd]P

= P(9;P)(0kP) — P(0kP)(5;P)
= P[9;P, kP
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Curvature

1-D projection

1-D: P = [¢) (4]

Berry’s curvature
QP =i [0;P,0xP]P = i(<8j1/)|8k1/;> — <8kz/;\8jz/)>) P
Example: Spin 1/2

Heo.5, p=itf
2
®,dP;dd
ijP: Ejke 4|(D|3 P
1/2 spherical angle
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Gauss Bonnet

Geometry meets topology

Gauss-Bonnet: Gaussian curvature & genus

1

o \SL dS =2(1 — genus)

Curvature
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Chern numbers
Proof for torus (TKNN)

@ P(¢1,¢2) periodic
@ |(¢1,¢2)) periodic up to phase: o

[1(0,0)) = e~ (2, 0)) b
=& " [$(0,2r)
= e P |y(2r, 2n)) %)

@ Angle counted mod 27

)

?1

e’ 1y)

e [¢)

(04 - O)mod or + (5 - Oé)mod 2r + (’Y - B)mod or + (0 - ’Y)mod or =0

Chern numbers

i/;(dw|dz/;> _ ing(qmdw € 27
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Chern numbers
Projections

Chern numbers

Chern(P, M) / Tr P[O;P,0kP) d®;d®y € Z,

@ M: 2-D compact manifold (no bdry= oM = 0)
@ Chern(P, M) invariant under smooth deformations of P
@ P singular at eigenvalue crossing—dim P jumps
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Chern numbers
Facts

@ Chern(0, M) = Chern(1, M) =0
@ Chern(P; ® P>, M) = Chern(P;, M) + Chern(P, M)
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Chern numbers
From sphere to ball

OHZBO', B:(Bx,By’Bz) (D
3—D space
@ Linear map of parameter space:
B:qu’ q> = (qDX,q)y7 ¢Z)
@ detg#0
Chern

3 ~
, 1+H
H(®) = § : gkd al,  P(o)

j?k:1

2

B
Chern(P) = sgndetg : :
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Chern numbers

What is counted?

Contracting into the solid torus

Simon

Chern(P,T) = ngn detg(®q)

degeneracies
Avron (Technion)

(=] =
Platonic QHE

ESI 2014 24 /32



QHE

Driving and response

<D

emf loop

Hall current loop
Platonic

@ Driving: emf

=

@ Response: Hall current =

= 0¢>
@ H(¢1, ¢2): Periodic, nondegenerate, hermitian matrix
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Variations on a theme

Bloch momenta & controls

L] ® (] (] m z
~

@ Periodic @ Multiply connected

@ (K1, ko) conserved @ (o1, ¢2) controls

@ Bloch momenta @ Fluxes

@ Brillouin Zone @ Aharnonov-Bohm period

@ oo noninteracting (gapped) @ Interacting (finite)
fermions
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Example: 3 x 3 matrix function
Hofstadter Butterfly with flux 1/3

H(®) = el¢ i®2 :
(p)=e T +e% S +he s e e e
translation shift
° °
010 1 0 0 1/3
T=[001]|], S=([0w O o o
1 00 0 0 @w
[ ] [ ] (] [ ]
lattice translation S=IFIIF* Hofstadter Model B = 1/3
W= eZﬂ'i/S
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Virtual work

Q-observable

@ H : (parameter space ¢) — Hamiltonian
@ Virtual work

observable

@ Loop current:
Virtual work of Aharonov-Bohm flux
_dH

=4
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Charge transport

Time dependent Feynman-Hellman

Virtual work=Rate of Berry’s phase

(W] dgH [v) = 3 (i{v]ds))
R N’

Virtual work Berry’s phase

@ Schrédinger
i0 [v) = H(¢) [¢)
o Pf:
time—indefendent:O
(Y| 9pH [90) = 05 (V| H |1} — (09| H |[3) — (4| H [059))
M~ Y~
ilor)y — —i{0y|

= 0 (i{v|9s1))
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Definition

_Vinualwok& Hal conductance |
Hall conductance

Def: Flux averaged Hall conductance:

1 IS 00
2 = 5 [ dox [ ot (vl oeH i) o

flux average charge transport

Current loop

Flux ¢1 ]

‘ time

¢pr=m
Control averaging<— Filled band.

¢ =-—m

Avron (Technion)
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_Chem=Kuo |
Chern=Kubo

Geometry of transport

—

In adiabatic limit: flux average transport=Chern
2no
adiabatic

. / diy dbp T P[0s P, 2 P]
27 ),

Chern

@ Loop currents: (¢| dsH [v) = 0;(i{x|01))
@ Adiabatic limit: |¢)) — [a), H— A
@ Adiabatic loop currents: 0;(i(va|0s10a)) = (Va| O5A [Ya)

[}
Platonic QHE

i (Al 06[P, P |voa) = iTr POy [01P, P| = iTr P[0, P, 0P
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|
Critique

Why Platonic?

@ ¢ = control :Too general

@ ¢ = Bloch momenta: Too special

@ Gap condition: Too strong—localization

@ Where is 2-D?

@ Where is thermodynamic limit

@ Why average?

@ Sample appear to be less important than connecting circuit
@ What about fractions?
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