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Outline

Lecture I: Theoretical background & non-equilibrium phases

• From the quantum master equation to the Keldysh functional integral

• construction
• semiclassical limit, connection to exciton-polariton systems
• “what is non-equilibrium about it?”

@t⇢ = �i[H, ⇢] + L[⇢]

Lecture II: Symmetry and topology out of equilibrium

• Topological states induced by dissipation
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Z
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Keldysh theory general: A. Kamenev, Field theory or non-equilibrium systems, 
Cambridge University Press 
Review Lecture I: L. Sieberer, M. Buchhold, SD, Keldysh Field Theory for Driven 
Open Quantum Systems, Reports on Progress in Physics (2016)

Lecture III: Lindblad-Keldysh 2.0: Measurement induced transitions 

• fate of BKT physics out of equilibrium
• phase transition driven by non-equilibrium drive

• Stationary states of driven open quantum systems

• Dynamics: topological field theory out of equilibrium

• Dynamical symmetry classification in- and out-of-equilibrium

• Background: weak continuous measurements

• Measurement induced phase transitions of fermions

• Replica Keldysh field theory approach
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Lindblad quantum master equation: 
From few to many degrees of freedom
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dissipative environment (“open”)

external fields, e.g. laser
(“driven”)

quantum system

What is a driven open quantum system?

• quantum Optics:

• exchange between system and bath 
(e.g. energy, entropy, particle number)

laser intensity

detuning

laser drive 
frequency |g〉

|e〉



• example: laser driven atom coupled to the radiation field (two-level system)

coupling to radiation field: 
spontaneous emission

excited state

ground state

• simple fact: drive essential to access 
upper level

• no guarantee for detailed balance
• no obedience of the second law of 

thermodynamics (state purification)

• implications:



• quantum master equation

Driven open quantum systems: microscopic description

environment

drive 
system

|g〉

|e〉

• example: two-level system

detuning

laser drive 
frequency

laser intensity

Lindblad operators

coherent evolution driven-dissipative evolution

<latexit sha1_base64="D2OJBt1e8YqmPG4r4sf94Db076s="></latexit>

@t⇢̂ = �i
⇥
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⌘ L̂[⇢̂] Lindbladian; also: Liouvillian

• derivation from system-bath setting: second order time dependent perturbation theory

• 3 approximations:

• Born: weak system-bath coupling (2nd order pert. th.)

• Markov: constant (in frequency) bath spectral density

• rotating wave: drive  biggest scale<latexit sha1_base64="XG2+WwsPkyJuoNIYtSh59rF095A=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GPRi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj26nfeuLaiFg94jjhfkQHSoSCUbTSQ1elvXLFrbozkGXi5aQCOeq98le3H7M04gqZpMZ0PDdBP6MaBZN8UuqmhieUjeiAdyxVNOLGz2anTsiJVfokjLUthWSm/p7IaGTMOApsZ0RxaBa9qfif10kxvPYzoZIUuWLzRWEqCcZk+jfpC80ZyrEllGlhbyVsSDVlaNMp2RC8xZeXSfOs6l1Wz+8vKrWbPI4iHMExnIIHV1CDO6hDAxgM4Ble4c2Rzovz7nzMWwtOPnMIf+B8/gBhf43f</latexit>⌫

see later, and appendix

• starting point: system-bath setting

(for single L)
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bath modes
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Sebastian Diehl
add example: quantum cavity 



Lindblad operators

coherent evolution

• quantum master equation

environment

drive 
system

driven-dissipative evolution

• derivation from ‘symmetry’ (i.e. implementing key physical requirements)
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⌘ L̂[⇢̂] Lindbladian; also: Liouvillian

• Lindbladian defines a dynamical map

• with properties

➡ up to a unitary transformation (above: diagonal form in index i),         is the most general time-local 
generator with these properties 

• Hermiticity: 

• complete positivity:

• trace preservation / probability conservation

<latexit sha1_base64="zxXzsFlOY3JSaRG55OUe9GsDfTY="></latexit>

⇢̂(t+�t) = ⇢̂(t) +�t · L̂[⇢̂]

<latexit sha1_base64="yprzeMdkJjiTua12+vbK2MTSnQg=">AAACTHicbVDLSgNBEJyN7/iKevQyGISIEHZV1Isg6sFjBBMD2Rh6J51kcPbBTK8Qgh/oxYM3v8KLB0UEJw8wUQsGiqpquqeCRElDrvviZKamZ2bn5heyi0vLK6u5tfWKiVMtsCxiFetqAAaVjLBMkhRWE40QBgpvgrvzvn9zj9rIOLqmboL1ENqRbEkBZKVGTvgdIO7rTswLtHPrN6HNT/iEyH0Z2lPQ/MjDXIF2uX+BioDb1OTUuNPI5d2iOwD/S7wRybMRSo3cs9+MRRpiREKBMTXPTajeA01SKHzI+qnBBMQdtLFmaQQhmnpvUMYD37ZKk7dibV9EfKCOT/QgNKYbBjYZAnXMb68v/ufVUmod13sySlLCSAwXtVLFKeb9ZnlTahSkupaA0NLeykUHNAiy/WdtCd7vL/8llb2id1jcvzrIn56N6phnm2yLFZjHjtgpu2QlVmaCPbJX9s4+nCfnzfl0vobRjDOa2WATyMx+A2VWr10=</latexit>

⇢̂(t)† = ⇢̂(t) =) ⇢̂†(t+�t) = ⇢̂(t+�t)
<latexit sha1_base64="AsJq2aWitJ6RjS9TWddB5deeKzk=">AAACK3icfVDLSsNAFJ3UV62vqEs3g0VwVRIVdSOUunHhooJ9QBPLzWTaDp08mJkIJfR/3PgrLnThA7f+h5M2C23FAwOHc85l7j1ezJlUlvVuFBYWl5ZXiqultfWNzS1ze6cpo0QQ2iARj0TbA0k5C2lDMcVpOxYUAo/Tlje8zPzWPRWSReGtGsXUDaAfsh4joLTUNWvYGYBKnQDUgADH12PcyRTsiEHk3jk+9PHFvxncNctWxZoAzxM7J2WUo941nx0/IklAQ0U4SNmxrVi5KQjFCKfjkpNIGgMZQp92NA0hoNJNJ7eO8YFWfNyLhH6hwhP150QKgZSjwNPJbF8562XiX14nUb1zN2VhnCgakulHvYRjFeGsOOwzQYniI02ACKZ3xWQAAojS9ZZ0CfbsyfOkeVSxTyvHNyflai2vo4j20D46RDY6Q1V0heqogQh6QE/oFb0Zj8aL8WF8TqMFI5/ZRb9gfH0DsbCmvA==</latexit>
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trL̂[⇢̂] = 0since

G. Lindblad, Commun. Math. Phys. (1976)
Nielsen & Chuang, Chap. 8
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Driven open quantum systems: microscopic description

Sebastian Diehl
explain Kraus map, continuum limit

Sebastian Diehl
example?



• quantum master equation

environment

drive 
system

• interpretation:

energy decay (dissipation) ensures probability conservation 
(fluctuation)

Lindblad operators

coherent evolution driven-dissipative evolution
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⌘ L̂[⇢̂] Lindbladian; also: Liouvillian
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Driven open quantum systems: microscopic description



• quantum master equation

environment

drive 
system

• So far: few degrees of freedom in the “system”

• Question: What if we replace few by many degrees of freedom?

➡Quantum Optics:                 
coherent and driven-dissipative 
dynamics on equal footing

microphysics macrophysics

➡Many-Body Physics:                 
continuum of spatial 
degrees of freedom

➡Statistical Mechanics:                 
physics at the largest 
distances

➡ The interface of quantum optics and many-body physics

Lindblad operators

coherent evolution driven-dissipative evolution

<latexit sha1_base64="D2OJBt1e8YqmPG4r4sf94Db076s="></latexit>
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⌘ L̂[⇢̂] Lindbladian; also: Liouvillian

Driven open quantum systems: microscopic description

Sebastian Diehl
explain: many-body, incoherent vs coherent Lindblad ops (L_1, L_2 vs. L_1+L_2); refer to literature 



➡Quantum Optics

2

the organized phase as a supersolid27–29 similar to those
proposed for two-component systems30.

THEORETICAL DESCRIPTION AND THE
DICKE MODEL

Let us first consider a single two-level atom of mass m
interacting with a single cavity mode and the standing-
wave pump field. The Hamiltonian then reads31 in a
frame rotating with the pump laser frequency

Ĥ(1) =
p̂
2
x + p̂

2
z

2m
+ V0 cos

2(kẑ) + ~⌘(â† + â) cos(kx̂) cos(kẑ)

� ~
⇣
�c � U0 cos

2(kx̂)
⌘
â
†
â. (1)

Here, the excited atomic state is adiabatically eliminated
which is justified for large detuning�a = !p�!a between
the pump laser frequency !p and the atomic transition
frequency !a. The first term describes the kinetic en-
ergy of the atom with momentum operators p̂x,z. The
pump laser creates a standing-wave potential of depth
V0 = ~⌦2

p/�a along the z-axis, where ⌦p denotes the
maximum pump Rabi frequency, and ~ the Planck con-
stant. Scattering between the pump field and the cav-
ity mode, which is oriented along x, induces a lattice
potential which dynamically depends on the scattering
rate and the relative phase between the pump field and
the cavity field. This phase is restricted to the values
0 or ⇡, for which the scattering induced light potential
has a �p/

p
2 periodicity along the x-z direction, with

�p = 2⇡/k denoting the pump wavelength (see Fig. 1c).
The scattering rate is determined by the two-photon Rabi
frequency ⌘ = g0⌦p/�a, with g0 being the atom-cavity
coupling strength. The last term describes the cavity
field, with photon creation and annihilation operators â†

and â. The cavity resonance frequency !c is detuned
from the pump laser frequency by �c = !p�!c, and the
light-shift of a single maximally coupled atom is given by

U0 = g2
0

�a
.

For a condensate of N atoms, the process of
self-organization can be captured by a mean-field
description13. It assumes that all atoms occupy a sin-
gle quantum state characterized by the wave function
 , which is normalized to the atom number N . The
light-atom interaction can now be described by a dy-
namic light potential32 felt by all atoms. Since the
timescale of atomic dynamics in the motional degree
of freedom is much larger than the inverse of the cav-
ity field decay rate , the coherent cavity field ampli-
tude ↵ adiabatically follows the atomic density distri-
bution according to ↵ = ⌘⇥/(�c � U0B + i). The
order parameter describing self-organization is given by
⇥ = h | cos(kx) cos(kz)| i which measures the localiza-
tion of the atoms on either the even (⇥ > 0) or the odd
(⇥ < 0) sublattice of the underlying checkerboard pat-
tern defined by cos(kx) cos(kz) = ±1 (see Fig. 1c). The
sign of the order parameter determines which of the two

a

b

c

even sites

odd sites

R ? Ret

R= Ret

�r

xy

z

FIG. 1. Concept of the experiment. A Bose-Einstein conden-
sate which is placed inside an optical cavity is driven by a
standing-wave pump laser oriented along the vertical z-axis.
The frequency of the pump laser is far red-detuned with re-
spect to the atomic transition line but close detuned to a par-
ticular cavity mode. Correspondingly, the atoms coherently
scatter pump light into the cavity mode with a phase depend-
ing on their position within the combined pump–cavity mode
profile. a, For a homogeneous atomic density distribution
along the cavity axis, the build-up of a coherent cavity field
is suppressed due to destructive interference of the individual
scatterers. b, Above a critical pump power Pcr the atoms
self-organize onto either the even or odd sites of a checker-
board pattern (c) thereby maximizing cooperative scattering
into the cavity. This dynamical quantum phase transition is
triggered by quantum fluctuations in the condensate density.
It is accompanied by spontaneous symmetry breaking both in
the atomic density and the relative phase between pump field
and cavity field. c, Geometry of the checkerboard pattern.
The intensity maxima of the pump and cavity field are de-
picted by the horizontal and vertical lines, respectively, with
�p denoting the pump wavelength.

microphysics macrophysics

➡Many-Body Physics                ➡Statistical Mechanics                

The interface of quantum optics and many-body physics

• The experimental platforms:

Atoms Light Solids

Kasprzak et al., Nature 2006

5

interesting perspective on many-body physics of photons
was developed in the pioneering literature on quantum
solitons in nonlinear optical fiber using a quantum non-
linear Schrödinger equation as well as Bethe ansatz tech-
niques (Drummond et al., 1993; Kärtner and Haus, 1993;
Lai and Haus, 1989a,b).

The research on exciton-polaritons in semiconductor
microcavities approached the physics of luminous quan-
tum fluids following a rather di�erent pathway. For many
years, an intense activity has been devoted to the quest
for Bose-Einstein condensation phenomena in gases of
excitons in solid-state materials (Gri⌅n et al., 1996): ex-
citons are neutral electron-hole pairs bound by Coulomb
interaction, which behave as (composite) bosons. In spite
of the interesting advances in the direction of exciton
Bose-Einstein condensation in bulk cuprous oxide and
cuprous chloride, bilayer electron systems (Eisenstein
and MacDonald, 2004), and coupled quantum wells (Bu-
tov, 2007; High et al., 2012), so far none of these re-
search axes has led to extensive studies of the quantum
fluid properties of the alleged exciton condensate. The
situation appears to be similar for what concerns con-
densates of magnons, i.e. magnetic excitations in solid-
state materials: Bose-Einstein condensation has been ob-
served (Demokritov et al., 2006; Giamarchi et al., 2008),
but no quantum hydrodynamic study has been reported
yet.

The situation is very di�erent for exciton-polaritons
in semiconductor microcavities, that is bosonic quasi-
particles resulting from the hybridization of the exci-
ton with a planar cavity photon mode (Weisbuch et al.,
1992). Following the pioneering proposal by Imamoğlu
et al., 1996, researchers have successfully explored the
physics of Bose-Einstein condensation in these gases of
exciton-polaritons. Thanks to the much smaller mass of
polaritons, several orders of magnitude smaller than the
exciton mass, this system can display Bose degeneracy at
much higher temperatures and/or lower densities.

Historically, the first configuration where spontaneous
coherence was observed in a polariton system was based
on a coherent pumping of the cavity at a finite angle,
close to the inflection point of the lower polariton dis-
persion. As experimentally demonstrated in (Baumberg
et al., 2000; Stevenson et al., 2000), above a threshold
value of the pump intensity a sort of parametric oscilla-
tion(Ciuti et al., 2000, 2001; Whittaker, 2001) occurs in
the planar microcavity and the parametric luminescence
on the signal and idler modes acquires a long-range co-
herence in both time and space (Baas et al., 2006). As
theoretically discussed in (Carusotto and Ciuti, 2005),
the onset of parametric oscillation in these spatially ex-
tended planar cavity devices can be interpreted as an
example of non-equilibrium Bose-Einstein condensation:
the coherence of the signal and idler is not directly in-
herited from the pump, but appears via the spontaneous
breaking of a U(1) phase symmetry.

The quest for Bose-Einstein condensation in a thermal-
ized polariton gas under incoherent pumping required a

FIG. 1 Figure from Kasprzak et al., 2006. Upper panel:
Sketch of a planar semiconductor microcavity delimited by
two Bragg mirrors and embedding a quantum well (QW). The
wavevector in the z direction perpendicular to the cavity plane
is quantized, while the in-plane motion is free. The cavity
photon mode is strongly coupled to the excitonic transitions in
the QWs. A laser beam with incidence angle � and frequency
⇥ can excite a microcavity mode with in-plane wavevector
k� = �

c sin �, while the near-field (far-field) secondary emis-
sion from the cavity provides information on the real-space
(k-space) density of excitations. Central panel: The energy
dispersion of the polariton modes versus in-plane wavevector
(angle). The exciton dispersion is negligible, due to the heavy
mass of the exciton compared to that of the cavity photon.
In the experiments, the system is incoherently excited by a
laser beam tuned at a very high energy. Relaxation of the
excess energy (via phonon emission, exciton-exciton scatter-
ing, etc.) leads to a population of the cavity polariton states
and, possibly, Bose-Einstein condensation into the lowest po-
lariton state. Lower panel: Experimental observation of po-
lariton Bose-Einstein condensation obtained by increasing the
intensity of the incoherent o�-resonant optical pump.

Microcavity arraysBose-Einstein 
condensate in a cavity

Exciton-polariton 
condensates

Baumann et al., Nature 2010 Houck, Türeci, Koch, Nat. Phys. 2012

and more:

• polar 
molecules 

• nano-
mechanics

• photon BECs

driven-dissipative 
Rydberg gases

S. Helmrich, A. Arias, G. Lochhead, M. Buchhold, 
SD, S. Whitlock,  Nature (2020); T. Wintermantel, 

… SD, S. Whitlock, Nat. Comm. (2021)

Quantum devices / NISQ Platforms

superconducting circuits
K. Satzinger et al. 

arxiv (2021)

trapped ions
C. Noel et al. 
arxiv (2021)

G. Semeghini et al. arxiv (2021)
Lectures by A. Browaeys!

Rydberg tweezers

Sebastian Diehl
motivation / outlook for this lecture



“Thermodynamic”Microscopic Long wavelength

Efficient theoretical tools ?

1 2

18 T. Gasenzer

Fig. 7. (Color online) Classical vs. quantum
mechanics. The classical path for given bound-
ary conditions at tini and/or tfin is shown as
thick (red) line. The thin (black) paths would
require, e.g., different initial values for ϕ, ϕ̇.
In the microscopic world, the thin (black)
paths add constructively to the path integral
if their action S[ϕ] deviates less than h̄ from
the extremal value corresponding to the classi-
cal path. Also tunneling processes as indicated
by the thick (yellow) line would add construc-
tively to the integral.

which leads to the Euler-Lagrange, i.e., the sought dynamic equation for ϕ.4 For instance, given
particular initial values for the position and velocity of the child on the slide shown in Fig. 7
at t = tini, this equation has the thick solid (red) path as solution. Different paths require in
general different initial conditions to be imposed.

On scales where quantum effects become relevant, the real world is somewhat more intricate.
Fluctuations around the classical path as depicted by the thin (black) solid lines in Fig. 7 imply
the action S[ϕ] to deviate from its classical extremal value, and, only if this deviation is larger
than h̄, the phase factor exp{iS[ϕ]/h̄} suppresses the contributions of such paths to the integral
through destructive interference. Qualitatively new effects are in order like the “quantum child”
which can tunnel through the edge of the slide as along the (yellow) path in Fig. 7.

We generalise this path-integral formulation to QFT, where the coordinates ϕ become fields
ϕ(x) defined over time and space. Moreover, we introduce external classical, i.e., non-fluctuating
sources J(x) to turn the path integral into a generating functional for correlation functions,
similarly as in the (grand) canonical partition function in equilibrium physics. This generating
functional reads

Z[J ] =

∫
Dϕ ei(S[ϕ]+

R
Jϕ) (45)

Here and in the following we shall use, if not explicitly stated otherwise, natural units, with
h̄ = 1. We use the short-hand notation

∫
Jϕ =

∫
C dd+1xJ(x)ϕ(x) =

∫ tfin
tini

dx0

∫
ddxJ(x)ϕ(x),

C = [tini, tfin]. For instance, it allows the field expectation value φ = 〈Φ〉 to be written as

φ(x) =
δW [J ]

δJ(x)

∣∣∣∣
J=0

= Z−1

∫
Dϕϕ(x) eiS[ϕ], (46)

where W [J ] = −i lnZ[J ] is the Schwinger functional. We introduce the quantum effective action
Γ [φ] by demanding that the full quantum dynamics of the field expectation value φ is given by

4 In deriving the Euler-Lagrange equation the variation of the coordinate ϕ is usually taken to vanish
at the boundaries of the time interval [tini, tfin]. This procedure applies to systems with differential
evolution equations of second order in time. For dynamic equations of first order in time, as the GPE,
care needs to be taken when using the path integral for initial value problems, see, e.g., Ref. [136]

Novel universal phenomena ?

Experimental platforms ?

perform the transition form micro-to 
macrophysics:

quantum field theory out of equilibrium

cold atoms, light-driven semiconductors, microcavity 
arrays, trapped ions ...

• Questions and challenges to theory: physics at various length scales

gc

?

➡Quantum Optics

microphysics macrophysics

➡Many-Body Physics                ➡Statistical Mechanics                

The interface of quantum optics and many-body physics
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A workhorse model: Lindbladian formulation

• generic microscopic many-body model: ‘Lindblad    theory’
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�4

@t⇢ = �i[H, ⇢] +D[⇢] ⌘ L[⇢]

Many-Body Master 
Equation

Keldysh functional 
integral

1-1 
mapping

• plan:

• translate to Lindblad-Keldysh 
functional integral

• how does this model relate e.g. to exciton-polariton systems? (semiclassical limit) 

• ‘what is non-equilibrium about it’?

• how to extract the phase structure? 

Sebastian Diehl
need not be



Keldysh functional integral�
for stationary states of �

driven open quantum systems

• Construction from quantum master equation

• Semiclassical limit

• “What is non-equilibrium about it?”
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Z
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Keldysh functional integrals: Why?
• Feynman’s formulation of quantum mechanics • Useful language for systems with many 

degrees of freedom

• general: powerful techniques

• diagrammatic perturbation theory; 

• collective variables; 

• renormalization group

• non-equilibrium Keldysh

• closer to the real-time formulations of 
quantum mechanics

• yields directly observable quantities 
(responses and correlations)

• indispensable for many systems:

• disorder

• dissipation

• open the powerful toolbox of quantum 
field theory for many-body non-
equilibrium situations

infinite harmonic 
baths!



1. Schrödinger equation: evolving a state vector

• The basic idea in three steps:

i@t| i(t) = H| i(t) ) | i(t) = U(t, t0)| i(t0)

U(t, t0) = e�iH(t�t0)

@t⇢(t) = �i[H, ⇢(t)] ) ⇢(t) = U(t, t0)⇢(t0)U
†(t, t0)

2. Heisenberg-von Neumann equation: evolving a state (density) matrix

⇢ = | ih |• identical for pure (factorizable) states

Keldysh functional integral

⌘ L[⇢]@t⇢ = �i[H, ⇢] + 

X

i

Li⇢L
†
i � 1

2{L
†
iLi, ⇢}

3. The same is true for the Master Equation:

) ⇢(t) = eL(t�t0)⇢(t0)

~ = 1

more details: L. Sieberer, M. Buchhold, SD, 
Keldysh Field Theory for Driven Open Quantum Systems, 
Reports on Progress in Physics (2016)
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Z
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coherent states (bosons):

• one time step

1. Functional integral idea: 

e
iH(t�t0) = lim

N!1
(1 + i�tH)N

�t =
t� t0
N

t0
| i(t0)

Keldysh functional integral (bosons)

➡ “Trotterization” of time interval and insertion of coherent states:

⇡ e
��⇤

n�nh�n+1|1� i�tH[a†, a]|�ni

e��⇤
n�n |�nih�n|e��⇤

n+1�n+1 |�n+1ih�n+1|

e�i�tH

⇡ e
i�t[�i

(�⇤
n+1��

⇤
n)

�t
�n�H[�⇤

n+1,�n]]

= e
��⇤

n�ne
+�⇤

n+1�n(1� i�tH[�⇤
n+1,�n])

H normally 
ordered

dt H[�⇤(t),�(t)]�i@t�
⇤(t) · �(t)

continuum 
limit

fermions: see appendix!

e��
⇤
n�nh�n+1|e�i�tH[a†

,a]|�ni

Sebastian Diehl
Was ist Pfadintegral? Herleitung mit Background coherent states; 
Bosons/fermions on equal footing OR in appendix



1. Functional integral idea: 

e
iH(t�t0) = lim

N!1
(1 + i�tH)N

�t =
t� t0
N

t0
| i(t0)

➡ operator H -> complex, time dependent functional H
➡ time evolution from overlap of neighbouring states
➡ no reference to single particle or many-body Hamiltonian, lattice or continuum!
➡ single set of degrees of freedom for vector evolution

Keldysh functional integral

➡ “Trotterization” of time interval and insertion of coherent states:

• many time stepsZ Y

t

d�
⇤(t)d�(t)

⇡
ei

R tf
t0

dt[�i@t�
⇤(t)·�(t)�H[�⇤(t),�(t)]]

=:

Z
D(�⇤,�) functional integral measure

• Discussion



• Schrödinger equation: evolving a state vector

2. Schrödinger vs. Heisenberg-von Neumann

i@t| i(t) = H| i(t) ) | i(t) = U(t, t0)| i(t0)

U(t, t0) = e�iH(t�t0)

@t⇢(t) = �i[H, ⇢(t)] ) ⇢(t) = U(t, t0)⇢(t0)U
†(t, t0)

• Heisenberg-von Neumann equation: evolving a state (density) matrix

• Second case: “Trotterization” on both sides:

e
iH(t�t0) = lim

N!1
(1 + i�tH)N �t =

t� t0
N

t

➡ two sets of degrees of freedom for matrix evolution

⇢(t0)
tU U †

Keldysh functional integral



• Schrödinger equation: evolving a state vector

i@t| i(t) = H| i(t) ) | i(t) = U(t, t0)| i(t0)

U(t, t0) = e�iH(t�t0)

• Quantum Master equation: evolving a state (density) matrix

• Identical program for Liouville generator of dynamics (left and right action on density matrix)

➡ two sets of degrees of freedom for matrix evolution

⇢(t0)

Keldysh functional integral

⇢(t) = e(t�t0)L ⇢0 = lim
N!1

(1 + �tL)N ⇢0

3. Schrödinger vs. Quantum Master

@t⇢ = �i[H, ⇢] +D[⇢] ⌘ L[⇢] ) ⇢(t) = eL(t�t0)⇢(t0)

�t =
t� t0
N



• Schrödinger equation: evolving a state vector

i@t| i(t) = H| i(t) ) | i(t) = U(t, t0)| i(t0)

U(t, t0) = e�iH(t�t0)

• Quantum Master equation: evolving a state (density) matrix

Keldysh functional integral

3. Schrödinger vs. Quantum Master

@t⇢ = �i[H, ⇢] +D[⇢] ⌘ L[⇢] ) ⇢(t) = eL(t�t0)⇢(t0)

• final step: Keldysh “partition function”

Z = tr⇢(t) = tr⇢(t0) = 1

t0 ! �1, tf ! +1

information on all stages;
stationarity reached 

(boundary conditions 
irrelevant)



• quantum master equation: 

Keldysh functional integral: Final result

�± =
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�⇤
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Z
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+i@t�+ � �⇤
�i@t�� � iL[�+,��])

@t⇢ = �i[H, ⇢] +D[⇢]

Z =

Z
D(�+,��)e

i(SM [�+,��]

• equivalent Keldysh functional integral:

L[�+,��] = �i (H+ �H�)� 

X

i

⇣
Li,+L

†
i,� � 1

2L
†
i,+Li,+ � 1

2L
†
i,�Li,�

⌘

➡ recognize Lindblad structure
➡ simple translation table (for contour normal ordered Lindbladian)

• operator right of density matrix -> - contour

• operator left of density matrix -> + contour

H± = H(�±) etc.

= �i(H⇢� ⇢H) + 

X

i

(Li⇢L
†
i � 1

2L
†
iLi⇢� 1

2⇢L
†
iLi)



• quantum master equation: 

Keldysh functional integral: Probability conservation / ”causality”
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Z
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• equivalent Keldysh functional integral:

L[�+,��] = �i (H+ �H�)� 

X

i

⇣
Li,+L

†
i,� � 1

2L
†
i,+Li,+ � 1
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H± = H(�±) etc.

= �i(H⇢� ⇢H) + 

X

i

(Li⇢L
†
i � 1

2L
†
iLi⇢� 1

2⇢L
†
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• trace / probability preservation:

@ttr⇢ = tr
�
� i(H⇢� ⇢H) + 

X

i

(Li⇢L
†
i � 1

2L
†
iLi⇢� 1

2⇢L
†
iLi)

�
= 0• QME:

• Keldysh: Z = tr⇢(t) = 1

• mnemonic: taking trace = ignoring contour order:

cyclicity

�+ = �� ) SM [�+,��] = 0



tf = +1 t0 = �1

Physical observables

• correlation functions: field insertions on the contour

�⇤
+(t) �+(t

0)

• compute them: 

• introduce sources (cf. Stat Mech)

normalization

Z = Tr(1 · ⇢) = h1i

Z[0, 0] = h1i = 1
Z[j+, j�] = hei

R
(j+�⇤

+�j��⇤
�+c.c.)i

➡ interpretation?
➡ there is a more intuitive basis to do computations

• take variational derivative; example above:
<latexit sha1_base64="FlNedQGgrNVMI/tCm1Hl8Gb7Zys="></latexit>

h�⇤
+(t)��(t

0)i = �2Z

�j+(t)�j⇤+(t
0)

Sebastian Diehl
Einschub: alternative derivation for single mode cavity 
- with emphasis on approximations
- postpone discussion eq vs. neq

Sebastian Diehl
workhorse model, 0+1 dim.; 
- define/derive model, give physical context, 
- solve in both operator and Keldysh; use as opportunity to introduce  
-evaluation: role chemical potential; laser threshold; condensation, symmetry breaking; mention will be workhorse model; 




Correlation vs. response functions: Physics

• two basic types of experiments:

e.g. photon quadrature component at vacuum 
input field
(or:               ) 

• correlation measurements: study 
without disturbing

• (linear) response measurements: probe 
system with (weak) external fields

eg. quantum optics

e.g. coherent input field
in homodyne detection: retarded response of 
quadrature components

SM [�c,�q = 0] = 0 8�c

• directly delivered in the functional framework via basis transformation: Keldysh rotation

✓
�c

�q

◆
=

1p
2

✓
�+ + ��
�+ � ��

◆
“classical field”: center-of-mass coordinate

“quantum field”: relative coordinate

• classical field can acquire finite expectation value (e.g. lasing, Bose condensation)

• quantum / noise field cannot

• probability preservation: 

g(1)(⌧)

=0

more details: L. Sieberer, M. Buchhold, SD,
Reports on Progress in Physics (2016)

Sebastian Diehl
take out, just correlation vs responses



Correlation vs. response functions: Calculation

• partition function in new basis

Z[j] = hei
R
(j+�⇤

+�j��⇤
�+c.c.)i = hei

R
(jc�

⇤
q+jq�

⇤
c+c.c.)i

• order parameter / occupation field:

h�c(t,x)i = �i
�Z[j]

�j⇤q (t,x)

���
j=0

q,c appear as conjugate pairs for the source homodyne detection: 
vacuum input

• single particle response: how does the field react 
to external perturbations?

GR(t� t0,x� x0) = i
�2Z

�j⇤q (t,x)�jc(t
0,x0)

���
j=0
= �ih�c(t,x)�

⇤
q(t

0,x0)i = �i✓(t� t0)h[�̂(t,x), �̂†(t0,x0)]i = 1

relation to operator formalism 
(once and for all) t = t’

response to coherent 
field

• single particle correlations: how are states occupied?

= �ih�c(t,x)�
⇤
c(t

0,x0)i = �ih{�̂(t,x), �̂†(t0,x0)}i = 2hn̂(x)i+ 1GK(t� t0,x� x0) = i
�2Z

�j⇤q (t,x)�jq(t
0,x0)

���
j=0

time and space translation 
invariance assumed

t = t’, x=x’

G =

✓
GK GR

GA 0

◆
• total Green’s function GA = (GR)†, (GK)† = �GK

Hermitian conjugates anti-Hermitian

more details: L. Sieberer, M. Buchhold, SD,
Reports on Progress in Physics (2016)

exercise: verify relation to 
operator formalism!



Correlation vs. response: relation to Keldysh action
• by example: master equation for decaying cavity

@t⇢ = �i[!0â
†â, ⇢] + (2â⇢â† � {â†â, ⇢})

• action:

S =

Z
dt(a⇤cl, a

⇤
q)
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q)
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aq

◆
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frequency domain

a⌫(!)
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⌘ PR(!)
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⌘ PK

time domain
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G�1(!)• partition function: completion of the square
<latexit sha1_base64="9I0ccvMYoefc56AJ181ZMpPvxX8="></latexit>
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• summary in matrix components (valid beyond example):
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action matrix kernel single particle Green’s function

• single particle Green’s function
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more details: L. Sieberer, M. Buchhold, SD,
Reports on Progress in Physics (2016)

exercise: verify 
calculations on this page!



• action:

S =

Z
dt(a⇤cl, a

⇤
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• decay of single-particle response:

• observables from the Green’s functions:
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• cavity mode occupation 
in stationary state
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➡ correlation / statistical properties:   
➡ response / spectral properties: 
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†â, ⇢] + (2â⇢â† � {â†â, ⇢})

Correlation vs. response: relation to Keldysh action
more details: L. Sieberer, M. Buchhold, SD,
Reports on Progress in Physics (2016)• by example: master equation for decaying cavity

• Lorentzian spectral density: A(!) = ImGR(!) =
2

(! � !0)2 + 2

exercise: verify 
calculations on this page!
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2{�̂x�̂
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two-particle interactionkinetic energy

Back to many-body model: Workhorse Lindbladian

• generic microscopic many-body model:

@t⇢ = �i[H, ⇢] +D[⇢] ⌘ L[⇢]

Many-Body Master Equation Keldysh functional 
integral

1-1 
mapping
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Markovian dissipative action

S =
Z

Q

⇣
f⇤

c , f⇤
q

⌘✓
0 DA(Q)

DR(Q) DK

◆✓
fc
fq

◆
+ Sint

I propagators in symmetric phase
✓

GK(Q) GR(Q)
GA(Q) 0

◆
=

✓
0 DA(Q)

DR(Q) DK

◆�1
=

✓
�DK/

�
DR(Q)DA(Q)

�
1/DR(Q)

1/DA(Q) 0

◆

I inverse propagators, 2MB = 1

DR(Q) = w � q2 � e0 + i
�
gl � gp

�
/2 =

⇣
DA(Q)

⌘†
DK = i

�
gl + gp

�

I pole of GR(Q)/zero of DR(Q): w = q2 + e0 � i
�
gl � gp

�
/2

I vertices

I Markovian dissipative processes ) time-local imaginary parts

Markovian dissipative action

S =
Z

Q

⇣
f⇤

c , f⇤
q

⌘✓
0 DA(Q)

DR(Q) DK

◆✓
fc
fq

◆
+ Sint

I propagators in symmetric phase
✓

GK(Q) GR(Q)
GA(Q) 0

◆
=

✓
0 DA(Q)

DR(Q) DK

◆�1
=

✓
�DK/

�
DR(Q)DA(Q)

�
1/DR(Q)

1/DA(Q) 0

◆

I inverse propagators, 2MB = 1

DR(Q) = w � q2 � e0 + i
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• Gaussian sector: inverse Green’s 
function

• retarded/advanced

• Keldysh component PK = i (�l + �p)

PR(!,q) = ! � q2 � µ+ i (�l � �p) /2

Microscopic Markovian 
Dissipative Action

• now: simplifications in the semiclassical limit:

• sharp argument close to a critical point

• provides intuition for a frequency regime  ! ⌧ � = �l + �p

difference: distance from a 
phase transition

sum: noise of loss and pumping add up

Many-body model: Workhorse Lindblad-Keldysh action



Semi-classical limit and 
Langevin equations

two-body quantum 
master equation

exciton-polariton 
models

Sebastian Diehl
new logic:
- workhorse model
- push near critical point, power counting
- MSR -> Langevin
- discussion: EFT concept in driven open system: mapping QME for bosons and XP models to Langevin
- overview Schaubild



Kasprzak et al., Nature 2006
5

interesting perspective on many-body physics of photons
was developed in the pioneering literature on quantum
solitons in nonlinear optical fiber using a quantum non-
linear Schrödinger equation as well as Bethe ansatz tech-
niques (Drummond et al., 1993; Kärtner and Haus, 1993;
Lai and Haus, 1989a,b).

The research on exciton-polaritons in semiconductor
microcavities approached the physics of luminous quan-
tum fluids following a rather di�erent pathway. For many
years, an intense activity has been devoted to the quest
for Bose-Einstein condensation phenomena in gases of
excitons in solid-state materials (Gri⌅n et al., 1996): ex-
citons are neutral electron-hole pairs bound by Coulomb
interaction, which behave as (composite) bosons. In spite
of the interesting advances in the direction of exciton
Bose-Einstein condensation in bulk cuprous oxide and
cuprous chloride, bilayer electron systems (Eisenstein
and MacDonald, 2004), and coupled quantum wells (Bu-
tov, 2007; High et al., 2012), so far none of these re-
search axes has led to extensive studies of the quantum
fluid properties of the alleged exciton condensate. The
situation appears to be similar for what concerns con-
densates of magnons, i.e. magnetic excitations in solid-
state materials: Bose-Einstein condensation has been ob-
served (Demokritov et al., 2006; Giamarchi et al., 2008),
but no quantum hydrodynamic study has been reported
yet.

The situation is very di�erent for exciton-polaritons
in semiconductor microcavities, that is bosonic quasi-
particles resulting from the hybridization of the exci-
ton with a planar cavity photon mode (Weisbuch et al.,
1992). Following the pioneering proposal by Imamoğlu
et al., 1996, researchers have successfully explored the
physics of Bose-Einstein condensation in these gases of
exciton-polaritons. Thanks to the much smaller mass of
polaritons, several orders of magnitude smaller than the
exciton mass, this system can display Bose degeneracy at
much higher temperatures and/or lower densities.

Historically, the first configuration where spontaneous
coherence was observed in a polariton system was based
on a coherent pumping of the cavity at a finite angle,
close to the inflection point of the lower polariton dis-
persion. As experimentally demonstrated in (Baumberg
et al., 2000; Stevenson et al., 2000), above a threshold
value of the pump intensity a sort of parametric oscilla-
tion(Ciuti et al., 2000, 2001; Whittaker, 2001) occurs in
the planar microcavity and the parametric luminescence
on the signal and idler modes acquires a long-range co-
herence in both time and space (Baas et al., 2006). As
theoretically discussed in (Carusotto and Ciuti, 2005),
the onset of parametric oscillation in these spatially ex-
tended planar cavity devices can be interpreted as an
example of non-equilibrium Bose-Einstein condensation:
the coherence of the signal and idler is not directly in-
herited from the pump, but appears via the spontaneous
breaking of a U(1) phase symmetry.

The quest for Bose-Einstein condensation in a thermal-
ized polariton gas under incoherent pumping required a

FIG. 1 Figure from Kasprzak et al., 2006. Upper panel:
Sketch of a planar semiconductor microcavity delimited by
two Bragg mirrors and embedding a quantum well (QW). The
wavevector in the z direction perpendicular to the cavity plane
is quantized, while the in-plane motion is free. The cavity
photon mode is strongly coupled to the excitonic transitions in
the QWs. A laser beam with incidence angle � and frequency
⇥ can excite a microcavity mode with in-plane wavevector
k� = �

c sin �, while the near-field (far-field) secondary emis-
sion from the cavity provides information on the real-space
(k-space) density of excitations. Central panel: The energy
dispersion of the polariton modes versus in-plane wavevector
(angle). The exciton dispersion is negligible, due to the heavy
mass of the exciton compared to that of the cavity photon.
In the experiments, the system is incoherently excited by a
laser beam tuned at a very high energy. Relaxation of the
excess energy (via phonon emission, exciton-exciton scatter-
ing, etc.) leads to a population of the cavity polariton states
and, possibly, Bose-Einstein condensation into the lowest po-
lariton state. Lower panel: Experimental observation of po-
lariton Bose-Einstein condensation obtained by increasing the
intensity of the incoherent o�-resonant optical pump.

Intermezzo: Exciton-polariton systems

• phenomenological description: stochastic driven-dissipative Gross-Pitaevskii-Eq

h⇣⇤(t,x)⇣(t0,x0)i = ��(t� t0)�(x� x0)

               Szymanska, Keeling, Littlewood PRL (04, 06); PRB (07)); 
Wouters, Carusotto PRL (07,10)
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physics soon exits the regime of weakly interacting bosons that
describes ultracold atoms; second, the lifetime is short enough that
we must confront the role of non-equilibrium physics25. Never-
theless, the principal experimental characteristics expected for BEC
are clearly reported here: condensation into the ground state arising
out of a population at thermal equilibrium; the development of
quantum coherence, indicated by long-range spatial coherence, and
sharpening of the temporal coherence of the emission.

Experimental procedure
The sample we studied consists of a CdTe/CdMgTe microcavity
grown by molecular beam epitaxy. It contains 16 quantum wells,

displaying a vacuum field Rabi splitting of 26meV (ref. 26). The
microcavity was excited by a continuous-wave Ti:sapphire laser,
combined with an acousto-optic modulator (1-ms pulse, 1% duty
cycle) to reduce sample heating. The pulse duration is sufficiently
long (by four orders of magnitude) in comparison with the charac-
teristic times of the system to guarantee a steady-state regime. The
laser beam was carefully shaped into a ‘top hat’ intensity profile
providing a uniform excitation spot of about 35 mm in diameter on
the sample surface, as shown in Fig. 4i. The excitation energy was
1.768 eV, well above the polariton ground state (1.671 eV at cavity
exciton resonance), at the first reflectivity minimum of the Bragg
mirrors, allowing proper coupling to the intra-cavity field. This
ensures that polaritons initially injected in the system are incoherent,
which is a necessary condition for demonstrating BEC. In atomic
BEC or superfluid helium, the temperature is the parameter driving
the phase transition. Here the excitation power, and thus the injected
polariton density, is an easily tunable parameter, and so we chose it as
the experimental control parameter. The large exciton binding
energy in CdTe quantum wells (25meV), combined with the large
number of quantum wells in the microcavity, is crucial in maintain-
ing the strong coupling regime of polaritons at high carrier density.
The far-field polariton emission pattern was measured to probe the
population distribution along the lower polariton branch. The
spatially resolved emission and its coherence properties are accessible
in a real-space imaging set-up combined with an actively stabilized

Figure 1 |Microcavity diagram and energy dispersion. a, A microcavity is a
planar Fabry–Perot resonator with two Bragg mirrors at resonance with
excitons in quantum wells (QW). The exciton is an optically active dipole
that results from the Coulomb interaction between an electron in the
conduction band and a hole in the valence band. In microcavities operating
in the strong coupling regime of the light–matter interaction, 2D excitons
and 2D optical modes give rise to new eigenmodes, called microcavity
polaritons. b, Energy levels as a function of the in-plane wavevector kk in a
CdTe-based microcavity. Interaction between exciton and photon modes,
with parabolic dispersions (dashed curves), gives rise to lower and upper
polariton branches (solid curves) with dispersions featuring an anticrossing
typical of the strong coupling regime. The excitation laser is at high energy
and excites free carrier states of the quantum well. Relaxation towards the
exciton level and the bottom of the lower polariton branch occurs by
acoustic and optical phonon interaction and polariton scattering. The
radiative recombination of polaritons results in the emission of photons that
can be used to probe their properties. Photons emitted at angle v correspond
to polaritons of energy E and in-plane wavevector kk ¼ ðE="cÞsinv:

Figure 2 | Far-field emission measured at 5K for three excitation
intensities. Left panels, 0.55P thr; centre panels, P thr; and right panels,
1.14P thr; where P thr ¼ 1.67 kWcm22 is the threshold power of
condensation. a, Pseudo-3D images of the far-field emission within the
angular cone of^238, with the emission intensity displayed on the vertical axis
(in arbitrary units).With increasing excitation power, a sharp and intensepeak
is formed in the centre of the emission distribution ðvx ¼ vy ¼ 08Þ;
corresponding to the lowest momentum state kk ¼ 0. b, Same data as in a
but resolved in energy. For such a measurement, a slice of the far-field
emission corresponding to vx ¼ 08 is dispersed by a spectrometer and
imaged on a charge-coupled device (CCD) camera. The horizontal axes
display the emission angle (top axis) and the in-plane momentum (bottom
axis); the vertical axis displays the emission energy in a false-colour scale
(different for each panel; the units for the colour scale are number of counts
on the CCD camera, normalized to the integration time and optical density
filters, divided by 1,000 so that 1 corresponds to the level of dark counts:
1,000). Below threshold (left panel), the emission is broadly distributed in
momentum and energy. Above threshold, the emission comes almost
exclusively from the kk ¼ 0 lowest energy state (right panel). A small blue
shift of about 0.5meV, or 2%of the Rabi splitting, is observed for the ground
state, which indicates that the microcavity is still in the strong coupling
regime.
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• Bose condensation seen despite non-equilibrium conditions

Kasprzak et al., Nature 2006

• stochastic driven-dissipative Gross-Pitaevskii-Eq

 Szymanska, Keeling, Littlewood PRL (04, 06); 
PRB (07)); Wouters, Carusotto PRL (07,10)i@t� =
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Sneak preview

I Key physical features: driven-dissipative stochastic Gross-Pitaevskii Equation

I stochastic PDE with Markovian noise: hx(t, x)i = 0 and

hx(t, x)x⇤(t0 , x0)i = gd(t � t
0)d(x � x0)

I Bose-Einstein condensation phase transition

I mean-field: neglect noise

I homogeneous condensate f(t, x) = f0

) |f0|2 =
gp � gl

k
for gp > gl

) chemical potential µ = l |f0|2

I 2nd order phase transition

• mean field

• neglect noise

• homogeneous solution �(x, t) = �0

• naively, just as Bose condensation in equilibrium!

