Theory of non-Abelian statistics: fusion space of topo. exc.

What are the most general properties of the topological
excitations? can be boson, can be fermion, can be semion,

Consider a state with quasiparticles |i1, /o, i3, -+ +) at X1, X2, X3, - - -,

which is a gapped ground state of
H+ 6H,*P(%1) + 6H, P (%2) 4+ 0H,*P(X3) + -
e [he ground state subspace of the above Hamiltonian is the fusion
space V' (i, >, i3, --) of the quasiparticles iy, i, i3, - - -
e We assume the above ground state degeneracy is stable arbitary

purterbations around Xi, X», X3, - - - and the traped quasiparticles
are said to be simple.

e If the ground state subspace is not stable against any perturbations
0H(X1) near X1, then the quasiparticle /; at xj is composite.

e If /1 is composite, we can add dH(x7) to split the ground state
subspace:
VF(i, iy iz, ) = VE(1, iy i3y ) @V (ki iy iz, o0 ) B -+
We denote 1 = j1 D k1 & - --
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Fusion algebra of (non-Abelian) topological excitations

e For simple/, j, if we view (/, /) as one particle,
it may correspond to a composite particle:

VF(Ila.j) /17/2, ):@k\/F(/;jlljb’...)
= Dk & ,’j VFE (kI by --)
X

k_

I QJ = @kNIjk — the fusion algebra.
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Associativity: o
(@) ©k=io( ok =N, NX=5, NN =3, NN

Quantum dimension and vector space fractionalization:
e In general, we cannot view V" (i,j, k,---) as

V()@ V(j)® V(k)®---, and dlm[VF(/,/,/, )

Quasiparticle / may carry fractional degree freedom.

dim[VF(i, iy )] = Zm,- Nllvlvl Ngvgl o N{nn_y - (NI)71_1 ~ d}

| I

#dl-n, di € 7.

|
where the matrix (N');x = N/, and d; the largest eigenvalue of N'.
e d; is called the quantum dimension of the quasiparticle /.
Abelian particle — d; = 1. Non-Abelian particle —d,
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Relation between fusion spaces and the F-matrix

e Two different ways to fuse /., j, k — I i j ok i j k
.. D F in

N#' 31 mk . n al

VF(IJ, )_@m@u ij(m7k7) o o) |::>>Jf?/

am=1 m l l
_ Ng ’Vf”" F

:@/{‘/;&Uaa;nkam>}® VF( 7)

K .
V (I.ja )_@n@o/k—l ng(“”f”)

_ N N\ F
- @n @a[nk:]- @/ @a;'n:]_ VCVJ,.,k;Oé;n,n(/’ S )

= {|ldk a", my @ Vi)

ij mk

Uk m,Qum,Q
> Z O[Ik lno/ aln

I

n »

where F;f is an unitary matrix.
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Consistent conditions for F,Qf;(%?aﬁ and UFC

Two different ways of fusion W and V are related via

two different paths of F-moves: *

i ko i ksl i kal

m _ mkl;nBx m . mkl;nBx —ijg;mae 9

¢<W>Zq,5el:pq5e ¢<v>zq5€s¢'prq56 FpsqS*y (D( VO F

p P p
ko1

i J i j k1 [ jnk l
o o ijk;ma 8 o ijk;maB itl;npx t
q) (W) _ Zt,n,cp Fn tne (D (\%) _ Zt’n,@;s,’{,,}/ Fn tn Fp SK7Y q> WS

p

NN,
_ jk;maB =itlnpx ciklitnk ¢q
o Zt,n,n;w;s,mmqﬁ@ F” tne FP Sk Fs qo¢ ¢ Vs

p

The two paths should lead to the same unitary trans.:

Uk mao3 I_—,t/ nex Jkl; tnr __ mkl nBX 1jq; maoe
E : mtne " p;sKky s qo¢ q5e S(bv

£,k
Such a set of non-linear algebraic equations is the famous

pentagon identity. Mmoore Seiberg 89

Nif I_—ijk;mozﬁ

ko Tins Unitary fusion category (UFC)
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UFC and topological quasiparticles in different dimensions

e Topological excitations in 141D are described/classified by
(non-Abelian) UFC.

Consider topological excitations described by an arbitary
UFC, can we realize them via a 141D lattice model?

e Topological excitations in 241D (and beyond) are described by
Abelian (symmetric) UFC: N/ = ;.