• Q1: How does this model relate to the Lindbladian and Lindblad-Keldysh field theory?

• Q2: What is “non-equilibrium” about it?

Intermezzo: Exciton-polariton systems



Semiclassical limit of Lindblad-Keldysh action: power counting
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PK = i (�l + �p)

• retarded/advanced

• Keldysh component

! 0

⇠ q2

⇠ q0

• Gaussian sector close to a critical point:

PR(!,q) = ! � q2 � µ+ i (�l � �p) /2

[�c] =
d� 2

2
< [�q] =

d+ 2

2• canonical field dimensions*:

• action is dimensionless: phase         in the functional integral

• quadratic/Gaussian sector: scaling dimensions of inverse Green’s function known 

• intuitive: high order local couplings not relevant at large distances

eiS

* for fields in real space. Confirm this: take the critical Gaussian action in real space/time; count 

What do we get for fields in momentum space? 
What are the canonical dimensions of the quartic vertices?why?
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2• canonical field dimensions:

➡ local vertices with more than two quantum fields are irrelevant in the RG sense in d > 2

➡ note preservance of probability in semiclassical limit 
➡ massive diagrammatic simplification
➡ to be seen now: result identical to phenomenological models of exciton-polariton 

condensates (Wouters and Carusotto PRL 06; Szymanska, Keeling, Littlewood PRL 04)

two quantum fields
five classical fields

PK = i (�l + �p)
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• Gaussian sector at criticality:

SM [�c,�q = 0] = 0 8�c

Semiclassical limit of Lindblad-Keldysh action: power counting



Semiclassical limit: MSR action & Langevin equation

• Keldysh integral after power counting

• with Martin-Siggia-Rose (MSR) action

➡ phi_q only up to 
quadratic order
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• linear in phi_q: Fourier representation of delta-functional

➡ driven-dissipative Gross-Pitaevski equation➡ noise averaging
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Martin, Siggia, Rose, PRA (1973); Janssen, Z. Phys. B (1976); DeDominicis, J. Phys. (1976)



Semiclassical limit and exciton-polariton model

➡ many microscopic models collapse to an effective low energy model
➡ form dictated by microscopic symmetries
➡ longer wavelength behavior to be determined by calculation

two quantum fields
five classical fields

C
oa

rs
e 

gr
ai

ni
ng

` ⇠ k�1

` ! 1
k ! 0

coarse graining length coarse graining 
momentum

• example of “weak” universality

 driven-dissipative 
Gross-Pitaevski 

equation

Mesoscopic Dissipative Action

power counting

Microscopic Markovian 
Dissipative Action

Long Wavelength Effective 
Action

RG flow

two-body quantum 
master equation

exciton-polariton 
models

universality class 
at a critical point



Overview: Langevin equations, master equation, Keldysh integral

scale

microscopic

mesoscopic

macroscopic

quantum 
Langevin equation

quantum 
master equation

Keldysh functional 
integral

Langevin 
equation

Fokker-Planck 
equation

MSR functional 
integral

semiclassical limit

renormalization group

long-wavelength 
effective action

quantum 
problem

stochastic Schrödinger 
Equation

stochastic evolution 
(noise)

deterministic evolution of probabilistic objects
(density matrix/ probability distribution)

differential formulation 
(one time step)

quantum

(semi-)*
classical

integral formulation
(exponentiated evolution operator)

fermions 
(Lecture II)

measurements 
(Lecture III)

* effects of phase coherence still 
present (cf. BEC as classical wave) 

next



“What is non-equilibrium about it?”

5

interesting perspective on many-body physics of photons
was developed in the pioneering literature on quantum
solitons in nonlinear optical fiber using a quantum non-
linear Schrödinger equation as well as Bethe ansatz tech-
niques (Drummond et al., 1993; Kärtner and Haus, 1993;
Lai and Haus, 1989a,b).

The research on exciton-polaritons in semiconductor
microcavities approached the physics of luminous quan-
tum fluids following a rather di�erent pathway. For many
years, an intense activity has been devoted to the quest
for Bose-Einstein condensation phenomena in gases of
excitons in solid-state materials (Gri⌅n et al., 1996): ex-
citons are neutral electron-hole pairs bound by Coulomb
interaction, which behave as (composite) bosons. In spite
of the interesting advances in the direction of exciton
Bose-Einstein condensation in bulk cuprous oxide and
cuprous chloride, bilayer electron systems (Eisenstein
and MacDonald, 2004), and coupled quantum wells (Bu-
tov, 2007; High et al., 2012), so far none of these re-
search axes has led to extensive studies of the quantum
fluid properties of the alleged exciton condensate. The
situation appears to be similar for what concerns con-
densates of magnons, i.e. magnetic excitations in solid-
state materials: Bose-Einstein condensation has been ob-
served (Demokritov et al., 2006; Giamarchi et al., 2008),
but no quantum hydrodynamic study has been reported
yet.

The situation is very di�erent for exciton-polaritons
in semiconductor microcavities, that is bosonic quasi-
particles resulting from the hybridization of the exci-
ton with a planar cavity photon mode (Weisbuch et al.,
1992). Following the pioneering proposal by Imamoğlu
et al., 1996, researchers have successfully explored the
physics of Bose-Einstein condensation in these gases of
exciton-polaritons. Thanks to the much smaller mass of
polaritons, several orders of magnitude smaller than the
exciton mass, this system can display Bose degeneracy at
much higher temperatures and/or lower densities.

Historically, the first configuration where spontaneous
coherence was observed in a polariton system was based
on a coherent pumping of the cavity at a finite angle,
close to the inflection point of the lower polariton dis-
persion. As experimentally demonstrated in (Baumberg
et al., 2000; Stevenson et al., 2000), above a threshold
value of the pump intensity a sort of parametric oscilla-
tion(Ciuti et al., 2000, 2001; Whittaker, 2001) occurs in
the planar microcavity and the parametric luminescence
on the signal and idler modes acquires a long-range co-
herence in both time and space (Baas et al., 2006). As
theoretically discussed in (Carusotto and Ciuti, 2005),
the onset of parametric oscillation in these spatially ex-
tended planar cavity devices can be interpreted as an
example of non-equilibrium Bose-Einstein condensation:
the coherence of the signal and idler is not directly in-
herited from the pump, but appears via the spontaneous
breaking of a U(1) phase symmetry.

The quest for Bose-Einstein condensation in a thermal-
ized polariton gas under incoherent pumping required a

FIG. 1 Figure from Kasprzak et al., 2006. Upper panel:
Sketch of a planar semiconductor microcavity delimited by
two Bragg mirrors and embedding a quantum well (QW). The
wavevector in the z direction perpendicular to the cavity plane
is quantized, while the in-plane motion is free. The cavity
photon mode is strongly coupled to the excitonic transitions in
the QWs. A laser beam with incidence angle � and frequency
⇥ can excite a microcavity mode with in-plane wavevector
k� = �

c sin �, while the near-field (far-field) secondary emis-
sion from the cavity provides information on the real-space
(k-space) density of excitations. Central panel: The energy
dispersion of the polariton modes versus in-plane wavevector
(angle). The exciton dispersion is negligible, due to the heavy
mass of the exciton compared to that of the cavity photon.
In the experiments, the system is incoherently excited by a
laser beam tuned at a very high energy. Relaxation of the
excess energy (via phonon emission, exciton-exciton scatter-
ing, etc.) leads to a population of the cavity polariton states
and, possibly, Bose-Einstein condensation into the lowest po-
lariton state. Lower panel: Experimental observation of po-
lariton Bose-Einstein condensation obtained by increasing the
intensity of the incoherent o�-resonant optical pump.
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“What is non-equilibrium about it?”

• different notions of ‘non-equilibrium’

Time evolution

➡ time translation invariance broken (e.g. thermalization, Floquet.. -> Lectures by D. Huse, N. 
Cooper, T. Esslinger!)

• not in static observables:

➡ any positive semidefinite Hermitian operator can be written like this  

⇢ = e��H/tre��H

Stationary states (considered here)

➡ flux equilibria

• dynamical observables, e.g.: 

h †(t) (0)i  (t) = eiHt e�iHt

➡ non-equilibrium conditions are encoded in the generator of dynamics
➡ thermal equilibrium realized if generator of dynamics coincides with statistical weight
➡ otherwise must expect non-equilibrium conditions (Lindbladian)

Sebastian Diehl
notion of NESS



• open system: is it the coupling to a bath —> irreversibility?

➡ no, can be compatible with thermal equilibrium (Caldeira-Leggett Models)

“What is non-equilibrium about it?”

• non-equilibrium stationary states: 

➡ driven open nature incompatible with thermal equilibrium 

• driven & open system: it is in the way how we couple to a bath:

equilibrium non-equilibrium

drive frequency
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⌫ = 0 ⌧ gµ ⌧ !0 ⇡ ✏µ
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gµ ⌧ !0 ⌧ ⌫ ⇡ ✏µ
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Ĥb =
X

µ

✏µb
†
µbµ

system
bath system-bath

bath 
bandwidth
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Ĥint =
X

µ

gµe
�i⌫t

Lb
†
µ + h. c.
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Ĥt = Ĥ + Ĥint + Ĥb

• the state of the bath is fixed, distribution function

• singles out a frame of reference —> drive scale cannot be removed  
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nb
B/F (!)

more details: see appendix!



• equilibrium dynamics microscopically generated by a time-independent (undriven) Hamiltonian alone

=) SH =) SD

SD = 0

• more formally: quantum master 
equation

@t⇢ = �i[H, ⇢] +D[⇢]

• equivalent Keldysh functional integral:
<latexit sha1_base64="L3Rw+W/lGZsncOycUviaFguybHE="></latexit>

Z =

Z
D�±e

i(SH [�±]+SD[�±])

• associated “Ward identities” are equilibrium quantum fluctuation-dissipation relations of arbitrary order

➡ the Lindbladian (     ) violates this symmetry and therefore detailed balance explicitly
➡ intuition: underlying is a (rapidly) driven system with no energy conservation

SD

GK(!,q) = (2nB(!/T ) + 1)[GR(!,q)�GA(!,q)]

correlations responsesBose distribution

any order <=> detailed balance
<=> global thermal equilibrium

e.g. single-particle 
sector

➡ symmetry of Keldysh action under discrete transformation
L. Sieberer, A Chiocchetta, U. Täuber, A. Gambassi, SD  PRB 
(2015); F. Haehl, R. Loganayagam, M. Rangamani, JHEP 
(2016); M. Crossley, P. Glorioso, H. Liu, JHEP (2016)
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T 2
� = 1
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T� : �±(t,x) ! �±(�t+ i�/2,x), i ! �i � = 1/T

“What is non-equilibrium about it?”

Sebastian Diehl



Sebastian Diehl
-derive KMS operatorial
- make relation to our symmetry



• Undriven system: equilibrium dynamics generated by a time-independent Hamiltonian 

• symmetry: invariance of 

• implies for correlation functions 

➡ symmetry of Schwinger-Keldysh action under discrete transformation
<latexit sha1_base64="cmn8mZoNLneSi3otIlR+VX6Xgx0=">AAAB/XicbVDLSsNAFL2pr1pf8bFzM1gEVyWpom6EohuXFfqCJobJdNIOnTyYmQg1FH/FjQtF3Pof7vwbJ20X2npg4HDOvdwzx084k8qyvo3C0vLK6lpxvbSxubW9Y+7utWScCkKbJOax6PhYUs4i2lRMcdpJBMWhz2nbH97kfvuBCsniqKFGCXVD3I9YwAhWWvLMAyfEakAwRw3P8anC99Ur2zPLVsWaAC0Se0bKMEPdM7+cXkzSkEaKcCxl17YS5WZYKEY4HZecVNIEkyHu066mEQ6pdLNJ+jE61koPBbHQL1Joov7eyHAo5Sj09WSeVc57ufif101VcOlmLEpSRSMyPRSkHKkY5VWgHhOUKD7SBBPBdFZEBlhgonRhJV2CPf/lRdKqVuzzyundWbl2PaujCIdwBCdgwwXU4Bbq0AQCj/AMr/BmPBkvxrvxMR0tGLOdffgD4/MHS/GUeg==</latexit>

T 2
� = 1

<latexit sha1_base64="ljaKNoDq3W7/YqPiO2TtGV9MCMU="></latexit>

T� : �±(t,x) ! �±(�t+ i�/2,x), i ! �i

Equilibrium symmetry: some details
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Z =

Z
D�±e

i(SH [�±]+SD[�±])

• physical consequence: Fluctuation-dissipation relations, of any order, e.g. single particle sector:

GK(!,q) = (2nB(!/T ) + 1)[GR(!,q)�GA(!,q)]

correlations responsesBose distribution

any order <=> detailed balance
<=> global thermal equilibrium

L. Sieberer, A Chiocchetta, U. Täuber, A. 
Gambassi, SD  PRB (2015)
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hO[�±]i = hT�(O[�±])i
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hO[�±]i =

Z
D�±O[�±]e

iS[�±]

• connection to operator formalism: compact functional formulation of Kubo-Martin-Schwinger boundary 
condition: for any two operators A,B,

hA(t)B(t0)i = hB(t0 � i�)A(t)i. hOi = tr(O⇢)

A(t) = eiHtAe�iHt, ⇢ = e��H/tre��H

) A(t)⇢ = ⇢A(t� i�)
• reason:

& cyclic invariance

� = 1/T



reproduces classical result

• semiclassical limit: T large =>

H. K. Janssen (1976); C. Aron 
et al, J Stat. Mech (2011)

irrelevant by power counting

T��c(t,x) = �⇤
c(�t,x) +

i

2T
@t�

⇤
q(�t,x),

T��q(t,x) = �⇤
q(�t,x) +

i

2T
@t�

⇤
c(�t,x)

• Undriven system: equilibrium dynamics generated by a time-independent Hamiltonian 

➡ symmetry of Schwinger-Keldysh action under discrete transformation
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T� : �±(t,x) ! �±(�t+ i�/2,x), i ! �i

Equilibrium symmetry: Semiclassical limit
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= e±i �
2 @t�±(�t,x)

� = 1/T
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e±i �
2 @t ⇡ 1± i�2 @t

• action on the fields:

➡ obtain geometric interpretation of the equilibrium symmetry



Im

Re

• couplings spanning the Keldysh action lie in the complex plane

coherent/ reversible 
dynamics

incoherent/ irrev. 
dynamics

example: two-body processes �

Re�

Im�

elastic two-body collisions

inelastic two-body losses

Z =

Z
D(�+,��)e

i(SH [�+,��]+SD [�+,��])@t⇢ = �i[H, ⇢] +D[⇢]

, SH

, SH , SD

, SD

& semiclassical limit: higher 
terms in  irrelevant
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Geometric interpretation: equilibrium vs. non-equilibrium dynamics



equilibrium dynamics

Im

Re

non-equilibrium dynamics

Re

Im

Geometric interpretation: equilibrium vs. non-equilibrium dynamics

• coherent and dissipative dynamics may 
occur simultaneously

• but they are not independent

• coherent and dissipative dynamics do occur 
simultaneously

• they result from different dynamical resources

sym
metry 

protecte
d

no sy
mmetry

➡ what are the physical consequences of the spread in the complex plane?

5

interesting perspective on many-body physics of photons
was developed in the pioneering literature on quantum
solitons in nonlinear optical fiber using a quantum non-
linear Schrödinger equation as well as Bethe ansatz tech-
niques (Drummond et al., 1993; Kärtner and Haus, 1993;
Lai and Haus, 1989a,b).
The research on exciton-polaritons in semiconductor

microcavities approached the physics of luminous quan-
tum fluids following a rather di�erent pathway. For many
years, an intense activity has been devoted to the quest
for Bose-Einstein condensation phenomena in gases of
excitons in solid-state materials (Gri⌅n et al., 1996): ex-
citons are neutral electron-hole pairs bound by Coulomb
interaction, which behave as (composite) bosons. In spite
of the interesting advances in the direction of exciton
Bose-Einstein condensation in bulk cuprous oxide and
cuprous chloride, bilayer electron systems (Eisenstein
and MacDonald, 2004), and coupled quantum wells (Bu-
tov, 2007; High et al., 2012), so far none of these re-
search axes has led to extensive studies of the quantum
fluid properties of the alleged exciton condensate. The
situation appears to be similar for what concerns con-
densates of magnons, i.e. magnetic excitations in solid-
state materials: Bose-Einstein condensation has been ob-
served (Demokritov et al., 2006; Giamarchi et al., 2008),
but no quantum hydrodynamic study has been reported
yet.
The situation is very di�erent for exciton-polaritons

in semiconductor microcavities, that is bosonic quasi-
particles resulting from the hybridization of the exci-
ton with a planar cavity photon mode (Weisbuch et al.,
1992). Following the pioneering proposal by Imamoğlu
et al., 1996, researchers have successfully explored the
physics of Bose-Einstein condensation in these gases of
exciton-polaritons. Thanks to the much smaller mass of
polaritons, several orders of magnitude smaller than the
exciton mass, this system can display Bose degeneracy at
much higher temperatures and/or lower densities.
Historically, the first configuration where spontaneous

coherence was observed in a polariton system was based
on a coherent pumping of the cavity at a finite angle,
close to the inflection point of the lower polariton dis-
persion. As experimentally demonstrated in (Baumberg
et al., 2000; Stevenson et al., 2000), above a threshold
value of the pump intensity a sort of parametric oscilla-
tion(Ciuti et al., 2000, 2001; Whittaker, 2001) occurs in
the planar microcavity and the parametric luminescence
on the signal and idler modes acquires a long-range co-
herence in both time and space (Baas et al., 2006). As
theoretically discussed in (Carusotto and Ciuti, 2005),
the onset of parametric oscillation in these spatially ex-
tended planar cavity devices can be interpreted as an
example of non-equilibrium Bose-Einstein condensation:
the coherence of the signal and idler is not directly in-
herited from the pump, but appears via the spontaneous
breaking of a U(1) phase symmetry.
The quest for Bose-Einstein condensation in a thermal-

ized polariton gas under incoherent pumping required a

FIG. 1 Figure from Kasprzak et al., 2006. Upper panel:
Sketch of a planar semiconductor microcavity delimited by
two Bragg mirrors and embedding a quantum well (QW). The
wavevector in the z direction perpendicular to the cavity plane
is quantized, while the in-plane motion is free. The cavity
photon mode is strongly coupled to the excitonic transitions in
the QWs. A laser beam with incidence angle � and frequency
⇥ can excite a microcavity mode with in-plane wavevector
k� = �

c sin �, while the near-field (far-field) secondary emis-
sion from the cavity provides information on the real-space
(k-space) density of excitations. Central panel: The energy
dispersion of the polariton modes versus in-plane wavevector
(angle). The exciton dispersion is negligible, due to the heavy
mass of the exciton compared to that of the cavity photon.
In the experiments, the system is incoherently excited by a
laser beam tuned at a very high energy. Relaxation of the
excess energy (via phonon emission, exciton-exciton scatter-
ing, etc.) leads to a population of the cavity polariton states
and, possibly, Bose-Einstein condensation into the lowest po-
lariton state. Lower panel: Experimental observation of po-
lariton Bose-Einstein condensation obtained by increasing the
intensity of the incoherent o�-resonant optical pump.



Application:�
Fate of BKT physics in  �

driven open quantum systems

r

algebraic quasi-long range order 
(Kosterlitz-Thouless phase)

non-equilibrium 
disordered  (rough) 

phase

L⇤

E. Altman, L. Sieberer, L. Chen, SD, J. Toner, PRX (2015) 
G. Wachtel, L. Sieberer, SD, E. Altman, PRB (2016)
L. Sieberer, G. Wachtel, E. Altman, SD, PRB (2016)

Microscopic
Quantum Optics

“Thermodynamic”
Many-body physics

Long wavelength
Statistical mechanics 

L. He, L. Sieberer, E. Altman, SD, PRB (2015) 
L. He, L. Sieberer, SD, PRL (2017)

Sebastian Diehl
critical behavior
— non-equilibrium RG for workhorse model:
- conceptual points: no energy scales, but length scales
- location of poles in complex plane; Gaussian theory
1-loop RG slow/fast modes
- physics: emergent equilibrium at one-loop

— more sophisticated: remnants of non-equilibrium, new exponent
- on the way: shell structure, impact of slow modes, additional shell due to neq


Sebastian Diehl
KPZ:
- so far: near equilibrium, emergent equilibrium
- here: opposite phenomenon, emergent non-equilibrium for small perturbation from eq.
- go via script for NeqFT lecture; derive KPZ from Langevin; 
it can’t be different based on symmetries for smooth part
— vortices (along review)




Phase transitions in two dimensions 

low temperature high temperature

• correlations

⇠ e�r/⇠

• responses: superfluidity

⇢s 6= 0 ⇢s = 0

• BKT transition: unbinding of vortex-antivortex pairs

… fate in driven open condensates?

• continuous symmetry U(1): no spontaneous symmetry breaking, but a phase transition

matter wave interferometry: 
Z. Hadzibabic et al. Nature (2006)

J. M. Kosterlitz, D. J. Thouless J. Phys. C (1973)
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Short reminder: Algebraic correlations

low temperature high temperature

• correlations

• physical reason: gapless spin wave fluctuations
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⇠ e�r/⇠

• spin wave action

h�⇤(r)�(0)i

r

algebraic quasi-long 
range order
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Driven open dynamics in low dimension

• semiclassical limit: driven-dissipative stochastic Gross-Pitaevski equation

• meaning: non-linear spin wave mode

• nonlinearity: single-parameter measure of non-equilibrium strength (ruled 
out in equilibrium by symmetry)

� 6= 0

non-equilibrium

Im

Re

� = 0

equilibrium

Im

Re

i@t� =


�r2

2m
� µ+ i(�p � �l) + (g � i) |�|2

�
�+ ⇣

� = ⇢ei✓

microphysics

macrophysics

quantum master 
equation

stochastic GPE

• effective low frequency dynamics

@t✓ = Dr2✓ + �(r✓)2 + ⇠

phase diffusion phase nonlinearity Markov noise

Kardar, Parisi, Zhang, PRL (1986)form of the KPZ equation

see also: G. Grinstein et al., PRL (1993)

KPZ equation



KPZ equation: A paradigm of non-equilibrium stat mech

• originally: describes stochastic roughening of surface height 

@th = Dr2h+ �(rh)2 + ⇠

h(x, t)

smoothens nonlinear growth

gravitational field

x

particles deposited 
at rate 

noise

h(x, t) �

• simplest physical scenario

Kardar, Parisi, Zhang, PRL (1986)
Review: Krug, Adv. Phys. (1997)



KPZ equation: A paradigm of non-equilibrium stat mech

• originally: describes stochastic roughening of surface height 

@th = Dr2h+ �(rh)2 + ⇠
smoothens nonlinear growth

Kardar, Parisi, Zhang, PRL (1986)
Review: Krug, Adv. Phys. (1997)

noise

• multiple physical contexts

from Takeuchi et al., 
Scientific Reports (2011)

bacterial colony growth

drive: sugar

burning paper

drive: oxygen

Wakita et al., J. Phys. Jpn. 
Soc. (1997)

Maunuksela et al., PRL 
(1997)

defect growth in liquid 
crystals

drive: electric field

h(x, t)



• How important are non-equilibrium conditions at large distance?

� 6= 0
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g(L⇤) = 1

Physical implication I: Smooth KPZ fluctuations
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can serve as a quantitative measure for the departure from ther-
mal equilibrium. Note that � = 0 in equilibrium, and that � is
well-defined also for Kd = 0, which is the microscopic value
of the di↵usion constant Kd in the model for driven-dissipative
condensates introduced in Sec. II B 2. It turns out to be most
convenient to combine � with the quantities [19]

D = Kc

 
Kd

Kc
+

uc

ud

!
, � =

�

2⇢0

0
BBBB@1 +

u2
c

u2
d

1
CCCCA (189)

(see Sec. II B 2 for the definition of the noise strength � and the
mean-field condensate density ⇢0) to define the dimensionless
non-equilibrium strength as [5]:

g = ⇤d�2
0
�2�

D3 , (190)

where ⇤0 is the UV momentum cuto↵. Thus, the answer to
the question of whether equilibrium vs. non-equilibrium uni-
versal behavior is realized in driven-dissipative condensates, is
encoded in the RG flow of g.

In the condensed phase, the RG flow of g is driven domi-
nantly by fluctuations of the gapless Goldstone mode discussed
in Sec. II D 6, i.e., by fluctuations of the phase of the conden-
sate field. The latter were shown [269–272] to be governed by
the Kardar-Parisi-Zhang (KPZ) equation [73], in which � de-
fined in Eq. (188) appears as the coe�cient of the characteristic
non-linear term, see Eq. (199). Below in Sec. IV A, we present
an alternative mapping of the long-wavelength condensate dy-
namics to the KPZ equation, starting from the Keldysh action in
Eq. (73) and integrating out the gapped density mode within the
Keldysh functional integral. As a consequence of the mapping
to the KPZ equation, the RG flow of g in d spatial dimensions is
at the one-loop level given by [5]

@`g = � (d � 2) g +
(2d � 3) Cd

2d
g2, (191)

where ` = ln(⇤/⇤0), ⇤ is the running momentum cuto↵, and
Cd = 21�d⇡�d/2�(2 � d/2) is a geometric factor. The key role
that is played by spatial dimensionality becomes manifest in the
canonical scaling of g, which is encoded in the first term on the
RHS of the flow equation: to wit, g is relevant in 1D where
d�2 < 0, marginal in 2D, and irrelevant in 3D since then d�2 >
0. In 2D, the loop correction — the second term on the RHS of
Eq. (191) — is positive, making g marginally-relevant. This has
far-reaching consequences for a driven-dissipative condensate in
which the microscopic value of g is small, i.e., which is close to
equilibrium: upon increasing the scale at which the system is ob-
served, the non-equilibrium nature is more pronounced in one-
and two-dimensional systems, whereas e↵ective equilibrium is
established on large scales in three-dimensional systems. In 1D
the canonical scaling towards strong coupling is balanced at an
attractive strong-coupling fixed point (SCFP) g⇤ by the loop cor-
rection. This term vanishes at d = 3/2, and for d > 3/2 the one-
loop equation does not have a stable SCFP, which, however, is
recovered in a non-perturbative FRG approach [252–254]. The

d1 2 3

g

1

Figure 10. Equilibrium vs. non-equilibrium phase diagram for driven-
dissipative condensates (cf. Ref. [252]). The line g = 1, where g is
defined in Eq. (190) and measures the deviation from equilibrium con-
ditions, separates the close-to-equilibrium regime for g < 1 from the
strong-coupling, far-from-equilibrium regime at g > 1. Red dots indi-
cate the fixed-point values of g that are reached if the RG flow is initial-
ized in the close-to-equilibrium regime. In dimensions one and two, the
equilibrium fixed point at g = 0 is unstable, and the RG flow along the
dashed lines is directed towards the blue line of strong-coupling fixed
points. Thus, a system that is microscopically close to equilibrium will
exhibit strongly non-equilibrium behavior at large scales. On the other
hand, in three spatial dimensions, an initially small value of g is dimin-
ished under renormalization, and the universal large-scale behavior is
governed by the e↵ective equilibrium fixed point at g = 0. The green
line indicates the existence of a critical value gc in d > 2, corresponding
to a transition between the e↵ective equilibrium phase and a true non-
equilibrium phase that is realized for large microscopic values g > gc.

RG flow of g that is found within this approach is illustrated
qualitatively in Fig. 10, which shows that also in 2D the flow is
out of the shaded close-to-equilibrium regime with g < 1, and
towards a strong-coupling, non-equilibrium fixed point. The sit-
uation is quite di↵erent in 3D: in this case, if the microscopic
value of g is small, at large scales an e↵ective equilibrium with a
renormalized value g! 0 is reached. However, for d > 2, there
exists a critical line of unstable fixed points gc, separating the
basins of attraction of the equilibrium and non-equilibrium fixed
points, for g < gc and g > gc respectively. Thus, in addition
to the e↵ective equilibrium phase, a true non-equilibrium phase
may be reached in systems that are far from equilibrium even at
the microscopic level also in 3D [273]. The properties of this
phase have not been explored so far.

The rest of this section is organized as follows: in Sec. IV B,
we review the dynamical critical behavior at the driven-
dissipative condensation transition in 3D [26, 181, 274], which,
according to the above discussion, is governed by an e↵ective
equilibrium fixed point. Signatures of the non-equilibrium na-
ture of the microscopic model are present in the asymptotic fade-
out of the deviation from equilibrium at large scales. In contrast,
the universal scaling behavior of driven-dissipative condensates
in both 2D [19] and 1D [265–267] is quite distinct from the equi-
librium case and governed by the SCFP of the KPZ equation.

microphysics

macrophysics

quantum master 
equation

stochastic GPE

KPZ equation

• behavior of non-equilibrium strength under 
coarse graining (RG flow)

RG flow

�

• 2D: implication: a length scale is generated

microscopic (healing) 
length

L⇤ = a0e
16⇡D3

�2�

�(L⇤) = 1



• How important are non-equilibrium conditions at large distance?
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Physical implication I: Smooth KPZ fluctuations
microphysics

macrophysics

quantum master 
equation

stochastic GPE

KPZ equation

• behavior of non-equilibrium strength under 
coarse graining (RG flow)

RG flow

weak non-equilibrium 
<-> equilibrium fixed point

• general trend: non-equilibrium effects in systems with soft mode are 

• enhanced in d = 1,2 

• softened in d = 3 (below a threshold)

g(L⇤) = 1
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can serve as a quantitative measure for the departure from ther-
mal equilibrium. Note that � = 0 in equilibrium, and that � is
well-defined also for Kd = 0, which is the microscopic value
of the di↵usion constant Kd in the model for driven-dissipative
condensates introduced in Sec. II B 2. It turns out to be most
convenient to combine � with the quantities [19]
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mean-field condensate density ⇢0) to define the dimensionless
non-equilibrium strength as [5]:
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where ⇤0 is the UV momentum cuto↵. Thus, the answer to
the question of whether equilibrium vs. non-equilibrium uni-
versal behavior is realized in driven-dissipative condensates, is
encoded in the RG flow of g.

In the condensed phase, the RG flow of g is driven domi-
nantly by fluctuations of the gapless Goldstone mode discussed
in Sec. II D 6, i.e., by fluctuations of the phase of the conden-
sate field. The latter were shown [269–272] to be governed by
the Kardar-Parisi-Zhang (KPZ) equation [73], in which � de-
fined in Eq. (188) appears as the coe�cient of the characteristic
non-linear term, see Eq. (199). Below in Sec. IV A, we present
an alternative mapping of the long-wavelength condensate dy-
namics to the KPZ equation, starting from the Keldysh action in
Eq. (73) and integrating out the gapped density mode within the
Keldysh functional integral. As a consequence of the mapping
to the KPZ equation, the RG flow of g in d spatial dimensions is
at the one-loop level given by [5]
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Cd = 21�d⇡�d/2�(2 � d/2) is a geometric factor. The key role
that is played by spatial dimensionality becomes manifest in the
canonical scaling of g, which is encoded in the first term on the
RHS of the flow equation: to wit, g is relevant in 1D where
d�2 < 0, marginal in 2D, and irrelevant in 3D since then d�2 >
0. In 2D, the loop correction — the second term on the RHS of
Eq. (191) — is positive, making g marginally-relevant. This has
far-reaching consequences for a driven-dissipative condensate in
which the microscopic value of g is small, i.e., which is close to
equilibrium: upon increasing the scale at which the system is ob-
served, the non-equilibrium nature is more pronounced in one-
and two-dimensional systems, whereas e↵ective equilibrium is
established on large scales in three-dimensional systems. In 1D
the canonical scaling towards strong coupling is balanced at an
attractive strong-coupling fixed point (SCFP) g⇤ by the loop cor-
rection. This term vanishes at d = 3/2, and for d > 3/2 the one-
loop equation does not have a stable SCFP, which, however, is
recovered in a non-perturbative FRG approach [252–254]. The
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Figure 10. Equilibrium vs. non-equilibrium phase diagram for driven-
dissipative condensates (cf. Ref. [252]). The line g = 1, where g is
defined in Eq. (190) and measures the deviation from equilibrium con-
ditions, separates the close-to-equilibrium regime for g < 1 from the
strong-coupling, far-from-equilibrium regime at g > 1. Red dots indi-
cate the fixed-point values of g that are reached if the RG flow is initial-
ized in the close-to-equilibrium regime. In dimensions one and two, the
equilibrium fixed point at g = 0 is unstable, and the RG flow along the
dashed lines is directed towards the blue line of strong-coupling fixed
points. Thus, a system that is microscopically close to equilibrium will
exhibit strongly non-equilibrium behavior at large scales. On the other
hand, in three spatial dimensions, an initially small value of g is dimin-
ished under renormalization, and the universal large-scale behavior is
governed by the e↵ective equilibrium fixed point at g = 0. The green
line indicates the existence of a critical value gc in d > 2, corresponding
to a transition between the e↵ective equilibrium phase and a true non-
equilibrium phase that is realized for large microscopic values g > gc.

RG flow of g that is found within this approach is illustrated
qualitatively in Fig. 10, which shows that also in 2D the flow is
out of the shaded close-to-equilibrium regime with g < 1, and
towards a strong-coupling, non-equilibrium fixed point. The sit-
uation is quite di↵erent in 3D: in this case, if the microscopic
value of g is small, at large scales an e↵ective equilibrium with a
renormalized value g! 0 is reached. However, for d > 2, there
exists a critical line of unstable fixed points gc, separating the
basins of attraction of the equilibrium and non-equilibrium fixed
points, for g < gc and g > gc respectively. Thus, in addition
to the e↵ective equilibrium phase, a true non-equilibrium phase
may be reached in systems that are far from equilibrium even at
the microscopic level also in 3D [273]. The properties of this
phase have not been explored so far.

The rest of this section is organized as follows: in Sec. IV B,
we review the dynamical critical behavior at the driven-
dissipative condensation transition in 3D [26, 181, 274], which,
according to the above discussion, is governed by an e↵ective
equilibrium fixed point. Signatures of the non-equilibrium na-
ture of the microscopic model are present in the asymptotic fade-
out of the deviation from equilibrium at large scales. In contrast,
the universal scaling behavior of driven-dissipative condensates
in both 2D [19] and 1D [265–267] is quite distinct from the equi-
librium case and governed by the SCFP of the KPZ equation.

strong non-equilibrium
<-> KPZ fixed point

�



Physical implications I: Absence of algebraic order

• generated length scale distinguishes two regimes:

r

h�⇤(r)�(0)i

algebraic quasi-long range order 
(Kosterlitz-Thouless phase)

equilibrium fixed point relevant
L⇤

sub-exponential non-
equilibrium disordered  

(rough) phase

KPZ fixed point relevant

e�r2� , � ⇡ 0.37 (d = 2)

L⇤ = a0e
16⇡D3

�2�

➡ algebraic order absent in any two-dimensional driven open system at the largest distances
➡ but crossover scale exponentially large for small deviations from equilibrium
➡ observation in 1D systems (temporal correlations) Bloch group, Paris, private communication
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Physical implications II: Non-equilibrium Kosterlitz-Thouless

• compact nature of phase allows for vortex defects in 2D!

• key ingredient of Kosterlitz-Thouless transition 

vortex anti-vortex

@t✓ = Dr2✓ + �(r✓)2 + ⇠

• KPZ equation for phase variable

➡ so far, compactness of phase variable ignored
➡ how is this scenario modified in the driven system?

F = E � TS = [K⇡ � 2kBT ] log(L/a)

low T: 
(binding) energy dominates

high T: 
entropy dominates



low temperature high temperature

• BKT transition: unbinding of vortex-antivortex pairs

Mini-review: BKT transition

• Single vortex picture: balance of energy (deterministic) and entropy (statistic)

• Low T: vortices and antivortices bound in neutral pairs (irrelevant at long distance)
• Q: when is it favorable (free energy) minimum to have unbound vortices?

• entropy: sum all equally probable possibility of placing vortices in 2D plane at minimal distance a:  

S = �kB
X

i

pi log pi = kB log(L/a)2

• free energy 

• vortex proliferation above KT critical temperature 
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F = E � TS = (⇡K � 2kBT ) log(L/a)
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TKT =
⇡K

2kB

➡ but out of equilibrium: no free 
energy at hand!

➡ field theory approach (analogous 
Kosterlitz’ real space RG for 
vortices)

J. M. Kosterlitz, J. Phys. C (1974)

• energy of single free vortex: 
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Field theoretical duality approach: Phase compactness

• phase compactness = local discrete gauge invariance under 

✓t,x 7! ✓t,x + 2⇡nt,x

➡ how to teach to the KPZ equation? lattice regularization and discrete stochastic update

Z =
X

{ñt,x}

Z
D[✓]eiS[✓,ñ]

non-equilibrium lattice 
gauge theory (manifestly 

gauge invariant)

stochastic difference 
equation

discrete noise MSR 
functional integral,

✓t+✏,x = ✓t,x + ✏ (L[✓]t,x + ⌘t,x) + 2⇡nt,x

lattice regularized deterministic term

• wait a second — we ignored a fundamental symmetry of polaritons so far

�(t,x) = ⇢(t,x)ei✓(t,x)

G. Wachtel, L. Sieberer, SD, E. Altman, PRB (2016)
L. Sieberer, G. Wachtel, E. Altman, SD, PRB (2016)



Duality approach: Emergent electrodynamics

Z /
X

{nvX ,ñvX ,
JvX ,J̃vX}

Z
D[�, �̃,A, Ã]eiS[�,�̃,A,Ã,nv,ñv,Jv,J̃v ]

• dual description in terms of gauge theory: noisy electrodynamics in the presence of charges/
currents (vortices)

vortex density 
and current

smooth spin wave fluctuations 
(equivalent KPZ equation)

• discrete gauge invariant dynamical functional integral

Z =
X

{ñt,x}

Z
D[✓]eiS[✓,ñ]

S =
X

t,x

ñt,x [��t✓t,x + ✏ (L[✓]t,x + i�ñt,x)]

,

• key impact of non-equilibrium conditions: non-linear electrodynamics

• integrate out (perturbatively) smooth fluctuations to get effective theory for vortex interactions



Effective theory for a single vortex-antivortex pair

dr

dt
= �µrV (r) + ⇠ r

• equation of motion for a single vortex-antivortex pair

r

equilibrium: Coulomb potential (2D)

➡ noise-activated unbinding for a single pair (at exp small rate)

driven-dissipative system

V (r) ⇡ 1

"
ln(r/a)� �2

12"3D2
(ln(r/a))3

V (r) =
1

"
ln(r/a)

Lv = a0e
2D
�

length scale:

see also: I Aranson 
et al., PRB (1998)
two-vortex problem

(sorry..)
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Many pairs: Corrections to Kosterlitz-Thouless flow

y

KT transition
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inv. superfluid stiffness

microphysics

macro
physics

quantum master 
equation

stochastic GPE

compact KPZ

RG flow

• parameter y: ~ probability to create single vortex at distance l (flow parameter)
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Many pairs: Corrections to Kosterlitz-Thouless flow
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Competing length scales and suppression of KT 
• two emergent length scales in complementary approaches: 

KPZ length

Lv = a0e
2D
�

vortex length

E. Altman, L. Sieberer, L, Chen, SD, J. Toner, PRX (2015)
L. Sieberer, G. Wachtel, E. Altman, SD, PRB (2016)
G. Wachtel, L. Sieberer, SD, E. Altman, PRB (2016)

L⇤ = a0e
16⇡D3

�2�

equilibrium KPZ free vortices

L⇤ Lv

• full numerical confirmation of two-scale scenario in 
1D (defects: vortices in (1+1)D space-time)

• 2D simulations demanding

exponential

sub-exponential

algebraic

�

�
noise level

non-equilibrium strength 

?

equilibrium limit

Kosterlitz-Thouless physics fragile to 
non-equilibrium perturbationL. He, L. Sieberer, SD PRL (2017)



Strong non-equilibrium: Compact KPZ vortex turbulence
• In search of the phase diagram for XP condensates: 1+1 dimensions 

Noise activated vortices (TV)

KPZ / equilibrium dominated 
physics Vortex turbulence (VT)

�

noise level

non-equilibrium strength 

� color code: vortex density on 
space-time plane 

Pv = O(1)

first order non-equilibrium phase transition

L. He, L. Sieberer, SD PRL (2017)
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Figure S3. (Color online) (a) The dependence of Pv on nonequilibrium strength �̃ at di↵erent noise levels in the weak noise regime when �̃ is
tuned across the critical value �̃⇤ of the first order transition. The black dashed vertical line corresponds to the estimated value of �̃⇤. From down
to up (up to down), curves on the left (right) hand side of the black dashed line correspond to noise levels � = 0.01, 0.011, 0.012, 0.013, 0.014,
respectively. The filled circles are data points obtained by numerical simulations, while the pairs of filled triangles with the same color at upper
and lower positions correspond to the estimated values of the left and the right limit of Pv at �̃⇤, i.e. Pv(�̃! �̃⇤�) and Pv(�̃! �̃⇤+), respectively.
Values of other parameters used in simulations are Kd = rd = ud = 1, Kc = 0.1. �̃ is tuned by changing rc = uc from 1.4 to 3.0. (b) The
space-time vortex density jump �Pv at the first order transition at di↵erent noise levels �. (c) The first order transition line (double line)
terminates at a second oder transition critical point the end of the first order transition line (black filled circle). See text for more details.

function R(x) ⌘ (a0+a1x+a2x2)/(1+b1x+b2x2) fit to the data
points lying on the left and right hand side of the transition,
respectively, which are shown as solid curves in Fig. S3(a).
Then, the value of Pv(�̃ ! �̃⇤�) (Pv(�̃ ! �̃⇤+)) is obtained
by performing extrapolation at �̃⇤ of the corresponding curve
on the left (right) hand side of the transition. The dependence

of �Pv on the noise level � are shown in Fig. S3(b), where
we notice �Pv decreases with respect to � and vanishes at
�⇤ ⇡ 0.01402 with a diverging derivative of �Pv with respect
to �. These observations indicate the first order tradition line
on the �̃�� plane terminates at higher noise level at a second
order critical point (�̃⇤,�⇤) (cf. Fig. S3(c)).
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➡  deterministic limit: how does the system generate 
its own noise?

➡KPZ physics announced in 1D XP condensates Bloch group, Paris



Further instances: Universality in driven open quantum systems 

Sieberer et al., PRL (2013)• criticality in non-equilibrium  model
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➡dynamical fine-structure distinguishing eq. from non-eq.

• Markovian quantum criticality

➡new fixed point in dark state models with quantum scaling

• phase transitions in open Floquet systems

➡absence of criticality (dual to Kibble-Zurek mechanism)

• coupled Ising models

➡new fixed point for strong non-equilibrium drive

• phase transitions with exceptional points

➡universality yet to be discovered!

Fruchart et al., Nature (2021)

Young et al., PRX (2020)

Marino, SD, PRL (2016)

Mathey, SD, PRL (2019)

g1

g2

g3



Summary lecture I

Many-Body Master Equation Keldysh functional 
integral

1-1 
mapping

microphysics macrophysics

Driven open many-body systems: challenge to theory

• symmetries: eq. vs. non-eq. 

• control of IR fluctuations: understanding low 
dimensional gapless phases out of equilibrium 

• flexible choice of degrees of freedom: KPZ vs. vortices

Review: L. Sieberer, M. Buchhold, SD, Keldysh Field Theory for Driven 
Open Quantum Systems, Reports on Progress in Physics (2016)

L⇤ Lv

Lv ⌧ L⇤2D: 1D: Lv � L⇤
(time scales)

• mapping opens up QFT toolbox, today:

• mapping opens up QFT toolbox, next lectures:

• symmetries: ‘weak’ and ‘strong’

• responses out of equilibrium: topological gauge theory

• replica field theory for measurements in many-body systems





Appendix: 
Fermionic Lindblad-Keldysh functional integral

Z =

Z
D(�+,��)e

i(SM [�+,��]



Fermionic Lindblad-Keldysh functional integral



Fermionic Lindblad-Keldysh functional integral



Appendix: 
Equilibrium vs. non-equilibrium dynamics 

equilibrium non-equilibrium
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Equilibrium vs. non-equilibrium dynamics 
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Limit of thermodynamic equilibrium

<latexit sha1_base64="sNn5Kt5uJzkUZvTELWTgWXujk6c=">AAACMHicbZDLSsNAFIYnXmu9RV26GSyCIJRERd0IRRd2WcFeoAllMp22QycXZk7EEvJIbnwU3Sgo4tancNJmYVsPDPx8/zmcOb8XCa7Ast6NhcWl5ZXVwlpxfWNza9vc2W2oMJaU1WkoQtnyiGKCB6wOHARrRZIR3xOs6Q1vMr/5wKTiYXAPo4i5PukHvMcpAY065q0zIICrncQB9ggJpCm+wjmz8DGetnmQNcxST7OOWbLK1rjwvLBzUUJ51Trmi9MNaeyzAKggSrVtKwI3IRI4FSwtOrFiEaFD0mdtLQPiM+Um44NTfKhJF/dCqV8AeEz/TiTEV2rke7rTJzBQs14G//PaMfQuXX1mFAML6GRRLxYYQpylh7tcMgpipAWhkuu/YjogklDQGRd1CPbsyfOicVK2z8und2elynUeRwHtowN0hGx0gSqoimqojih6Qq/oA30az8ab8WV8T1oXjHxmD02V8fML5S6o8A==</latexit>
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Non-equilibrium (Lindblad) limit
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➡Quantum Optics

microphysics macrophysics

➡Many-Body Physics                ➡Statistical Mechanics                

Outline

• phase coherence and entanglement for bosons 
and spins

States

• fermionic dissipative ‘superconductors’

• order by dissipation: quantum 
mechanical? 

• order by dissipation: topological ? 

+� �⌦

Dynamics

• topological field theory for driven open quantum 
systems

• Topology: Quantized, reversible 
response on top of a dissipative 
bulk?

• Fock space bottom-up approach to non-hermitian 
system classification

• Symmetry: Classification 
principles out-of-equilibrium?



Order by dissipation

SD, A. Micheli, A. Kantian, B. Kraus, H.P. Büchler, P. Zoller, Nat. Phys. (2008); 

B. Kraus, H.P. Büchler, SD, A. Micheli, A. Kantian, P. Zoller,  PRA (2008);


F. Verstraete, M. Wolf, J. I. Cirac, Nature Physics 5, 633 (2009).

Microscopic
Quantum Optics

“Thermodynamic”
Many-body physics

Long wavelength
Statistical mechanics 



• Key concept: Dark states

for e.g. H|Di = E|Di

⇢ = |DihD|

*

➡ time evolution stops when                        *

Lindblad operators

coherent evolution

• quantum master equation

( )@t⇢ = �i[H, ⇢] + 

X

i

Li⇢L
†
i � 1

2{L
†
iLi, ⇢}

environment

drive 
system

driven-dissipative evolution

Dark states in Lindblad equations

Li|Di = 0 8i



• Interesting situation: unique dark state solution

➡ dissipation removes entropy, increases purity

Hilbert space

dark subspace

➡ you can enter, but never leave *

➡ directed motion in Hilbert space ⇢
t!1�! |DihD|

for e.g. H|Di = E|Di*

Lindblad operators

coherent evolution

• quantum master equation

( )@t⇢ = �i[H, ⇢] + 

X

i

Li⇢L
†
i � 1

2{L
†
iLi, ⇢}

environment

drive 
system

driven-dissipative evolution

Dark states in Lindblad equations



Order by dissipation:
Bosons

SD, A. Micheli, A. Kantian, B. Kraus, H.P. Büchler, P. Zoller, Nat. Phys. (2008); 

B. Kraus, H.P. Büchler, SD, A. Micheli, A. Kantian, P. Zoller,  PRA (2008);


F. Verstraete, M. Wolf, J. I. Cirac, Nature Physics 5, 633 (2009).

Microscopic
Quantum Optics

“Thermodynamic”
Many-body physics

Long wavelength
Statistical mechanics 



• optical pumping: three internal (electronic) levels     Aspect et al., PRL (1998); Kasevich, Chu, PRL (1992)

dark state

Dark states: From quantum optics to many particles 

bright state



• optical pumping: three internal (electronic) levels     Aspect et al., PRL (1998); Kasevich, Chu, PRL (1992)

dark state

• 1 atom on 2 sites: external (spatial) degrees of freedom (atoms on optical lattice)

1 2 (a†1 + a†2) |vac�
symmetric 

superposition

➡   combination of drive and dissipation enables purification

• N atoms on M sites (optical lattice)

|BECi = 1

N !

⇣X

`

a†`

⌘N
|vaci

Dark states: From quantum optics to many particles 



Dissipative many-body state preparation

• Lindblad operators for BEC dark state: 

➡ Long range phase coherence/ boson condensation builds up from quasilocal dissipative operations

➡ Ordered phase reached from arbitrary initial state

=) ⇢(t) �! |BECihBEC| for t ! 1

• uniqueness of stationary solution can be shown 

Li = (a†i + a†i+1)(ai � ai+1) Li|BECi = 0 8 i
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FIG. 3. Experimental signatures of four-qubit stabilizer pumping. a, Schematic of the four system qubits to be cooled
into the GHZ state (|0000⇤ + |1111⇤)/

⇧
2, which is uniquely characterized as the simultaneous eigenstate with eigenvalue +1

of the shown stabilizers. b, Reconstructed density matrices (real part) of the initial mixed state �mixed and subsequent states
�1,2,3,4 after sequentially pumping the stabilizers Z1Z2, Z2Z3, Z3Z4 and X1X2X3X4. Populations in the initial mixed state
with qubits i and j antiparallel, or in the -1 eigenspace of the ZiZj stabilizer, disappear after pumping this stabilizer into
the +1 eigenspace. For example, populations in dark blue dissappear after Z1Z2-stabilizer pumping. A final pumping of the
stabilizer X1X2X3X4 builds up the coherence between |0000⇤ and |1111⇤, shown as red bars in the density matrix of �4. c,
Measured expectation values of the relevant stabilizers; ideally, non-zero expectation values have a value of +1. d, Evolution
of the measured expectation values of the relevant stabilizers for repetitively pumping an initial state |1111⇤ with probability
p = 0.5 into the -1 eigenspace of the stabilizer X1X2X3X4. The incremental cooling is evident by the red line fitted to the
pumped stabilizer expectation value. The evolution of the expectation value ⇥X1X2X3X4⇤ for deterministic cooling (p = 1) is
also shown. The observed decay of ⇥ZiZj⇤ is due to imperfections and detrimental to the pumping process (see Supplementary
Information). Error bars in c and d, ±1⇥.

COHERENT FOUR-PARTICLE INTERACTIONS

The coupling of the system to an ancilla particle, as
used above for the engineering of dissipative dynamics,
can also be harnessed to mediate e�ective coherent n-
body interactions between the system qubits [26, 29].
The demonstration of a toolbox for open-system quan-
tum simulation is thus complemented by adding unitary
maps �S ⇤⇥ US�SU

†
S to the dissipative elements described

above. Here, US = exp(�i⇥HS) is the unitary time evo-
lution operator for a time step ⇥ , which is generated
by a system Hamiltonian HS . In contrast to the re-
cent achievements [41, 42] of small-scale analog quantum
simulators based on trapped ions, where two-body spin
Hamiltonians have been engineered directly [43], here we
pursue a gate-based implementation following the con-
cept of Lloyd’s digital quantum simulator [12], where the
time evolution is decomposed into a sequence of coherent
(and dissipative) steps.

In particular, the available gate operations enable an
experimentally e�cient simulation of n-body spin inter-
actions [44], which we illustrate by implementing time dy-
namics of a four-body Hamiltonian HS = gX1X2X3X4.

This example is motivated by the e�orts to experimen-
tally realize Kitaev’s toric code Hamiltonian [25], which
is a sum of commuting four-qubit stabilizer operators
representing four-body spin interactions. This paradig-
matic model belongs to a whole class of spin systems,
which have been discussed in the context of topological
quantum computing [45] and quantum phases exhibiting
topological order [46].

The elementary unitary operation US can be decom-
posed into a compact sequence of three coherent opera-
tions, as explained in Fig. 4a. In an experiment carried
out with 4+1 ions, we apply US for di�erent values of ⇥
to the system ions initially prepared in |1111⌅. We ob-
served coherent oscillations in the subspace spanned by
|0000⌅ and |1111⌅, as shown in Fig. 4b. We character-
ize our implementation of US by comparing the expected
and measured states, determined by quantum state to-
mography, for each value of ⇥ . The fidelity between the
expected and measured states is on average 85(2)%.

Universal open-system quantum simulator, 
Schindler et al., Nature (2011) (Blatt group)

GHZ state of 
four ions

⇢ = |DihD|

|Di = 1

2
(|0000i+ |1111i)

• experimental realizations: entanglement generation
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Kitaev‘s quantum wire (Hamiltonian scenario)

• two inequivalent 
representatives 

physical site

• Hamiltonian in Bogoliubov basis
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• spinless superconducting fermions on a lattice
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ãi|Gi = 08 i

trivial phase

Kitaev, Physics Uspekhi (2001)
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Kitaev‘s quantum wire (Hamiltonian scenario)

• two inequivalent 
representatives 

physical site

• Hamiltonian in Bogoliubov basis

bulk

 - BCS p-wave superfluid in 
ground state

- non-local Bogoliubov fermion
rob

us
t !

- unpaired zero energy Majorana edge 
modes, or

quasilocal!

• spinless superconducting fermions on a lattice

ãi =
1
2 (ai+1 + a†i+1 � ai + a†i )ãi = ai

trivial phase nontrivial phase

 - gapped spectrum

edge

supercond
uctor

wire

ãi|Gi = 08 iH =
X
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†
i ãi

Kitaev, Physics Uspekhi (2001)



Dissipative Majorana quantum wire

• main insight:

Li = (a†i + a†i+1)(ai � ai+1) ⌘ C†
iAi

•       boson creation =>a†i fixed number BEC dark state

•       fermion creation =>a†i fixed number BCS pair dark state

|BCS, Ni = |Kitaev, Ni

Kitaev’s Majorana operators

/ ãi

Li|Di = 0 8 i

|Di = |BEC, Ni

|Di = |BCS, Ni

|Di = |Kitaev, ✓i

standard Kitaev p-wave superfluid state

• reconsider simplemost Lindblad operators and dark state condition:

• this example:

SD, E. Rico, M. A. Baranov, P. 
Zoller, Nat. Phys. (2011)

“low energies”=̂

long times fixed phasefixed number

`i = (a†i + a†i+1 + ai � ai+1)Li = (a†i + a†i+1)(ai � ai+1)

• connection to Kitaev model: emergent eigenoperators in thermodynamic limit
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damping rates

,
|BCS,Ni = G†N |vaci

• fixed number Lindblad operators

• resulting dark state 
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Mechanism: Fixed number vs. fixed phase Lindblad operators

• spinless fermions for simplicity

�N ⇠ 1/
p
N

Li = C†
iAi

• fixed phase Lindblad operators

• resulting dark state (with                         )               

|BCS, ✓i = exp(rei✓G†)|vaci

`i = C†
i + rei✓Ai

SD, W. Yi. A. Daley, P. Zoller, PRL (2010)



• use exact knowledge of stationary state: linearized long time evolution

• use equivalence of fixed number and fixed phase states in thermodynamic limit

-> Dirac algebra

fixed spontaneously

fixed by average particle 
number

• properties

• relation to microscopic operators

t ! 1
“low energy limit”

Spontaneous symmetry breaking and dissipative gap
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• effective fermionic quasiparticle operators

; fulfill Dirac algebra -> uniqueness`q|BCS, ✓i = 0

➡ scale generated in long time evolution (single particle sector)
➡ robustness of prepared state against perturbations
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• dissipative gap in the damping rate



• time evolution of Ω in a co-moving basis |a(t )⇥=U (t )|a(0)⇥ which follows the
decoherence free subspace of edge modes, i.e. Ω̇ÆØ = 0. With �b(t )|a(t )⇥ =
±ab , this yields

d
d t

Ω =⇤i [A,Ω]+
X

a,b
|a⇥Ω̇ab�b|,

➡ insensitivity of edge modes against 
microscopic details in the bulk:
➡disorder
➡non-pure bulk states 

A = iU̇ †U Ω̇ab ⇤ �a(t )|@tΩ|b(t )⇥adiabatic 
connection phys. evolution

Properties: Topological states induced by dissipation

✓ topological origin

✓ generic features of topological states

➡ topological invariant of the bulk (for 
mixed, dissipative systems)

✓braiding of dissipative   
    Majoranas by adiabatically changing 

➡ dissipative braiding in networks
➡ non-abelian statistics

(Alicea et al., Nat. Phys. 2011) 4
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FIG. 3: A T-junction allows for adiabatic exchange of two Majorana
fermions bridged by either a topological region (dark blue lines) as
in (a)-(d), or a non-topological region (light blue lines) as in (e)-(h).
Transport of Majorana fermions is achieved by gates as outlined in
Fig. 2. The arrows along the topological regions in (a)-(d) are useful
for understanding the non-Abelian statistics as outlined in the main
text.

and (b), generically no Majorana modes exist there. To see
this, imagine decoupling the two topological segments so that
two Majorana modes in close proximity exist at the junction;
restoring the coupling generically combines these Majoranas
into an ordinary, finite-energy fermion.

As an illustrative example, consider the setup of Fig. 3(a)
and model the left and right topological segments by Kitaev’s
model with µ = 0 and t = |⇥| in Eq. (1). [For simplic-
ity we will exclude the non-topological vertical wire in Fig.
3(a).] Suppose furthermore that the ⌅ = ⌅L/R in the left/right
chains and that the fermion cL,N at site N of the left chain
couples weakly to the fermion cR,1 at site 1 of the right chain
via H� = ��(c†L,NcR,1 + h.c.). Using Eq. (2), the end Ma-
joranas at the junction couple as follows,

H� ⇤ � i�

2
cos

�
⌅L � ⌅R

2

⇥
�L
B,N�R

A,1 (8)

and therefore generally combine into an ordinary fermion23.
An exception occurs when the regions form a ⇤-junction—
that is, when ⌅L � ⌅R = ⇤—which fine-tunes their coupling
to zero. Importantly, coupling between end Majoranas in the

semiconductor context is governed by the same ⌅L � ⌅R de-
pendence as in Eq. (8)1,2.

Finally, when all three segments are topological, again only
a single Majorana mode exists at the junction without fine-
tuning. Three Majorana modes appear only when all pairs of
wires simultaneously form mutual ⇤ junctions (which is pos-
sible as described in the Supplementary Material, since the
superconducting phases are defined with respect to a direction
in each wire). Recall from Eq. (6) that the spin-orientation
favored by spin-orbit coupling determines the effective super-
conducting phase of the semiconducting wires. Two wires
at right angles to one another therefore exhibit a ⇤/2 phase
difference, well away from the pathological limits mentioned
above.

The T-junction permits exchange of Majoranas from either
the same or different topological regions. First, consider the
configuration of Fig. 3(a) where the horizontal wire resides in
a topological phase while the vertical wire is non-topological.
Counterclockwise exchange of �1 and �2 can be implemented
as outlined in Figs. 3(b)-(d). Here, one shuttles �1 to the
junction by making the left end non-topological; transports
�1 downward by driving the vertical wire into a topological
phase; transports �2 leftward in a similar fashion; and finally
directs �1 up and to the right. Exchange of two Majorana
fermions connected by a non-topological region as in Fig. 3(e)
can be similarly achieved—counterclockwise exchange of �1
and �2 proceeds as sketched in Figs. 3(f)-(h).

While the Majoranas can now be exchanged, non-Abelian
statistics is not obvious in this context. Recall how non-
Abelian statistics of vortices arises in a spinless 2D p + ip
superconductor12,13, following Ivanov’s approach. Ultimately,
this can be deduced by considering two vortices which bind
Majorana fermions �1 and �2. Since the spinless fermion
operators effectively change sign upon advancing the super-
conducting phase by 2⇤, one introduces branch cuts emanat-
ing from the vortices; crucially, a Majorana fermion changes
sign whenever crossing such a cut. Upon exchanging the
vortices, �2 (say) crosses the branch cut emanating from the
other vortex, leading to the transformation rule �1 ⌅ �2
and �2 ⌅ ��1 which is generated by the unitary operator
U12 = exp(⇤�2�1/4). With many vortices, the analogous
unitary operators Uij corresponding to the exchange of �i and
�j do not generally commute, implying non-Abelian statistics.

Following an approach similar to that of Stern et al.34, we
now argue that Majorana fermions in semiconducting wires
transform exactly like those bound to vortices under exchange,
and hence also exhibit non-Abelian statistics. This can be
established most simply by considering the exchange of two
Majorana fermions �1 and �2 as illustrated in Figs. 3(a)-(d).
At each step of the exchange, there are two degenerate ground
states |0⌃ and |1⌃ = f†|0⌃, where f = (�1 + i�2)/2 annihi-
lates |0⌃. In principle, one can deduce the transformation rule
from the Berry phases ⇧n ⇥ Im

⇤
dt⇧n|�t|n⌃ acquired by the

many-body ground states |n⌃ = |0⌃ and |1⌃, though in practice
these are hard to evaluate.

Since exchange statistics is a universal property, however,
we are free to deform the problem to our convenience pro-
vided the energy gap remains finite. As a first simplification,
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FIG. 3: A T-junction allows for adiabatic exchange of two Majorana
fermions bridged by either a topological region (dark blue lines) as
in (a)-(d), or a non-topological region (light blue lines) as in (e)-(h).
Transport of Majorana fermions is achieved by gates as outlined in
Fig. 2. The arrows along the topological regions in (a)-(d) are useful
for understanding the non-Abelian statistics as outlined in the main
text.

and (b), generically no Majorana modes exist there. To see
this, imagine decoupling the two topological segments so that
two Majorana modes in close proximity exist at the junction;
restoring the coupling generically combines these Majoranas
into an ordinary, finite-energy fermion.

As an illustrative example, consider the setup of Fig. 3(a)
and model the left and right topological segments by Kitaev’s
model with µ = 0 and t = |⇥| in Eq. (1). [For simplic-
ity we will exclude the non-topological vertical wire in Fig.
3(a).] Suppose furthermore that the ⌅ = ⌅L/R in the left/right
chains and that the fermion cL,N at site N of the left chain
couples weakly to the fermion cR,1 at site 1 of the right chain
via H� = ��(c†L,NcR,1 + h.c.). Using Eq. (2), the end Ma-
joranas at the junction couple as follows,

H� ⇤ � i�
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and therefore generally combine into an ordinary fermion23.
An exception occurs when the regions form a ⇤-junction—
that is, when ⌅L � ⌅R = ⇤—which fine-tunes their coupling
to zero. Importantly, coupling between end Majoranas in the

semiconductor context is governed by the same ⌅L � ⌅R de-
pendence as in Eq. (8)1,2.

Finally, when all three segments are topological, again only
a single Majorana mode exists at the junction without fine-
tuning. Three Majorana modes appear only when all pairs of
wires simultaneously form mutual ⇤ junctions (which is pos-
sible as described in the Supplementary Material, since the
superconducting phases are defined with respect to a direction
in each wire). Recall from Eq. (6) that the spin-orientation
favored by spin-orbit coupling determines the effective super-
conducting phase of the semiconducting wires. Two wires
at right angles to one another therefore exhibit a ⇤/2 phase
difference, well away from the pathological limits mentioned
above.

The T-junction permits exchange of Majoranas from either
the same or different topological regions. First, consider the
configuration of Fig. 3(a) where the horizontal wire resides in
a topological phase while the vertical wire is non-topological.
Counterclockwise exchange of �1 and �2 can be implemented
as outlined in Figs. 3(b)-(d). Here, one shuttles �1 to the
junction by making the left end non-topological; transports
�1 downward by driving the vertical wire into a topological
phase; transports �2 leftward in a similar fashion; and finally
directs �1 up and to the right. Exchange of two Majorana
fermions connected by a non-topological region as in Fig. 3(e)
can be similarly achieved—counterclockwise exchange of �1
and �2 proceeds as sketched in Figs. 3(f)-(h).

While the Majoranas can now be exchanged, non-Abelian
statistics is not obvious in this context. Recall how non-
Abelian statistics of vortices arises in a spinless 2D p + ip
superconductor12,13, following Ivanov’s approach. Ultimately,
this can be deduced by considering two vortices which bind
Majorana fermions �1 and �2. Since the spinless fermion
operators effectively change sign upon advancing the super-
conducting phase by 2⇤, one introduces branch cuts emanat-
ing from the vortices; crucially, a Majorana fermion changes
sign whenever crossing such a cut. Upon exchanging the
vortices, �2 (say) crosses the branch cut emanating from the
other vortex, leading to the transformation rule �1 ⌅ �2
and �2 ⌅ ��1 which is generated by the unitary operator
U12 = exp(⇤�2�1/4). With many vortices, the analogous
unitary operators Uij corresponding to the exchange of �i and
�j do not generally commute, implying non-Abelian statistics.

Following an approach similar to that of Stern et al.34, we
now argue that Majorana fermions in semiconducting wires
transform exactly like those bound to vortices under exchange,
and hence also exhibit non-Abelian statistics. This can be
established most simply by considering the exchange of two
Majorana fermions �1 and �2 as illustrated in Figs. 3(a)-(d).
At each step of the exchange, there are two degenerate ground
states |0⌃ and |1⌃ = f†|0⌃, where f = (�1 + i�2)/2 annihi-
lates |0⌃. In principle, one can deduce the transformation rule
from the Berry phases ⇧n ⇥ Im

⇤
dt⇧n|�t|n⌃ acquired by the

many-body ground states |n⌃ = |0⌃ and |1⌃, though in practice
these are hard to evaluate.

Since exchange statistics is a universal property, however,
we are free to deform the problem to our convenience pro-
vided the energy gap remains finite. As a first simplification,
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FIG. 3: A T-junction allows for adiabatic exchange of two Majorana
fermions bridged by either a topological region (dark blue lines) as
in (a)-(d), or a non-topological region (light blue lines) as in (e)-(h).
Transport of Majorana fermions is achieved by gates as outlined in
Fig. 2. The arrows along the topological regions in (a)-(d) are useful
for understanding the non-Abelian statistics as outlined in the main
text.

and (b), generically no Majorana modes exist there. To see
this, imagine decoupling the two topological segments so that
two Majorana modes in close proximity exist at the junction;
restoring the coupling generically combines these Majoranas
into an ordinary, finite-energy fermion.

As an illustrative example, consider the setup of Fig. 3(a)
and model the left and right topological segments by Kitaev’s
model with µ = 0 and t = |⇥| in Eq. (1). [For simplic-
ity we will exclude the non-topological vertical wire in Fig.
3(a).] Suppose furthermore that the ⌅ = ⌅L/R in the left/right
chains and that the fermion cL,N at site N of the left chain
couples weakly to the fermion cR,1 at site 1 of the right chain
via H� = ��(c†L,NcR,1 + h.c.). Using Eq. (2), the end Ma-
joranas at the junction couple as follows,
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and therefore generally combine into an ordinary fermion23.
An exception occurs when the regions form a ⇤-junction—
that is, when ⌅L � ⌅R = ⇤—which fine-tunes their coupling
to zero. Importantly, coupling between end Majoranas in the

semiconductor context is governed by the same ⌅L � ⌅R de-
pendence as in Eq. (8)1,2.

Finally, when all three segments are topological, again only
a single Majorana mode exists at the junction without fine-
tuning. Three Majorana modes appear only when all pairs of
wires simultaneously form mutual ⇤ junctions (which is pos-
sible as described in the Supplementary Material, since the
superconducting phases are defined with respect to a direction
in each wire). Recall from Eq. (6) that the spin-orientation
favored by spin-orbit coupling determines the effective super-
conducting phase of the semiconducting wires. Two wires
at right angles to one another therefore exhibit a ⇤/2 phase
difference, well away from the pathological limits mentioned
above.

The T-junction permits exchange of Majoranas from either
the same or different topological regions. First, consider the
configuration of Fig. 3(a) where the horizontal wire resides in
a topological phase while the vertical wire is non-topological.
Counterclockwise exchange of �1 and �2 can be implemented
as outlined in Figs. 3(b)-(d). Here, one shuttles �1 to the
junction by making the left end non-topological; transports
�1 downward by driving the vertical wire into a topological
phase; transports �2 leftward in a similar fashion; and finally
directs �1 up and to the right. Exchange of two Majorana
fermions connected by a non-topological region as in Fig. 3(e)
can be similarly achieved—counterclockwise exchange of �1
and �2 proceeds as sketched in Figs. 3(f)-(h).

While the Majoranas can now be exchanged, non-Abelian
statistics is not obvious in this context. Recall how non-
Abelian statistics of vortices arises in a spinless 2D p + ip
superconductor12,13, following Ivanov’s approach. Ultimately,
this can be deduced by considering two vortices which bind
Majorana fermions �1 and �2. Since the spinless fermion
operators effectively change sign upon advancing the super-
conducting phase by 2⇤, one introduces branch cuts emanat-
ing from the vortices; crucially, a Majorana fermion changes
sign whenever crossing such a cut. Upon exchanging the
vortices, �2 (say) crosses the branch cut emanating from the
other vortex, leading to the transformation rule �1 ⌅ �2
and �2 ⌅ ��1 which is generated by the unitary operator
U12 = exp(⇤�2�1/4). With many vortices, the analogous
unitary operators Uij corresponding to the exchange of �i and
�j do not generally commute, implying non-Abelian statistics.

Following an approach similar to that of Stern et al.34, we
now argue that Majorana fermions in semiconducting wires
transform exactly like those bound to vortices under exchange,
and hence also exhibit non-Abelian statistics. This can be
established most simply by considering the exchange of two
Majorana fermions �1 and �2 as illustrated in Figs. 3(a)-(d).
At each step of the exchange, there are two degenerate ground
states |0⌃ and |1⌃ = f†|0⌃, where f = (�1 + i�2)/2 annihi-
lates |0⌃. In principle, one can deduce the transformation rule
from the Berry phases ⇧n ⇥ Im

⇤
dt⇧n|�t|n⌃ acquired by the

many-body ground states |n⌃ = |0⌃ and |1⌃, though in practice
these are hard to evaluate.

Since exchange statistics is a universal property, however,
we are free to deform the problem to our convenience pro-
vided the energy gap remains finite. As a first simplification,
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FIG. 3: A T-junction allows for adiabatic exchange of two Majorana
fermions bridged by either a topological region (dark blue lines) as
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and (b), generically no Majorana modes exist there. To see
this, imagine decoupling the two topological segments so that
two Majorana modes in close proximity exist at the junction;
restoring the coupling generically combines these Majoranas
into an ordinary, finite-energy fermion.

As an illustrative example, consider the setup of Fig. 3(a)
and model the left and right topological segments by Kitaev’s
model with µ = 0 and t = |⇥| in Eq. (1). [For simplic-
ity we will exclude the non-topological vertical wire in Fig.
3(a).] Suppose furthermore that the ⌅ = ⌅L/R in the left/right
chains and that the fermion cL,N at site N of the left chain
couples weakly to the fermion cR,1 at site 1 of the right chain
via H� = ��(c†L,NcR,1 + h.c.). Using Eq. (2), the end Ma-
joranas at the junction couple as follows,
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and therefore generally combine into an ordinary fermion23.
An exception occurs when the regions form a ⇤-junction—
that is, when ⌅L � ⌅R = ⇤—which fine-tunes their coupling
to zero. Importantly, coupling between end Majoranas in the

semiconductor context is governed by the same ⌅L � ⌅R de-
pendence as in Eq. (8)1,2.

Finally, when all three segments are topological, again only
a single Majorana mode exists at the junction without fine-
tuning. Three Majorana modes appear only when all pairs of
wires simultaneously form mutual ⇤ junctions (which is pos-
sible as described in the Supplementary Material, since the
superconducting phases are defined with respect to a direction
in each wire). Recall from Eq. (6) that the spin-orientation
favored by spin-orbit coupling determines the effective super-
conducting phase of the semiconducting wires. Two wires
at right angles to one another therefore exhibit a ⇤/2 phase
difference, well away from the pathological limits mentioned
above.

The T-junction permits exchange of Majoranas from either
the same or different topological regions. First, consider the
configuration of Fig. 3(a) where the horizontal wire resides in
a topological phase while the vertical wire is non-topological.
Counterclockwise exchange of �1 and �2 can be implemented
as outlined in Figs. 3(b)-(d). Here, one shuttles �1 to the
junction by making the left end non-topological; transports
�1 downward by driving the vertical wire into a topological
phase; transports �2 leftward in a similar fashion; and finally
directs �1 up and to the right. Exchange of two Majorana
fermions connected by a non-topological region as in Fig. 3(e)
can be similarly achieved—counterclockwise exchange of �1
and �2 proceeds as sketched in Figs. 3(f)-(h).

While the Majoranas can now be exchanged, non-Abelian
statistics is not obvious in this context. Recall how non-
Abelian statistics of vortices arises in a spinless 2D p + ip
superconductor12,13, following Ivanov’s approach. Ultimately,
this can be deduced by considering two vortices which bind
Majorana fermions �1 and �2. Since the spinless fermion
operators effectively change sign upon advancing the super-
conducting phase by 2⇤, one introduces branch cuts emanat-
ing from the vortices; crucially, a Majorana fermion changes
sign whenever crossing such a cut. Upon exchanging the
vortices, �2 (say) crosses the branch cut emanating from the
other vortex, leading to the transformation rule �1 ⌅ �2
and �2 ⌅ ��1 which is generated by the unitary operator
U12 = exp(⇤�2�1/4). With many vortices, the analogous
unitary operators Uij corresponding to the exchange of �i and
�j do not generally commute, implying non-Abelian statistics.

Following an approach similar to that of Stern et al.34, we
now argue that Majorana fermions in semiconducting wires
transform exactly like those bound to vortices under exchange,
and hence also exhibit non-Abelian statistics. This can be
established most simply by considering the exchange of two
Majorana fermions �1 and �2 as illustrated in Figs. 3(a)-(d).
At each step of the exchange, there are two degenerate ground
states |0⌃ and |1⌃ = f†|0⌃, where f = (�1 + i�2)/2 annihi-
lates |0⌃. In principle, one can deduce the transformation rule
from the Berry phases ⇧n ⇥ Im

⇤
dt⇧n|�t|n⌃ acquired by the

many-body ground states |n⌃ = |0⌃ and |1⌃, though in practice
these are hard to evaluate.

Since exchange statistics is a universal property, however,
we are free to deform the problem to our convenience pro-
vided the energy gap remains finite. As a first simplification,

L
universal

• reason:

• implication:

{ji, jj} 6= 0

cf. work by Avron, Fraas, Graf, J. Stat. Phys. (2012); 
Avron, Fraas, Graf, Kenneth, New J. Phys. (2010)
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Lindblad operators

coherent evolution

• quite general quantum evolution:

Motivation: Quantum states vs. quantum dynamics

environment

drive 
system

• simple example: damped harmonic oscillator (quantum cavity)

driven-dissipative evolution
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Lindblad operators
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Motivation: Quantum states vs. quantum dynamics
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stationary state
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�!0

e��H = |0ih0|

dynamical 
response to

<latexit sha1_base64="IspIhHOoGDl0BjyW2EFTUYuEZxk=">AAAB/HicbZDLSsNAFIYn9VbrLdqlm8EiCEJJRNFl0Y3LCvYCbSwnk0k77WQSZiZCCPVV3LhQxK0P4s63cXpZaOsPAx//OYdz5vcTzpR2nG+rsLK6tr5R3Cxtbe/s7tn7B00Vp5LQBol5LNs+KMqZoA3NNKftRFKIfE5b/uhmUm89UqlYLO51llAvgr5gISOgjdWzy8OHbgB9DPgUwwyHPbviVJ2p8DK4c6igueo9+6sbxCSNqNCEg1Id10m0l4PUjHA6LnVTRRMgI+jTjkEBEVVePj1+jI+NE+AwluYJjafu74kcIqWyyDedEeiBWqxNzP9qnVSHV17ORJJqKshsUZhyrGM8SQIHTFKieWYAiGTmVkwGIIFok1fJhOAufnkZmmdV96Lq3J1XatfzOIroEB2hE+SiS1RDt6iOGoigDD2jV/RmPVkv1rv1MWstWPOZMvoj6/MHpwuTeg==</latexit>

j†a+ a†j
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⇢eq = e��H
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<latexit sha1_base64="OEDhHjxc4MfJ5tb8k+2M0kk4Cj4=">AAACEXicbVA9SwNBEN3z2/gVtbRZDIJVuBNFGyFoY6lgEiEXjr3NXLK4t3fuzonhkr9g41+xsVDE1s7Of+MmucKvB8M83pthd16YSmHQdT+dqemZ2bn5hcXS0vLK6lp5faNhkkxzqPNEJvoqZAakUFBHgRKuUg0sDiU0w+vTkd+8BW1Eoi6xn0I7Zl0lIsEZWiko7/q6lwS5j3CHuYKb4ZAe04Hra6a6EqgvJ90dBOWKW3XHoH+JV5AKKXAelD/8TsKzGBRyyYxpeW6K7ZxpFFzCsORnBlLGr1kXWpYqFoNp5+OLhnTHKh0aJdqWQjpWv2/kLDamH4d2MmbYM7+9kfif18owOmrnQqUZguKTh6JMUkzoKB7aERo4yr4ljGth/0p5j2nG0YZYsiF4v0/+Sxp7Ve+g6l7sV2onRRwLZItsk13ikUNSI2fknNQJJ/fkkTyTF+fBeXJenbfJ6JRT7GySH3DevwBcxJ1R</latexit>

⇢neq = |0ih0|coincide!

very different!

ground state dark state
<latexit sha1_base64="0x1tj7inZHeE6QADT51737uS7LA=">AAACB3icbVDLSsNAFJ34rPUVdSnIYBFclJKIohuhqAsXLirYBzQhTKa37dDJJMxMhBK7c+OvuHGhiFt/wZ1/4/Sx0NYDFw7n3Mu994QJZ0o7zrc1N7+wuLScW8mvrq1vbNpb2zUVp5JClcY8lo2QKOBMQFUzzaGRSCBRyKEe9i6Hfv0epGKxuNP9BPyIdARrM0q0kQJ77yZg+OHKk0R0OOBzB3tFrx1LwrlXxCywC07JGQHPEndCCmiCSmB/ea2YphEITTlRquk6ifYzIjWjHAZ5L1WQENojHWgaKkgEys9GfwzwgVFa2Gw3JTQeqb8nMhIp1Y9C0xkR3VXT3lD8z2umun3mZ0wkqQZBx4vaKcc6xsNQcItJoJr3DSFUMnMrpl0iCdUmurwJwZ1+eZbUjkruScm5PS6ULyZx5NAu2keHyEWnqIyuUQVVEUWP6Bm9ojfryXqx3q2PceucNZnZQX9gff4Ad1CXxg==</latexit>

Li|Di = 08 i

<latexit sha1_base64="lRxndnn4i3Ee3sHFFQndGzxVHOw=">AAACA3icbVDJSgNBEO2JW4zbqDe9NAYhHgwzougx6MVjBLNAZgw9nUrSpGehu0YIQ8CLv+LFgyJe/Qlv/o2d5aDRBwWP96qoqhckUmh0nC8rt7C4tLySXy2srW9sbtnbO3Udp4pDjccyVs2AaZAighoKlNBMFLAwkNAIBldjv3EPSos4usVhAn7IepHoCs7QSG17z8M+ICvhEYW77Fh4cQg91nYojtp20Sk7E9C/xJ2RIpmh2rY/vU7M0xAi5JJp3XKdBP2MKRRcwqjgpRoSxgesBy1DIxaC9rPJDyN6aJQO7cbKVIR0ov6cyFio9TAMTGfIsK/nvbH4n9dKsXvhZyJKUoSITxd1U0kxpuNAaEco4CiHhjCuhLmV8j5TjKOJrWBCcOdf/kvqJ2X3rOzcnBYrl7M48mSfHJAScck5qZBrUiU1wskDeSIv5NV6tJ6tN+t92pqzZjO75Besj2+omJbj</latexit>

✓(t)e�i!0t
<latexit sha1_base64="b22Vn76TyGXb05wfwWXbJIKNSvU=">AAACAHicbVA9SwNBEN2LXzF+RS0sbBaDEAvDnShaBm0sFYwKSQxzm0myuHt37M4J4UjjX7GxUMTWn2Hnv3ETU2jig4HHezPMzAsTJS35/peXm5mdm1/ILxaWlldW14rrG9c2To3AmohVbG5DsKhkhDWSpPA2MQg6VHgT3p8N/ZsHNFbG0RX1E2xq6EayIwWQk1rFrQb1kKBMexzvsv1GF7QGToNWseRX/BH4NAnGpMTGuGgVPxvtWKQaIxIKrK0HfkLNDAxJoXBQaKQWExD30MW6oxFotM1s9MCA7zqlzTuxcRURH6m/JzLQ1vZ16Do1UM9OekPxP6+eUuekmckoSQkj8bOokypOMR+mwdvSoCDVdwSEke5WLnpgQJDLrOBCCCZfnibXB5XgqOJfHpaqp+M48myb7bAyC9gxq7JzdsFqTLABe2Iv7NV79J69N+/9pzXnjWc22R94H9+eEJXH</latexit>

✓(t)e��t

reversible, equilibrium irreversible, non-equilibrium

• Is this bridge bound to Hamiltonian systems? 

• What are the fundamental ingredients for topologically quantized responses?

• Questions

microphysics macrophysics

inessential diagonal 
matrix ai = i@qiUU�1

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

Berry connection

• enter topology: 

• topology is encoded in the state (wave function)

• observables are oftentimes dynamical responses (to gauge fields)

• example: Chern insulator (e.g. quantum Hall) 

Questions:
Is there a topological response in irreversible out of 

equilibrium dynamics?
Are there chiral edge modes (reversible) on top of a 

dissipative bulk (irreversible)? 

<latexit sha1_base64="UbZbTwVgBp72qkaUumftc4nKMLA="></latexit>

@t⇢̂ = �i[Ĥ, ⇢̂] + 

X

↵

(L̂↵⇢̂L̂
†
↵ � 1

2{L̂
†
↵L̂↵, ⇢̂})

cf., for single particle problems: Albert, Bradlyn, Fraas, Jiang, PRX (2016)
following Avron, Fraas, Graf, J. Stat. Phys. (2012); Avron, Fraas, Graf, Kenneth, New J. Phys. (2010)



Hamiltonian scenario

Different dynamics: overview
Lindblad scenario

dissipative topological superconductors: SD, Rico, Baranov, Zoller, Nat. Phys. (2011),
dissipative TIs: Goldstein, SciPost (2019); Shavit, Goldstein, PRB (2020)

• unique ground state • unique dark state

H|Di = 0
<latexit sha1_base64="DMTaxVyWFtf5/C+hhf+2aMH6unQ=">AAAB9HicbVDLSgNBEOyNrxhfUY9ehgRBEMJuPOhFCOohxwjmAdklzE5mkyGzs+vMbCCs+QvBiwdFvPox3vI3Th4HTSxoKKq66e7yY86Utu2JlVlb39jcym7ndnb39g/yh0cNFSWS0DqJeCRbPlaUM0HrmmlOW7GkOPQ5bfqD26nfHFKpWCQe9CimXoh7ggWMYG0kr/p050osepyia7uTL9olewa0SpwFKVYK7vnzpDKqdfLfbjciSUiFJhwr1XbsWHsplpoRTsc5N1E0xmSAe7RtqMAhVV46O3qMTo3SRUEkTQmNZurviRSHSo1C33SGWPfVsjcV//PaiQ6uvJSJONFUkPmiIOFIR2iaAOoySYnmI0MwkczcikgfS0y0ySlnQnCWX14ljXLJuSiV700aNzBHFk6gAGfgwCVUoAo1qAOBR3iBN3i3htar9WF9zlsz1mLmGP7A+voB1WaUdQ==</latexit>

L↵|Di = 0 8↵
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

St
at

e

Ex.: dissipative Chern insulatorEx.: Chern insulator

band 1

band 2

coincide!

• (micro) reversible / unitary • irreversible / dissipative

• thermal equilibrium (detailed balance) • far from equilibrium: detailed 
balance violated

Sieberer, Chiocchetta, Taeuber, Gambassi, SD, PRB (2015)

D
yn

am
ic

s

see Lecture I

<latexit sha1_base64="SKeaZCiGsEzRyBzRRLObR4GvN28=">AAACGnicbVDLSsNAFJ34rPUVdelmsAgutCSi6EYouumygn1AEsJkOmmGTjJhZiKU0O9w46+4caGIO3Hj3zhpA2rrgRkO59zLvfcEKaNSWdaXsbC4tLyyWlmrrm9sbm2bO7sdyTOBSRtzxkUvQJIwmpC2ooqRXioIigNGusHwpvC790RIypM7NUqJF6NBQkOKkdKSb9puioSiiPkKuhHSn4g4hFfwBFLoTKUmPP6xPN+sWXVrAjhP7JLUQImWb364fY6zmCQKMySlY1up8vJiLGZkXHUzSVKEh2hAHE0TFBPp5ZPTxvBQK30YcqFfouBE/d2Ro1jKURzoyhipSM56hfif52QqvPRymqSZIgmeDgozBhWHRU6wTwXBio00QVhQvSvEERIIK51mVYdgz548Tzqndfu8bt2e1RrXZRwVsA8OwBGwwQVogCZogTbA4AE8gRfwajwaz8ab8T4tXTDKnj3wB8bnN/M9nkk=</latexit>

@t⇢̂ = �i[Ĥ, ⇢̂]
<latexit sha1_base64="+buMN3HRFP2ZwTE5SGOsWGPalXE="></latexit>
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(L̂↵⇢̂L̂
†
↵ � 1

2{L̂
†
↵L̂↵, ⇢̂})

very different!