In higher dimension, topological excitations also have non-trivial
braiding properties.
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Braiding and R-matrix

e Two ways to fuse: \
VA, ) = @ra Ve (k) E>
—edlka)te ik % 8
\/F(,'jj’ L) = @kﬁV@F(k, )
= ar{lk B Vi(k,-)

o lk,a)f = 4 RIZ 1k, 5
where R;{;;g is an unitray matrix.

e Relation to the spin 0, = €'°™5 of the particle:

21 rotation of (i,j) = 27 rotation of k /"
27 rotation of (/,j) = 27 rotation / j\ i joo
of i and j and exchange i/, twice £> £>

Tk Pl P

0:0;RETREY = 01014
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Consistent conditions for R,g;ﬁ and UMTC

) @F
i j\ k ; j L
k K% i J k i J k
_ X v N .
(04 m :> B 0
m Y [ /
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z l

Hexagon identity:

ik; 1kj; peX Jk77 § : kij; p¢)\ mkw ijk;ma8
Rp € Fl ;Mo R Fl ;may Fl 915

Ng, F/"{'f;(rgo‘ﬁ, R,’j;;g — Unitary modular tensor category (UMTC)

which describes non-Abelian statistics of 2+1D topo. excitations.
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Boundary of topological order — gravitational anomaly

e Boundary of (some) topologically ordered states is gapless
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Boundary of topological order — gravitational anomaly

e Boundary of (some) topologically ordered states is gapless
e Boundary of topologically ordered states has gravitational anomaly
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Boundary of topological order — gravitational anomaly

e Boundary of (some) topologically ordered states is gapless
e Boundary of topologically ordered states has gravitational anomaly

There is an one-to-one
correspondence between

effective
d-dimensional topological T losicallv| theory
orders and d — 1-dimensional Opologically with
gravitational anomalies ordered gravitational
stat€ _“anomaly

Example 1 (gapless):

e 141D chiral fermion L = i(¢)T0:p — T0,1)) — (k) = vk.
Gravitational anomalous, cannot appear as low energy effective
theory of any well-definded local 1+1D lattice model.

e But the above chiral fermion theory cannot appear as low energy
effective theory for the boundary of a 2+1D topologically ordered
state — the v = 1 IQH state (which has no topological excitations).

e The same bulk — many different boundary of the same
gravitational anomaly, e.g. 3 edge modes (vi k, —vok, v3k)
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Example 2 (gapless):
e 1+1D chiral boson (8 modes ¢ = 8)

K Es (2
L = 3-0x010:05 — Viy0xp10xP.
e Gravitational anomalous.
Realized as edge of
8-layer bosonic QH state: Kb =
y
WES — H(Zil o ZjJ)KU
Filling fraction v = 4
det(K*) =1 — no topo. exc. K
Example 3 (gapped):

e 2+1D theory with excitations (1, e, m, €). Fusion:
exe=mxm=c¢e¢xe=1,ex m=e. Braiding: e, m, ¢ have mutual 7
statistics, e, m are boson ¢ is fermion.

e No gravitational anomaly. Can be realized by the toric code model.
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Example 4 (gapped):
e 2+1D theory with excitations (1,e). e x e = 1. e is a boson.
e Grav. anomalous. Cannot be realized by any 2D lattice model.
But can be realized as the 2D boundary of 3++1D toric code model.
Example 5 (gapped):
e 241D theory with excitations (1,¢e). e x e = 1. e is a semion.
No grav. anomaly. Can be realized by v = 1/2 bosonic taughlin state.
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Entanglement = Geometry

e The boundary of topologically ordered states has gravitational
anomaly. Topological orders (patterns of long-range entanglement)
classify gravitational anomalies in one lower dimension.
long-range entanglement <+ geometry
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Classify long-range entanglement and topological order

® 1—|—1D there iS No tOpO|Ogica| Order Verstraete-Cirac-Latorre 05

e 2+1D: Abelian topological order are classified by K-matrices
2+1D: topological orders are classified by (UMTC,c) = (T,S,c)?

2+1D: topo. order with gappable edge are classified by unitary
fusion categories (UFC): Z(UFC) = UMTC Levin-wen 05

[ J k ]
o ijk;maS X
o (W) > Fima (v)

Quantum entanglement, topological order, and tensor categor
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Classify long-range entanglement and topological order

® 1—|—1D there iS No tOpO|Ogica| Order Verstraete-Cirac-Latorre 05
1+1D: anomalous topological order are classified by unitary fusion
categories (UFC) Lan-Wen 13 (anomalous topological order = gapped 2D edge)

e 2+1D: Abelian topological order are classified by K-matrices
2+1D: topological orders are classified by (UMTC,c) = (T,S,c)?
2+1D: topo. order with gappable edge are classified by unitary
fusion categories (UFC): Z(UFC) = UMTC Levin-wen 05
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Classify long-range entanglement and topological order