Model: Driven open Chern insulator

model M1: no number conservation

quadratic, solvable

external particle 
reservoir

@tn̂(x) = r ~J(x) +O(�)
<latexit sha1_base64="bwSziGbyqcfJORjabl9tz0sZmmY="></latexit>

continuity equation @tn̂(x) = r ~J(x)
<latexit sha1_base64="hZCw87sKzJU6s7Bh/Sxg7jfzMu0=">AAACI3icbVBNS8NAEN34WetX1aOXxSLopSQqKIJQ9CKeKlgVmlIm2027uNmE3UmxhP4XL/4VLx6U4sWD/8VN24NaHww83pthZl6QSGHQdT+dmdm5+YXFwlJxeWV1bb20sXlr4lQzXmexjPV9AIZLoXgdBUp+n2gOUSD5XfBwkft3Pa6NiNUN9hPejKCjRCgYoJVapVM/AY0CZAup3wWkas+PALtBmD0O9ukZ9RUEEqjf44xe/fJapbJbcUeg08SbkDKZoNYqDf12zNKIK2QSjGl4boLNLN/PJB8U/dTwBNgDdHjDUgURN81s9OOA7lqlTcNY21JIR+rPiQwiY/pRYDvzG81fLxf/8xophifNTKgkRa7YeFGYSooxzQOjbaE5Q9m3BJgW9lbKuqCBoY21aEPw/r48TW4PKt5h5eD6qFw9n8RRINtkh+wRjxyTKrkkNVInjDyRF/JG3p1n59UZOh/j1hlnMrNFfsH5+gaJaaOP</latexit>

gapped `continuity’ 
equation 

➡ same dark state, different dynamics (non-equilibrium and conservation laws)

• starting point: class A insulator, no discrete symmetry to protect topological state

Ĥ =

Z

q
 ̂
†
q (dq · �)  ̂q =

Z

q
 ̂
†
q V

�1
q �zVq  ̂q

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

dq ⌘ (2mq1, 2mq2,�m2 + q2)T
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

 ̂q ⌘
�
 ̂1,q,  ̂2,q

�T
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>
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<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

l̂1,x|Di = l̂†2,x|Di = 0 8x
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

• ground state condition

L̂↵ = l̂1,x, l̂
†
2,x, �1 = �2 ⌘ �M1

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

model M2: number conservation [L̂↵, N̂ ] = 0 8↵
<latexit sha1_base64="vCEkwapMzp7PtLPepCRdx7oGX0o=">AAACEnicbVDLSsNAFJ34rPVVdelmsAgKpSRV0I1QdONCpIJ9QBLCzXTSDp08mJkIpfQb3Pgrblwo4taVO//GaZqFth4YOHPOvdx7j59wJpVpfhsLi0vLK6uFteL6xubWdmlntyXjVBDaJDGPRccHSTmLaFMxxWknERRCn9O2P7ia+O0HKiSLo3s1TKgbQi9iASOgtOSVjm2nDwrfeA7wpA+V7HfrXphOxQliAZxrklleqWxWzQx4nlg5KaMcDa/05XRjkoY0UoSDlLZlJsodgVCMcDouOqmkCZAB9KitaQQhle4oO2mMD7XSxXoD/SKFM/V3xwhCKYehrytDUH05603E/zw7VcG5O2JRkioakemgIOVYxXiSD+4yQYniQ02ACKZ3xaQPAojSKRZ1CNbsyfOkVataJ9Xa3Wm5fpnHUUD76AAdIQudoTq6Rg3URAQ9omf0it6MJ+PFeDc+pqULRt6zh/7A+PwBcIWctQ==</latexit>

quartic, strongly interacting

system acts as its own 
particle reservoir

L̂1,2 =  ̂†
1,2 l̂1, L̂3,4 =  ̂1,2 l̂

†
2, �1. . . 4 ⌘ �M2
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l̂q ⌘ (l̂1,q, l̂2,q)
T



Program: Extracting the topological field theory

• map into Keldysh functional integral (better for concrete calculations)

• intermezzo: weak and strong symmetries in the Keldysh formalism

• minimal coupling to U(1) gauge field

• compute the effective gauge field action, encoding the long wavelength response



Intermezzo: Symmetries in the Keldysh formalism

• closed time path (fermions, bosons) 

=

Z
D ±e

iS[ ±]

<latexit sha1_base64="9ovBWumBaDtSHkQ4pKXAKRBsMKY=">AAACFXicbVDLSsNAFJ34rPUVdelmsAgupCRV0I1Q1IXLivYBSQyT6aQdOkmGmYlQQn/Cjb/ixoUibgV3/o2TNoi2Hhg4c+693HNPwBmVyrK+jLn5hcWl5dJKeXVtfWPT3NpuySQVmDRxwhLRCZAkjMakqahipMMFQVHASDsYXOT19j0RkibxrRpy4kWoF9OQYqS05JuHZ9ClsYJuhFQfIwYvXS6p7/IIkruMwhvn5++NfLNiVa0x4CyxC1IBBRq++el2E5xGJFaYISkd2+LKy5BQFDMyKrupJBzhAeoRR9MYRUR62fiqEdzXSheGidBPOxyrvycyFEk5jALdmZuX07Vc/K/mpCo89TIa81SRGE8WhSmDKoF5RLBLBcGKDTVBWFDtFeI+EggrHWRZh2BPnzxLWrWqfVStXR9X6udFHCWwC/bAAbDBCaiDK9AATYDBA3gCL+DVeDSejTfjfdI6ZxQzO+APjI9vJuSeNA==</latexit>

<latexit sha1_base64="XNaGvrqdsRf54ud1REn/mjuBibc=">AAACBXicbVDLSsNAFJ34rPUVdamLwSLUTUlU1E2h6MZlBfvAJpTJdNIOnTyYuRFK6MaNv+LGhSJu/Qd3/o2TNgttPXDhcM693HuPFwuuwLK+jYXFpeWV1cJacX1jc2vb3NltqiiRlDVoJCLZ9ohigoesARwEa8eSkcATrOUNrzO/9cCk4lF4B6OYuQHph9znlICWuubBPa5iJyAwkEEKcuwMCDhyEJXhGFe7ZsmqWBPgeWLnpIRy1Lvml9OLaBKwEKggSnVsKwY3JRI4FWxcdBLFYkKHpM86moYkYMpNJ1+M8ZFWetiPpK4Q8ET9PZGSQKlR4OnO7F4162Xif14nAf/STXkYJ8BCOl3kJwJDhLNIcI9LRkGMNCFUcn0rpgMiCQUdXFGHYM++PE+aJxX7vHJ6e1aqXeVxFNA+OkRlZKMLVEM3qI4aiKJH9Ixe0ZvxZLwY78bHtHXByGf20B8Ynz87LJfF</latexit>

Z = tr⇢̂(t) =

• Lindblad-Keldysh action

S[ ±] =

Z

t,x

h
 
†
+i@t + �H+ � (+ ! �)� i

X

↵

�↵

⇣
2L†

↵,�L↵,+ � L
†
↵,+L↵,+ � L

†
↵,�L↵,�

⌘i

<latexit sha1_base64="+Po/3BCvhGvy3rESnKMpzZ3o/HE="></latexit>

H± = H[ ±], L± = L[ ±]
<latexit sha1_base64="+8bcI1gM1QR7gE6HMLsbA34uq2U=">AAACEXicbVBNS8MwGE79nPOr6tFLcAg7yGinoJfB0MsOO0xwH7CWkmbpFpamJUmFUfYXvPhXvHhQxKs3b/4b062gbj4Q8uR53pc37+PHjEplWV/Gyura+sZmYau4vbO7t28eHHZklAhM2jhikej5SBJGOWkrqhjpxYKg0Gek649vMr97T4SkEb9Tk5i4IRpyGlCMlJY8s9zwnDiENdjoO7Gk2cM9g83srkHY/BE9s2RVrBngMrFzUgI5Wp756QwinISEK8yQlH3bipWbIqEoZmRadBJJYoTHaEj6mnIUEumms42m8FQrAxhEQh+u4Ez93ZGiUMpJ6OvKEKmRXPQy8T+vn6jgyk0pjxNFOJ4PChIGVQSzeOCACoIVm2iCsKD6rxCPkEBY6RCLOgR7ceVl0qlW7PNK9faiVL/O4yiAY3ACysAGl6AOGqAF2gCDB/AEXsCr8Wg8G2/G+7x0xch7jsAfGB/f3xSbzQ==</latexit> left action right action

• basis separating responses and correlations:
`classical field’ `quantum field’

 c =
1p
2
( + +  �),  q = 1p

2
( + �  �)

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

• symmetries have contour structure, e.g. global U(1): 

• symmetry generators

Uc(1)
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

Uq(1)
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

 ±(t,x) ! ei�± ±(t,x)
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

<latexit sha1_base64="fgjW03ITkEniQVit0TC0mc1iNp8=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahIpRdFfVY9OKxgtsW2qVk02wbm02WJCuUpf/BiwdFvPp/vPlvTNs9aPXBwOO9GWbmhQln2rjul1NYWl5ZXSuulzY2t7Z3yrt7TS1TRahPJJeqHWJNORPUN8xw2k4UxXHIaSsc3Uz91iNVmklxb8YJDWI8ECxiBBsrNf3eSdU77pUrbs2dAf0lXk4qkKPRK392+5KkMRWGcKx1x3MTE2RYGUY4nZS6qaYJJiM8oB1LBY6pDrLZtRN0ZJU+iqSyJQyaqT8nMhxrPY5D2xljM9SL3lT8z+ukJroKMiaS1FBB5ouilCMj0fR11GeKEsPHlmCimL0VkSFWmBgbUMmG4C2+/Jc0T2veRe3s7rxSv87jKMIBHEIVPLiEOtxCA3wg8ABP8AKvjnSenTfnfd5acPKZffgF5+MbBtWOHw==</latexit>

U+(1)
<latexit sha1_base64="3V+JXzm6R9NOA4c5Wjqkf13TTHA=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahHiy7Kuqx6MVjBbcttEvJptk2NpssSVYoS/+DFw+KePX/ePPfmLZ70OqDgcd7M8zMCxPOtHHdL6ewtLyyulZcL21sbm3vlHf3mlqmilCfSC5VO8Saciaob5jhtJ0oiuOQ01Y4upn6rUeqNJPi3owTGsR4IFjECDZWavq9k6p33CtX3Jo7A/pLvJxUIEejV/7s9iVJYyoM4VjrjucmJsiwMoxwOil1U00TTEZ4QDuWChxTHWSzayfoyCp9FEllSxg0U39OZDjWehyHtjPGZqgXvan4n9dJTXQVZEwkqaGCzBdFKUdGounrqM8UJYaPLcFEMXsrIkOsMDE2oJINwVt8+S9pnta8i9rZ3Xmlfp3HUYQDOIQqeHAJdbiFBvhA4AGe4AVeHek8O2/O+7y14OQz+/ALzsc3CeOOIQ==</latexit>

U�(1)

<latexit sha1_base64="a5cv3q6MVNuw+Nc6uBwCAW2Atf4="></latexit>

�+, �� $ �c = �+ + ��, �q = (�+ � ��)/2

for recap & fermions: see appendix Lecture I

more details: Sieberer, Buchhold, SD, ROPP (2016)



Intermezzo: Classification of symmetries
more details: Sieberer, Buchhold, SD, ROPP (2016)

• overview: strong and weak symmetries

• focus: continuous global symmetry U(1)

• strong symmetries: independent transformations on both contours 

<latexit sha1_base64="kH5TLBXq7YrEfya4cMH9/nwKDSI=">AAAB/HicbVDLSsNAFJ3UV62vaJduBotQNyVRUZdFNy4rmLbQhjCZTtqhk4czN0II9VfcuFDErR/izr9x2mahrQcGzj3nXu6d4yeCK7Csb6O0srq2vlHerGxt7+zumfsHbRWnkjKHxiKWXZ8oJnjEHOAgWDeRjIS+YB1/fDP1O49MKh5H95AlzA3JMOIBpwS05JlVx6N1+6QPPGQKO96DLjyzZjWsGfAysQtSQwVanvnVH8Q0DVkEVBCleraVgJsTCZwKNqn0U8USQsdkyHqaRkTvcvPZ8RN8rJUBDmKpXwR4pv6eyEmoVBb6ujMkMFKL3lT8z+ulEFy5OY+SFFhE54uCVGCI8TQJPOCSURCZJoRKrm/FdEQkoaDzqugQ7MUvL5P2acO+aJzdndea10UcZXSIjlAd2egSNdEtaiEHUZShZ/SK3own48V4Nz7mrSWjmKmiPzA+fwBgYZNP</latexit>

Uc(1)⇥ Uq(1)

<latexit sha1_base64="/HySLibf5wv7cdwzxwjXjHm+zVs=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSLUS0lU1GPRi8cKpi20oWy2k3bpZhN2N0Ip/RFePCji1d/jzX/jts1BWx8MPN6bYWZemAqujet+Oyura+sbm4Wt4vbO7t5+6eCwoZNMMfRZIhLVCqlGwSX6hhuBrVQhjUOBzXB4N/WbT6g0T+SjGaUYxLQvecQZNVZqEr/LKt5Zt1R2q+4MZJl4OSlDjnq39NXpJSyLURomqNZtz01NMKbKcCZwUuxkGlPKhrSPbUsljVEH49m5E3JqlR6JEmVLGjJTf0+Maaz1KA5tZ0zNQC96U/E/r52Z6CYYc5lmBiWbL4oyQUxCpr+THlfIjBhZQpni9lbCBlRRZmxCRRuCt/jyMmmcV72r6sXDZbl2m8dRgGM4gQp4cA01uIc6+MBgCM/wCm9O6rw4787HvHXFyWeO4A+czx+yi46B</latexit>

Uc(1)

• weak symmetries: both contours ‘in phase’,             explicitly broken, 
<latexit sha1_base64="aDEGFCwmQ7ouUX/DGTS60rVadgs=">AAAB7nicbVBNTwIxEJ3FL8Qv1KOXRmKCF7KrRj0SvXjExAUS2JBu6UJDt13brgnZ8CO8eNAYr/4eb/4bC+xBwZdM8vLeTGbmhQln2rjut1NYWV1b3yhulra2d3b3yvsHTS1TRahPJJeqHWJNORPUN8xw2k4UxXHIaSsc3U791hNVmknxYMYJDWI8ECxiBBsrtZDfe6x6p71yxa25M6Bl4uWkAjkavfJXty9JGlNhCMdadzw3MUGGlWGE00mpm2qaYDLCA9qxVOCY6iCbnTtBJ1bpo0gqW8Kgmfp7IsOx1uM4tJ0xNkO96E3F/7xOaqLrIGMiSQ0VZL4oSjkyEk1/R32mKDF8bAkmitlbERlihYmxCZVsCN7iy8ukeVbzLmvn9xeV+k0eRxGO4Biq4MEV1OEOGuADgRE8wyu8OYnz4rw7H/PWgpPPHMIfOJ8/x+2Ojw==</latexit>

Uq(1)
<latexit sha1_base64="ek0b7v3IdiUDcxJ8vKBYmEqR72s=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyqqBch6MVjBPOAZAmzk0kyZHZ2M9MrhCU/4cWDIl79HW/+jZNkD5pY0FBUddPdFcRSGHTdbye3srq2vpHfLGxt7+zuFfcP6iZKNOM1FslINwNquBSK11Cg5M1YcxoGkjeC4d3UbzxxbUSkHnEccz+kfSV6glG0UrPNBqIzunE7xZJbdmcgy8TLSAkyVDvFr3Y3YknIFTJJjWl5box+SjUKJvmk0E4Mjykb0j5vWapoyI2fzu6dkBOrdEkv0rYUkpn6eyKloTHjMLCdIcWBWfSm4n9eK8HetZ8KFSfIFZsv6iWSYESmz5Ou0JyhHFtCmRb2VsIGVFOGNqKCDcFbfHmZ1M/K3mX5/OGiVLnN4sjDERzDKXhwBRW4hyrUgIGEZ3iFN2fkvDjvzse8NedkM4fwB87nD38Yj58=</latexit>

�q = 0

➡ conservation laws, gapless hydrodynamic modes (Noether theorem)

➡ spontaneous breaking of ‘classical’ symmetry:  gapless Goldstone modes 
(Goldstone theorem)

Buca, Prosen, NJP (2013)
Lieu et al., PRL (2020)



• recall generic Lindblad model

H =
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D[⇢] = �p
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x
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x ⇢ �̂x � 1
2{�̂x�̂

†
x, ⇢}] +

@t⇢ = �i[H, ⇢] +D[⇢] ⌘ L[⇢]

Intermezzo: Classical/weak symmetry 

•           

<latexit sha1_base64="HS4LX/FJC1NxMw2wHOR9kjSvFQI=">AAAB7XicbVBNTwIxEJ3FL8Qv1KOXRmKCF7KrRj0SvXjExAUS2JBu6UKl227argnZ8B+8eNAYr/4fb/4bC+xBwZdM8vLeTGbmhQln2rjut1NYWV1b3yhulra2d3b3yvsHTS1TRahPJJeqHWJNORPUN8xw2k4UxXHIaSsc3U791hNVmknxYMYJDWI8ECxiBBsrNf0eqXqnvXLFrbkzoGXi5aQCORq98le3L0kaU2EIx1p3PDcxQYaVYYTTSambappgMsID2rFU4JjqIJtdO0EnVumjSCpbwqCZ+nsiw7HW4zi0nTE2Q73oTcX/vE5qousgYyJJDRVkvihKOTISTV9HfaYoMXxsCSaK2VsRGWKFibEBlWwI3uLLy6R5VvMua+f3F5X6TR5HEY7gGKrgwRXU4Q4a4AOBR3iGV3hzpPPivDsf89aCk88cwh84nz9cXY5X</latexit>

Uc(1)

<latexit sha1_base64="/HySLibf5wv7cdwzxwjXjHm+zVs=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSLUS0lU1GPRi8cKpi20oWy2k3bpZhN2N0Ip/RFePCji1d/jzX/jts1BWx8MPN6bYWZemAqujet+Oyura+sbm4Wt4vbO7t5+6eCwoZNMMfRZIhLVCqlGwSX6hhuBrVQhjUOBzXB4N/WbT6g0T+SjGaUYxLQvecQZNVZqEr/LKt5Zt1R2q+4MZJl4OSlDjnq39NXpJSyLURomqNZtz01NMKbKcCZwUuxkGlPKhrSPbUsljVEH49m5E3JqlR6JEmVLGjJTf0+Maaz1KA5tZ0zNQC96U/E/r52Z6CYYc5lmBiWbL4oyQUxCpr+THlfIjBhZQpni9lbCBlRRZmxCRRuCt/jyMmmcV72r6sXDZbl2m8dRgGM4gQp4cA01uIc6+MBgCM/wCm9O6rw4787HvHXFyWeO4A+czx+yi46B</latexit>

Uc(1)•           invariance: both contours transform ‘in phase’
<latexit sha1_base64="N49atn+Zov0hzzrLZRZlHbi7Z3E=">AAACCXicbVDLSsNAFJ34rPUVdelmsAiuSqKiLotuXFawD2himUwnzdDJJMzcCCV068ZfceNCEbf+gTv/xmkbRFsPDBzOuZc75wSp4Boc58taWFxaXlktrZXXNza3tu2d3aZOMkVZgyYiUe2AaCa4ZA3gIFg7VYzEgWCtYHA19lv3TGmeyFsYpsyPSV/ykFMCRura2IsIYC+NOPYgwewu5x6N+OhH7toVp+pMgOeJW5AKKlDv2p9eL6FZzCRQQbTuuE4Kfk4UcCrYqOxlmqWEDkifdQyVJGbazydJRvjQKD0cJso8CXii/t7ISaz1MA7MZEwg0rPeWPzP62QQXvg5l2kGTNLpoTAT2GQe14J7XDEKYmgIoYqbv2IaEUUomPLKpgR3NvI8aR5X3bPqyc1ppXZZ1FFC++gAHSEXnaMaukZ11EAUPaAn9IJerUfr2Xqz3qejC1axs4f+wPr4BtvqmdI=</latexit>

�̂ ! ei��̂

• interesting physics is associated to the spontaneous breaking of 

• but no             invariance 
<latexit sha1_base64="XKstAXmpS6rM9OlCZCYEY6JC/Xk=">AAAB7XicbVBNTwIxEJ3FL8Qv1KOXRmKCF7KrRj0SvXjExAUS2JBu6UKl265t14Rs+A9ePGiMV/+PN/+NBfag6EsmeXlvJjPzwoQzbVz3yyksLa+srhXXSxubW9s75d29ppapItQnkkvVDrGmnAnqG2Y4bSeK4jjktBWOrqd+65EqzaS4M+OEBjEeCBYxgo2Vmn7voeod98oVt+bOgP4SLycVyNHolT+7fUnSmApDONa647mJCTKsDCOcTkrdVNMEkxEe0I6lAsdUB9ns2gk6skofRVLZEgbN1J8TGY61Hseh7YyxGepFbyr+53VSE10GGRNJaqgg80VRypGRaPo66jNFieFjSzBRzN6KyBArTIwNqGRD8BZf/kuaJzXvvHZ6e1apX+VxFOEADqEKHlxAHW6gAT4QuIcneIFXRzrPzpvzPm8tOPnMPvyC8/ENcb+OZQ==</latexit>

Uq(1)

• symmetries:
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five classical fields

Intermezzo: Classical/weak symmetry, semiclassical limit 

• extracting the physics: associated Keldysh action
see also Lecture I: semiclassical similar  
here: semiclassical as 

<latexit sha1_base64="k/L3XXzozbxBr3GnSNvPsFR20Bs=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoPgKeyqqMegF08SwTwgu4TZyWwyZHZ2mekVlpDf8OJBEa/+jDf/xsnjoIkFDUVVN91dYSqFQdf9dgorq2vrG8XN0tb2zu5eef+gaZJMM95giUx0O6SGS6F4AwVK3k41p3EoeSsc3k781hPXRiTqEfOUBzHtKxEJRtFK/j3xMSG+UBHm3XLFrbpTkGXizUkF5qh3y19+L2FZzBUySY3peG6KwYhqFEzyccnPDE8pG9I+71iqaMxNMJrePCYnVumRKNG2FJKp+ntiRGNj8ji0nTHFgVn0JuJ/XifD6DoYCZVmyBWbLYoySeyfkwBIT2jOUOaWUKaFvZWwAdWUoY2pZEPwFl9eJs2zqndZPX+4qNRu5nEU4QiO4RQ8uIIa3EEdGsAghWd4hTcnc16cd+dj1lpw5jOH8AfO5w9srJFN</latexit>

N ! 1

<latexit sha1_base64="bl2YosGm9NjLBFCEM9k67aU8z6k=">AAAB8nicbVBNS8NAFHypX7V+VT16WSyCp5KoqMeiF48VrC0koWy2m3bpZhN2X4RS+jO8eFDEq7/Gm//GbZuDtg4sDDPvsW8myqQw6LrfTmlldW19o7xZ2dre2d2r7h88mjTXjLdYKlPdiajhUijeQoGSdzLNaRJJ3o6Gt1O//cS1Eal6wFHGw4T2lYgFo2glPxhEVJMAU+J2qzW37s5AlolXkBoUaHarX0EvZXnCFTJJjfE9N8NwTDUKJvmkEuSGZ5QNaZ/7liqacBOOZydPyIlVeiROtX0KyUz9vTGmiTGjJLKTCcWBWfSm4n+en2N8HY6FynLkis0/inNJbMRpftITmjOUI0so08LeStiAasrQtlSxJXiLkZfJ41ndu6yf31/UGjdFHWU4gmM4BQ+uoAF30IQWMEjhGV7hzUHnxXl3PuajJafYOYQ/cD5/AENNkJg=</latexit>

~ ! 0

• assume a condensation is taking place:

• classical / occupation field: macroscopic occupation
<latexit sha1_base64="PITYY9TrvXqqPfS3LhkdUfXdAOM=">AAACF3icbVC7TsMwFHXKq5RXgJHFokJqB0JSELAgVbAwFok+pCZEjuu0Vp1HbQe1ivoXLPwKCwMIscLG3+C2GaBwJEvnnnOvru/xYkaFNM0vLbewuLS8kl8trK1vbG7p2zsNESUckzqOWMRbHhKE0ZDUJZWMtGJOUOAx0vT6VxO/eU+4oFF4K0cxcQLUDalPMZJKcnXDjnvUxaVhGV7Axl16aB1VxtAWSeAOIFE1HQxVPWsalF29aBrmFPAvsTJSBBlqrv5pdyKcBCSUmCEh2pYZSydFXFLMyLhgJ4LECPdRl7QVDVFAhJNO7xrDA6V0oB9x9UIJp+rPiRQFQowCT3UGSPbEvDcR//PaifTPnZSGcSJJiGeL/IRBGcFJSLBDOcGSjRRBmFP1V4h7iCMsVZQFFYI1f/Jf0qgY1qlxfHNSrF5mceTBHtgHJWCBM1AF16AG6gCDB/AEXsCr9qg9a2/a+6w1p2Uzu+AXtI9vs6Cdyw==</latexit>

�c(x) = V �1/2
X

q

e�iqx�c(q)

<latexit sha1_base64="palimkDyxYyVYiY2tDz0FzwMV+A="></latexit>

�c(q) ⇠ N1/2 =) �c(x) ⇠
N1/2

V 1/2
⇠ N0

• quantum field:
<latexit sha1_base64="xNyIVCXYgkLadBjRddabPgwaVLU="></latexit>

�q(q) ⇠ N0 =) �q(x) ⇠
1

V 1/2
⇠ N�1/2

<latexit sha1_base64="k/L3XXzozbxBr3GnSNvPsFR20Bs=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoPgKeyqqMegF08SwTwgu4TZyWwyZHZ2mekVlpDf8OJBEa/+jDf/xsnjoIkFDUVVN91dYSqFQdf9dgorq2vrG8XN0tb2zu5eef+gaZJMM95giUx0O6SGS6F4AwVK3k41p3EoeSsc3k781hPXRiTqEfOUBzHtKxEJRtFK/j3xMSG+UBHm3XLFrbpTkGXizUkF5qh3y19+L2FZzBUySY3peG6KwYhqFEzyccnPDE8pG9I+71iqaMxNMJrePCYnVumRKNG2FJKp+ntiRGNj8ji0nTHFgVn0JuJ/XifD6DoYCZVmyBWbLYoySeyfkwBIT2jOUOaWUKaFvZWwAdWUoY2pZEPwFl9eJs2zqndZPX+4qNRu 5nEU4QiO4RQ8uIIa3EEdGsAghWd4hTcnc16cd+dj1lpw5jOH8AfO5w9srJFN</latexit>

N ! 1

<latexit sha1_base64="vAzakealSuko+WCiLTYGHXvDld8="></latexit>

PR = i@t +r2 + µ+ i 1
2 (�l � �p)

<latexit sha1_base64="RpM2dDmVb2Ggq/kTFUOR8UNnSaQ=">AAAB+XicbVDLSsNAFL3xWesr6tLNYBHqpiQq6kaounEZxT6gTctkMmmHTh7MTAol9E/cuFDErX/izr9x2mahrQcuHM65l3vv8RLOpLKsb2NpeWV1bb2wUdzc2t7ZNff26zJOBaE1EvNYND0sKWcRrSmmOG0mguLQ47ThDe4mfmNIhWRx9KRGCXVD3ItYwAhWWuqaptO5Qdeo7HQeTzptH/e6ZsmqWFOgRWLnpAQ5nK751fZjkoY0UoRjKVu2lSg3w0Ixwum42E4lTTAZ4B5taRrhkEo3m14+Rsda8VEQC12RQlP190SGQylHoac7Q6z6ct6biP95rVQFV27GoiRVNCKzRUHKkYrRJAbkM0GJ4iNNMBFM34pIHwtMlA6rqEOw519eJPXTin1ROXs4L1Vv8zgKcAhHUAYbLqEK9+BADQgM4Rle4c3IjBfj3fiYtS4Z+cwB/IHx+QP78pH2</latexit>

PA = (PR)†
<latexit sha1_base64="Htt/8mjHnKggzdHJ802MtjzZeDA=">AAACBnicbZDLSgMxFIYz9VbrbdSlCMEiVIQyo6JuhKIbwU0Fe4F2HDJppg1NMkOSEcrQlRtfxY0LRdz6DO58G9N2Ftr6Q+DjP+dwcv4gZlRpx/m2cnPzC4tL+eXCyura+oa9uVVXUSIxqeGIRbIZIEUYFaSmqWakGUuCeMBII+hfjeqNByIVjcSdHsTE46graEgx0sby7d3q/Q28gBSW2l3EOfIZPIQZxge+XXTKzlhwFtwMiiBT1be/2p0IJ5wIjRlSquU6sfZSJDXFjAwL7USRGOE+6pKWQYE4UV46PmMI943TgWEkzRMajt3fEyniSg14YDo50j01XRuZ/9VaiQ7PvZSKONFE4MmiMGFQR3CUCexQSbBmAwMIS2r+CnEPSYS1Sa5gQnCnT56F+lHZPS0f354UK5dZHHmwA/ZACbjgDFTANaiCGsDgETyDV/BmPVkv1rv1MWnNWdnMNvgj6/MH8hKW6A==</latexit>

PK = i(�l + �p)

(more precisely: only q=0 mode scales)

➡ expand action up to second order in
<latexit sha1_base64="rebc1zRR3BqH/BtTyqVMa8Hf/gE=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahXsquinosevFYwX5Iu5Rsmm1Dk+w2yQpl6a/w4kERr/4cb/4b03YP2vpg4PHeDDPzgpgzbVz328mtrK6tb+Q3C1vbO7t7xf2Dho4SRWidRDxSrQBrypmkdcMMp61YUSwCTpvB8HbqN5+o0iySD2YcU1/gvmQhI9hY6bETD1h3VB6ddoslt+LOgJaJl5ESZKh1i1+dXkQSQaUhHGvd9tzY+ClWhhFOJ4VOommMyRD3adtSiQXVfjo7eIJOrNJDYaRsSYNm6u+JFAutxyKwnQKbgV70puJ/Xjsx4bWfMhknhkoyXxQmHJkITb9HPaYoMXxsCSaK2VsRGWCFibEZFWwI3uLLy6RxVvEuK+f3F6XqTRZHHo7gGMrgwRVU4Q5qUAcCAp7hFd4c5bw4787HvDXnZDOH8AfO5w874JAL</latexit>

�q(q)

H↵ = r↵|�c|
2 +K↵|r�c|

2 + �↵|�
⇤
c�c|

4, ↵ = c, dS̄ =

Z

t,x
{�⇤

ci@t�c �Hc + iHd}

S =

Z

t,x

⇢
�⇤
q
�S̄[�c]

��⇤
c

+ c.c.+ i2��⇤
q�q

�
➡ semiclassical (large occupation N) limit governed by Martin-Siggia-Rose (MSR) action

➡ analyze like ordinary condensation problem ( potential) 
<latexit sha1_base64="ozVZ62FtZVSLHSecp4uOjBoalW4=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9nVoh6LXjxWsB/QriWbZtvYbLIkWaEs/Q9ePCji1f/jzX9jtt2Dtj4YeLw3w8y8IOZMG9f9dgorq2vrG8XN0tb2zu5eef+gpWWiCG0SyaXqBFhTzgRtGmY47cSK4ijgtB2MbzK//USVZlLcm0lM/QgPBQsZwcZKrV48Yg+1frniVt0Z0DLxclKBHI1++as3kCSJqDCEY627nhsbP8XKMMLptNRLNI0xGeMh7VoqcES1n86unaITqwxQKJUtYdBM/T2R4kjrSRTYzgibkV70MvE/r5uY8MpPmYgTQwWZLwoTjoxE2etowBQlhk8swUQxeysiI6wwMTagkg3BW3x5mbTOqt5F9fyuVqlf53EU4QiO4RQ8uIQ63EIDmkDgEZ7hFd4c6bw4787HvLXg5DOH8AfO5w9A6Y7t</latexit>

�4

Martin, Siggia, Rose, PRA (1973); Janssen, Z. 
Phys. B (1976); DeDominicis, J. Phys. (1976)

<latexit sha1_base64="x6ZcmDzi5aHaxWLk1iCfrciUAv4=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyqqMegF8FLRPOAZA2zk9lkyOzsMtMrhCWf4MWDIl79Im/+jZPHQRMLGoqqbrq7gkQKg6777eSWlldW1/LrhY3Nre2d4u5e3cSpZrzGYhnrZkANl0LxGgqUvJloTqNA8kYwuB77jSeujYjVAw4T7ke0p0QoGEUr3VcfbzvFklt2JyCLxJuREsxQ7RS/2t2YpRFXyCQ1puW5CfoZ1SiY5KNCOzU8oWxAe7xlqaIRN342OXVEjqzSJWGsbSkkE/X3REYjY4ZRYDsjin0z743F/7xWiuGlnwmVpMgVmy4KU0kwJuO/SVdozlAOLaFMC3srYX2qKUObTsGG4M2/vEjqJ2XvvHx6d1aqXM3iyMMBHMIxeHABFbiBKtSAQQ+e4RXeHOm8OO/Ox7Q158xm9uEPnM8f9zCNmQ==</latexit>

PK



Intermezzo: Classical/weak symmetry, spontaneous breaking

• equation of motion:
<latexit sha1_base64="8m0T87E9N2DFVRcTcCw+6LqaGF0="></latexit>

H↵ =

Z
ddx[r↵|�c|

2 +K↵|r�c|
2 + g↵|�c|

4]

<latexit sha1_base64="/HySLibf5wv7cdwzxwjXjHm+zVs=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSLUS0lU1GPRi8cKpi20oWy2k3bpZhN2N0Ip/RFePCji1d/jzX/jts1BWx8MPN6bYWZemAqujet+Oyura+sbm4Wt4vbO7t5+6eCwoZNMMfRZIhLVCqlGwSX6hhuBrVQhjUOBzXB4N/WbT6g0T+SjGaUYxLQvecQZNVZqEr/LKt5Zt1R2q+4MZJl4OSlDjnq39NXpJSyLURomqNZtz01NMKbKcCZwUuxkGlPKhrSPbUsljVEH49m5E3JqlR6JEmVLGjJTf0+Maaz1KA5tZ0zNQC96U/E/r52Z6CYYc5lmBiWbL4oyQUxCpr+THlfIjBhZQpni9lbCBlRRZmxCRRuCt/jyMmmcV72r6sXDZbl2m8dRgGM4gQp4cA01uIc6+MBgCM/wCm9O6rw4787HvHXFyWeO4A+czx+yi46B</latexit>

Uc(1)•           invariance:

➡ condensation for 
<latexit sha1_base64="n33ecaCVhWcCmruWuktNW9lrSys=">AAACBXicbZDLSgMxFIYz9VbrbdSlLoJFcGOZUVEXCkU3LivYC7TDkMlk2tAkMyQZoQzduPFV3LhQxK3v4M63MW1H0NYfAh//OYeT8wcJo0o7zpdVmJtfWFwqLpdWVtfWN+zNrYaKU4lJHccslq0AKcKoIHVNNSOtRBLEA0aaQf96VG/eE6loLO70ICEeR11BI4qRNpZv70o/hJew00WcI5/Bwx9M4IXj22Wn4owFZ8HNoQxy1Xz7sxPGOOVEaMyQUm3XSbSXIakpZmRY6qSKJAj3UZe0DQrEifKy8RVDuG+cEEaxNE9oOHZ/T2SIKzXggenkSPfUdG1k/ldrpzo69zIqklQTgSeLopRBHcNRJDCkkmDNBgYQltT8FeIekghrE1zJhOBOnzwLjaOKe1o5vj0pV6/yOIpgB+yBA+CCM1AFN6AG6gCDB/AEXsCr9Wg9W2/W+6S1YOUz2+CPrI9vuJiWzg==</latexit>

rd = �l � �p < 0

<latexit sha1_base64="OC/vZSMyRxRIhVi+tpVHNtzNWl8=">AAACBnicbVDLSgMxFL3xWeur6tJNsAjiosyoVJcFNy4r2Ae0Y8mkmTY0kxmSjFCG7l271W9wJ279DT/BvzDTzsK2HggczrmvHD8WXBvH+UYrq2vrG5uFreL2zu7efungsKmjRFHWoJGIVNsnmgkuWcNwI1g7VoyEvmAtf3Sb+a0npjSP5IMZx8wLyUDygFNirNTuxkPeo4/nvVLZqThT4GXi5qQMOeq90k+3H9EkZNJQQbTuuE5svJQow6lgk2I30SwmdEQGrGOpJCHTXjq9d4JPrdLHQaTskwZP1b8dKQm1Hoe+rQyJGepFLxP/8zqJCW68lMs4MUzS2aIgEdhEOPs87nPFqBFjSwhV3N6K6ZAoQo2NaG5LNlvpQE9w0WbjLiaxTJoXFbdauby/KteqeUoFOIYTOAMXrqEGd1CHBlAQ8AKv8Iae0Tv6QJ+z0hWU9xzBHNDXLw3omTY=</latexit>

�⇤
c

<latexit sha1_base64="U9jV8KqIX+GsXqAbfVBk2ZQ7X8E=">AAACBHicbVDLSgMxFL1TX7W+qi7dBIvgqsyoVJcFNy4r2Ae0Q8mkmTY2kwxJRihDt67d6je4E7f+h5/gX5hpZ2FbDwQO59xXThBzpo3rfjuFtfWNza3idmlnd2//oHx41NIyUYQ2ieRSdQKsKWeCNg0znHZiRXEUcNoOxreZ336iSjMpHswkpn6Eh4KFjGBjpVYvHrE+6ZcrbtWdAa0SLycVyNHol396A0mSiApDONa667mx8VOsDCOcTku9RNMYkzEe0q6lAkdU++ns2ik6s8oAhVLZJwyaqX87UhxpPYkCWxlhM9LLXib+53UTE974KRNxYqgg80VhwpGRKPs6GjBFieETSzBRzN6KyAgrTIwNaGFLNlvpUE9RyWbjLSexSloXVa9Wvby/qtRreUpFOIFTOAcPrqEOd9CAJhB4hBd4hTfn2Xl3PpzPeWnByXuOYQHO1y/kSpia</latexit>

�c

<latexit sha1_base64="2/WDSju9IpHSNtb21c/UvcN9yBw=">AAACCHicdVDLSgMxFM34rPVVdekmWAQXMmRqO7W7ghuXFewD26Fk0kwbmskMSUYoQ3/AtVv9Bnfi1r/wE/wLM20FK3ogcDjnvnL8mDOlEfqwVlbX1jc2c1v57Z3dvf3CwWFLRYkktEkiHsmOjxXlTNCmZprTTiwpDn1O2/74KvPb91QqFolbPYmpF+KhYAEjWBvprhePWD8l52jaLxSRXUVOxa1BZKNyrYTmpFJFLnRsNEMRLNDoFz57g4gkIRWacKxU10Gx9lIsNSOcTvO9RNEYkzEe0q6hAodUeens4ik8NcoABpE0T2g4U392pDhUahL6pjLEeqR+e5n4l9dNdHDppUzEiaaCzBcFCYc6gtn34YBJSjSfGIKJZOZWSEZYYqJNSEtbstlSBWoK8yab7wDg/6RVsh3XvrgpF+vuIqUcOAYn4Aw4oArq4Bo0QBMQIMAjeALP1oP1Yr1ab/PSFWvRcwSWYL1/ARfdmmA=</latexit>

�c,0

➡ Sombrero potential with degenerate manifold of minima

➡ system chooses one of the minima spontaneously

➡ motion along this manifold costs no action

• visually clear:

• more generally valid: Keldysh Goldstone theorem

If a global continuous weak symmetry is broken, there is an exact zero mode.

• holds including fluctuations and beyond semiclassical limit more details: Sieberer, Buchhold, SD, ROPP (2016)

<latexit sha1_base64="1IvnWlx1j03Pl93zLgUYjhsHYps=">AAAB9XicbVDLSsNAFL2pr1pfVZduBovgqiQq6rLopssK9gFtLJPJpB06mYSZiVJC/8ONC0Xc+i/u/BsnaRbaemDgcM693DPHizlT2ra/rdLK6tr6RnmzsrW9s7tX3T/oqCiRhLZJxCPZ87CinAna1kxz2oslxaHHadeb3GZ+95FKxSJxr6cxdUM8EixgBGsjPQxCrMcE87Q5G/qVYbVm1+0caJk4BalBgdaw+jXwI5KEVGjCsVJ9x461m2KpGeF0VhkkisaYTPCI9g0VOKTKTfPUM3RiFB8FkTRPaJSrvzdSHCo1DT0zmaVUi14m/uf1Ex1cuykTcaKpIPNDQcKRjlBWAfKZpETzqSGYSGayIjLGEhNtispKcBa/vEw6Z3Xnsn5+d1Fr3BR1lOEIjuEUHLiCBjShBW0gIOEZXuHNerJerHfrYz5asoqdQ/gD6/MHMdGSUQ==</latexit>

Hd• stat. state on mean field level: neglect quantum field, homogeneous fields

• stat. state determined by  alone (  adjusts in rotating frame)
<latexit sha1_base64="rybAugpbwU4IjuOG9qF3yw2i0NM=">AAAB9HicbVDLSsNAFL2pr1pfUZduBovgqiQq6rLopssK9gFtKJPJpB06mcSZSaGEfocbF4q49WPc+TdO2iy09cDA4Zx7uWeOn3CmtON8W6W19Y3NrfJ2ZWd3b//APjxqqziVhLZIzGPZ9bGinAna0kxz2k0kxZHPaccf3+d+Z0KlYrF41NOEehEeChYygrWRvH6E9YhgjhqDAA3sqlNz5kCrxC1IFQo0B/ZXP4hJGlGhCcdK9Vwn0V6GpWaE01mlnyqaYDLGQ9ozVOCIKi+bh56hM6MEKIyleUKjufp7I8ORUtPIN5N5SLXs5eJ/Xi/V4a2XMZGkmgqyOBSmHOkY5Q2ggElKNJ8agolkJisiIywx0aaniinBXf7yKmlf1Nzr2uXDVbV+V9RRhhM4hXNw4Qbq0IAmtIDAEzzDK7xZE+vFerc+FqMlq9g5hj+wPn8A39ORhQ==</latexit>

Hd
<latexit sha1_base64="YTM86HErh79PxEcUMMzp7P1FbY4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GPRi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj26nfeuLaiFg94jjhfkQHSoSCUbTSg+6xXrniVt0ZyDLxclKBHPVe+avbj1kacYVMUmM6npugn1GNgkk+KXVTwxPKRnTAO5YqGnHjZ7NTJ+TEKn0SxtqWQjJTf09kNDJmHAW2M6I4NIveVPzP66QYXvuZUEmKXLH5ojCVBGMy/Zv0heYM5dgSyrSwtxI2pJoytOmUbAje4svLpHlW9S6r5/cXldpNHkcRjuAYTsGDK6jBHdShAQwG8Ayv8OZI58V5dz7mrQUnnzmEP3A+fwBQ8I3U</latexit>rc

<latexit sha1_base64="cFWWTQzX2EknyZZ6E6xZvC7cOIc=">AAACKXicbVDLSsNAFJ3UV62vqEs3g0VwISVRUZdFNy4r2Ac0MUwmk3boZJLOTIQS+jtu/BU3Coq69UectFlo2wsD555zLnfu8RNGpbKsL6O0tLyyulZer2xsbm3vmLt7LRmnApMmjlksOj6ShFFOmooqRjqJICjyGWn7g5tcbz8SIWnM79UoIW6EepyGFCOlKc+sO0mfehg6KobkIaMOztvxlD2BzjBFAZx0w4WeoWdWrZo1KTgP7AJUQVENz3xzghinEeEKMyRl17YS5WZIKIoZGVecVJIE4QHqka6GHEVEutnk0jE80kwAw1joxxWcsH8nMhRJOYp87YyQ6stZLScXad1UhVduRnmSKsLxdFGYMqhPzmODARUEKzbSAGFB9V8h7iOBsNLhVnQI9uzJ86B1WrMvamd359X6dRFHGRyAQ3AMbHAJ6uAWNEATYPAEXsA7+DCejVfj0/ieWktGMbMP/pXx8wsPn6co</latexit>

�c ! ei�c�c, �q ! ei�c�q

<latexit sha1_base64="N1J9fGW699cq69kB5ol6wKYUrsY="></latexit>

i@t�c =
�Hc

��⇤
c

� i
�Hd

��⇤
c

+ PK�q



• example: model M2, with number conservation [L̂↵, N̂ ] = 0 8↵
<latexit sha1_base64="vCEkwapMzp7PtLPepCRdx7oGX0o=">AAACEnicbVDLSsNAFJ34rPVVdelmsAgKpSRV0I1QdONCpIJ9QBLCzXTSDp08mJkIpfQb3Pgrblwo4taVO//GaZqFth4YOHPOvdx7j59wJpVpfhsLi0vLK6uFteL6xubWdmlntyXjVBDaJDGPRccHSTmLaFMxxWknERRCn9O2P7ia+O0HKiSLo3s1TKgbQi9iASOgtOSVjm2nDwrfeA7wpA+V7HfrXphOxQliAZxrklleqWxWzQx4nlg5KaMcDa/05XRjkoY0UoSDlLZlJsodgVCMcDouOqmkCZAB9KitaQQhle4oO2mMD7XSxXoD/SKFM/V3xwhCKYehrytDUH05603E/zw7VcG5O2JRkioakemgIOVYxXiSD+4yQYniQ02ACKZ3xaQPAojSKRZ1CNbsyfOkVataJ9Xa3Wm5fpnHUUD76AAdIQudoTq6Rg3URAQ9omf0it6MJ+PFeDc+pqULRt6zh/7A+PwBcIWctQ==</latexit>

system acts as its own 
particle reservoir

L̂1,2 =  ̂†
1,2 l̂1, L̂3,4 =  ̂1,2 l̂

†
2, �1. . . 4 ⌘ �M2

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

Intermezzo: Conservation laws and quantum/strong symmetry 

• on Keldysh contour:
<latexit sha1_base64="tF+of0J7DCr6+8kwnYnfQIrhWRE=">AAACB3icbVBLSwMxGMzWV62vVY+CBItQQcpuFfVY9OLBQwX7gO6yZNNsG5pklyQrlKU3L/4VLx4U8epf8Oa/MW33oNWBwGTm+0hmwoRRpR3nyyosLC4trxRXS2vrG5tb9vZOS8WpxKSJYxbLTogUYVSQpqaakU4iCeIhI+1weDXx2/dEKhqLOz1KiM9RX9CIYqSNFNj73gBpeBNk7nFtDD0dw0p+OQq8hAd22ak6U8C/xM1JGeRoBPan14txyonQmCGluq6TaD9DUlPMyLjkpYokCA9Rn3QNFYgT5WfTHGN4aJQejGJpjtBwqv7cyBBXasRDM8mRHqh5byL+53VTHV34GRVJqonAs4eilEETd1IK7FFJsGYjQxCW1PwV4gGSCGtTXcmU4M5H/ktatap7Vj25PS3XL/M6imAPHIAKcME5qINr0ABNgMEDeAIv4NV6tJ6tN+t9Nlqw8p1d8AvWxzfWGJdk</latexit>

L̂1,2 ! (L1,2)±
<latexit sha1_base64="V8KV1qnuAqsbwX4VmapP+SAS52g=">AAACFHicbZBNS8NAEIY3ftb6FfXoZbEIlWJJVNSLUPTisYJpC20Im+2mXbrZxN2NUEJ/hBf/ihcPinj14M1/46YNoq0DC8+8M8PsvH7MqFSW9WXMzS8sLi0XVoqra+sbm+bWdkNGicDEwRGLRMtHkjDKiaOoYqQVC4JCn5GmP7jK6s17IiSN+K0axsQNUY/TgGKktOSZFcerlO0D2FE0JBI63mGWXUBNWNOPfKcTzyxZVWsccBbsHEogj7pnfna6EU5CwhVmSMq2bcXKTZFQFDMyKnYSSWKEB6hH2ho50rvcdHzUCO5rpQuDSOjHFRyrvydSFEo5DH3dGSLVl9O1TPyv1k5UcO6mlMeJIhxPFgUJgyqCmUOwSwXBig01ICyo/ivEfSQQVtrHojbBnj55FhpHVfu0enxzUqpd5nYUwC7YA2VggzNQA9egDhyAwQN4Ai/g1Xg0no03433SOmfkMzvgTxgf3+bJml4=</latexit>

U+(1)⇥ U�(1) = Uc(1)⇥ Uq(1)—> independent phase rotations, symmetry

➡ formalising the obvious: particle number conserved in M2
➡ useful to build minimal coupling prescription

Uc(1) : Nq =

Z
d2xhJ0

q i = 0
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

Uq(1) : Nc =

Z
d2xhJ0

c i = N
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

• Noether charges:

• Keldysh Noether construction:

• promote
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• change of action:

• vanishing variation:
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where universally for time-local non-relativistic dynamics 

and           is model specific
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~Jc,q

more details: Sieberer, Buchhold, SD, ROPP (2016)

• intuition: no number exchange with the bath



Spontaneous breaking of quantum/strong symmetry: M2 —> M1

• strongly interacting problem, but dark state exactly known: Self-consistent Born approximation 
(analogous to mean field theory for dissipative superconductor)

• effective action in single particle sector: M2 reduces to M1 under replacements

with

L1,2 ! l1, L3,4 ! l†2
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➡ Quantization of the response? How does the system remember its number conserving origin?
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• single particle Green’s function

• emergent dissipative single-particle spectral gap 

• spectral Green’s function topologically trivial, topology encoded in the Keldysh ‘noise’ component 
(would go unseen in non-Hermitian topology)

• non-Hermitian single-particle Green’s function, coincides with the one for model M1: particle 
number conservation masked / quantum symmetry spontaneously broken

�q=0 = �̄m2
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Kawabata et al. PRX (2018); Zhou, Lee PRB (2018)



Many-body gap: Dissipative insulator

• single particle gap emerges in mean field theory

• does not rule out slow diffusive modes (e.g. from particle number conservation)

➡ particle-hole excitation damps exponentially fast with twice the gap of a single particle

➡ strong analogy to a Hamiltonian insulator despite different dynamics (e.g. no energy conservation)
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• local particle-hole excitation on top of dark state in momentum space
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• density matrix with up to one particle, one hole excitation

• closed set of evolution equations with leading behaviour 

@t⇢0 = 2�̄m2⇢k, @t⇢k = �2�̄m2⇢k
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

• study robustness against most plausible local two-body excitation for half-filled system: particle-hole



Microscopic gauge-matter action: minimal coupling and response

• gauge theory: global                         —> local                         :   works only for M2 Uc(1)⇥ Uq(1)
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• then, covariant derivative @µ ± ! (@µ � iAµ
±) ±

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

• gauge-matter (current) coupling in quartic.           :

spatial components 
(Lindblad operators)

temporal 
componentL†

↵L↵
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• Lindblad operators carry gauge field
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Berry connection

lq = Vq q
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• resolution: the full functional integral knows about number conservation, lost only by approximation
➡ first couple to the gauge field, then do the approximations



Microscopic gauge-matter action: minimal coupling and response

• gauge theory: global                         —> local                         :   works only for M2 Uc(1)⇥ Uq(1)
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• then, covariant derivative @µ ± ! (@µ � iAµ
±) ±
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• gauge-matter (current) coupling in mean field decoupling:

• Lindblad operators carry gauge field

L1 ! L1 +  †
1(@qiV V �1l)1 Ai ⇡ L1 � i †

1(ail)1Ai
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Berry connection

lq = Vq q
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• resolution: the full functional integral knows about number conservation, lost only by approximation
➡ first couple to the gauge field, then do the approximations



Microscopic gauge-matter action: minimal coupling and response

• Response: cumulant expansion to second order (= one-loop approximation)

microphysics macrophysics

A0 = 0
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• diagrammatically 

• leading frequency term

➡ quantised response of the purely dissipative quantum system (within effective one-loop theory)
➡ gauge invariance demonstrated to first order in derivative expansion

F = @q1a2 � @q2a1
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with Berry curvature for above two-band model
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Intermediate summary: symmetries and responses

• Effective single particle Green’s function for number conserving M2 indistinguishable from number-violating M1

microphysics macrophysics
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➡ topology in driven open fermion system is ‘in the noise’ (!)
➡ interpretation: spontaneous symmetry breaking of U_q(1)
➡ see also: Hohenberg-Halperin dynamical models for classical critical dynamics

• Hydrodynamics remembered for suitable approximation scheme

➡ current operator well defined as the definition of charge in system vs. bath is unambiguous 
➡ see also: Hohenberg-Halperin dynamical models for classical critical dynamics with conserved charges

@tn(x) = ~r ~J(x)
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•  Electromagnetic response: all possible contributions in 1-loop approximation

➡                quantised 
➡ subleading Maxwell-like terms

BI = ✏ij@iAj,I
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P. Hohenberg, B. Halperin, 
RMP (1977)



• spatially homogeneous gauge transformation on the Keldysh contour
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Û+(t+ �t)Û†
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Macroscopic gauge action: Keldysh topological field theory

• what are the key ingredients for the results?

• particle number quantization: large gauge invariance

microphysics macrophysics

• implication for effective theory: eiS[A] ! eiS[A]+2⇡in = eiS[A]
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

phase accumulated 
along closed time path�+(t0) = ��(t0) + 2⇡n , n 2 Z
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• remark: more physical interpretation than at thermal equilibrium (periodicity due to Matsubara torus)

=> constraint on action coefficient

temporal bulk:  invariance under

Û †
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temporal boundary condition: 

number eigenstate 
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Macroscopic gauge action: Keldysh topological field theory (bulk)

• most general form of the Keldysh Chern-Simons action for pure states

SCS[A] =

Z
dt d2xMIJ✏µ⌫⇢ A

µ
I @⌫A

⇢
J
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microphysics macrophysics

• standard Chern-Simons action emerges:

➡ contour decoupled Hamiltonian structure on top of purely dissipative bulk 
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Z
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• symmetries: probability conservation

S[Ac, 0] = 0
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real: hermeticity of time 
dependent density matrix 

quantized: large gauge invariance

real: large gauge invariance
imaginary: hermeticity

=> must vanish



Bulk-boundary correspondence

• adjustment of functional bosonization approach to Keldysh:  lack of local                          gauge 
invariance on boundary gives rise to new boundary degree of freedom

• add all possible leading terms allowed by global                        invariance

S|y=0 =

Z

t,x

h
� ✓

�
@t'q@x'c + v@x'q@x'c + (c $ q)

 
+D{@x'q@

2
x'c � (c $ q)}+ i⌘(@x'q)

2
i
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conserved noisediffusionchiral propagation

microphysics macrophysicsmacrophysics

➡ all terms consistent with particle number conservation are subleading: sharply defined chiral modes 

! = vq + iDq2
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➡ potentially interesting non-linear fluctuating hydrodynamics different from equilibrium

➡ unseen if mislead by `hidden’ U_q(1) symmetry of effective single-particle action 
—> implications for non-Hermitian bulk-boundary correspondence?

➡ qualitatively unmodified for mixed states

Chen-Lin, Delcatraz, Harnoll, PRL (2019)

Kawabata, Shiozaki, Ueda, Sato, PRX (2018); Zhou, Lee PRB (2018)

Chan, Hughes, Ryu, Fradkin, PRB (2013)



Summary: Symmetry analysis
microphysics macrophysics

Key ingredients:

• global                         invariance (number conservation)

• large gauge invariance (number quantization)

• pure states (but see outlook)

• standard Chern-Simons action emerges (dissipative corrections subleading in derivative expansion)

➡ contour decoupled Hamiltonian structure on top of purely dissipative bulk 

SCS[A] =
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• bulk-boundary correspondence: sharp chiral edge models with subleading width 
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Implications:

v determined by Lindblad parameters

Uc(1)⇥ Uq(1)
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Outlook: Topological field theory for mixed states

• basic riddle/paradox: 

• observables tend not to be topologically quantized for mixed states (eq/neq)

• topology of density matrices well defined

winding number 
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w =

I
dk
2⇡~a · (~nk ⇥ @k~nk)

• topological properties related to

•           large gauge invariance i.e. number quantization

• global           invariance, i.e. number conservation
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|~nk| = 1

• resolution (for Dirac stationary theory in arbitrary dimension)

• Effective real time gauge response action is topological but non-perturbative in 
the temporal gauge field, with structure (e.g. odd spacetime dim.)

Z. Huang, X. Sun, SD, in preparation

Chern number (quantized)
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Chern class density
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only dim.less ratio: purity gap
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Uq(1)
<latexit sha1_base64="fUlWggwx7Dl5eF51a4N8mZJS8bc="></latexit>

lim
�!1

P[aq0 + 2⇡n,�|m|] = aq0

e.g. Wang, Troyer, Dai, PRL (2013)

e.g. Viyuela, Rivas, Martin-Delgado, PRL 
(2014); Huang, Arovas, PRL 2014); 

Budich, SD, PRB (2015)

• linear response observables non-quantized

• non-linear response observables can be quantized generalizes ‘ensemble geometric phase’ 
Bardyn, Wawer, Altland, Fleischauer, SD PRX (2017)

�3 �2 �1 0 1 2 3
0.0

0.2

0.4

0.6

0.8

1.0

.                  

�3 �2 �1 0 1 2 3
0.0

0.2

0.4

0.6

0.8

1.0

.                  

k

|�nk|

�3 �2 �1 0 1 2 3
0.0

0.2

0.4

0.6

0.8

1.0

.                  

.

0

0

0
1

1

1

��� 0

�1

1

�1
1

�1

1

�a

�nk

�k⇥nk

n̄k



Symmetry classes of open Fermionic 
quantum matter�

A. Altland, M. Fleischhauer, SD, PRX (2021)

unitary 
dynamics 

irreversible 
equilibrium  
dynamics 

irreversible non-
equilibrium  
dynamics 



Motivation: Classification of open quantum systems

closed system

• physical setting: free systems (matrix representation)

• classified object: Hermitian matrices

• symmetry operations: 

• time reversal
• charge conjugation
• chiral symmetry 

• result: 10 classes

➡goal: first principles classification of general generators of fermion quantum dynamics

• physical interpretation of non-Hermitian matrix?
• particle statistics? 
• causality?
• generalization to interacting systems?

• open issues: 

<latexit sha1_base64="SKzCVfI8Kc37oRuJrpeYPo/j73k=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Kokoeix66bEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8P/PbT6g0j+WDmSToR3QoecgZNVZq1Pqlsltx5yCrxMtJGXLU+6Wv3iBmaYTSMEG17npuYvyMKsOZwGmxl2pMKBvTIXYtlTRC7WfzQ6fk3CoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDWz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LivedcVtXJWrd3kcBTiFM7gAD26gCjWoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBnsuM0A==</latexit>

H
<latexit sha1_base64="3ADMp/yvk4DHgQIIw/UJOqCGTYQ=">AAAB8XicbVBNSwMxEJ3Ur1q/qh69BIvgqeyKoheh6KXHCvYD27Vks9k2NJtdkqxQlv4LLx4U8eq/8ea/MW33oK0PBh7vzTAzz08E18ZxvlFhZXVtfaO4Wdra3tndK+8ftHScKsqaNBax6vhEM8ElaxpuBOskipHIF6ztj26nfvuJKc1jeW/GCfMiMpA85JQYKz3UH3sBGeBrXO+XK07VmQEvEzcnFcjR6Je/ekFM04hJQwXRuus6ifEyogyngk1KvVSzhNARGbCupZJETHvZ7OIJPrFKgMNY2ZIGz9TfExmJtB5Hvu2MiBnqRW8q/ud1UxNeeRmXSWqYpPNFYSqwifH0fRxwxagRY0sIVdzeiumQKEKNDalkQ3AXX14mrbOqe1F17s4rtZs8jiIcwTGcgguXUIM6NKAJFCQ8wyu8IY1e0Dv6mLcWUD5zCH+APn8ABWyP1Q==</latexit>

H
† = H

<latexit sha1_base64="loOgu+EtZmSBqVkmewib+H4GJ1M=">AAAB8HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIosuiG5cV+pJ2KJk004YmmSHJCGXoV7hxoYhbP8edf2NmOgttPRA4nHMvOfcEMWfauO63U1pb39jcKm9Xdnb39g+qh0cdHSWK0DaJeKR6AdaUM0nbhhlOe7GiWAScdoPpXeZ3n6jSLJItM4upL/BYspARbKz0OBDYTJRArWG15tbdHGiVeAWpQYHmsPo1GEUkEVQawrHWfc+NjZ9iZRjhdF4ZJJrGmEzxmPYtlVhQ7ad54Dk6s8oIhZGyTxqUq783Uiy0nonATmYB9bKXif95/cSEN37KZJwYKsniozDhyEQoux6NmKLE8JklmChmsyIywQoTYzuq2BK85ZNXSeei7l3V3YfLWuO2qKMMJ3AK5+DBNTTgHprQBgICnuEV3hzlvDjvzsditOQUO8fwB87nD3qWkDE=</latexit>

T
<latexit sha1_base64="wM/WbZAV1Sy14wp/j11wGfADaGo=">AAAB8HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIostiNy4r2Ie0Q8mkmTY0yQxJRihDv8KNC0Xc+jnu/Bsz01lo64HA4Zx7ybkniDnTxnW/ndLa+sbmVnm7srO7t39QPTzq6ChRhLZJxCPVC7CmnEnaNsxw2osVxSLgtBtMm5nffaJKs0g+mFlMfYHHkoWMYGOlx4HAZqIEag6rNbfu5kCrxCtIDQq0htWvwSgiiaDSEI617ntubPwUK8MIp/PKINE0xmSKx7RvqcSCaj/NA8/RmVVGKIyUfdKgXP29kWKh9UwEdjILqJe9TPzP6ycmvPFTJuPEUEkWH4UJRyZC2fVoxBQlhs8swUQxmxWRCVaYGNtRxZbgLZ+8SjoXde+q7t5f1hq3RR1lOIFTOAcPrqEBd9CCNhAQ8Ayv8OYo58V5dz4WoyWn2DmGP3A+fwBg0pAg</latexit>

C
<latexit sha1_base64="NM84M+sV6a7JN8o+Rq6O0W/DRcY=">AAAB8HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIosuiG5cV7UPaoWTSTBuaZIYkI5ShX+HGhSJu/Rx3/o2Z6Sy09UDgcM695NwTxJxp47rfTmlldW19o7xZ2dre2d2r7h+0dZQoQlsk4pHqBlhTziRtGWY47caKYhFw2gkmN5nfeaJKs0g+mGlMfYFHkoWMYGOlx77AZqwEuh9Ua27dzYGWiVeQGhRoDqpf/WFEEkGlIRxr3fPc2PgpVoYRTmeVfqJpjMkEj2jPUokF1X6aB56hE6sMURgp+6RBufp7I8VC66kI7GQWUC96mfif10tMeOWnTMaJoZLMPwoTjkyEsuvRkClKDJ9agoliNisiY6wwMbajii3BWzx5mbTP6t5F3b07rzWuizrKcATHcAoeXEIDbqEJLSAg4Ble4c1Rzovz7nzMR0tOsXMIf+B8/gB5EpAw</latexit>

S

Altland, Zirnbauer PRB (1996)

• classified object: non-Hermitian matrices

open system

• result: 38 classes 

• symmetry operations: 

• time reversal
• charge conjugation
• chiral Symmetry 

Hermitian 
adjoint

<latexit sha1_base64="H2tcpMq50y8APc2Fn8ZiX5kgTOI=">AAAB8nicbVBNSwMxEM36WetX1aOXYBG8WHZF0YtQ1EPBSwX7AdulZNNsG5pNlmRWKEt/hhcPinj113jz35i2e9DWBwOP92aYmRcmghtw3W9naXlldW29sFHc3Nre2S3t7TeNSjVlDaqE0u2QGCa4ZA3gIFg70YzEoWCtcHg78VtPTBuu5COMEhbEpC95xCkBK/n3+BrX8Cnm+K5bKrsVdwq8SLyclFGOerf01ekpmsZMAhXEGN9zEwgyooFTwcbFTmpYQuiQ9JlvqSQxM0E2PXmMj63Sw5HStiTgqfp7IiOxMaM4tJ0xgYGZ9ybif56fQnQVZFwmKTBJZ4uiVGBQePI/7nHNKIiRJYRqbm/FdEA0oWBTKtoQvPmXF0nzrOJdVNyH83L1Jo+jgA7RETpBHrpEVVRDddRAFCn0jF7RmwPOi/PufMxal5x85gD9gfP5AyaMjzY=</latexit>

K = H � iD
<latexit sha1_base64="KrV+8AEqHLctPArWttgm7vIJlQc=">AAACBHicbVDLSgNBEOz1GeNr1WMug0HwEMKuKHoRguaQYwTzgOwaZmcnyZDZBzOzQlhy8OKvePGgiFc/wpt/4yRZQRMLGoqqbrq7vJgzqSzry1haXlldW89t5De3tnd2zb39powSQWiDRDwSbQ9LyllIG4opTtuxoDjwOG15w+uJ37qnQrIovFWjmLoB7oesxwhWWuqahdqd4+M+ukS1EnJKTglVf4Rq1yxaZWsKtEjsjBQhQ71rfjp+RJKAhopwLGXHtmLlplgoRjgd551E0hiTIe7TjqYhDqh00+kTY3SkFR/1IqErVGiq/p5IcSDlKPB0Z4DVQM57E/E/r5Oo3oWbsjBOFA3JbFEv4UhFaJII8pmgRPGRJpgIpm9FZIAFJkrnltch2PMvL5LmSdk+K1s3p8XKVRZHDgpwCMdgwzlUoAZ1aACBB3iCF3g1Ho1n4814n7UuGdnMAfyB8fEN9MSVFw==</latexit>

H
† = H, D

† = D

<latexit sha1_base64="mPiwh87VlGc/Dr2xVEu2vD/oTKs=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8cKpi20oWy2k3bpZhN2N0IJ/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZemAqujet+O6W19Y3NrfJ2ZWd3b/+genjU0kmmGPosEYnqhFSj4BJ9w43ATqqQxqHAdji+m/ntJ1SaJ/LRTFIMYjqUPOKMGiv5PTSU9Ks1t+7OQVaJV5AaFGj2q1+9QcKyGKVhgmrd9dzUBDlVhjOB00ov05hSNqZD7FoqaYw6yOfHTsmZVQYkSpQtachc/T2R01jrSRzazpiakV72ZuJ/Xjcz0U2Qc5lmBiVbLIoyQUxCZp+TAVfIjJhYQpni9lbCRlRRZmw+FRuCt/zyKmld1L2ruvtwWWvcFnGU4QRO4Rw8uIYG3EMTfGDA4Rle4c2Rzovz7nwsWktOMXMMf+B8/gBhNI5m</latexit>⌘ <latexit sha1_base64="AEeMw3J86RjYq+Z4Z8MjQj4T7Jw=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyURRZdFNy4r2gc0sUwm03boZBJmJkIN/RI3LhRx66e482+ctFlo64GBwzn3cs+cIOFMacf5tkorq2vrG+XNytb2zm7V3ttvqziVhLZIzGPZDbCinAna0kxz2k0kxVHAaScYX+d+55FKxWJxrycJ9SM8FGzACNZG6ttVL8J6JCN09+CFeIj6ds2pOzOgZeIWpAYFmn37ywtjkkZUaMKxUj3XSbSfYakZ4XRa8VJFE0zGeEh7hgocUeVns+BTdGyUEA1iaZ7QaKb+3shwpNQkCsxkHlMtern4n9dL9eDSz5hIUk0FmR8apBzpGOUtoJBJSjSfGIKJZCYrIiMsMdGmq4opwV388jJpn9bd87pze1ZrXBV1lOEQjuAEXLiABtxAE1pAIIVneIU368l6sd6tj/loySp2DuAPrM8f+ZySow==</latexit>

S†

<latexit sha1_base64="uq9Zf5hOQxlt7uOo5UyFe5u58xk=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyURRZdFNy4r9AVtLJPJpB06k4SZiVBDv8SNC0Xc+inu/BsnbRbaemDgcM693DPHTzhT2nG+rdLa+sbmVnm7srO7t1+1Dw47Kk4loW0S81j2fKwoZxFta6Y57SWSYuFz2vUnt7nffaRSsThq6WlCPYFHEQsZwdpIQ7s6EFiPpUCth0GAR2ho15y6MwdaJW5BalCgObS/BkFMUkEjTThWqu86ifYyLDUjnM4qg1TRBJMJHtG+oREWVHnZPPgMnRolQGEszYs0mqu/NzIslJoK30zmMdWyl4v/ef1Uh9dexqIk1TQii0NhypGOUd4CCpikRPOpIZhIZrIiMsYSE226qpgS3OUvr5LOed29rDv3F7XGTVFHGY7hBM7AhStowB00oQ0EUniGV3iznqwX6936WIyWrGLnCP7A+vwB+yaSpA==</latexit>

T†
<latexit sha1_base64="Dg19zLxxStrrk36xIPWtWr+YwRI=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyURRZfFblxWsA9oY5lMJu3QmSTMTIQa+iVuXCji1k9x5984abPQ1gMDh3Pu5Z45fsKZ0o7zbZXW1jc2t8rblZ3dvf2qfXDYUXEqCW2TmMey52NFOYtoWzPNaS+RFAuf064/aeZ+95FKxeLoXk8T6gk8iljICNZGGtrVgcB6LAVqPgwCPEJDu+bUnTnQKnELUoMCraH9NQhikgoaacKxUn3XSbSXYakZ4XRWGaSKJphM8Ij2DY2woMrL5sFn6NQoAQpjaV6k0Vz9vZFhodRU+GYyj6mWvVz8z+unOrz2MhYlqaYRWRwKU450jPIWUMAkJZpPDcFEMpMVkTGWmGjTVcWU4C5/eZV0zuvuZd25u6g1boo6ynAMJ3AGLlxBA26hBW0gkMIzvMKb9WS9WO/Wx2K0ZBU7R/AH1ucP4PySkw==</latexit>

C†

<latexit sha1_base64="loOgu+EtZmSBqVkmewib+H4GJ1M=">AAAB8HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIosuiG5cV+pJ2KJk004YmmSHJCGXoV7hxoYhbP8edf2NmOgttPRA4nHMvOfcEMWfauO63U1pb39jcKm9Xdnb39g+qh0cdHSWK0DaJeKR6AdaUM0nbhhlOe7GiWAScdoPpXeZ3n6jSLJItM4upL/BYspARbKz0OBDYTJRArWG15tbdHGiVeAWpQYHmsPo1GEUkEVQawrHWfc+NjZ9iZRjhdF4ZJJrGmEzxmPYtlVhQ7ad54Dk6s8oIhZGyTxqUq783Uiy0nonATmYB9bKXif95/cSEN37KZJwYKsniozDhyEQoux6NmKLE8JklmChmsyIywQoTYzuq2BK85ZNXSeei7l3V3YfLWuO2qKMMJ3AK5+DBNTTgHprQBgICnuEV3hzlvDjvzsditOQUO8fwB87nD3qWkDE=</latexit>

T
<latexit sha1_base64="wM/WbZAV1Sy14wp/j11wGfADaGo=">AAAB8HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIostiNy4r2Ie0Q8mkmTY0yQxJRihDv8KNC0Xc+jnu/Bsz01lo64HA4Zx7ybkniDnTxnW/ndLa+sbmVnm7srO7t39QPTzq6ChRhLZJxCPVC7CmnEnaNsxw2osVxSLgtBtMm5nffaJKs0g+mFlMfYHHkoWMYGOlx4HAZqIEag6rNbfu5kCrxCtIDQq0htWvwSgiiaDSEI617ntubPwUK8MIp/PKINE0xmSKx7RvqcSCaj/NA8/RmVVGKIyUfdKgXP29kWKh9UwEdjILqJe9TPzP6ycmvPFTJuPEUEkWH4UJRyZC2fVoxBQlhs8swUQxmxWRCVaYGNtRxZbgLZ+8SjoXde+q7t5f1hq3RR1lOIFTOAcPrqEBd9CCNhAQ8Ayv8OYo58V5dz4WoyWn2DmGP3A+fwBg0pAg</latexit>

C
<latexit sha1_base64="NM84M+sV6a7JN8o+Rq6O0W/DRcY=">AAAB8HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIosuiG5cV7UPaoWTSTBuaZIYkI5ShX+HGhSJu/Rx3/o2Z6Sy09UDgcM695NwTxJxp47rfTmlldW19o7xZ2dre2d2r7h+0dZQoQlsk4pHqBlhTziRtGWY47caKYhFw2gkmN5nfeaJKs0g+mGlMfYFHkoWMYGOlx77AZqwEuh9Ua27dzYGWiVeQGhRoDqpf/WFEEkGlIRxr3fPc2PgpVoYRTmeVfqJpjMkEj2jPUokF1X6aB56hE6sMURgp+6RBufp7I8VC66kI7GQWUC96mfif10tMeOWnTMaJoZLMPwoTjkyEsuvRkClKDJ9agoliNisiY6wwMbajii3BWzx5mbTP6t5F3b07rzWuizrKcATHcAoeXEIDbqEJLSAg4Ble4c1Rzovz7nzMR0tOsXMIf+B8/gB5EpAw</latexit>

S

Kawabata, Shiozaki, Ueda, Sato, PRX (2018); Zhou, Lee PRB (2018)

• applications: classification of fermion topological states 
(topological insulators, superconductors)
 Kitaev AIP (2009); Ryu, Furusaki, Schnyder, Ludwig NJP (2010)



state
<latexit sha1_base64="VKbQEyWhFw7tu/vnOnQerIDSKqM=">AAACBXicbVBNS8NAEN34WetX1KMeFovgqSSi6LEoiMcK9gOaUDbbSbt0swm7G6HEXrz4V7x4UMSr/8Gb/8ZNm4O2Phh4vDfDzLwg4Uxpx/m2FhaXlldWS2vl9Y3NrW17Z7ep4lRSaNCYx7IdEAWcCWhopjm0EwkkCji0guFV7rfuQSoWizs9SsCPSF+wkFGijdS1Dx68RDHsSSL6HLDHBPYiogeUcHzdtStO1ZkAzxO3IBVUoN61v7xeTNMIhKacKNVxnUT7GZGaUQ7jspcqSAgdkj50DBUkAuVnky/G+MgoPRzG0pTQeKL+nshIpNQoCkxnfqGa9XLxP6+T6vDCz5hIUg2CTheFKcc6xnkkuMckUM1HhhAqmbkV0wGRhGoTXNmE4M6+PE+aJ1X3rOrcnlZql0UcJbSPDtExctE5qqEbVEcNRNEjekav6M16sl6sd+tj2rpgFTN76A+szx+FxZfv</latexit>

| i 2 F

• starting point: symmetry operations in fermionic Fock space (state)
<latexit sha1_base64="nR2CPAs7VUBNJR3BP4S6oILXp1g=">AAAB+XicbVBNS8NAEN34WetX1KOXxSJ4kJKIoseiF48V7Ac0MUw2m3bpZhN2N4US+k+8eFDEq//Em//GbZuDtj4YeLw3w8y8MONMacf5tlZW19Y3Nitb1e2d3b19++CwrdJcEtoiKU9lNwRFORO0pZnmtJtJCknIaScc3k39zohKxVLxqMcZ9RPoCxYzAtpIgW17BQTs3NSTF0HfmwR2zak7M+Bl4pakhko0A/vLi1KSJ1RowkGpnutk2i9AakY4nVS9XNEMyBD6tGeogIQqv5hdPsGnRolwnEpTQuOZ+nuigESpcRKazgT0QC16U/E/r5fr+MYvmMhyTQWZL4pzjnWKpzHgiElKNB8bAkQycysmA5BAtAmrakJwF19eJu2LuntVdx4ua43bMo4KOkYn6Ay56Bo10D1qohYiaISe0St6swrrxXq3PuatK1Y5c4T+wPr8ATeIk2M=</latexit>

{ai, a†i}

• time reversal
• charge conjugation 
• chiral symmetry 

Classifying general fermionic quantum dynamics

• physical principle: invariance of the equation of motion (dynamics)

➡object of classification: generator of dynamics 
(including interacting)

<latexit sha1_base64="UbZbTwVgBp72qkaUumftc4nKMLA="></latexit>

@t⇢̂ = �i[Ĥ, ⇢̂] + 

X

↵

(L̂↵⇢̂L̂
†
↵ � 1

2{L̂
†
↵L̂↵, ⇢̂})

• classification of the state (incl. stationary) follows

<latexit sha1_base64="clbddddW0EUGTqunn4OCYZ+n+dI=">AAACG3icbVDLSsNAFJ3UV62vqEs3g0VwoSUpim6EopsuK9gHJCFMppN26CQTZiZCCf0PN/6KGxeKuBJc+DdO2oDaemCGwzn3cu89QcKoVJb1ZZSWlldW18rrlY3Nre0dc3evI3kqMGljzrjoBUgSRmPSVlQx0ksEQVHASDcY3eR+954ISXl8p8YJ8SI0iGlIMVJa8s26myChKGK+gu4Q6U8MOYRX8BRS6MykJjz5sTzom1WrZk0BF4ldkCoo0PLND7fPcRqRWGGGpHRsK1Fels/FjEwqbipJgvAIDYijaYwiIr1setsEHmmlD0Mu9IsVnKq/OzIUSTmOAl0ZITWU814u/uc5qQovvYzGSapIjGeDwpRBxWEeFOxTQbBiY00QFlTvCvEQCYSVjrOiQ7DnT14knXrNPq9Zt2fVxnURRxkcgENwDGxwARqgCVqgDTB4AE/gBbwaj8az8Wa8z0pLRtGzD/7A+PwGWN+ecw==</latexit>

@t⇢̂ = �i[Ĥ, ⇢̂]

equilibrium unitary non-equilibrium irreversible

- reproduces ground state classification
- extends to irreversible eq. dyn.

dynamics
<latexit sha1_base64="W+cQxzCzyNjJHqtlVZvJXMOej10=">AAAB6HicbVBNS8NAEN3Ur1q/qh69LBbBU0lE0WPRi8cW7Ae0oWy2k3btZhN2J0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVHJo8lrHuBMyAFAqaKFBCJ9HAokBCOxjfzfz2E2gjYvWAkwT8iA2VCAVnaKUG9ssVt+rOQVeJl5MKyVHvl796g5inESjkkhnT9dwE/YxpFFzCtNRLDSSMj9kQupYqFoHxs/mhU3pmlQENY21LIZ2rvycyFhkziQLbGTEcmWVvJv7ndVMMb/xMqCRFUHyxKEwlxZjOvqYDoYGjnFjCuBb2VspHTDOONpuSDcFbfnmVtC6q3lXVbVxWard5HEVyQk7JOfHINamRe1InTcIJkGfySt6cR+fFeXc+Fq0FJ585Jn/gfP4A4XuM/A==</latexit>

t



A. Altland, M. Fleischhauer, SD, PRX (2021)• results:

unitary 
dynamics 

irreversible 
equilibrium  
dynamics 

irreversible non-
equilibrium  
dynamics 

• states: 10 classes, irrespective to the dynamics stabilizing it

• dynamics: fundamental distinction of eq. and non-eq. dynamics

➡ the ‘watershed’ is equilibrium vs. non-equilibrium, not reversible vs. irreversible

➡17 = 3 + (7 + 7) dynamical symmetry classes 

unitary 
dynamics 

irreversible 
equilibrium  
dynamics 

irreversible non-
equilibrium  
dynamics 

• different representation / transformation rules of antiunitary symmetries: 
crucial for practical applications

• non-Hermitian matrix classification not robust in presence of interactions

• implications (for out of equilibrium dynamics): 

Classifying general fermionic quantum dynamics



Origin of dynamical fine structure
• time reversal in quantum mechanics is a combined transformation

• static: action in Fock space

state

dynamics
<latexit sha1_base64="W+cQxzCzyNjJHqtlVZvJXMOej10=">AAAB6HicbVBNS8NAEN3Ur1q/qh69LBbBU0lE0WPRi8cW7Ae0oWy2k3btZhN2J0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVHJo8lrHuBMyAFAqaKFBCJ9HAokBCOxjfzfz2E2gjYvWAkwT8iA2VCAVnaKUG9ssVt+rOQVeJl5MKyVHvl796g5inESjkkhnT9dwE/YxpFFzCtNRLDSSMj9kQupYqFoHxs/mhU3pmlQENY21LIZ2rvycyFhkziQLbGTEcmWVvJv7ndVMMb/xMqCRFUHyxKEwlxZjOvqYDoYGjnFjCuBb2VspHTDOONpuSDcFbfnmVtC6q3lXVbVxWard5HEVyQk7JOfHINamRe1InTcIJkGfySt6cR+fFeXc+Fq0FJ585Jn/gfP4A4XuM/A==</latexit>

t

• dynamical: action in the time domain
<latexit sha1_base64="nmLsJLt/s6feHGdH6IFM/EbvBvM=">AAACF3icbVDLSgNBEJyNrxhfqx69DAbBU9gVRS9C0EuOEcwDsiH0TibJkNnZZaZXCDF/4cVf8eJBEa9682+cPA4msaChqOqmuytMpDDoeT9OZmV1bX0ju5nb2t7Z3XP3D6omTjXjFRbLWNdDMFwKxSsoUPJ6ojlEoeS1sH879msPXBsRq3scJLwZQVeJjmCAVmq5BREkoFGAbCF9DBIjAg2qKzm9pkEPkJbm1Jab9wreBHSZ+DOSJzOUW+530I5ZGnGFTIIxDd9LsDkcr2SSj3JBangCrA9d3rBUQcRNczj5a0RPrNKmnVjbUkgn6t+JIUTGDKLQdkaAPbPojcX/vEaKnavmUKgkRa7YdFEnlRRjOg6JtoXmDOXAEmBa2Fsp64EGhjbKnA3BX3x5mVTPCv5Fwbs7zxdvZnFkyRE5JqfEJ5ekSEqkTCqEkSfyQt7Iu/PsvDofzue0NePMZg7JHJyvX8/ln7A=</latexit>

i@t| i = Ĥ| i<latexit sha1_base64="kWzFd7K89Yqi8SI3Yj3h0GSzcTs=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgxjIjii6LblxWsA9sh5JJM21oJjMkd4Qy9C/cuFDErX/jzr8xbWehrQcCh3PuJfecIJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqd+64lrI2L1gOOE+xEdKBEKRtFKj0i6GJMzgqRXrrhVdwayTLycVCBHvVf+6vZjlkZcIZPUmI7nJuhnVKNgkk9K3dTwhLIRHfCOpYpG3PjZ7OIJObFKn4Sxtk8hmam/NzIaGTOOAjsZURyaRW8q/ud1Ugyv/UyoJEWu2PyjMJXEppzGJ32hOUM5toQyLeythA2ppgxtSSVbgrcYeZk0z6veZdW9v6jUbvI6inAEx3AKHlxBDe6gDg1goOAZXuHNMc6L8+58zEcLTr5zCH/gfP4A1ciPtg==</latexit>

t ! �t in

<latexit sha1_base64="DW9i8cK8m3mw8JU+WIB/ZKTGxh4=">AAAB/XicbVDJSgNBEO2JW4zbuNy8NAYhORhmRNGLEBTBYwSzQDKEnk5P0qSnZ+iuEeMQ/BUvHhTx6n9482/sLAdNfFDweK+Kqnp+LLgGx/m2MguLS8sr2dXc2vrG5pa9vVPTUaIoq9JIRKrhE80El6wKHARrxIqR0Bes7vevRn79ninNI3kHg5h5IelKHnBKwEhte68F7AHS62FQgCK+wEHhCIptO++UnDHwPHGnJI+mqLTtr1YnoknIJFBBtG66TgxeShRwKtgw10o0iwntky5rGipJyLSXjq8f4kOjdHAQKVMS8Fj9PZGSUOtB6JvOkEBPz3oj8T+vmUBw7qVcxgkwSSeLgkRgiPAoCtzhilEQA0MIVdzcimmPKELBBJYzIbizL8+T2nHJPS05tyf58uU0jizaRweogFx0hsroBlVQFVH0iJ7RK3qznqwX6936mLRmrOnMLvoD6/MHVKaT1Q==</latexit>

Ef(t) = f(�t)
<latexit sha1_base64="2+S90CxfCaMLvUPt7JpXqERtNvw=">AAACAHicbVDLSsNAFJ34rPUVdeHCzWARXJVEFF0WRXBZoS9oQplMJ+3QySTM3IglZOOvuHGhiFs/w51/47TNQlsPXDhzzr3MvSdIBNfgON/W0vLK6tp6aaO8ubW9s2vv7bd0nCrKmjQWseoERDPBJWsCB8E6iWIkCgRrB6Obid9+YErzWDZgnDA/IgPJQ04JGKlnH3rAHiFr5NijXFE8e97mPbviVJ0p8CJxC1JBBeo9+8vrxzSNmAQqiNZd10nAz4gCTgXLy16qWULoiAxY11BJIqb9bHpAjk+M0sdhrExJwFP190RGIq3HUWA6IwJDPe9NxP+8bgrhlZ9xmaTAJJ19FKYCQ4wnaeA+V4yCGBtCqOJmV0yHRBEKJrOyCcGdP3mRtM6q7kXVuT+v1K6LOEroCB2jU+SiS1RDd6iOmoiiHD2jV/RmPVkv1rv1MWtdsoqZA/QH1ucP7CmWnQ==</latexit>

T � E
• full quantum mechanical time reversal:

➡ ‘play movie backwards’
➡does not make sense in general irreversible dynamics
➡but can be extended to irreversible equilibrium dynamics

unitary 
dynamics 

irreversible 
equilibrium  
dynamics 

irreversible non-
equilibrium  
dynamics 

• thermal time reversal (Keldysh formulation):

<latexit sha1_base64="UOjNEUQuO0mCEc0xFEBUYsb7PDg=">AAACBnicbVDJSgNBEO2JW4xb1KMIjUHwFGZE0WNQBI8RskFmCD2dStKkZ6G7RgzDnLz4K148KOLVb/Dm39hZDpr4oOD1e1V01fNjKTTa9reVW1peWV3Lrxc2Nre2d4q7ew0dJYpDnUcyUi2faZAihDoKlNCKFbDAl9D0h9djv3kPSosorOEoBi9g/VD0BGdopE7x0EV4wLSWUZcLxen0eZN1XB+QdYolu2xPQBeJMyMlMkO1U/xyuxFPAgiRS6Z127Fj9FKmUHAJWcFNNMSMD1kf2oaGLADtpZMzMnpslC7tRcpUiHSi/p5IWaD1KPBNZ8BwoOe9sfif106wd+mlIowThJBPP+olkmJEx5nQrlDAUY4MYVwJsyvlA6YYR5NcwYTgzJ+8SBqnZee8bN+dlSpXszjy5IAckRPikAtSIbekSuqEk0fyTF7Jm/VkvVjv1se0NWfNZvbJH1ifP5NnmTA=</latexit>