® 1—|—1D there iS No tOpO|Ogica| Order Verstraete-Cirac-Latorre 05
1+1D: anomalous topological order are classified by unitary fusion
categories (UFC) Lan-Wen 13 (anomalous topological order = gapped 2D edge)

e 2+1D: Abelian topological order are classified by K-matrices
2+1D: topological orders are classified by (UMTC,c) = (T,S,c)?
2+1D: topo. order with gappable edge are classified by unitary
fusion categories (UFC): Z(UFC) = UMTC Levin-wen 05

i ki j Kk

ik » 3 L Xk i F n O(i”
_ ijk;ma
¢ \;%/ _ Z Fl;nx5 ® VSI”/ O Otllnk j‘> OC],;k l
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e Topo. order with no non-trivial topo. excitations: «ongwen 14

1+1D 241D 3+1D 4+1D 541D 6+1D
Boson: 0 7 Eg 0 L 0 YRSW/
Fermion: 2o L ptip ? ? ? ?
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Volume-ind. partition function — Universal topo. inv.

e Assume the space-time = M x S! (a fiber bundle over S}).

Such a fiber bundle is described an element in W & MCG(M).
So we denote space-time = M xS} -

e Volume-ind. (fixed-point) partition function kongwen 14
Z(M N\//\V St:_l') — Zvol—ind(M ><]W St:!-)e_egrnd Vspace—time

Zvol—ind(M N/\/\\/ 5}) — TI‘( W)

Gt

o Zolind(M X Stl) — the ground OM
state degeneracy on space M.
Zvol—ind(Sd X 5}) =1
Zool-ind(S971 x ST x S1) = number of topological particle types.

) W-—twist

Volume-ind. partition function, universal wave function
overlap, and non-Abelian geometric phases are the same
type of topological invariants for topologically ordered states
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Monoid and group structures of topological orders

e Let Cy ={a,b,c, -} be a set of topologically ordered phases in d
dimensions.
Stacking a-TO state and b-TO state — a ¢-TO state:
aXb=c, a,b,ceCy

a—T0O
b—-TO

c—=TO

e X make Cy a monoid (a group without inverse).
Consider topological order a and topological order a*

Z\;?ol |nd( 51) — [ voI |nd( 51)]* then
Z\i;gi?nd( 51) — oI |nd(M Ry, 51) vol- md( 51)
In general, Z\fol (M Sl)Z 2 |nd(M X 51) ;A 1 —> alk a*is

non trivial topological order and a-TO has no inverse.
e A topological order is invertible iff its Z,o)_ind(M X S}) — el?

A topological order is invertible iff it has no topological excitations.

Kong-Wen 14
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Classify invertible bosonic topo. order (with no topo. exc.)

In 241D:

® Zolind(M X Stl) — where w3 is the
gravitational Chern-Simons term: dws = p; and p;g is the first
Pontryagin class.

e The quantization of the topological term: ¢ = 8 x int. — Z-class:

fM w3(g,LLl/) — fN)@N:M P1 = fN’,@N/:M P1 mod 3,
since le ,p1=0mod 3.

27TC

fM)qWS]- 3(gMV)

e Relation to gravitational anomaly on the boundary B?:
g bnd 32/ y
(1) / = eifB2 Le]?F ry( /W)e 27ZLC fM3 LOM3=B2 w3(guv)
27TC

e 2 Ju3 oms—p2 w3(8v) s pot differomorphism invariant, but

 bnd 2
’fB2 L (8 W)e 2% fM3,aM3: 2 w3(guv) is

(2) Consider an 141D differomorphism W : B®> — B?, g, — gﬂ‘{g.

27 C
bnd bnd
/B2 Lepf ry(gp‘b/g) o /BZ Le:;;: ry(g/ﬂ/) — ﬂ/ w3(g/ﬂ/)
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Classify invertible bosonic topo. order (with no topo. exc.)

In 44-1D:

® Zylind(M x5, St) = e where w; is the /th
Stiefel-Whitney class — Zo-class. We find [,, o1 wows = 1 when
w=t

M =CP? and W : CP? — (CP?)*
e Global grav. anomaly: for M = CP? and W : CP? — (CP?)*

bnd W bnd
/ Lei?F ry(guv) o / Lepf ry(gul/) — / Wo W3
M M M>4W51

In 641D:
e Two independent grav. Chern-Simons terms:

. W7 —2w —2W7+b5w
27TIfM7 |:k1 I 5 7—|—k2 79 7:|

Ty meWS} Wo W3

ZvoI—ind(Iw?) — € _
where dw; = pp, d7 = p1p1 — 7 @ Z-class (ki, ko). kongwen 14

1+1D 241D 341D 4+1D 541D 6+1D
Boson: 0 Z Eg 0 27 0 7, P 7
Fermion: 2o L ptip ? ? ? ?
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