T � E�
<latexit sha1_base64="crypKKWVs+OjuysrKVsNv34fKmE=">AAACCHicbVDJSgNBEO2JW4xb1KMHG4OQIIYZUfQiBEXwGMEskITQ06lJmvQsdNeIYcjRi7/ixYMiXv0Eb/6NneWg0QcFj/eqqKrnRlJotO0vKzU3v7C4lF7OrKyurW9kN7eqOowVhwoPZajqLtMgRQAVFCihHilgviuh5vYvR37tDpQWYXCLgwhaPusGwhOcoZHa2d0mwj0mV0MvjwV6Tr38IdIDKmjTBWS00M7m7KI9Bv1LnCnJkSnK7exnsxPy2IcAuWRaNxw7wlbCFAouYZhpxhoixvusCw1DA+aDbiXjR4Z03ygd6oXKVIB0rP6cSJiv9cB3TafPsKdnvZH4n9eI0TtrJSKIYoSATxZ5saQY0lEqtCMUcJQDQxhXwtxKeY8pxtFklzEhOLMv/yXVo6JzUrRvjnOli2kcabJD9kieOOSUlMg1KZMK4eSBPJEX8mo9Ws/Wm/U+aU1Z05lt8gvWxzfg4pdP</latexit>

Ef(t) = f(�t+ i�)

inverse temperature

➡ transformation laws of quantum mechanics smoothly extend to irreversible eq. dynamics
➡out of equilibrium,  and full time reversal gets represented differently (different trafo laws)

<latexit sha1_base64="NhKag1hIRsbJsg04yXC4Ew06Tu4=">AAAB8HicbVDLSgMxFL1TX7W+qi7dBIsgCGVGFF0W3bisYB/SDiWTZtrQTGZI7ghl6Fe4caGIWz/HnX9j2s5CWw8EDufcS+45QSKFQdf9dgorq2vrG8XN0tb2zu5eef+gaeJUM95gsYx1O6CGS6F4AwVK3k40p1EgeSsY3U791hPXRsTqAccJ9yM6UCIUjKKVHpF0MSZnBHvlilt1ZyDLxMtJBXLUe+Wvbj9macQVMkmN6Xhugn5GNQom+aTUTQ1PKBvRAe9YqmjEjZ/NDp6QE6v0SRhr+xSSmfp7I6ORMeMosJMRxaFZ9Kbif14nxfDaz4RKUuSKzT8KU0lsyGl60heaM5RjSyjTwt5K2JBqytB2VLIleIuRl0nzvOpdVt37i0rtJq+jCEdwDKfgwRXU4A7q0AAGETzDK7w52nlx3p2P+WjByXcO4Q+czx96lI+K</latexit>

t ! +t

related to Kubo-Martin-Schwinger 
boundary conditions / FDT

see lecture I



<latexit sha1_base64="ugHlDKurjWTzrG/5hDoV8QFATyc="></latexit>

@t⇢̂ = �i [Ĥ, ⇢̂] +
X

↵

(2L̂↵⇢̂L̂
†
↵ � {L̂†

↵L̂↵, ⇢̂})

Implications for Gaussian dynamics
• classification encompasses interacting systems, but now make contact to matrix classifications

• Lindblad generator

• H quadratic, Lindblad operators linear: 3 structure matrices
<latexit sha1_base64="B9ZH3+hV+VUpKQAzyAEmDj/qcJc="></latexit>

Âa =

✓
âa
â†a

◆
Nambu vector

<latexit sha1_base64="4RCcaxAQpJk8mAXTzHqRNtYHQaI=">AAACEnicbVC7TsMwFHV4lvIKMLJYVEiwVElBwIJUYOlYJPqQmlI5rtNadZzIvkGqonwDC7/CwgBCrExs/A3uY4CWI13p+Jx75XuPHwuuwXG+rYXFpeWV1dxafn1jc2vb3tmt6yhRlNVoJCLV9IlmgktWAw6CNWPFSOgL1vAHNyO/8cCU5pG8g2HM2iHpSR5wSsBIHfvY6xPAFXyJPQgUoambpaVsLF7de13SM97k1bELTtEZA88Td0oKaIpqx/7yuhFNQiaBCqJ1y3ViaKdEAaeCZXkv0SwmdEB6rGWoJCHT7XR8UoYPjdLFQaRMScBj9fdESkKth6FvOkMCfT3rjcT/vFYCwUU75TJOgEk6+ShIBIYIj/LBXa4YBTE0hFDFza6Y9olJBkyKeROCO3vyPKmXiu5Z8eT2tFC+nsaRQ/voAB0hF52jMqqgKqohih7RM3pFb9aT9WK9Wx+T1gVrOrOH/sD6/AEyrZvs</latexit>

Ĥ = 1
2 Â

†
HÂ

<latexit sha1_base64="pathDQ/SJkpqxDMrEFsiK8vyO5Y="></latexit>X

↵

L̂†
↵L̂↵ = 1

2 Â
†(D � iP )Â

<latexit sha1_base64="UrLSSOW7HOYQ5S/nxnCMq9Oj+VY=">AAACPnicbVBLTwIxGOz6RHytevTSSEw8KNlVo15IiHLguCa8EnYh3dKFhu7DtmskhF/mxd/gzaMXDxrj1aMFFoPgJE2mM9+k/caNGBXSMF60hcWl5ZXV1Fp6fWNza1vf2a2IMOaYlHHIQl5zkSCMBqQsqWSkFnGCfJeRqtu9GfrVe8IFDYOS7EXE8VE7oB7FSCqpqZeLuRNb0LaPmg+w2CjByeXYvotRCxZyv25h2oVj25pKW43ShDf1jJE1RoDzxExIBiSwmvqz3Qpx7JNAYoaEqJtGJJ0+4pJiRgZpOxYkQriL2qSuaIB8Ipz+aP0BPFRKC3ohVyeQcKROJ/rIF6Lnu2rSR7IjZr2h+J9Xj6V35fRpEMWSBHj8kBczKEM47BK2KCdYsp4iCHOq/gpxB3GEpWo8rUowZ1eeJ5XTrHmRPbs9z+SvkzpSYB8cgCNggkuQB0VggTLA4BG8gnfwoT1pb9qn9jUeXdCSzB74A+37BwQwreI=</latexit>

H = ��xH
T
�x, D = �xD

T
�x, P = ��xP

T
�x

<latexit sha1_base64="TdZOaKzCWMkq75z4stWyDMbu/X0=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyqqMegHjxGMA9IljA76SRDZmc3M7NCWPITXjwo4tXf8ebfOEn2oIkFDUVVN91dQSy4Nq777eRWVtfWN/Kbha3tnd294v5BXUeJYlhjkYhUM6AaBZdYM9wIbMYKaRgIbATD26nfeEKleSQfzThGP6R9yXucUWOl5h1p93FE3E6x5JbdGcgy8TJSggzVTvGr3Y1YEqI0TFCtW54bGz+lynAmcFJoJxpjyoa0jy1LJQ1R++ns3gk5sUqX9CJlSxoyU39PpDTUehwGtjOkZqAXvan4n9dKTO/aT7mME4OSzRf1EkFMRKbPky5XyIwYW0KZ4vZWwgZUUWZsRAUbgrf48jKpn5W9y/L5w0WpcpPFkYcjOIZT8OAKKnAPVagBAwHP8Apvzsh5cd6dj3lrzslmDuEPnM8fuoCPHw==</latexit>

D � 0

<latexit sha1_base64="Nkh9yE8qZqekH8MN6TDh57KWQa0=">AAACF3icbZDLSsNAFIYnXmu9VV26GSyCixoSFXUjFO2iywr2Ak0sk8mkHTqZxJmJUELfwo2v4saFIm5159s4bSNo6w8DP985hzPn92JGpbKsL2NufmFxaTm3kl9dW9/YLGxtN2SUCEzqOGKRaHlIEkY5qSuqGGnFgqDQY6Tp9a9G9eY9EZJG/EYNYuKGqMtpQDFSGnUKZvXW8VEXXsBqyblLkA8rP6BSghNSy8ghrHUKRcu0xoKzxs5MEWTS/Z+OH+EkJFxhhqRs21as3BQJRTEjw7yTSBIj3Edd0taWo5BINx3fNYT7mvgwiIR+XMEx/T2RolDKQejpzhCpnpyujeB/tXaignM3pTxOFOF4sihIGFQRHIUEfSoIVmygDcKC6r9C3EMCYaWjzOsQ7OmTZ03jyLRPzePrk2L5MosjB3bBHjgANjgDZVAFNVAHGDyAJ/ACXo1H49l4M94nrXNGNrMD/sj4+AZn15xT</latexit>

H
† = H, D

† = D, P
† = �P

• Fermi statistics:

• Hermiticity of Lindblad map:

• complete positivity of Lindblad map:

• with constraints: acts in Nambu 
space

exercise: verify 
these relations!



<latexit sha1_base64="ugHlDKurjWTzrG/5hDoV8QFATyc="></latexit>

@t⇢̂ = �i [Ĥ, ⇢̂] +
X

↵

(2L̂↵⇢̂L̂
†
↵ � {L̂†

↵L̂↵, ⇢̂})• Lindblad generator

• H quadratic, Lindblad operators linear: 3 structure matrices
<latexit sha1_base64="4RCcaxAQpJk8mAXTzHqRNtYHQaI=">AAACEnicbVC7TsMwFHV4lvIKMLJYVEiwVElBwIJUYOlYJPqQmlI5rtNadZzIvkGqonwDC7/CwgBCrExs/A3uY4CWI13p+Jx75XuPHwuuwXG+rYXFpeWV1dxafn1jc2vb3tmt6yhRlNVoJCLV9IlmgktWAw6CNWPFSOgL1vAHNyO/8cCU5pG8g2HM2iHpSR5wSsBIHfvY6xPAFXyJPQgUoambpaVsLF7de13SM97k1bELTtEZA88Td0oKaIpqx/7yuhFNQiaBCqJ1y3ViaKdEAaeCZXkv0SwmdEB6rGWoJCHT7XR8UoYPjdLFQaRMScBj9fdESkKth6FvOkMCfT3rjcT/vFYCwUU75TJOgEk6+ShIBIYIj/LBXa4YBTE0hFDFza6Y9olJBkyKeROCO3vyPKmXiu5Z8eT2tFC+nsaRQ/voAB0hF52jMqqgKqohih7RM3pFb9aT9WK9Wx+T1gVrOrOH/sD6/AEyrZvs</latexit>

Ĥ = 1
2 Â

†
HÂ

<latexit sha1_base64="B9ZH3+hV+VUpKQAzyAEmDj/qcJc="></latexit>

Âa =

✓
âa
â†a

◆
Nambu vector

• Keldysh functional integral

• Lindblad case

<latexit sha1_base64="pathDQ/SJkpqxDMrEFsiK8vyO5Y="></latexit>X

↵

L̂†
↵L̂↵ = 1

2 Â
†(D � iP )Â

<latexit sha1_base64="z7WUG9A3wUYTKFILjbhERQsDFRM="></latexit>

S = 1
2

Z
d!
2⇡ ( 

c †
! , q †

! )

✓
0 ! �K†

!

! �K! 2P!

◆✓
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!

 q
!

◆

<latexit sha1_base64="LUYOGz+LQbEAhtZ5MOTna85PTNA=">AAACFHicbVDLSsNAFJ3UV62vqEs3g0WoKCVRUTdCURcuK9oHNrFMppN26GQSZiZCCf0IN/6KGxeKuHXhzr9x0mahrRdmOJxzL/fc40WMSmVZ30ZuZnZufiG/WFhaXlldM9c36jKMBSY1HLJQND0kCaOc1BRVjDQjQVDgMdLw+hep3nggQtKQ36pBRNwAdTn1KUZKU21z7w6eQYdyBZ0AqR5GDF7CkuMh4USS7qffLiT3CYU3w7ZZtMrWqOA0sDNQBFlV2+aX0wlxHBCuMENStmwrUm6ChKKYkWHBiSWJEO6jLmlpyFFApJuMjhrCHc10oB8K/bS9Eft7IkGBlIPA052pczmppeR/WitW/qmbUB7FinA8XuTHDKoQpgnBDhUEKzbQAGFBtVeIe0ggrHSOBR2CPXnyNKgflO3j8uH1UbFynsWRB1tgG5SADU5ABVyBKqgBDB7BM3gFb8aT8WK8Gx/j1pyRzWyCP2V8/gDH4ZzO</latexit>

Z =

Z
D( ̄, )eiS

<latexit sha1_base64="DBK8RGHiagZx2Bq+Y/yNw7SR/IY=">AAACAnicbVC7SgNBFJ31GeNr1UpsBoNgY9hVURshqEXAJoJ5QLIss5NJMmQey8ysEJZg46/YWChi61fY+TdOki008cCFwzn3cu89UcyoNp737czNLywuLedW8qtr6xub7tZ2TctEYVLFkknViJAmjApSNdQw0ogVQTxipB71r0d+/YEoTaW4N4OYBBx1Be1QjIyVQnf3NmxJTroIXsIyPIIU3mRC6Ba8ojcGnCV+RgogQyV0v1ptiRNOhMEMad30vdgEKVKGYkaG+VaiSYxwH3VJ01KBONFBOn5hCA+s0oYdqWwJA8fq74kUca0HPLKdHJmenvZG4n9eMzGdiyClIk4MEXiyqJMwaCQc5QHbVBFs2MAShBW1t0LcQwphY1PL2xD86ZdnSe246J8VT+5OC6WrLI4c2AP74BD44ByUQBlUQBVg8AiewSt4c56cF+fd+Zi0zjnZzA74A+fzB1tXlX8=</latexit>

K! = H � iD!

noise / fluctuation dissipation

• equilibrium case

<latexit sha1_base64="FShPu+3iRdtyq/V0VIm6SxTx170=">AAACCnicbVDLSgMxFM3UV62vqks30SK4kDKjom6Eol24rGAf0BlKJpNpQ5PMmGSEMnTtxl9x40IRt36BO//GtB1QWw8EDuecy809fsyo0rb9ZeXm5hcWl/LLhZXVtfWN4uZWQ0WJxKSOIxbJlo8UYVSQuqaakVYsCeI+I02/fzXym/dEKhqJWz2IicdRV9CQYqSN1CnuwmrHjTjpIngBq4fQvUtQAGs/Wq1TLNlleww4S5yMlEAGk/90gwgnnAiNGVKq7dix9lIkNcWMDAtuokiMcB91SdtQgThRXjo+ZQj3jRLAMJLmCQ3H6u+JFHGlBtw3SY50T017I/E/r53o8NxLqYgTTQSeLAoTBnUER73AgEqCNRsYgrCk5q8Q95BEWJv2CqYEZ/rkWdI4Kjun5eObk1LlMqsjD3bAHjgADjgDFXANaqAOMHgAT+AFvFqP1rP1Zr1Pojkrm9kGf2B9fAN27Jg6</latexit>

D! = D, P! = P Markovian
<latexit sha1_base64="RduVxe2s2hGZZ6tJzU9cH375rcM="></latexit>

P! = i tanh

✓
�!

2

◆
D! non-Markovian, fixed by fluctuation-dissipation relation

• classification encompasses interacting systems, but now make contact to matrix classifications

• steady state encoded in covariance matrix

equal time Keldysh Green’s function

<latexit sha1_base64="oGogwn7aVAESWjUvXhjhiTv+KUA="></latexit>

�ab = tr(⇢̂[Âa, Â
†
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Z
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!

Implications for Gaussian dynamics



Gaussian dynamics: two gaps

<latexit sha1_base64="z7WUG9A3wUYTKFILjbhERQsDFRM="></latexit>

S = 1
2

Z
d!
2⇡ ( 

c †
! , q †

! )

✓
0 ! �K†

!

! �K! 2P!

◆✓
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!

 q
!

◆
<latexit sha1_base64="DBK8RGHiagZx2Bq+Y/yNw7SR/IY=">AAACAnicbVC7SgNBFJ31GeNr1UpsBoNgY9hVURshqEXAJoJ5QLIss5NJMmQey8ysEJZg46/YWChi61fY+TdOki008cCFwzn3cu89UcyoNp737czNLywuLedW8qtr6xub7tZ2TctEYVLFkknViJAmjApSNdQw0ogVQTxipB71r0d+/YEoTaW4N4OYBBx1Be1QjIyVQnf3NmxJTroIXsIyPIIU3mRC6Ba8ojcGnCV+RgogQyV0v1ptiRNOhMEMad30vdgEKVKGYkaG+VaiSYxwH3VJ01KBONFBOn5hCA+s0oYdqWwJA8fq74kUca0HPLKdHJmenvZG4n9eMzGdiyClIk4MEXiyqJMwaCQc5QHbVBFs2MAShBW1t0LcQwphY1PL2xD86ZdnSe246J8VT+5OC6WrLI4c2AP74BD44ByUQBlUQBVg8AiewSt4c56cF+fd+Zi0zjnZzA74A+fzB1tXlX8=</latexit>

K! = H � iD!

• classification requires robustness, encoded in action

• spectral gap: no zero modes of spectral matrix  
<latexit sha1_base64="CKUV+nv4lS/MJA1IjIWJ8+rhjyg=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hV0V9Rj0IniJYB6QLGF2MpsMmcc6MyuEJT/hxYMiXv0db/6Nk2QPmljQUFR1090VJZwZ6/vf3tLyyuraemGjuLm1vbNb2ttvGJVqQutEcaVbETaUM0nrlllOW4mmWEScNqPhzcRvPlFtmJIPdpTQUOC+ZDEj2DqpddftKEH7uFsq+xV/CrRIgpyUIUetW/rq9BRJBZWWcGxMO/ATG2ZYW0Y4HRc7qaEJJkPcp21HJRbUhNn03jE6dkoPxUq7khZN1d8TGRbGjETkOgW2AzPvTcT/vHZq46swYzJJLZVktihOObIKTZ5HPaYpsXzkCCaauVsRGWCNiXURFV0IwfzLi6RxWgkuKmf35+XqdR5HAQ7hCE4ggEuowi3UoA4EODzDK7x5j96L9+59zFqXvHzmAP7A+/wB4qmP4Q==</latexit>

K!

inv. ret. Green’s function
<latexit sha1_base64="ToxSCRcw9BnraI6vCsDAfp/HUZg=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyqqMegF48RzAOSJcxOZpMx81hmZoWw5B+8eFDEq//jzb9xkuxBEwsaiqpuuruihDNjff/bK6ysrq1vFDdLW9s7u3vl/YOmUakmtEEUV7odYUM5k7RhmeW0nWiKRcRpKxrdTv3WE9WGKflgxwkNBR5IFjOCrZOaXSXoAPfKFb/qz4CWSZCTCuSo98pf3b4iqaDSEo6N6QR+YsMMa8sIp5NSNzU0wWSEB7TjqMSCmjCbXTtBJ07po1hpV9Kimfp7IsPCmLGIXKfAdmgWvan4n9dJbXwdZkwmqaWSzBfFKUdWoenrqM80JZaPHcFEM3crIkOsMbEuoJILIVh8eZk0z6rBZfX8/qJSu8njKMIRHMMpBHAFNbiDOjSAwCM8wyu8ecp78d69j3lrwctnDuEPvM8fks2PIw==</latexit>!

purely Hamiltonian

purely dissipative

poles of retarded Green’s function

• example: equilibrium case 
<latexit sha1_base64="URCP4wfurm+S2+tmx/88ixZyIUs=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgqiQq6kYouumyQl/QhDKZTtqhk0mYmRRK6J+4caGIW//EnX/jpM1Cqwcu93DOvcydEyScKe04X1ZpbX1jc6u8XdnZ3ds/sA+POipOJaFtEvNY9gKsKGeCtjXTnPYSSXEUcNoNJg+5351SqVgsWnqWUD/CI8FCRrA20sC2vdaYaozukBfkvTGwq07NWQD9JW5BqlCgObA/vWFM0ogKTThWqu86ifYzLDUjnM4rXqpogskEj2jfUIEjqvxscfkcnRlliMJYmhIaLdSfGxmOlJpFgZmMsB6rVS8X//P6qQ5v/YyJJNVUkOVDYcqRjlEeAxoySYnmM0MwkczcisgYS0y0CatiQnBXv/yXdC5q7nXt8vGqWr8v4ijDCZzCObhwA3VoQBPaQGAKT/ACr1ZmPVtv1vtytGQVO8fwC9bHN9lbkoI=</latexit>

⇥ = �H

➡purity gap closing for zero modes of H (i.e. spectral gap closing
➡or infinite temperature 

<latexit sha1_base64="KdnG4FfeeL+ZDirZ3hdtbbNMWmE=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KomKehGKXjxWsB/QhrLZbtqlm03cnQgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5QSKFQdf9dpaWV1bX1gsbxc2t7Z3d0t5+w8SpZrzOYhnrVkANl0LxOgqUvJVoTqNA8mYwvJ34zSeujYjVA44S7ke0r0QoGEUrtToBR0qu3W6p7FbcKcgi8XJShhy1bumr04tZGnGFTFJj2p6boJ9RjYJJPi52UsMTyoa0z9uWKhpx42fTe8fk2Co9EsbalkIyVX9PZDQyZhQFtjOiODDz3kT8z2unGF75mVBJilyx2aIwlQRjMnme9ITmDOXIEsq0sLcSNqCaMrQRFW0I3vzLi6RxWvEuKmf35+XqTR5HAQ7hCE7Ag0uowh3UoA4MJDzDK7w5j86L8+58zFqXnHzmAP7A+fwBEXOPVw==</latexit>

� = 0

• criterion in the presence of a spectral gap: no zero modes of fluctuation matrix

➡purity gap = ‘fluctuation gap’

<latexit sha1_base64="cKXv1Cck0iIK3jOjvWiKETXEKY8=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyqqMegF48RzAOSJcxOZpMh81hnZoWw5Ce8eFDEq7/jzb9xkuxBEwsaiqpuuruihDNjff/bK6ysrq1vFDdLW9s7u3vl/YOmUakmtEEUV7odYUM5k7RhmeW0nWiKRcRpKxrdTv3WE9WGKflgxwkNBR5IFjOCrZPa9V5XCTrAvXLFr/ozoGUS5KQCOeq98le3r0gqqLSEY2M6gZ/YMMPaMsLppNRNDU0wGeEB7TgqsaAmzGb3TtCJU/ooVtqVtGim/p7IsDBmLCLXKbAdmkVvKv7ndVIbX4cZk0lqqSTzRXHKkVVo+jzqM02J5WNHMNHM3YrIEGtMrIuo5EIIFl9eJs2zanBZPb+/qNRu8jiKcATHcAoBXEEN7qAODSDA4Rle4c179F68d+9j3lrw8plD+APv8wfqYI/m</latexit>

P!

• purity gap: no zero modes of (Hermitian) covariance matrix 

<latexit sha1_base64="tjl2OhFCo63P2iIgkCEtXAiLRSw="></latexit>

⇢̂ = 1
N e�

1
2 Â

†⇥Â
<latexit sha1_base64="CzuRoa/tO+Fu8QGmg03usWAA008="></latexit>

N = tr(e�
1
2 Â

†⇥Â)

for parameterization

tanh structure seen in eigenbasis

<latexit sha1_base64="ZBe6iFZ/Y05Qe0iw41b5HLOAmHA="></latexit>

�ab = tr(⇢̂[Âa, Â
†
b]) = �2i

Z
d!

2⇡

✓
1

! �K!
P!

1

! �K†
!

◆

ab

<latexit sha1_base64="e8mTzV5M30X2LRF4dMAvt5lLZzw="></latexit>

= tr(⇢̂[�ab � Â†
bÂa]) = (tanh ⇥

2 )ab



Different representation of anti-unitary symmetries 

• table of transformation rules for Gaussian dynamics characterized by generators H, P, D

➡anti-unitary transformation with i —> - i (T,S) rules different from Altland-Zirnbauer classification for 
dynamics out of equilibrium: 17 = 3 + 7 + 7 dynamical classes
➡ in 3 classes, no anti-unitary symmetry present
➡ in 7 classes (6 with T, 1 with S), anti-unitary transformations laws of equilibrium                         present
➡ in 7 classes  (6 with T, 1 with S), anti-unitary transformations laws of non-equilibrium                 present

➡both equilibrium and non-equilibrium collapse onto Altland-Zirnbauer classification in stationary state
➡ study concrete example

<latexit sha1_base64="YK+4ndzlncpa1/gl1r82zYDYhow=">AAAB/HicbVBNS8NAEN34WetXtEcvi0UQxJKoqMeiF48V7Ac0oWy2m3bpZhN2J0II9a948aCIV3+IN/+N2zYHbX0w8Hhvhpl5QSK4Bsf5tpaWV1bX1ksb5c2t7Z1de2+/peNUUdaksYhVJyCaCS5ZEzgI1kkUI1EgWDsY3U789iNTmsfyAbKE+REZSB5ySsBIPbsC2IMYn2LAJ5h7AQOCe3bVqTlT4EXiFqSKCjR69pfXj2kaMQlUEK27rpOAnxMFnAo2LnupZgmhIzJgXUMliZj28+nxY3xklD4OY2VKAp6qvydyEmmdRYHpjAgM9bw3Ef/zuimE137OZZICk3S2KEwFNu9OksB9rhgFkRlCqOLmVkyHRBEKJq+yCcGdf3mRtM5q7mXt/P6iWr8p4iihA3SIjpGLrlAd3aEGaiKKMvSMXtGb9WS9WO/Wx6x1ySpmKugPrM8f/amTEQ==</latexit>

t ! �t+ i�
<latexit sha1_base64="L5tBXiliV311gdLq/5gf1H3QEL4=">AAAB8HicbVDLSgMxFL3js9ZX1aWbYBEEocyoqMuiG5cV7EPaoWTSTBuayQzJHaEM/Qo3LhRx6+e4829M21lo64HA4Zx7yT0nSKQw6LrfztLyyuraemGjuLm1vbNb2ttvmDjVjNdZLGPdCqjhUiheR4GStxLNaRRI3gyGtxO/+cS1EbF6wFHC/Yj2lQgFo2ilRyQdjMkpwW6p7FbcKcgi8XJShhy1bumr04tZGnGFTFJj2p6boJ9RjYJJPi52UsMTyoa0z9uWKhpx42fTg8fk2Co9EsbaPoVkqv7eyGhkzCgK7GREcWDmvYn4n9dOMbz2M6GSFLlis4/CVBIbcpKe9ITmDOXIEsq0sLcSNqCaMrQdFW0J3nzkRdI4q3iXlfP7i3L1Jq+jAIdwBCfgwRVU4Q5qUAcGETzDK7w52nlx3p2P2eiSk+8cwB84nz973o+O</latexit>

t ! +t



Different representation of anti-unitary symmetries (qualit.) 
• example: chiral 2-band insulator in 1D (SSH)

• covariance matrix for stationary steady state (trans. inv.)

➡ characterized by winding number

• impose chiral symmetry with
<latexit sha1_base64="nEXgwM+ZNP3au5/ZjcBO91dOKN8="></latexit>

w =

I
dk
2⇡~a · (~nk ⇥ @k~nk)

<latexit sha1_base64="mqitdeh6cshJORFInLsrslnufrE=">AAACFnicbVDLSgMxFM3UV62vUZdugkVwUcuMiroRii50WdE+oFPKnTRtQ5PMkGQKpfQr3Pgrblwo4lbc+Temj4W2Hrhwcs695N4Txpxp43nfTmphcWl5Jb2aWVvf2Nxyt3fKOkoUoSUS8UhVQ9CUM0lLhhlOq7GiIEJOK2H3euRXelRpFskH049pXUBbshYjYKzUcI+CGxACGl2ML3GQC3IYBz1KsLRKQJqRmTyDe9YWgBtu1st7Y+B54k9JFk1RbLhfQTMiiaDSEA5a13wvNvUBKMMIp8NMkGgaA+lCm9YslSCorg/GZw3xgVWauBUpW9Lgsfp7YgBC674IbacA09Gz3kj8z6slpnVRHzAZJ4ZKMvmolXBsIjzKCDeZosTwviVAFLO7YtIBBcTYJDM2BH/25HlSPs77Z/mTu9Ns4WoaRxrtoX10iHx0jgroFhVRCRH0iJ7RK3pznpwX5935mLSmnOnMLvoD5/MH+qGcyg==</latexit>

�k = ~nk · ~⌃
<latexit sha1_base64="kxdPvNf1j9t/BnmwxMgi1zNkvWI=">AAAB+XicbVBNS8NAEN34WetX1KOXxSJ4KomKeix68VjBfkATwmY7aZduNnF3Uyhp/4kXD4p49Z9489+4bXPQ1gcDj/dmmJkXppwp7Tjf1srq2vrGZmmrvL2zu7dvHxw2VZJJCg2a8ES2Q6KAMwENzTSHdiqBxCGHVji4m/qtIUjFEvGoRyn4MekJFjFKtJEC2x57Q6BYBIOxx+EJu4FdcarODHiZuAWpoAL1wP7yugnNYhCacqJUx3VS7edEakY5TMpepiAldEB60DFUkBiUn88un+BTo3RxlEhTQuOZ+nsiJ7FSozg0nTHRfbXoTcX/vE6moxs/ZyLNNAg6XxRlHOsET2PAXSaBaj4yhFDJzK2Y9okkVJuwyiYEd/HlZdI8r7pX1YuHy0rttoijhI7RCTpDLrpGNXSP6qiBKBqiZ/SK3qzcerHerY9564pVzByhP7A+fwDhX5Ms</latexit>

|~nk|  1
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<latexit sha1_base64="RpTY3eVnqjCjdN1UEL5ltOcyaRg=">AAACMXicbVDLSgMxFM34tr6qLt0Ei+DGMqOiIgiiC10qWhU6dbiTSdtgMjMmd8Q69Jfc+CfixoUibv0J08eiPg4EDufcw809YSqFQdd9dYaGR0bHxicmC1PTM7NzxfmFC5NkmvEKS2Sir0IwXIqYV1Cg5Fep5qBCyS/Dm8OOf3nHtRFJfI6tlNcUNGJRFwzQSkHxuBL4yO8xP2vTPeqfiYaC4GGX+rcZRHTA9I9AKRhQrv0IGjaz1nOCYsktu13Qv8TrkxLp4yQoPvtRwjLFY2QSjKl6boq1HDQKJnm74GeGp8BuoMGrlsaguKnl3YvbdMUqEa0n2r4YaVcdTOSgjGmp0E4qwKb57XXE/7xqhvWdWi7iNEMes96ieiYpJrRTH42E5gxlyxJgWti/UtYEDQxtyQVbgvf75L/kYr3sbZU3TjdL+wf9OibIElkmq8Qj22SfHJMTUiGMPJIX8kbenSfn1flwPnujQ04/s0h+wPn6BsSzqVU=</latexit>

US = ⌃z : US�U
†
S = ��

<latexit sha1_base64="miFphGguVa70xQ+AnzaYQVmK8gE=">AAACDHicbVDLSgMxFM34rPVVdekmWARBKDOi6EYouumyotMWOmPJZDJtaOZBckcsQz/Ajb/ixoUibv0Ad/6NaTuL2nogcHLOuST3eIngCkzzx1hYXFpeWS2sFdc3Nre2Szu7DRWnkjKbxiKWLY8oJnjEbOAgWCuRjISeYE2vfz3ymw9MKh5HdzBImBuSbsQDTgloqVMqY7vjAHuE7HaIa1OXe8cnXXyJj3FNp8yKOQaeJ1ZOyihHvVP6dvyYpiGLgAqiVNsyE3AzIoFTwYZFJ1UsIbRPuqytaURCptxsvMwQH2rFx0Es9YkAj9XpiYyESg1CTydDAj01643E/7x2CsGFm/EoSYFFdPJQkAoMMR41g30uGQUx0IRQyfVfMe0RSSjo/oq6BGt25XnSOKlYZxXz5rRcvcrrKKB9dICOkIXOURXVUB3ZiKIn9ILe0LvxbLwaH8b nJLpg5DN76A+Mr19ph5nr</latexit>

USHU
†
S = +H
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non-equilibrium

<-> in z-direction

<latexit sha1_base64="AzDpy9gz0+zu1LEUB9v8IsxzCtE="></latexit>

~nk = ~�k � 1
2+|~hk|2

⇣
+ ~hk⇥

⌘
(~�k ⇥ ~hk)

next pg. 
for details

➡ to stabilize a chiral state, H must not be chiral in the usual sense out of equilibrium

<latexit sha1_base64="aVRIg+0W1z1ymznwbRgFyelgH+U=">AAACDHicbVDLSgMxFM34rPVVdekmWAQ3lhlRdCMU3XRZ0WkLnbFkMpk2NPMguSOWoR/gxl9x40IRt36AO//GtJ1FbT0QODnnXJJ7vERwBab5YywsLi2vrBbWiusbm1vbpZ3dhopTSZlNYxHLlkcUEzxiNnAQrJVIRkJPsKbXvx75zQcmFY+jOxgkzA1JN+IBpwS01CmVsd1xgD1CdjvEtanLveOTLr7Ex7imU2bFHAPPEysnZZSj3il9O35M05BFQAVRqm2ZCbgZkcCpYMOikyqWENonXdbWNCIhU242XmaID7Xi4yCW+kSAx+r0REZCpQahp5MhgZ6a9Ubif147heDCzXiUpMAiOnkoSAWGGI+awT6XjIIYaEKo5PqvmPaIJBR0f0VdgjW78jxpnFSss4p5c1quXuV1FNA+OkBHyELnqIpqqI5sRNETekFv6N14Nl6ND+NzEl0w8pk99AfG1y9sk5nt</latexit>

USHU
†
S = �H <-> in x-y-plane

<latexit sha1_base64="sFhzm77LSymMg/hMjG+nrZquuz8=">AAACMXicbVDLSgMxFM34rPVVdekmWARXZUZF3QiiG5cKtgptGTLpHRuayQzJnUIZ55fc+CfipgtF3PoTpg9FWw8EDuecy809QSKFQdftOzOzc/MLi4Wl4vLK6tp6aWOzZuJUc6jyWMb6LmAGpFBQRYES7hINLAok3Aadi4F/2wVtRKxusJdAM2L3SoSCM7SSX7psdIFT5XfoKW1gqBnPhkrb7+TZwzd9yK3JVPsnEgCyX262n/ulsltxh6DTxBuTMhnjyi89N1oxTyNQyCUzpu65CTYzplFwCXmxkRpIGO+we6hbqlgEppkNL87prlVaNIy1fQrpUP09kbHImF4U2GTEsG0mvYH4n1dPMTxpZkIlKYLio0VhKinGdFAfbQkNHGXPEsa1sH+lvM1sJ2hLLtoSvMmTp0ltv+IdVQ6uD8tn5+M6CmSb7JA94pFjckYuyRWpEk4eyQt5JW/Ok9N33p2PUXTGGc9skT9wPr8AE9Sqzw==</latexit>

~nk =
~hk

|~hk|
tanh �|~hk|

2

equilibrium
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Different representation of antiunitary symmetries (formulas)
• example: chiral 2-band dissipative insulator in 1D

• Lindbladian: cools into SSH model ground state (rate )<latexit sha1_base64="B+z8DZ+vtK0ker/mXuFRrBICV1o=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9lVUY9FLx4r2A9ol5JNs21sNglJVihL/4MXD4p49f9489+YtnvQ1gcDj/dmmJkXKc6M9f1vr7Cyura+UdwsbW3v7O6V9w+aRqaa0AaRXOp2hA3lTNCGZZbTttIUJxGnrWh0O/VbT1QbJsWDHSsaJnggWMwItk5qdkdYKdwrV/yqPwNaJkFOKpCj3it/dfuSpAkVlnBsTCfwlQ0zrC0jnE5K3dRQhckID2jHUYETasJsdu0EnTilj2KpXQmLZurviQwnxoyTyHUm2A7NojcV//M6qY2vw4wJlVoqyHxRnHJkJZq+jvpMU2L52BFMNHO3IjLEGhPrAiq5EILFl5dJ86waXFbP7y8qtZs8jiIcwTGcQgBXUIM7qEMDCDzCM7zCmye9F+/d+5i3Frx85hD+wPv8AZjIjyc=</latexit>

• add Hamiltonian

<latexit sha1_base64="SPpPtLI6OtbyXkQC/ucrqIVx3JQ=">AAACIHicbVDLSgMxFM34rPVVdekmWAQXUmZUrBuh2I3LSp/QDkMmzbShSWZIMkId+ilu/BU3LhTRnX6NmbZQbT0QODnnXu69x48YVdq2v6yl5ZXVtfXMRnZza3tnN7e331BhLDGp45CFsuUjRRgVpK6pZqQVSYK4z0jTH5RTv3lPpKKhqOlhRFyOeoIGFCNtJC9XrHsdjnRf8qQ2gtfQOYUzpWqU2a+c+p0q7XHkPXi5vF2wx4CLxJmSPJii4uU+O90Qx5wIjRlSqu3YkXYTJDXFjIyynViRCOEB6pG2oQJxotxkfOAIHhulC4NQmic0HKu/OxLElRpy31Smy6p5LxX/89qxDq7chIoo1kTgyaAgZlCHME0LdqkkWLOhIQhLanaFuI8kwtpkmjUhOPMnL5LGWcG5LJzfXeRLN9M4MuAQHIET4IAiKIFbUAF1gMEjeAav4M16sl6sd+tjUrpkTXsOwB9Y3z9DD6Jw</latexit>

UT = 1, US = UC = ⌃z

<latexit sha1_base64="OYCxuwr9M9s/MJHd0ySZ2dRvs4A="></latexit>

L̂1,i =
1p
2
(a1,i+1 + a2,i), L̂2,i =

1p
2
(�a1,i+1 + a2,i)

• covariance matrix for stationary steady state (trans. inv.)

• compare to equilibrium

➡ chirally symmetric stationary state for 

<latexit sha1_base64="aVRIg+0W1z1ymznwbRgFyelgH+U=">AAACDHicbVDLSgMxFM34rPVVdekmWAQ3lhlRdCMU3XRZ0WkLnbFkMpk2NPMguSOWoR/gxl9x40IRt36AO//GtJ1FbT0QODnnXJJ7vERwBab5YywsLi2vrBbWiusbm1vbpZ3dhopTSZlNYxHLlkcUEzxiNnAQrJVIRkJPsKbXvx75zQcmFY+jOxgkzA1JN+IBpwS01CmVsd1xgD1CdjvEtanLveOTLr7Ex7imU2bFHAPPEysnZZSj3il9O35M05BFQAVRqm2ZCbgZkcCpYMOikyqWENonXdbWNCIhU242XmaID7Xi4yCW+kSAx+r0REZCpQahp5MhgZ6a9Ubif147heDCzXiUpMAiOnkoSAWGGI+awT6XjIIYaEKo5PqvmPaIJBR0f0VdgjW78jxpnFSss4p5c1quXuV1FNA+OkBHyELnqIpqqI5sRNETekFv6N14Nl6ND+NzEl0w8pk99AfG1y9sk5nt</latexit>

USHU
†
S = �H

<latexit sha1_base64="miFphGguVa70xQ+AnzaYQVmK8gE=">AAACDHicbVDLSgMxFM34rPVVdekmWARBKDOi6EYouumyotMWOmPJZDJtaOZBckcsQz/Ajb/ixoUibv0Ad/6NaTuL2nogcHLOuST3eIngCkzzx1hYXFpeWS2sFdc3Nre2Szu7DRWnkjKbxiKWLY8oJnjEbOAgWCuRjISeYE2vfz3ymw9MKh5HdzBImBuSbsQDTgloqVMqY7vjAHuE7HaIa1OXe8cnXXyJj3FNp8yKOQaeJ1ZOyihHvVP6dvyYpiGLgAqiVNsyE3AzIoFTwYZFJ1UsIbRPuqytaURCptxsvMwQH2rFx0Es9YkAj9XpiYyESg1CTydDAj01643E/7x2CsGFm/EoSYFFdPJQkAoMMR41g30uGQUx0IRQyfVfMe0RSSjo/oq6BGt25XnSOKlYZxXz5rRcvcrrKKB9dICOkIXOURXVUB3ZiKIn9ILe0LvxbLwaH8bnJLpg5DN76A+Mr19ph5nr</latexit>

USHU
†
S = +H in z-direction

in x-y-plane➡ chirally symmetric stationary state for 

• symmetry class BDI with

• .

winding number 

w = +1

<latexit sha1_base64="nEXgwM+ZNP3au5/ZjcBO91dOKN8="></latexit>

w =

I
dk
2⇡~a · (~nk ⇥ @k~nk)

<latexit sha1_base64="mqitdeh6cshJORFInLsrslnufrE=">AAACFnicbVDLSgMxFM3UV62vUZdugkVwUcuMiroRii50WdE+oFPKnTRtQ5PMkGQKpfQr3Pgrblwo4lbc+Temj4W2Hrhwcs695N4Txpxp43nfTmphcWl5Jb2aWVvf2Nxyt3fKOkoUoSUS8UhVQ9CUM0lLhhlOq7GiIEJOK2H3euRXelRpFskH049pXUBbshYjYKzUcI+CGxACGl2ML3GQC3IYBz1KsLRKQJqRmTyDe9YWgBtu1st7Y+B54k9JFk1RbLhfQTMiiaDSEA5a13wvNvUBKMMIp8NMkGgaA+lCm9YslSCorg/GZw3xgVWauBUpW9Lgsfp7YgBC674IbacA09Gz3kj8z6slpnVRHzAZJ4ZKMvmolXBsIjzKCDeZosTwviVAFLO7YtIBBcTYJDM2BH/25HlSPs77Z/mTu9Ns4WoaRxrtoX10iHx0jgroFhVRCRH0iJ7RK3pznpwX5935mLSmnOnMLvoD5/MH+qGcyg==</latexit>

�k = ~nk · ~⌃
<latexit sha1_base64="kxdPvNf1j9t/BnmwxMgi1zNkvWI=">AAAB+XicbVBNS8NAEN34WetX1KOXxSJ4KomKeix68VjBfkATwmY7aZduNnF3Uyhp/4kXD4p49Z9489+4bXPQ1gcDj/dmmJkXppwp7Tjf1srq2vrGZmmrvL2zu7dvHxw2VZJJCg2a8ES2Q6KAMwENzTSHdiqBxCGHVji4m/qtIUjFEvGoRyn4MekJFjFKtJEC2x57Q6BYBIOxx+EJu4FdcarODHiZuAWpoAL1wP7yugnNYhCacqJUx3VS7edEakY5TMpepiAldEB60DFUkBiUn88un+BTo3RxlEhTQuOZ+nsiJ7FSozg0nTHRfbXoTcX/vE6moxs/ZyLNNAg6XxRlHOsET2PAXSaBaj4yhFDJzK2Y9okkVJuwyiYEd/HlZdI8r7pX1YuHy0rttoijhI7RCTpDLrpGNXSP6qiBKBqiZ/SK3qzcerHerY9564pVzByhP7A+fwDhX5Ms</latexit>

|~nk|  1

<latexit sha1_base64="f76huGqGCxgDyiIkpeSnjhaRp8o=">AAACGnicbZDLSgMxFIYzXmu9jbp0EyxChVJmVNSNUHTjskJv0KlDJk3bMElmSDKFMvQ53Pgqblwo4k7c+Dam0y609YfAl/+cQ3L+IGZUacf5tpaWV1bX1nMb+c2t7Z1de2+/oaJEYlLHEYtkK0CKMCpIXVPNSCuWBPGAkWYQ3k7qzSGRikaipkcx6XDUF7RHMdLG8m3XGxIMhR/Ca5ih10eco+xe9HCkYAhL0FNUwLAEnZOHmm8XnLKTCS6CO4MCmKnq259eN8IJJ0JjhpRqu06sOymSmmJGxnkvUSRGOER90jYoECeqk2arjeGxcbqwF0lzhIaZ+3siRVypEQ9MJ0d6oOZrE/O/WjvRvatOSkWcaCLw9KFewqCO4CQn2KWSYM1GBhCW1PwV4gGSCGuTZt6E4M6vvAiN07J7UT67Py9UbmZx5MAhOAJF4IJLUAF3oArqAINH8AxewZv1ZL1Y79bHtHXJms0cgD+yvn4AAAGdtA==</latexit>

~nk = ~�k = (cos k, sin k, 0)T

<latexit sha1_base64="2y3KgDvEV5Lt1T3agnkeQ8qwbK8=">AAACCXicbZC7TsMwFIadcivlFmBksaiQmKoEELAgVbB0LIJepCaKHMdprdpxZDuVqqgrC6/CwgBCrLwBG2+D22aAwi9Z+vyfc2SfP0wZVdpxvqzS0vLK6lp5vbKxubW9Y+/utZXIJCYtLJiQ3RApwmhCWppqRrqpJIiHjHTC4c203hkRqahI7vU4JT5H/YTGFCNtrMCGjWAIr6A3IhgODHo4Enp+9e5on6PArjo1Zyb4F9wCqqBQM7A/vUjgjJNEY4aU6rlOqv0cSU0xI5OKlymSIjxEfdIzmCBOlJ/PNpnAI+NEMBbSnETDmftzIkdcqTEPTSdHeqAWa1Pzv1ov0/Gln9MkzTRJ8PyhOGNQCziNBUZUEqzZ2ADCkpq/QjxAEmFtwquYENzFlf9C+6TmntdOb8+q9esijjI4AIfgGLjgAtRBAzRBC2DwAJ7AC3i1Hq1n6816n7eWrGJmH/yS9fENH/6Yuw==</latexit>

Hk = ~hk · ~⌃
<latexit sha1_base64="AzDpy9gz0+zu1LEUB9v8IsxzCtE="></latexit>

~nk = ~�k � 1
2+|~hk|2

⇣
+ ~hk⇥

⌘
(~�k ⇥ ~hk)

<latexit sha1_base64="sFhzm77LSymMg/hMjG+nrZquuz8=">AAACMXicbVDLSgMxFM34rPVVdekmWARXZUZF3QiiG5cKtgptGTLpHRuayQzJnUIZ55fc+CfipgtF3PoTpg9FWw8EDuecy809QSKFQdftOzOzc/MLi4Wl4vLK6tp6aWOzZuJUc6jyWMb6LmAGpFBQRYES7hINLAok3Aadi4F/2wVtRKxusJdAM2L3SoSCM7SSX7psdIFT5XfoKW1gqBnPhkrb7+TZwzd9yK3JVPsnEgCyX262n/ulsltxh6DTxBuTMhnjyi89N1oxTyNQyCUzpu65CTYzplFwCXmxkRpIGO+we6hbqlgEppkNL87prlVaNIy1fQrpUP09kbHImF4U2GTEsG0mvYH4n1dPMTxpZkIlKYLio0VhKinGdFAfbQkNHGXPEsa1sH+lvM1sJ2hLLtoSvMmTp0ltv+IdVQ6uD8tn5+M6CmSb7JA94pFjckYuyRWpEk4eyQt5JW/Ok9N33p2PUXTGGc9skT9wPr8AE9Sqzw==</latexit>

~nk =
~hk

|~hk|
tanh �|~hk|

2



All 3 generators needed for robust classification out of eq.
• the most fundamental description of quantum system is in terms of a system-bath Hamiltonian. 

• A: not out of equilibrium, since this ignores the state of the bath
• Q: does a robust classification of symmetries exist in terms of that Hamiltonian?

• equilibrium

• D, P from self-thermalization or 
equilibrium bath

• transformation rules of fixed by 
system-bath H

• D, P not independent

• non-Hermitian classification can work 
• but only 10 classes compatible with causality

fluctuation

dissipation

<latexit sha1_base64="RduVxe2s2hGZZ6tJzU9cH375rcM="></latexit>

P! = i tanh

✓
�!

2

◆
D!

reversible

Lieu, McGinley, Cooper PRL (2020)

✓.

<latexit sha1_base64="DBK8RGHiagZx2Bq+Y/yNw7SR/IY=">AAACAnicbVC7SgNBFJ31GeNr1UpsBoNgY9hVURshqEXAJoJ5QLIss5NJMmQey8ysEJZg46/YWChi61fY+TdOki008cCFwzn3cu89UcyoNp737czNLywuLedW8qtr6xub7tZ2TctEYVLFkknViJAmjApSNdQw0ogVQTxipB71r0d+/YEoTaW4N4OYBBx1Be1QjIyVQnf3NmxJTroIXsIyPIIU3mRC6Ba8ojcGnCV+RgogQyV0v1ptiRNOhMEMad30vdgEKVKGYkaG+VaiSYxwH3VJ01KBONFBOn5hCA+s0oYdqWwJA8fq74kUca0HPLKdHJmenvZG4n9eMzGdiyClIk4MEXiyqJMwaCQc5QHbVBFs2MAShBW1t0LcQwphY1PL2xD86ZdnSe246J8VT+5OC6WrLI4c2AP74BD44ByUQBlUQBVg8AiewSt4c56cF+fd+Zi0zjnZzA74A+fzB1tXlX8=</latexit>

K! = H � iD!

• (Markovian) non-equilibrium

• D, P from non-equilibrium baths (drive, 
different temperatures, chem. pot. etc.)

• D, P independent

• single non-Hermitian matrix 
classification not perturbatively stable

• non-Hermitian matrix classification not robust
• different ruleset

<latexit sha1_base64="dtVRUnkFrbahyIIdNNGc6XIrKKQ=">AAACBHicbZC7SgNBFIZn4y3G26plmsEgWISwq6I2QtAUAZsI5gKbJcxOTpIhsxdmZoWwpLDxVWwsFLH1Iex8GyfJCpr4w8DHf87hzPm9iDOpLOvLyCwtr6yuZddzG5tb2zvm7l5DhrGgUKchD0XLIxI4C6CumOLQigQQ3+PQ9IbXk3rzHoRkYXCnRhG4PukHrMcoUdrqmPl2Bbgi+AZfYvzDTrVYKdbcjlmwStZUeBHsFAooVa1jfra7IY19CBTlRErHtiLlJkQoRjmMc+1YQkTokPTB0RgQH6SbTI8Y40PtdHEvFPoFCk/d3xMJ8aUc+Z7u9IkayPnaxPyv5sSqd+EmLIhiBQGdLerFHKsQTxLBXSaAKj7SQKhg+q+YDoggVOnccjoEe/7kRWgcl+yz0sntaaF8lcaRRXl0gI6Qjc5RGVVRDdURRQ/oCb2gV+PReDbejPdZa8ZIZ/bRHxkf39jHlaw=</latexit>

�K = �K[H,D,P ]

<latexit sha1_base64="5uIujXsaPlZF76Rkmeq5ZOFXPIE=">AAAB/XicbVDLSgMxFL1TX7W+6mPnJlgEF1pmVNSNUNRFwU0F+4B2KJlM2oZmMmOSEepQ/BU3LhRx63+4829M21lo9UDgcM653JvjRZwpbdtfVmZmdm5+IbuYW1peWV3Lr2/UVBhLQqsk5KFseFhRzgStaqY5bUSS4sDjtO71L0d+/Z5KxUJxqwcRdQPcFazDCNZGaue3rtE5KqMDxNDVPmrdxdhHlXa+YBftMdBf4qSkAClM/rPlhyQOqNCEY6Wajh1pN8FSM8LpMNeKFY0w6eMubRoqcECVm4yvH6Jdo/ioE0rzhEZj9edEggOlBoFnkgHWPTXtjcT/vGasO2duwkQUayrIZFEn5kiHaFQF8pmkRPOBIZhIZm5FpIclJtoUljMlONNf/ktqh0XnpHh0c1woXaR1ZGEbdmAPHDiFEpShAlUg8ABP8AKv1qP1bL1Z75NoxkpnNuEXrI9vPCKSiA==</latexit>

K = H � iD, P

<latexit sha1_base64="9YFJO0pm2o1wvKnGDzyyyEJ+a1s=">AAACGXicbVDLSsNAFJ34rPUVdelmsAh10ZKoqMuiG8FNBfuAJi2TySQdOpOEmYlQQn/Djb/ixoUiLnXl3zhts6itBy4czrmXe+/xEkalsqwfY2l5ZXVtvbBR3Nza3tk19/abMk4FJg0cs1i0PSQJoxFpKKoYaSeCIO4x0vIGN2O/9UiEpHH0oIYJcTkKIxpQjJSWeqblSMph2Yk5CRGswLuTblaxR7AOZ8Wu46Nw6vTMklW1JoCLxM5JCeSo98wvx49xykmkMENSdmwrUW6GhKKYkVHRSSVJEB6gkHQ0jRAn0s0mn43gsVZ8GMRCV6TgRJ2dyBCXcsg93cmR6st5byz+53VSFVy5GY2SVJEITxcFKYMqhuOYoE8FwYoNNUFYUH0rxH0kEFY6zKIOwZ5/eZE0T6v2RfXs/rxUu87jKIBDcATKwAaXoAZuQR00AAZP4AW8gXfj2Xg1PozPaeuSkc8cgD8wvn8BAMOdMg==</latexit>

⇠ (! �K)�1P (! �K†)�1

concrete ex: Altland, Fleischhauer, SD 
PRX (2021)



Summary lecture II

• dynamical universality: topology beats dynamics

➡ ‘basin of attraction’ for topological field theory encompasses 
equilibrium and non-equilibrium dynamics

➡ topologically protected emergent reversible dynamics on 
top of irreversible bulk

• dynamical fine structure: symmetry classes

unitary 
dynamics 

irreversible 
equilibrium  

irreversible non-
equilibrium  

➡states: 10 classes, irrespective to the dynamics stabilizing it

➡dynamics: fundamental distinction of eq. and non-eq. dynamics

➡The ‘watershed’ is equilibrium vs. non-equilibrium, 
not reversible vs. irreversible

➡17 = 3 + 7 + 7 dynamical symmetry classes

A. Altland, M. Fleischhauer, SD, PRX (2021)

• states

➡ topologically ordered states can be induced by 
Lindblad dynamics





Sebastian Diehl
Institute for Theoretical Physics, University of Cologne

Lecture III
Lindblad-Keldysh 2.0: measurement induced 

phase  transitions

:

Boulder Summer School 2021
July 5-30, 2021

Boulder, USA (via zoom)

• Background: weak continuous measurements

• Measurement induced phase transitions of fermions

• Replica Keldysh field theory approach



Introduction

<latexit sha1_base64="VyNYqRs8v86+mwUYZEReeeWmyZg=">AAAB9XicbVBNS8NAEJ34WetX1aOXxSJ4Kokoeix68VjBfkAby2Y7aZduNmF3o5TY/+HFgyJe/S/e/Ddu2xy09cHA470ZZuYFieDauO63s7S8srq2Xtgobm5t7+yW9vYbOk4VwzqLRaxaAdUouMS64UZgK1FIo0BgMxheT/zmAyrNY3lnRgn6Ee1LHnJGjZXunzqJ5l23o6jsC+yWym7FnYIsEi8nZchR65a+Or2YpRFKwwTVuu25ifEzqgxnAsfFTqoxoWxI+9i2VNIItZ9Nrx6TY6v0SBgrW9KQqfp7IqOR1qMosJ0RNQM9703E/7x2asJLP+MySQ1KNlsUpoKYmEwiID2ukBkxsoQyxe2thA2ooszYoIo2BG/+5UXSOK145xX39qxcvcrjKMAhHMEJeHABVbiBGtSBgYJneIU359F5cd6dj1nrkpPPHMAfOJ8/mN6Skg==</latexit>

| 0i

• dynamics non-trivial (eigenstates not shared) once

deterministic 
Schrödinger evolution

for measurement observable

<latexit sha1_base64="Z8PWH1uucpv786jWszqNS88SbYI=">AAAB9XicbVBNS8NAEN34WetX1aOXxSJ4Kokoeix68VjBfkAby2Y7aZduNmF3opTY/+HFgyJe/S/e/Ddu2xy09cHA470ZZuYFiRQGXffbWVpeWV1bL2wUN7e2d3ZLe/sNE6eaQ53HMtatgBmQQkEdBUpoJRpYFEhoBsPrid98AG1ErO5wlIAfsb4SoeAMrXT/1EmM6GJHM9WX0C2V3Yo7BV0kXk7KJEetW/rq9GKeRqCQS2ZM23MT9DOmUXAJ42InNZAwPmR9aFuqWATGz6ZXj+mxVXo0jLUthXSq/p7IWGTMKApsZ8RwYOa9ifif104xvPQzoZIUQfHZojCVFGM6iYD2hAaOcmQJ41rYWykfMM042qCKNgRv/uVF0jiteOcV9/asXL3K4yiQQ3JETohHLkiV3JAaqRNONHkmr+TNeXRenHfnY9a65OQzB+QPnM8fAdmS1g==</latexit>

| ti
<latexit sha1_base64="BR64zcdvDa5JU7iTykl840H7TGA=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0nEoseiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilB+x7/XLFrbpzkFXi5aQCORr98ldvELM04gqZpMZ0PTdBP6MaBZN8WuqlhieUjemQdy1VNOLGz+anTsmZVQYkjLUthWSu/p7IaGTMJApsZ0RxZJa9mfif100xvPYzoZIUuWKLRWEqCcZk9jcZCM0ZyokllGlhbyVsRDVlaNMp2RC85ZdXSeui6tWq7v1lpX6Tx1GEEziFc/DgCupwBw1oAoMhPMMrvDnSeXHenY9Fa8HJZ47hD5zPHwbqjaA=</latexit>

t1
<latexit sha1_base64="DI/SJuS6dPItz1dbeYS2/ELYpJ0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoseiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilB+zX+uWKW3XnIKvEy0kFcjT65a/eIGZpxBUySY3pem6CfkY1Cib5tNRLDU8oG9Mh71qqaMSNn81PnZIzqwxIGGtbCslc/T2R0ciYSRTYzojiyCx7M/E/r5tieO1nQiUpcsUWi8JUEozJ7G8yEJozlBNLKNPC3krYiGrK0KZTsiF4yy+vklat6l1W3fuLSv0mj6MIJ3AK5+DBFdThDhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzifPwhujaE=</latexit>

t2

Small quantum systems: measurements

• two types of quantum dynamics

stochastic measurement  
evolution

e.g. Mott-insulator to superfluid 
transition in cold atoms

• non-commuting operators lead to (quantum) phase transitions

➡  combine measurement and many particles: similar scenario?

<latexit sha1_base64="qmqxvw54qUUoUaz9MnxwYmJpOwM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUGPbLFbfqzkFWiZeTCuSo98tfvUHM0gilYYJq3fXcxPgZVYYzgdNSL9WYUDamQ+xaKmmE2s/mh07JmVUGJIyVLWnIXP09kdFI60kU2M6ImpFe9mbif143NeGNn3GZpAYlWywKU0FMTGZfkwFXyIyYWEKZ4vZWwkZUUWZsNiUbgrf88ippXVS9q6rbuKzUbvM4inACp3AOHlxDDe6hDk1ggPAMr/DmPDovzrvzsWgtOPnMMfyB8/kDzceM7w==</latexit>g<latexit sha1_base64="JKp0g3S1jsYP3z98hzyy0HsEKjU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8eK1hbaUDbbSbp0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSAXXxnW/ndLK6tr6RnmzsrW9s7tX3T941EmmGLZYIhLVCahGwSW2DDcCO6lCGgcC28HoZuq3n1BpnsgHM07Rj2kkecgZNVa6j/qsX625dXcGsky8gtSgQLNf/eoNEpbFKA0TVOuu56bGz6kynAmcVHqZxpSyEY2wa6mkMWo/n506ISdWGZAwUbakITP190ROY63HcWA7Y2qGetGbiv953cyEV37OZZoZlGy+KMwEMQmZ/k0GXCEzYmwJZYrbWwkbUkWZselUbAje4svL5PGs7l3U3bvzWuO6iKMMR3AMp+DBJTTgFprQAgYRPMMrvDnCeXHenY95a8kpZg7hD5zPHz7kjcU=</latexit>gc

Many-body systems: Phase transitions

<latexit sha1_base64="PFnhILOKFfsEVFSmicaWy9XPjMY=">AAACB3icbZDLSgMxFIbP1Futt1GXggSLIAhlpii6EYpuuqxgL9AOQybNtKGZzJBkhFK6c+OruHGhiFtfwZ1vY9qOoK0/BL785xyS8wcJZ0o7zpeVW1peWV3Lrxc2Nre2d+zdvYaKU0loncQ8lq0AK8qZoHXNNKetRFIcBZw2g8HNpN68p1KxWNzpYUK9CPcECxnB2li+fdjpY42q6ArNwHfRKer9XMq+XXRKzlRoEdwMipCp5tufnW5M0ogKTThWqu06ifZGWGpGOB0XOqmiCSYD3KNtgwJHVHmj6R5jdGycLgpjaY7QaOr+nhjhSKlhFJjOCOu+mq9NzP9q7VSHl96IiSTVVJDZQ2HKkY7RJBTUZZISzYcGMJHM/BWRPpaYaBNdwYTgzq+8CI1yyT0vObdnxcp1FkceDuAITsCFC6hAFWpQBwIP8AQv8Go9Ws/Wm/U+a81Z2cw+/JH18Q1a/ZZu</latexit>

Ĥ = Ĥ1 + gĤ2

<latexit sha1_base64="yh1dMdv7VlNKUYg+oE0PNuA8V00=">AAACBXicbZDLSsNAFIZPvNZ6q7rUxWARXEhJiqLLopsuK9gLpCFMppN26GQSZyZCCd248VXcuFDEre/gzrdx2mahrT8MfPznHM6cP0g4U9q2v62l5ZXVtfXCRnFza3tnt7S331JxKgltkpjHshNgRTkTtKmZ5rSTSIqjgNN2MLyZ1NsPVCoWizs9SqgX4b5gISNYG8svHbndAdao7jvoDOVY9VBX0Htk+6WyXbGnQovg5FCGXA2/9NXtxSSNqNCEY6Vcx060l2GpGeF0XOymiiaYDHGfugYFjqjysukVY3RinB4KY2me0Gjq/p7IcKTUKApMZ4T1QM3XJuZ/NTfV4ZWXMZGkmgoyWxSmHOkYTSJBPSYp0XxkABPJzF8RGWCJiTbBFU0IzvzJi9CqVpyLin17Xq5d53EU4BCO4RQcuIQa1KEBTSDwCM/wCm/Wk/VivVsfs9YlK585gD+yPn8AqaCWHg==</latexit>

[Ĥ1, Ĥ2] 6= 0

1.0

2.0

3.0

0.010 0.020 0.030
0.0
0.0

SF

MI

MI

MI

<latexit sha1_base64="dmm+mlEcGNvXEQZ5t1U8qDCd1FI=">AAACV3icdVHLSgMxFM1Mtdb6GnXpJlgEV2VGFN0IRTduhArWCp1S7qS3bTCTGZNMoVR/Utz0V9xo2o5vvRBycs49eZxEqeDa+P7EcQsLi8Wl0nJ5ZXVtfcPb3LrRSaYYNlgiEnUbgUbBJTYMNwJvU4UQRwKb0d35VG8OUWmeyGszSrEdQ1/yHmdgLNXxZDgAQy/pKaWhzuJOKKy3C/QTPeQgVCD7Au1qOtEPmYZ4n/Hhf/bZ/vX3Zcer+FV/VvQ3CHJQIXnVO95T2E1YFqM0TIDWrcBPTXsMynAm8LEcZhpTYHfQx5aFEmLU7fEsl0e6Z5ku7SXKDmnojP3qGEOs9SiObGcMZqB/alPyL62Vmd5Je8xlmhmUbH5QLxPUJHQaMu1yhcyIkQXAFLd3pWwACpixX1G2IQQ/n/wb3BxUg6Oqf3VYqZ3lcZTIDtkl+yQgx6RGLkidNAgjz+TFKTgLzsR5dYtuad7qOrlnm3wrd/MNJku0EA==</latexit>

M̂ =
X

�

m�|�ih�| ⌘
X

�

m�P̂�

<latexit sha1_base64="uhzLtl/SV4nRaUVBjMzLSgi7EBE="></latexit>

| i ! P̂ l
�| i

||P̂ l
�| i||

<latexit sha1_base64="LkrYydCwXJPfrNmuqyLC648KkyE=">AAAB9HicbVDLSgNBEOz1GeMr6tHLYBC8GHZF0WPQS44RzAOSNcxOJsmQ2dl1pjcQlnyHFw+KePVjvPk3TpI9aGJBQ1HVTXdXEEth0HW/nZXVtfWNzdxWfntnd2+/cHBYN1GiGa+xSEa6GVDDpVC8hgIlb8aa0zCQvBEM76Z+Y8S1EZF6wHHM/ZD2legJRtFKPn9Mz0V7QJFUcNIpFN2SOwNZJl5GipCh2il8tbsRS0KukElqTMtzY/RTqlEwySf5dmJ4TNmQ9nnLUkVDbvx0dvSEnFqlS3qRtqWQzNTfEykNjRmHge0MKQ7MojcV//NaCfZu/FSoOEGu2HxRL5EEIzJNgHSF5gzl2BLKtLC3EjagmjK0OeVtCN7iy8ukflHyrkru/WWxfJvFkYNjOIEz8OAaylCBKtSAwRM8wyu8OSPnxXl3PuatK042cwR/4Hz+AEX8kcY=</latexit>

e�iĤt

<latexit sha1_base64="GYMdZ2IXYMLAH0eWe0JJCQhXoBs=">AAACAHicbVDLSsNAFL2pr1pfURcu3AwWwYWURBRdFt10I1SwD0hDmUwn7dDJJM5MhBK68VfcuFDErZ/hzr9x2mahrQcu93DOvczcEyScKe0431ZhaXllda24XtrY3NresXf3mipOJaENEvNYtgOsKGeCNjTTnLYTSXEUcNoKhjcTv/VIpWKxuNejhPoR7gsWMoK1kbr2gdcZYI1qp2jab33UEfQBOV277FScKdAicXNShhz1rv3V6cUkjajQhGOlPNdJtJ9hqRnhdFzqpIommAxxn3qGChxR5WfTA8bo2Cg9FMbSlNBoqv7eyHCk1CgKzGSE9UDNexPxP89LdXjlZ0wkqaaCzB4KU450jCZpoB6TlGg+MgQTycxfERlgiYk2mZVMCO78yYukeVZxLyrO3Xm5ep3HUYRDOIITcOESqlCDOjSAwBie4RXerCfrxXq3PmajBSvf2Yc/sD5/AO4QlLA=</latexit>

[Ĥ, M̂ ] 6= 0

Sebastian Diehl
In particular: how does the transition manifest itself?

Sebastian Diehl
most important ingredient!



Entanglement phase transitions in random circuits

• model and key ingredients:

Skinner, Ruhman, Nahum 
PRX (2019)

Li, Chen, Fisher, PRB 
(2018, 2019)

• randomly chosen local entangling unitary 
gates

• projective local measurement of non-
commuting observables

• basic picture: competition in many-body context (single trajectory, exactly local meas. of       )

# unitaries/time

# measurements/time
<latexit sha1_base64="WhlJqAkaDFG5YOwxaw4JZQaW4bY=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0YtQ9OKxiv2ANpTNdtIu3WzC7kYoof/AiwdFvPqPvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsrq2vlHcLG1t7+zulfcPmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3U791hMqzWP5aMYJ+hEdSB5yRo2VHgbXvXLFrbozkGXi5aQCOeq98le3H7M0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9mlE3JilT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeOVnXCapQcnmi8JUEBOT6dukzxUyI8aWUKa4vZWwIVWUGRtOyYbgLb68TJpnVe+i6t6fV2o3eRxFOIJjOAUPLqEGd1CHBjAI4Rle4c0ZOS/Ou/Mxby04+cwh/IHz+QNPlY02</latexit>g =

<latexit sha1_base64="U4q14OtK38I+QXvR5XILVj/Akaw=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0YtQ9OKxgrGFNpTNdtMu3WzC7kQoob/BiwdFvPqDvPlv3LY5aOuDgcd7M8zMC1MpDLrut1NaWV1b3yhvVra2d3b3qvsHjybJNOM+S2Si2yE1XArFfRQoeTvVnMah5K1wdDv1W09cG5GoBxynPIjpQIlIMIpW8gfkmri9as2tuzOQZeIVpAYFmr3qV7efsCzmCpmkxnQ8N8UgpxoFk3xS6WaGp5SN6IB3LFU05ibIZ8dOyIlV+iRKtC2FZKb+nshpbMw4Dm1nTHFoFr2p+J/XyTC6CnKh0gy5YvNFUSYJJmT6OekLzRnKsSWUaWFvJWxINWVo86nYELzFl5fJ41ndu6i79+e1xk0RRxmO4BhOwYNLaMAdNMEHBgKe4RXeHOW8OO/Ox7y15BQzh/AHzucPakuNxA==</latexit>

g = 0
<latexit sha1_base64="G4WuepvoTXJQvzq9vjmUBaXQnQI=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgxbAril6EoBePEcwDkzXMTjrJkNnZZWZWCEv+wosHRbz6N978GyfJHjSxoKGo6qa7K4gF18Z1v53c0vLK6lp+vbCxubW9U9zdq+soUQxrLBKRagZUo+ASa4Ybgc1YIQ0DgY1geDPxG0+oNI/kvRnF6Ie0L3mPM2qs9NB/TE+8MbkibqdYcsvuFGSReBkpQYZqp/jV7kYsCVEaJqjWLc+NjZ9SZTgTOC60E40xZUPax5alkoao/XR68ZgcWaVLepGyJQ2Zqr8nUhpqPQoD2xlSM9Dz3kT8z2slpnfpp1zGiUHJZot6iSAmIpP3SZcrZEaMLKFMcXsrYQOqKDM2pIINwZt/eZHUT8veedm9OytVrrM48nAAh3AMHlxABW6hCjVgIOEZXuHN0c6L8+58zFpzTjazD3/gfP4AxD+Pqg==</latexit>

g�1 = 0

chaotic / non-integrable dynamics convergence to product state

<latexit sha1_base64="0IK0BDR2PGwK11MiRRX0tZoMJaw=">AAAB8XicbVBNSwMxEJ34WetX1aOXYBE8lV1R9Fj04rGC/cB2Ldk024Ym2SXJCnXpv/DiQRGv/htv/hvTdg/a+mDg8d4MM/PCRHBjPe8bLS2vrK6tFzaKm1vbO7ulvf2GiVNNWZ3GItatkBgmuGJ1y61grUQzIkPBmuHweuI3H5k2PFZ3dpSwQJK+4hGnxDrpvmN4X5Iuf3jqlspexZsCLxI/J2XIUeuWvjq9mKaSKUsFMabte4kNMqItp4KNi53UsITQIemztqOKSGaCbHrxGB87pYejWLtSFk/V3xMZkcaMZOg6JbEDM+9NxP+8dmqjyyDjKkktU3S2KEoFtjGevI97XDNqxcgRQjV3t2I6IJpQ60IquhD8+ZcXSeO04p9XvNuzcvUqj6MAh3AEJ+DDBVThBmpQBwoKnuEV3pBBL+gdfcxal1A+cwB/gD5/ALQjkO8=</latexit>

�z
i

➡entanglement growth ➡entanglement saturation

<latexit sha1_base64="+tBUl8E445TN8I0zKbRj+SaTMUg=">AAACFnicbVDLSsNAFJ34rPUVdelmsAhuLIkouhGKblxWsA9oQphMJu3QyUyYmQgl7Ve48VfcuFDErbjzb5y2QbT1wIXDOfdy7z1hyqjSjvNlLSwuLa+sltbK6xubW9v2zm5TiUxi0sCCCdkOkSKMctLQVDPSTiVBSchIK+xfj/3WPZGKCn6nBynxE9TlNKYYaSMF9vHQyz1FuwkKqDfyJOJdRuCll0oRBXT4Y02NwK44VWcCOE/cglRAgXpgf3qRwFlCuMYMKdVxnVT7OZKaYkZGZS9TJEW4j7qkYyhHCVF+PnlrBA+NEsFYSFNcw4n6eyJHiVKDJDSdCdI9NeuNxf+8TqbjCz+nPM004Xi6KM4Y1AKOM4IRlQRrNjAEYUnNrRD3kERYmyTLJgR39uV50jypumdV5/a0Ursq4iiBfXAAjoALzkEN3IA6aAAMHsATeAGv1qP1bL1Z79PWBauY2QN/YH18A8xooGM=</latexit>

|{�i}i =
Y

i

|�ii

<latexit sha1_base64="QE9fPY8jyGZHJV6/OPfUY4kUUHQ=">AAACCHicbVDLSgMxFM34rPU16tKFwSK4kDIjim6EohuXFewDOsOQSTNtaCYZkoylDF268VfcuFDErZ/gzr8xnc5CWw8EDufcw809YcKo0o7zbS0sLi2vrJbWyusbm1vb9s5uU4lUYtLAggnZDpEijHLS0FQz0k4kQXHISCsc3Ez81gORigp+r0cJ8WPU4zSiGGkjBfaBp2gvRgGFV9BLEySlGJ5AryuGPOeBXXGqTg44T9yCVECBemB/mTBOY8I1Zkipjusk2s+Q1BQzMi57qSIJwgPUIx1DOYqJ8rP8kDE8MkoXRkKaxzXM1d+JDMVKjeLQTMZI99WsNxH/8zqpji79jPIk1YTj6aIoZVALOGkFdqkkWLORIQhLav4KcR9JhLXprmxKcGdPnifN06p7XnXuziq166KOEtgHh+AYuOAC1MAtqIMGwOARPINX8GY9WS/Wu/UxHV2wiswe+APr8wdYi5mO</latexit>

�i =", #

• Procedure • track single quantum trajectories (pure states)
• compute the quantity of interest (e.g. entanglement entropy)
• average over trajectory ensemble

<latexit sha1_base64="MMc2nlHhuuc7ydv2lrWTebecPSU=">AAACLXicbVDLSgMxFM3UV62vqks3wSK4KjOi6LKoC5cV7AOaUjJppg1NMkOSEcp0fsiNvyKCi4q49TfMTLuwrRdCTs65h9x7/IgzbVx36hTW1jc2t4rbpZ3dvf2D8uFRU4exIrRBQh6qto815UzShmGG03akKBY+py1/dJfprWeqNAvlkxlHtCvwQLKAEWws1Svfo9DKmTuZoARpNhC4x1CKFJYDThHPrwVpkkL7EBAJbIZ+kHhpr1xxq25ecBV4c1AB86r3yu+oH5JYUGkIx1p3PDcy3QQrwwinaQnFmkaYjPCAdiyUWFDdTfJtU3hmmT4MQmWPNDBn/zoSLLQeC992ZhPqZS0j/9M6sQluugmTUWyoJLOPgphDE8IsOthnihLDxxZgopidFZIhVpgYG3DJhuAtr7wKmhdV76rqPl5WarfzOIrgBJyCc+CBa1ADD6AOGoCAF/AGpuDTeXU+nC/ne9ZacOaeY7BQzs8vs/KqzQ==</latexit>

|{�i}ih|{�i}| ⇠ 1

non-commuting

Sebastian Diehl
first example and phenomenology



➡Phase transition in entanglement growth at finite competition ratio g

• basic picture: competition in many-body context (single trajectory, exactly local meas. of       )

Skinner, Ruhman, Nahum 
PRX (2019)

Li, Chen, Fisher, PRB 
(2018, 2019)

• Procedure • track single quantum trajectories (pure states)
• compute the quantity of interest (e.g. entanglement entropy)
• average over trajectory ensemble

# unitaries/time

# measurements/time
<latexit sha1_base64="WhlJqAkaDFG5YOwxaw4JZQaW4bY=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0YtQ9OKxiv2ANpTNdtIu3WzC7kYoof/AiwdFvPqPvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsrq2vlHcLG1t7+zulfcPmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3U791hMqzWP5aMYJ+hEdSB5yRo2VHgbXvXLFrbozkGXi5aQCOeq98le3H7M0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9mlE3JilT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeOVnXCapQcnmi8JUEBOT6dukzxUyI8aWUKa4vZWwIVWUGRtOyYbgLb68TJpnVe+i6t6fV2o3eRxFOIJjOAUPLqEGd1CHBjAI4Rle4c0ZOS/Ou/Mxby04+cwh/IHz+QNPlY02</latexit>g =

<latexit sha1_base64="U4q14OtK38I+QXvR5XILVj/Akaw=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0YtQ9OKxgrGFNpTNdtMu3WzC7kQoob/BiwdFvPqDvPlv3LY5aOuDgcd7M8zMC1MpDLrut1NaWV1b3yhvVra2d3b3qvsHjybJNOM+S2Si2yE1XArFfRQoeTvVnMah5K1wdDv1W09cG5GoBxynPIjpQIlIMIpW8gfkmri9as2tuzOQZeIVpAYFmr3qV7efsCzmCpmkxnQ8N8UgpxoFk3xS6WaGp5SN6IB3LFU05ibIZ8dOyIlV+iRKtC2FZKb+nshpbMw4Dm1nTHFoFr2p+J/XyTC6CnKh0gy5YvNFUSYJJmT6OekLzRnKsSWUaWFvJWxINWVo86nYELzFl5fJ41ndu6i79+e1xk0RRxmO4BhOwYNLaMAdNMEHBgKe4RXeHOW8OO/Ox7y15BQzh/AHzucPakuNxA==</latexit>

g = 0
<latexit sha1_base64="G4WuepvoTXJQvzq9vjmUBaXQnQI=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgxbAril6EoBePEcwDkzXMTjrJkNnZZWZWCEv+wosHRbz6N978GyfJHjSxoKGo6qa7K4gF18Z1v53c0vLK6lp+vbCxubW9U9zdq+soUQxrLBKRagZUo+ASa4Ybgc1YIQ0DgY1geDPxG0+oNI/kvRnF6Ie0L3mPM2qs9NB/TE+8MbkibqdYcsvuFGSReBkpQYZqp/jV7kYsCVEaJqjWLc+NjZ9SZTgTOC60E40xZUPax5alkoao/XR68ZgcWaVLepGyJQ2Zqr8nUhpqPQoD2xlSM9Dz3kT8z2slpnfpp1zGiUHJZot6iSAmIpP3SZcrZEaMLKFMcXsrYQOqKDM2pIINwZt/eZHUT8veedm9OytVrrM48nAAh3AMHlxABW6hCjVgIOEZXuHN0c6L8+58zFpzTjazD3/gfP4AxD+Pqg==</latexit>

g�1 = 0

chaotic / non-integrable dynamics convergence to product state

<latexit sha1_base64="0IK0BDR2PGwK11MiRRX0tZoMJaw=">AAAB8XicbVBNSwMxEJ34WetX1aOXYBE8lV1R9Fj04rGC/cB2Ldk024Ym2SXJCnXpv/DiQRGv/htv/hvTdg/a+mDg8d4MM/PCRHBjPe8bLS2vrK6tFzaKm1vbO7ulvf2GiVNNWZ3GItatkBgmuGJ1y61grUQzIkPBmuHweuI3H5k2PFZ3dpSwQJK+4hGnxDrpvmN4X5Iuf3jqlspexZsCLxI/J2XIUeuWvjq9mKaSKUsFMabte4kNMqItp4KNi53UsITQIemztqOKSGaCbHrxGB87pYejWLtSFk/V3xMZkcaMZOg6JbEDM+9NxP+8dmqjyyDjKkktU3S2KEoFtjGevI97XDNqxcgRQjV3t2I6IJpQ60IquhD8+ZcXSeO04p9XvNuzcvUqj6MAh3AEJ+DDBVThBmpQBwoKnuEV3pBBL+gdfcxal1A+cwB/gD5/ALQjkO8=</latexit>

�z
i

➡volume law ➡area law

<latexit sha1_base64="D/65IpAnMePmuv/FarEdLDTa3kA=">AAAB73icbVBNSwMxEJ34WetX1aOXYBE8lV1R9Fj04sFDRfsB7VKyabYNTbJrkhXK0j/hxYMiXv073vw3pu0etPXBwOO9GWbmhYngxnreN1paXlldWy9sFDe3tnd2S3v7DROnmrI6jUWsWyExTHDF6pZbwVqJZkSGgjXD4fXEbz4xbXisHuwoYYEkfcUjTol1UusedwyX+LZbKnsVbwq8SPyclCFHrVv66vRimkqmLBXEmLbvJTbIiLacCjYudlLDEkKHpM/ajioimQmy6b1jfOyUHo5i7UpZPFV/T2REGjOSoeuUxA7MvDcR//PaqY0ug4yrJLVM0dmiKBXYxnjyPO5xzagVI0cI1dzdiumAaEKti6joQvDnX14kjdOKf17x7s7K1as8jgIcwhGcgA8XUIUbqEEdKAh4hld4Q4/oBb2jj1nrEspnDuAP0OcPDT6PUg==</latexit>

S ⇠ L
<latexit sha1_base64="Zmv0G3rDGzb/uVCrDzha6Liq1uQ=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0VwFRJRdFl047KifUATymQ6aYdOJmHmRqyh+CtuXCji1v9w5984bbPQ1gMXDufcy733hKngGlz321pYXFpeWS2tldc3Nre27Z3dhk4yRVmdJiJRrZBoJrhkdeAgWCtVjMShYM1wcDX2m/dMaZ7IOximLIhJT/KIUwJG6tj7t9jXPMY+sAfIaSI1OKOOXXEddwI8T7yCVFCBWsf+8rsJzWImgQqiddtzUwhyooBTwUZlP9MsJXRAeqxtqCQx00E+uX6Ej4zSxVGiTEnAE/X3RE5irYdxaDpjAn09643F/7x2BtFFkHOZZsAknS6KMoEhweMocJcrRkEMDSFUcXMrpn2iCAUTWNmE4M2+PE8aJ4535rg3p5XqZRFHCR2gQ3SMPHSOquga1VAdUfSIntErerOerBfr3fqYti5Yxcwe+gPr8wdFP5Ud</latexit>

S ⇠ const.
<latexit sha1_base64="+tBUl8E445TN8I0zKbRj+SaTMUg=">AAACFnicbVDLSsNAFJ34rPUVdelmsAhuLIkouhGKblxWsA9oQphMJu3QyUyYmQgl7Ve48VfcuFDErbjzb5y2QbT1wIXDOfdy7z1hyqjSjvNlLSwuLa+sltbK6xubW9v2zm5TiUxi0sCCCdkOkSKMctLQVDPSTiVBSchIK+xfj/3WPZGKCn6nBynxE9TlNKYYaSMF9vHQyz1FuwkKqDfyJOJdRuCll0oRBXT4Y02NwK44VWcCOE/cglRAgXpgf3qRwFlCuMYMKdVxnVT7OZKaYkZGZS9TJEW4j7qkYyhHCVF+PnlrBA+NEsFYSFNcw4n6eyJHiVKDJDSdCdI9NeuNxf+8TqbjCz+nPM004Xi6KM4Y1AKOM4IRlQRrNjAEYUnNrRD3kERYmyTLJgR39uV50jypumdV5/a0Ursq4iiBfXAAjoALzkEN3IA6aAAMHsATeAGv1qP1bL1Z79PWBauY2QN/YH18A8xooGM=</latexit>

|{�i}i =
Y

i

|�ii

<latexit sha1_base64="QE9fPY8jyGZHJV6/OPfUY4kUUHQ=">AAACCHicbVDLSgMxFM34rPU16tKFwSK4kDIjim6EohuXFewDOsOQSTNtaCYZkoylDF268VfcuFDErZ/gzr8xnc5CWw8EDufcw809YcKo0o7zbS0sLi2vrJbWyusbm1vb9s5uU4lUYtLAggnZDpEijHLS0FQz0k4kQXHISCsc3Ez81gORigp+r0cJ8WPU4zSiGGkjBfaBp2gvRgGFV9BLEySlGJ5AryuGPOeBXXGqTg44T9yCVECBemB/mTBOY8I1Zkipjusk2s+Q1BQzMi57qSIJwgPUIx1DOYqJ8rP8kDE8MkoXRkKaxzXM1d+JDMVKjeLQTMZI99WsNxH/8zqpji79jPIk1YTj6aIoZVALOGkFdqkkWLORIQhLav4KcR9JhLXprmxKcGdPnifN06p7XnXuziq166KOEtgHh+AYuOAC1MAtqIMGwOARPINX8GY9WS/Wu/UxHV2wiswe+APr8wdYi5mO</latexit>

�i =", #

<latexit sha1_base64="MMc2nlHhuuc7ydv2lrWTebecPSU=">AAACLXicbVDLSgMxFM3UV62vqks3wSK4KjOi6LKoC5cV7AOaUjJppg1NMkOSEcp0fsiNvyKCi4q49TfMTLuwrRdCTs65h9x7/IgzbVx36hTW1jc2t4rbpZ3dvf2D8uFRU4exIrRBQh6qto815UzShmGG03akKBY+py1/dJfprWeqNAvlkxlHtCvwQLKAEWws1Svfo9DKmTuZoARpNhC4x1CKFJYDThHPrwVpkkL7EBAJbIZ+kHhpr1xxq25ecBV4c1AB86r3yu+oH5JYUGkIx1p3PDcy3QQrwwinaQnFmkaYjPCAdiyUWFDdTfJtU3hmmT4MQmWPNDBn/zoSLLQeC992ZhPqZS0j/9M6sQluugmTUWyoJLOPgphDE8IsOthnihLDxxZgopidFZIhVpgYG3DJhuAtr7wKmhdV76rqPl5WarfzOIrgBJyCc+CBa1ADD6AOGoCAF/AGpuDTeXU+nC/ne9ZacOaeY7BQzs8vs/KqzQ==</latexit>

|{�i}ih|{�i}| ⇠ 1

non-commuting

<latexit sha1_base64="JKp0g3S1jsYP3z98hzyy0HsEKjU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8eK1hbaUDbbSbp0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSAXXxnW/ndLK6tr6RnmzsrW9s7tX3T941EmmGLZYIhLVCahGwSW2DDcCO6lCGgcC28HoZuq3n1BpnsgHM07Rj2kkecgZNVa6j/qsX625dXcGsky8gtSgQLNf/eoNEpbFKA0TVOuu56bGz6kynAmcVHqZxpSyEY2wa6mkMWo/n506ISdWGZAwUbakITP190ROY63HcWA7Y2qGetGbiv953cyEV37OZZoZlGy+KMwEMQmZ/k0GXCEzYmwJZYrbWwkbUkWZselUbAje4svL5PGs7l3U3bvzWuO6iKMMR3AMp+DBJTTgFprQAgYRPMMrvDnCeXHenY95a8kpZg7hD5zPHz7kjcU=</latexit>gc

• model and key ingredients:

• randomly chosen local entangling unitary 
gates

• projective local measurement of non-
commuting observables

Entanglement phase transitions in random circuits



Entanglement phase transitions: Physical pictures

• entanglement picture Skinner, Ruhman, Nahum PRX (2019) Li, Chen, Fisher, PRB (2018, 2019)

<latexit sha1_base64="U4q14OtK38I+QXvR5XILVj/Akaw=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0YtQ9OKxgrGFNpTNdtMu3WzC7kQoob/BiwdFvPqDvPlv3LY5aOuDgcd7M8zMC1MpDLrut1NaWV1b3yhvVra2d3b3qvsHjybJNOM+S2Si2yE1XArFfRQoeTvVnMah5K1wdDv1W09cG5GoBxynPIjpQIlIMIpW8gfkmri9as2tuzOQZeIVpAYFmr3qV7efsCzmCpmkxnQ8N8UgpxoFk3xS6WaGp5SN6IB3LFU05ibIZ8dOyIlV+iRKtC2FZKb+nshpbMw4Dm1nTHFoFr2p+J/XyTC6CnKh0gy5YvNFUSYJJmT6OekLzRnKsSWUaWFvJWxINWVo86nYELzFl5fJ41ndu6i79+e1xk0RRxmO4BhOwYNLaMAdNMEHBgKe4RXeHOW8OO/Ox7y15BQzh/AHzucPakuNxA==</latexit>

g = 0
<latexit sha1_base64="G4WuepvoTXJQvzq9vjmUBaXQnQI=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgxbAril6EoBePEcwDkzXMTjrJkNnZZWZWCEv+wosHRbz6N978GyfJHjSxoKGo6qa7K4gF18Z1v53c0vLK6lp+vbCxubW9U9zdq+soUQxrLBKRagZUo+ASa4Ybgc1YIQ0DgY1geDPxG0+oNI/kvRnF6Ie0L3mPM2qs9NB/TE+8MbkibqdYcsvuFGSReBkpQYZqp/jV7kYsCVEaJqjWLc+NjZ9SZTgTOC60E40xZUPax5alkoao/XR68ZgcWaVLepGyJQ2Zqr8nUhpqPQoD2xlSM9Dz3kT8z2slpnfpp1zGiUHJZot6iSAmIpP3SZcrZEaMLKFMcXsrYQOqKDM2pIINwZt/eZHUT8veedm9OytVrrM48nAAh3AMHlxABW6hCjVgIOEZXuHN0c6L8+58zFpzTjazD3/gfP4AxD+Pqg==</latexit>

g�1 = 0

chaotic / non-integrable dynamics convergence to product state

<latexit sha1_base64="JKp0g3S1jsYP3z98hzyy0HsEKjU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8eK1hbaUDbbSbp0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSAXXxnW/ndLK6tr6RnmzsrW9s7tX3T941EmmGLZYIhLVCahGwSW2DDcCO6lCGgcC28HoZuq3n1BpnsgHM07Rj2kkecgZNVa6j/qsX625dXcGsky8gtSgQLNf/eoNEpbFKA0TVOuu56bGz6kynAmcVHqZxpSyEY2wa6mkMWo/n506ISdWGZAwUbakITP190ROY63HcWA7Y2qGetGbiv953cyEV37OZZoZlGy+KMwEMQmZ/k0GXCEzYmwJZYrbWwkbUkWZselUbAje4svL5PGs7l3U3bvzWuO6iKMMR3AMp+DBJTTgFprQAgYRPMMrvDnCeXHenY95a8kpZg7hD5zPHz7kjcU=</latexit>gc
# unitaries/time

# measurements/time
<latexit sha1_base64="WhlJqAkaDFG5YOwxaw4JZQaW4bY=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0YtQ9OKxiv2ANpTNdtIu3WzC7kYoof/AiwdFvPqPvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsrq2vlHcLG1t7+zulfcPmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3U791hMqzWP5aMYJ+hEdSB5yRo2VHgbXvXLFrbozkGXi5aQCOeq98le3H7M0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9mlE3JilT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeOVnXCapQcnmi8JUEBOT6dukzxUyI8aWUKa4vZWwIVWUGRtOyYbgLb68TJpnVe+i6t6fV2o3eRxFOIJjOAUPLqEGd1CHBjAI4Rle4c0ZOS/Ou/Mxby04+cwh/IHz+QNPlY02</latexit>g =

non-commuting unitary and measurement dynamics

scrambling -> extensive 
entanglement entropy

disentangling evolution 

• quantum error correction picture

fast information spreading protects from 
errors (read-out by measurement)

measurement as errors 
(extract information)

Choi, Bao, Qi, Altman, PRL (2020); Fan et al. arxiv (2020); Li Fisher PRB (2021)

➡Here: non-equilibrium statistical mechanics approach to a monitored fermion chain

• statistical mechanics picture

long ranged correlation 
functions? which ones?

e.g. mapping to spin model partition function: Jian, You, Vasseur Ludwig, PRB (2020)

field theory based on replica symmetry: Nahum, Roy, Skinner, Ruhman, PRX Quantum (2021)

short ranged correlation 
functions? which ones?

Gullans, Huse, PRX (2020); Gopalakrishnan, Gullans arxiv (2020)• purification picture

initially mixed state remains mixed (thermal) initially mixed state purifies to product state



Outline lecture III
<latexit sha1_base64="U4q14OtK38I+QXvR5XILVj/Akaw=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0YtQ9OKxgrGFNpTNdtMu3WzC7kQoob/BiwdFvPqDvPlv3LY5aOuDgcd7M8zMC1MpDLrut1NaWV1b3yhvVra2d3b3qvsHjybJNOM+S2Si2yE1XArFfRQoeTvVnMah5K1wdDv1W09cG5GoBxynPIjpQIlIMIpW8gfkmri9as2tuzOQZeIVpAYFmr3qV7efsCzmCpmkxnQ8N8UgpxoFk3xS6WaGp5SN6IB3LFU05ibIZ8dOyIlV+iRKtC2FZKb+nshpbMw4Dm1nTHFoFr2p+J/XyTC6CnKh0gy5YvNFUSYJJmT6OekLzRnKsSWUaWFvJWxINWVo86nYELzFl5fJ41ndu6i79+e1xk0RRxmO4BhOwYNLaMAdNMEHBgKe4RXeHOW8OO/Ox7y15BQzh/AHzucPakuNxA==</latexit>

g = 0
<latexit sha1_base64="G4WuepvoTXJQvzq9vjmUBaXQnQI=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgxbAril6EoBePEcwDkzXMTjrJkNnZZWZWCEv+wosHRbz6N978GyfJHjSxoKGo6qa7K4gF18Z1v53c0vLK6lp+vbCxubW9U9zdq+soUQxrLBKRagZUo+ASa4Ybgc1YIQ0DgY1geDPxG0+oNI/kvRnF6Ie0L3mPM2qs9NB/TE+8MbkibqdYcsvuFGSReBkpQYZqp/jV7kYsCVEaJqjWLc+NjZ9SZTgTOC60E40xZUPax5alkoao/XR68ZgcWaVLepGyJQ2Zqr8nUhpqPQoD2xlSM9Dz3kT8z2slpnfpp1zGiUHJZot6iSAmIpP3SZcrZEaMLKFMcXsrYQOqKDM2pIINwZt/eZHUT8veedm9OytVrrM48nAAh3AMHlxABW6hCjVgIOEZXuHN0c6L8+58zFpzTjazD3/gfP4AxD+Pqg==</latexit>

g�1 = 0

chaotic / non-integrable dynamics convergence to product state

<latexit sha1_base64="JKp0g3S1jsYP3z98hzyy0HsEKjU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8eK1hbaUDbbSbp0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSAXXxnW/ndLK6tr6RnmzsrW9s7tX3T941EmmGLZYIhLVCahGwSW2DDcCO6lCGgcC28HoZuq3n1BpnsgHM07Rj2kkecgZNVa6j/qsX625dXcGsky8gtSgQLNf/eoNEpbFKA0TVOuu56bGz6kynAmcVHqZxpSyEY2wa6mkMWo/n506ISdWGZAwUbakITP190ROY63HcWA7Y2qGetGbiv953cyEV37OZZoZlGy+KMwEMQmZ/k0GXCEzYmwJZYrbWwkbUkWZselUbAje4svL5PGs7l3U3bvzWuO6iKMMR3AMp+DBJTTgFprQAgYRPMMrvDnCeXHenY95a8kpZg7hD5zPHz7kjcU=</latexit>gc
# unitaries/time

# measurements/time
<latexit sha1_base64="WhlJqAkaDFG5YOwxaw4JZQaW4bY=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0YtQ9OKxiv2ANpTNdtIu3WzC7kYoof/AiwdFvPqPvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsrq2vlHcLG1t7+zulfcPmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3U791hMqzWP5aMYJ+hEdSB5yRo2VHgbXvXLFrbozkGXi5aQCOeq98le3H7M0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9mlE3JilT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeOVnXCapQcnmi8JUEBOT6dukzxUyI8aWUKa4vZWwIVWUGRtOyYbgLb68TJpnVe+i6t6fV2o3eRxFOIJjOAUPLqEGd1CHBjAI4Rle4c0ZOS/Ou/Mxby04+cwh/IHz+QNPlY02</latexit>g =

non-commuting unitary and measurement dynamics

• measurements: description?
• strong projective vs. weak continuous measurements

• ‘observables’

• many-body problem: phase 
transitions?

• continuously monitored lattice fermions

• BKT type phase transition from critical to area law phase

• signatures beyond entanglement entropy

➡Quantum phase transition in trajectory wavefunction, revealed in non-linear-in-state observables

• how to understand?
• Lindblad-Keldysh 2.0: 

• replicated Lindblad equation

• replicated Keldysh field theory



Theory background: 
Strong projective vs. weak continuous measurements

-3 -2 -1 1 2 3
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Projective vs. weak measurements

• projective measurement: acquire full knowledge about observable

Review: Jacobs, Steck, Contemp. 
Phys. (2006)

• example: position measurement, detector at 

<latexit sha1_base64="VyNYqRs8v86+mwUYZEReeeWmyZg=">AAAB9XicbVBNS8NAEJ34WetX1aOXxSJ4Kokoeix68VjBfkAby2Y7aZduNmF3o5TY/+HFgyJe/S/e/Ddu2xy09cHA470ZZuYFieDauO63s7S8srq2Xtgobm5t7+yW9vYbOk4VwzqLRaxaAdUouMS64UZgK1FIo0BgMxheT/zmAyrNY3lnRgn6Ee1LHnJGjZXunzqJ5l23o6jsC+yWym7FnYIsEi8nZchR65a+Or2YpRFKwwTVuu25ifEzqgxnAsfFTqoxoWxI+9i2VNIItZ9Nrx6TY6v0SBgrW9KQqfp7IqOR1qMosJ0RNQM9703E/7x2asJLP+MySQ1KNlsUpoKYmEwiID2ukBkxsoQyxe2thA2ooszYoIo2BG/+5UXSOK145xX39qxcvcrjKMAhHMEJeHABVbiBGtSBgYJneIU359F5cd6dj1nrkpPPHMAfOJ8/mN6Skg==</latexit>

| 0i
deterministic 

Schrödinger evolution

<latexit sha1_base64="Z8PWH1uucpv786jWszqNS88SbYI=">AAAB9XicbVBNS8NAEN34WetX1aOXxSJ4Kokoeix68VjBfkAby2Y7aZduNmF3opTY/+HFgyJe/S/e/Ddu2xy09cHA470ZZuYFiRQGXffbWVpeWV1bL2wUN7e2d3ZLe/sNE6eaQ53HMtatgBmQQkEdBUpoJRpYFEhoBsPrid98AG1ErO5wlIAfsb4SoeAMrXT/1EmM6GJHM9WX0C2V3Yo7BV0kXk7KJEetW/rq9GKeRqCQS2ZM23MT9DOmUXAJ42InNZAwPmR9aFuqWATGz6ZXj+mxVXo0jLUthXSq/p7IWGTMKApsZ8RwYOa9ifif104xvPQzoZIUQfHZojCVFGM6iYD2hAaOcmQJ41rYWykfMM042qCKNgRv/uVF0jiteOcV9/asXL3K4yiQQ3JETohHLkiV3JAaqRNONHkmr+TNeXRenHfnY9a65OQzB+QPnM8fAdmS1g==</latexit>

| ti
<latexit sha1_base64="BR64zcdvDa5JU7iTykl840H7TGA=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0nEoseiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilB+x7/XLFrbpzkFXi5aQCORr98ldvELM04gqZpMZ0PTdBP6MaBZN8WuqlhieUjemQdy1VNOLGz+anTsmZVQYkjLUthWSu/p7IaGTMJApsZ0RxZJa9mfif100xvPYzoZIUuWKLRWEqCcZk9jcZCM0ZyokllGlhbyVsRDVlaNMp2RC85ZdXSeui6tWq7v1lpX6Tx1GEEziFc/DgCupwBw1oAoMhPMMrvDnSeXHenY9Fa8HJZ47hD5zPHwbqjaA=</latexit>

t1
<latexit sha1_base64="DI/SJuS6dPItz1dbeYS2/ELYpJ0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoseiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilB+zX+uWKW3XnIKvEy0kFcjT65a/eIGZpxBUySY3pem6CfkY1Cib5tNRLDU8oG9Mh71qqaMSNn81PnZIzqwxIGGtbCslc/T2R0ciYSRTYzojiyCx7M/E/r5tieO1nQiUpcsUWi8JUEozJ7G8yEJozlBNLKNPC3krYiGrK0KZTsiF4yy+vklat6l1W3fuLSv0mj6MIJ3AK5+DBFdThDhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzifPwhujaE=</latexit>

t2

stochastic measurement  
evolution

<latexit sha1_base64="uhzLtl/SV4nRaUVBjMzLSgi7EBE="></latexit>

| i ! P̂ l
�| i

||P̂ l
�| i||

<latexit sha1_base64="LkrYydCwXJPfrNmuqyLC648KkyE=">AAAB9HicbVDLSgNBEOz1GeMr6tHLYBC8GHZF0WPQS44RzAOSNcxOJsmQ2dl1pjcQlnyHFw+KePVjvPk3TpI9aGJBQ1HVTXdXEEth0HW/nZXVtfWNzdxWfntnd2+/cHBYN1GiGa+xSEa6GVDDpVC8hgIlb8aa0zCQvBEM76Z+Y8S1EZF6wHHM/ZD2legJRtFKPn9Mz0V7QJFUcNIpFN2SOwNZJl5GipCh2il8tbsRS0KukElqTMtzY/RTqlEwySf5dmJ4TNmQ9nnLUkVDbvx0dvSEnFqlS3qRtqWQzNTfEykNjRmHge0MKQ7MojcV//NaCfZu/FSoOEGu2HxRL5EEIzJNgHSF5gzl2BLKtLC3EjagmjK0OeVtCN7iy8ukflHyrkru/WWxfJvFkYNjOIEz8OAaylCBKtSAwRM8wyu8OSPnxXl3PuatK042cwR/4Hz+AEX8kcY=</latexit>

e�iĤt

➡know post-measurement position x_0 with certainty

<latexit sha1_base64="xYZka1EHgeBx11XDNEAJIBtNWIk=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHbVqEeiF4+QyCOBDZkdGhiZnd3MzBrJhi/w4kFjvPpJ3vwbB9iDgpV0UqnqTndXEAuujet+O7mV1bX1jfxmYWt7Z3evuH/Q0FGiGNZZJCLVCqhGwSXWDTcCW7FCGgYCm8Hoduo3H1FpHsl7M47RD+lA8j5n1Fip9tQtltyyOwNZJl5GSpCh2i1+dXoRS0KUhgmqddtzY+OnVBnOBE4KnURjTNmIDrBtqaQhaj+dHTohJ1bpkX6kbElDZurviZSGWo/DwHaG1Az1ojcV//Paielf+ymXcWJQsvmifiKIicj0a9LjCpkRY0soU9zeStiQKsqMzaZgQ/AWX14mjbOyd1k+r12UKjdZHHk4gmM4BQ+uoAJ3UIU6MEB4hld4cx6cF+fd+Zi35pxs5hD+wPn8AejVjQQ=</latexit>x<latexit sha1_base64="kboqdQSQkrPxGyCtqVdHQqvY9O8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GPRi8eK9gPaUDbbSbt0swm7G7GE/gQvHhTx6i/y5r9x2+ag1QcDj/dmmJkXJIJr47pfTmFpeWV1rbhe2tjc2t4p7+41dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nvqtB1Sax/LejBP0IzqQPOSMGivdPfbcXrniVt0ZyF/i5aQCOeq98me3H7M0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9mpE3JklT4JY2VLGjJTf05kNNJ6HAW2M6JmqBe9qfif10lNeOlnXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtOyYbgLb78lzRPqt559fT2rFK7yuMowgEcwjF4cAE1uIE6NIDBAJ7gBV4d4Tw7b877vLXg5DP78AvOxzcMyI2n</latexit>x0<latexit sha1_base64="P8a38ofNVtLfzdhKsbUcHUQkPgc="></latexit>

Â(x0) = |x0ihx0| =
Z

dx �(x� x0) |xihx|

<latexit sha1_base64="kboqdQSQkrPxGyCtqVdHQqvY9O8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GPRi8eK9gPaUDbbSbt0swm7G7GE/gQvHhTx6i/y5r9x2+ag1QcDj/dmmJkXJIJr47pfTmFpeWV1rbhe2tjc2t4p7+41dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nvqtB1Sax/LejBP0IzqQPOSMGivdPfbcXrniVt0ZyF/i5aQCOeq98me3H7M0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9mpE3JklT4JY2VLGjJTf05kNNJ6HAW2M6JmqBe9qfif10lNeOlnXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtOyYbgLb78lzRPqt559fT2rFK7yuMowgEcwjF4cAE1uIE6NIDBAJ7gBV4d4Tw7b877vLXg5DP78AvOxzcMyI2n</latexit>x0

• instantaneous collapse of wave function, but real measurements take time: continuous observation

➡strong projective measurement for 
<latexit sha1_base64="8oD8r8tAPJGdVw2CE3lyvw57KmI=">AAAB/HicbVBNS8NAEN3Ur1q/oj16WSyCp5KoqMeiHjxWsB/QhLLZbtqlm03YnQgh1L/ixYMiXv0h3vw3btsctPXBwOO9GWbmBYngGhzn2yqtrK6tb5Q3K1vbO7t79v5BW8epoqxFYxGrbkA0E1yyFnAQrJsoRqJAsE4wvpn6nUemNI/lA2QJ8yMylDzklICR+nbVu2UCCAbsQYw9LkPI+nbNqTsz4GXiFqSGCjT79pc3iGkaMQlUEK17rpOAnxMFnAo2qXipZgmhYzJkPUMliZj289nxE3xslAEOY2VKAp6pvydyEmmdRYHpjAiM9KI3Ff/zeimEV37OZZICk3S+KEwFNn9Ok8ADrhgFkRlCqOLmVkxHRBEKJq+KCcFdfHmZtE/r7kX97P681rgu4iijQ3SETpCLLlED3aEmaiGKMvSMXtGb9WS9WO/Wx7y1ZBUzVfQH1ucP6l+UUA==</latexit>

�t ! 1

<latexit sha1_base64="TdIIbkOVaMq02jLX4IMuUZnjfzM="></latexit>

Â(x0) = ( 2��t
⇡ )1/4

Z
dx e���t(x�x0)

2

|xihx|

cf. functional integral construction!

➡weak continuous measurement for small  , but large number of repetitions N:
<latexit sha1_base64="tIroXLYbimdfTQConqc22N14Auk=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KomKeizqwWMF+wFtKJvtpl262cTdiVBC/4QXD4p49e9489+4bXPQ1gcDj/dmmJkXJFIYdN1vZ2l5ZXVtvbBR3Nza3tkt7e03TJxqxusslrFuBdRwKRSvo0DJW4nmNAokbwbDm4nffOLaiFg94CjhfkT7SoSCUbRSq3PLJVKC3VLZrbhTkEXi5aQMOWrd0lenF7M04gqZpMa0PTdBP6MaBZN8XOykhieUDWmfty1VNOLGz6b3jsmxVXokjLUthWSq/p7IaGTMKApsZ0RxYOa9ifif104xvPIzoZIUuWKzRWEqCcZk8jzpCc0ZypEllGlhbyVsQDVlaCMq2hC8+ZcXSeO04l1Uzu7Py9XrPI4CHMIRnIAHl1CFO6hBHRhIeIZXeHMenRfn3fmYtS45+cwB/IHz+QOSEY+s</latexit>

�t
<latexit sha1_base64="3gjnHNDwjNnhUgE5vfhzrmAffQM=">AAACNnicbVDLSgMxFM34tr6qLt0Ei+BCyoyKuhR14UZRsCp0Sslk7mhoJhmTO2IZ+lVu/A53blwo4tZPMK0VnwcCJ+eeS3JOlElh0fcfvIHBoeGR0bHx0sTk1PRMeXbu1OrccKhxLbU5j5gFKRTUUKCE88wASyMJZ1Frtzs/uwZjhVYn2M6gkbILJRLBGTqpWT4I90Aio0hD1NRfoeFVzmJ62LuGQiXY/tS+nDzW+GlBuMGCa2Wx2qHNcsWv+j3QvyTokwrp46hZvg9jzfMUFHLJrK0HfoaNghkUXEKnFOYWMsZb7ALqjiqWgm0UvdgduuSUmCbauKOQ9tTvGwVLrW2nkXOmDC/t71lX/G9WzzHZahRCZTmC4h8PJbmkLm+3QxoLAxxl2xHGjXB/pfySGcbRNV1yJQS/I/8lp6vVYKO6drxe2d7p1zFGFsgiWSYB2STbZJ8ckRrh5JY8kCfy7N15j96L9/phHfD6O/PkB7y3d0vyqfI=</latexit>

�t ! 0, N ! 1, �t ·N ! const.

<latexit sha1_base64="VyNYqRs8v86+mwUYZEReeeWmyZg=">AAAB9XicbVBNS8NAEJ34WetX1aOXxSJ4Kokoeix68VjBfkAby2Y7aZduNmF3o5TY/+HFgyJe/S/e/Ddu2xy09cHA470ZZuYFieDauO63s7S8srq2Xtgobm5t7+yW9vYbOk4VwzqLRaxaAdUouMS64UZgK1FIo0BgMxheT/zmAyrNY3lnRgn6Ee1LHnJGjZXunzqJ5l23o6jsC+yWym7FnYIsEi8nZchR65a+Or2YpRFKwwTVuu25ifEzqgxnAsfFTqoxoWxI+9i2VNIItZ9Nrx6TY6v0SBgrW9KQqfp7IqOR1qMosJ0RNQM9703E/7x2asJLP+MySQ1KNlsUpoKYmEwiID2ukBkxsoQyxe2thA2ooszYoIo2BG/+5UXSOK145xX39qxcvcrjKMAhHMEJeHABVbiBGtSBgYJneIU359F5cd6dj1nrkpPPHMAfOJ8/mN6Skg==</latexit>

| 0i
<latexit sha1_base64="Z8PWH1uucpv786jWszqNS88SbYI=">AAAB9XicbVBNS8NAEN34WetX1aOXxSJ4Kokoeix68VjBfkAby2Y7aZduNmF3opTY/+HFgyJe/S/e/Ddu2xy09cHA470ZZuYFiRQGXffbWVpeWV1bL2wUN7e2d3ZLe/sNE6eaQ53HMtatgBmQQkEdBUpoJRpYFEhoBsPrid98AG1ErO5wlIAfsb4SoeAMrXT/1EmM6GJHM9WX0C2V3Yo7BV0kXk7KJEetW/rq9GKeRqCQS2ZM23MT9DOmUXAJ42InNZAwPmR9aFuqWATGz6ZXj+mxVXo0jLUthXSq/p7IWGTMKApsZ8RwYOa9ifif104xvPQzoZIUQfHZojCVFGM6iYD2hAaOcmQJ41rYWykfMM042qCKNgRv/uVF0jiteOcV9/asXL3K4yiQQ3JETohHLkiV3JAaqRNONHkmr+TNeXRenHfnY9a65OQzB+QPnM8fAdmS1g==</latexit>

| ti
<latexit sha1_base64="LkrYydCwXJPfrNmuqyLC648KkyE=">AAAB9HicbVDLSgNBEOz1GeMr6tHLYBC8GHZF0WPQS44RzAOSNcxOJsmQ2dl1pjcQlnyHFw+KePVjvPk3TpI9aGJBQ1HVTXdXEEth0HW/nZXVtfWNzdxWfntnd2+/cHBYN1GiGa+xSEa6GVDDpVC8hgIlb8aa0zCQvBEM76Z+Y8S1EZF6wHHM/ZD2legJRtFKPn9Mz0V7QJFUcNIpFN2SOwNZJl5GipCh2il8tbsRS0KukElqTMtzY/RTqlEwySf5dmJ4TNmQ9nnLUkVDbvx0dvSEnFqlS3qRtqWQzNTfEykNjRmHge0MKQ7MojcV//NaCfZu/FSoOEGu2HxRL5EEIzJNgHSF5gzl2BLKtLC3EjagmjK0OeVtCN7iy8ukflHyrkru/WWxfJvFkYNjOIEz8OAaylCBKtSAwRM8wyu8OSPnxXl3PuatK042cwR/4Hz+AEX8kcY=</latexit>

e�iĤt
<latexit sha1_base64="bfZMd3Ltp3gwGCMCQXikZxrRbs0=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GPVi8cK9gPaUDbbTbt0swm7E6GE/ggvHhTx6u/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWju6nfeuLaiFg94jjhfkQHSoSCUbRSqzukSG5Ir1xxq+4MZJl4OalAjnqv/NXtxyyNuEImqTEdz03Qz6hGwSSflLqp4QllIzrgHUsVjbjxs9m5E3JilT4JY21LIZmpvycyGhkzjgLbGVEcmkVvKv7ndVIMr/1MqCRFrth8UZhKgjGZ/k76QnOGcmwJZVrYWwkbUk0Z2oRKNgRv8eVl0jyrepfV84eLSu02j6MIR3AMp+DBFdTgHurQAAYjeIZXeHMS58V5dz7mrQUnnzmEP3A+fwBHoI7i</latexit>

Â

<latexit sha1_base64="KVAKgx5zWAI1z67KYjc3QKxhYM4="></latexit>

�t!0�! ( 2��t
⇡ )1/4e���t(x̂�x0)

2



Probabilistic character of weak measurements

• probability to measure  on state
<latexit sha1_base64="kboqdQSQkrPxGyCtqVdHQqvY9O8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GPRi8eK9gPaUDbbSbt0swm7G7GE/gQvHhTx6i/y5r9x2+ag1QcDj/dmmJkXJIJr47pfTmFpeWV1rbhe2tjc2t4p7+41dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nvqtB1Sax/LejBP0IzqQPOSMGivdPfbcXrniVt0ZyF/i5aQCOeq98me3H7M0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9mpE3JklT4JY2VLGjJTf05kNNJ6HAW2M6JmqBe9qfif10lNeOlnXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtOyYbgLb78lzRPqt559fT2rFK7yuMowgEcwjF4cAE1uIE6NIDBAJ7gBV4d4Tw7b877vLXg5DP78AvOxzcMyI2n</latexit>x0

<latexit sha1_base64="rwkcopp3xEFZv4SwRtcrHY6fGbI="></latexit>

p(x0) = ||Â(x0)| i|| = tr[Â†(x0)Â(x0)| ih |]

<latexit sha1_base64="rqsKAr0jc8+C3E8aovOWl9VS070=">AAACEnicbVA9SwNBEJ3zM8avU0ubxSDEJtypqI0QtLGMYD4gd4S9vU2yZG/v2N2ThJjfYONfsbFQxNbKzn/jJrlCEx8MPN6bYWZekHCmtON8WwuLS8srq7m1/PrG5ta2vbNbU3EqCa2SmMeyEWBFORO0qpnmtJFIiqOA03rQux779XsqFYvFnR4k1I9wR7A2I1gbqWUfoQcvUcyTWHQ4RZfIY0KjsI/GarFv7H7mteyCU3ImQPPEzUgBMlRa9pcXxiSNqNCEY6WarpNof4ilZoTTUd5LFU0w6eEObRoqcESVP5y8NEKHRglRO5amzEET9ffEEEdKDaLAdEZYd9WsNxb/85qpbl/4QyaSVFNBpovaKUc6RuN8UMgkJZoPDMFEMnMrIl0sMdEmxbwJwZ19eZ7UjkvuWenk9rRQvsriyME+HEARXDiHMtxABapA4BGe4RXerCfrxXq3PqatC1Y2swd/YH3+AOP4nQA=</latexit>

| i =
Z

dx (x)|xi

Review: Jacobs, Steck, Contemp. 
Phys. (2006)

<latexit sha1_base64="BM8U+xftvmVv/TYJ/NJOPzHSnu4="></latexit>

Â(x0) = ( 2��t
⇡ )1/4e���t(x̂�x0)

2

quantum mechanical 
expectation

• the measurement outcome x_0 is a Gaussian random variable with 

• expectation value

• variance

<latexit sha1_base64="/qBvcmkAfbp5hoQ6QTzwaE3eih4="></latexit>

hhx0ii ⌘
Z

dx0x0p(x0) = ( 2��t
⇡ )1/2

Z
dx0

Z
dxx0e

�2��t(x�x0)
2

| (x)|2 =

Z
dxx| (x)|2 = hx̂i

<latexit sha1_base64="D3+nYoyFgZrCj3lH0q4mLrF7Un4="></latexit>

hhx2
0ii � hhx0ii2 =

1

4��t

• stochastic formulation (cf. Fokker-Planck vs. Langevin): parameterize
<latexit sha1_base64="IK3qXLBO8Jx84gciuPHVWfWF6O4=">AAACAXicbVDLSsNAFL2pr1pfUTeCm8EiuCqJiroRirpwWcE+oAllMp22QyeTMDMRSqgbf8WNC0Xc+hfu/BsnbRbaemDgcM493LkniDlT2nG+rcLC4tLySnG1tLa+sbllb+80VJRIQusk4pFsBVhRzgSta6Y5bcWS4jDgtBkMrzO/+UClYpG416OY+iHuC9ZjBGsjdew9LzJ2lk69G8o1Rs0xukQO6thlp+JMgOaJm5My5Kh17C+vG5EkpEITjpVqu06s/RRLzQin45KXKBpjMsR92jZU4JAqP51cMEaHRumiXiTNExpN1N+JFIdKjcLATIZYD9Ssl4n/ee1E9y78lIk40VSQ6aJewpGOUFYH6jJJieYjQzCRzPwVkQGWmGhTWsmU4M6ePE8axxX3rHJyd1quXuV1FGEfDuAIXDiHKtxCDepA4BGe4RXerCfrxXq3PqajBSvP7MIfWJ8/76SV5Q==</latexit>

�W = 0Gaussian random 
variable <latexit sha1_base64="Szo89r/hE8Ozr+NQUv/S/Nwe1fw=">AAACEHicbVDLSgNBEJz1GeMr6tHLYBA9hV0V9RjUg8cI5gHZEGYnnWTIzO460yuEJZ/gxV/x4kERrx69+TdOHoImFsxQVHXT3RXEUhh03S9nbn5hcWk5s5JdXVvf2MxtbVdMlGgOZR7JSNcCZkCKEMooUEIt1sBUIKEa9C6HfvUetBFReIv9GBqKdULRFpyhlZq5A18oOwcM9a9AIqNV6huh7HenMf0RcdDM5d2COwKdJd6E5MkEpWbu029FPFEQIpfMmLrnxthImUbBJQyyfmIgZrzHOlC3NGQKTCMdHTSg+1Zp0Xak7QuRjtTfHSlTxvRVYCsVw66Z9obif149wfZ5IxVhnCCEfDyonUiKER2mQ1tCA0fZt4RxLeyulHeZZhxthlkbgjd98iypHBW808LxzUm+eDGJI0N2yR45JB45I0VyTUqkTDh5IE/khbw6j86z8+a8j0vnnEnPDvkD5+MbshqcYg==</latexit>

=) �W ⇠
p
�t

• stochastic update of wave function:

<latexit sha1_base64="mEDC7fuKnqCPq1ExpbpQRfnmL8Y="></latexit>

| t+�ti =
Â(x0)| ti

||Â(x0)| ti||

<latexit sha1_base64="ooyAHkey3c0JlKZSoYLPxxbtlXI="></latexit>

x0 = hx̂i+ �W

�t
<latexit sha1_base64="OJShWAyAJp9Eu8yjRyB37nbdOs8=">AAACIXicbVDLSgMxFM34rPU16tJNsAiuyowW7UYo6sJlBWuFTil30kwNJjNDckcow/yKG3/FjQtFuhN/xrRW8HUg5HDOPST3hKkUBj3vzZmZnZtfWCwtlZdXVtfW3Y3NK5NkmvEWS2Sir0MwXIqYt1Cg5Nep5qBCydvh7enYb99xbUQSX+Iw5V0Fg1hEggFaqefWg8Ta43QenHGJQNtfd0GPaRBpYF8O0iKv0WAASkHRcyte1ZuA/iX+lFTIFM2eOwr6CcsUj5FJMKbjeyl2c9AomORFOcgMT4HdwoB3LI1BcdPNJxsWdNcqfRol2p4Y6UT9nshBGTNUoZ1UgDfmtzcW//M6GUb1bi7iNEMes8+HokxSTOi4LtoXmjOUQ0uAaWH/StkN2FLQllq2Jfi/V/5Lrvar/mH14KJWaZxM6yiRbbJD9ohPjkiDnJMmaRFG7skjeSYvzoPz5Lw6o8/RGWea2SI/4Lx/AJjooyc=</latexit>

�W�W =
�t

4�

• for short observation times: expand    to linear order
<latexit sha1_base64="rJze7zQFAvyYNP89QEg0hCVT/Jo="></latexit>

| t+�ti = Â(x0)| ti <latexit sha1_base64="NUB+d0EmTRcZAcR24IbFau4bq9M=">AAACAHicbVC7SgNBFJ2NrxhfqxYWNoNBsAq7KmoZ1MIygnlANoTZyU0yZPbhzN1AWNL4KzYWitj6GXb+jZNkC008MHA4517unOPHUmh0nG8rt7S8srqWXy9sbG5t79i7ezUdJYpDlUcyUg2faZAihCoKlNCIFbDAl1D3BzcTvz4EpUUUPuAohlbAeqHoCs7QSG37wLsFiYyiB4+JGNIOUg8j6rTtolNypqCLxM1IkWSotO0vrxPxJIAQuWRaN10nxlbKFAouYVzwEg0x4wPWg6ahIQtAt9JpgDE9NkqHdiNlXoh0qv7eSFmg9SjwzWTAsK/nvYn4n9dMsHvVSkUYJwghnx3qJpKaiJM2aEco4ChHhjCuhPkr5X2mGEfTWcGU4M5HXiS105J7UTq7Py+Wr7M68uSQHJET4pJLUiZ3pEKqhJMxeSav5M16sl6sd+tjNpqzsp198gfW5w9g95Wg</latexit>

�t ⌘ dt ! 0

<latexit sha1_base64="BWol+m8ntwxYmclNPBd34NiyzN4="></latexit>

d| ti ⌘ | t+dti � | ti = {[� 1
2�(x̂� hx̂i)2]dt+ (x̂� hx̂i)]dW}| i

<latexit sha1_base64="OtgYSY5MqK/UNhHD7VLUL0ZP8mQ=">AAAB9XicbVDLSgNBEOyNrxhfUY9eBoPgKeyqqMegHjxGMA/IrmF2MpsMmX0w06uEJf/hxYMiXv0Xb/6Nk2QPmljQUFR1093lJ1JotO1vq7C0vLK6VlwvbWxube+Ud/eaOk4V4w0Wy1i1faq5FBFvoEDJ24niNPQlb/nD64nfeuRKizi6x1HCvZD2IxEIRtFID+4Nl0gJEhdjYnfLFbtqT0EWiZOTCuSod8tfbi9macgjZJJq3XHsBL2MKhRM8nHJTTVPKBvSPu8YGtGQay+bXj0mR0bpkSBWpiIkU/X3REZDrUehbzpDigM9703E/7xOisGll4koSZFHbLYoSCUxL04iID2hOEM5MoQyJcythA2oogxNUCUTgjP/8iJpnlSd8+rp3VmldpXHUYQDOIRjcOACanALdWgAAwXP8Apv1pP1Yr1bH7PWgpXP7MMfWJ8/EtmRlw==</latexit>

�t ! 0in time

exercise: verify this!



Weak measurements: stochastic Schrödinger equation (SSE)

• generalize: stochastic Schrödinger equation for quantum trajectory 
<latexit sha1_base64="4CXjh0x/F2hxviliiMLXOtQmb5Q=">AAAB+HicbVDLSgNBEJz1GeMjUY9eBoPgKeyKosegF48RzAOSZZmd9CZDZmeXmV4hrvkSLx4U8eqnePNvnDwOmljQUFR1090VplIYdN1vZ2V1bX1js7BV3N7Z3SuV9w+aJsk0hwZPZKLbITMghYIGCpTQTjWwOJTQCoc3E7/1ANqIRN3jKAU/Zn0lIsEZWikol+hTNzUiwK5mqi8hKFfcqjsFXSbenFTIHPWg/NXtJTyLQSGXzJiO56bo50yj4BLGxW5mIGV8yPrQsVSxGIyfTw8f0xOr9GiUaFsK6VT9PZGz2JhRHNrOmOHALHoT8T+vk2F05edCpRmC4rNFUSYpJnSSAu0JDRzlyBLGtbC3Uj5gmnG0WRVtCN7iy8ukeVb1Lqru3Xmldj2Po0COyDE5JR65JDVyS+qkQTjJyDN5JW/Oo/PivDsfs9YVZz5zSP7A+fwB0MyTMQ==</latexit>

| ti
<latexit sha1_base64="siZTXDPkdOEmy9iElDNFO5ImTNs="></latexit>

d| ti = dt(�iĤ � �
2

X

l

(n̂l � hn̂lit)2| ti+
X

l

dWl (n̂l � hn̂lit) | ti

<latexit sha1_base64="10Hi3+t///Zj9FJJygjqAYpHli0=">AAACLXicbVDLSgMxFM34rPU16tJNsAiuyoyKuhGKunBZwT6gM5RMmrahmcyQ3BFK2x9y46+I4KIibv0N0+mI2nogcHLOuST3BLHgGhxnbC0sLi2vrObW8usbm1vb9s5uVUeJoqxCIxGpekA0E1yyCnAQrB4rRsJAsFrQu574tQemNI/kPfRj5oekI3mbUwJGato3niCyIxj2ugSwbArsqVRoAr7EmenFmpv78Cc0nErfWbvgFJ0UeJ64GSmgDOWm/eK1IpqETAIVROuG68TgD4gCTgUb5b1Es5jQHumwhqGShEz7g3TbET40Sgu3I2WOBJyqvycGJNS6HwYmGRLo6llvIv7nNRJoX/gDLuMEmKTTh9qJwBDhSXW4xRWjIPqGEKq4+SumXaIIBVNw3pTgzq48T6rHRfeseHJ3WihdZXXk0D46QEfIReeohG5RGVUQRY/oGY3Rm/VkvVrv1sc0umBlM3voD6zPL5ldqGU=</latexit>

hn̂lit = h t|n̂l| ti

• Hamiltonian added, many degrees of freedom,  

• works for measurement operators with discrete spectrum (measurement record continuous, 
e.g. Stern-Gerlach)

<latexit sha1_base64="y8E0cVFyXaeR9/ocx7a196C6oBQ=">AAACAXicbZDLSsNAFIZPvNZ6q7oR3AwWwVVJVNSNUHTjsoK9QBPDZDJph04mYWYilFA3voobF4q49S3c+TZOL4K2/jDw8Z9zOHP+IOVMadv+submFxaXlgsrxdW19Y3N0tZ2QyWZJLROEp7IVoAV5UzQumaa01YqKY4DTptB72pYb95TqVgibnU/pV6MO4JFjGBtLL+063axRsLn6AL94J0b4o5fKtsVeyQ0C84EyjBRzS99umFCspgKTThWqu3YqfZyLDUjnA6KbqZoikkPd2jboMAxVV4+umCADowToiiR5gmNRu7viRzHSvXjwHTGWHfVdG1o/ldrZzo693Im0kxTQcaLoowjnaBhHChkkhLN+wYwkcz8FZEulphoE1rRhOBMnzwLjaOKc1o5vjkpVy8ncRRgD/bhEBw4gypcQw3qQOABnuAFXq1H69l6s97HrXPWZGYH/sj6+AbnsJXq</latexit>

n̂l = n̂†
l

• measurement only dynamics H =0: measurement dark states

-3 -2 -1 1 2 3

1

2

3
long time

short time

measurement record

<latexit sha1_base64="uw1JQ9KhmXukrP2JyYv2legPlaE=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBDiJeyqqMegF48RzAOSZZmdzCZDZh/O9IphyU948aCIV3/Hm3/jJNmDJhY0FFXddHf5iRQabfvbWlpeWV1bL2wUN7e2d3ZLe/tNHaeK8QaLZazaPtVciog3UKDk7URxGvqSt/zhzcRvPXKlRRzd4yjhbkj7kQgEo2ikduJh5cmzT7xS2a7aU5BF4uSkDDnqXumr24tZGvIImaRadxw7QTejCgWTfFzspponlA1pn3cMjWjItZtN7x2TY6P0SBArUxGSqfp7IqOh1qPQN50hxYGe9ybif14nxeDKzUSUpMgjNlsUpJJgTCbPk55QnKEcGUKZEuZWwgZUUYYmoqIJwZl/eZE0T6vORfXs7rxcu87jKMAhHEEFHLiEGtxCHRrAQMIzvMKb9WC9WO/Wx6x1ycpnDuAPrM8fMxaPbQ==</latexit>

pt(x0)
measurement of a spin 1/2

• dW ‘multiplicative noise’: inactive when 

• e.g. in eigenstate

dark state of 
measurement operator 

<latexit sha1_base64="/z+tztaykL0dQ0Y89qhTIji8je0=">AAACLnicbVDLSsNAFJ34rPUVdelmsAiuSqKiboSiCC4r2Ac0IUymk3boZBJmboQS+0Vu/BVdCCri1s8waYNo64GBwznncucePxZcg2W9GnPzC4tLy6WV8ura+samubXd1FGiKGvQSESq7RPNBJesARwEa8eKkdAXrOUPLnO/dceU5pG8hWHM3JD0JA84JZBJnnnl9Alg6Ql878Sae+AoInuC4XPsiAn7SRSWB9PZsmdWrKo1Bp4ldkEqqEDdM5+dbkSTkEmggmjdsa0Y3JQo4FSwUdlJNIsJHZAe62RUkpBpNx2fO8L7mdLFQaSyJwGP1d8TKQm1HoZ+lgwJ9PW0l4v/eZ0EgjM35TJOgEk6WRQkAkOE8+5wlytGQQwzQqji2V8x7RNFKGQN5yXY0yfPkuZh1T6pHt0cV2oXRR0ltIv20AGy0SmqoWtURw1E0QN6Qm/o3Xg0XowP43MSnTOKmR30B8bXN/j+qH8=</latexit>

n̂l| ti = hn̂lit| ti
<latexit sha1_base64="BB34yXIbqdg8watuM6WsGIKsFeo=">AAACFXicbVBNS8NAEN3Ur1q/oh69LBbBg5RERb0IRS8eK9gPaELYbDft0s0m7E6EEvsnvPhXvHhQxKvgzX9j0uagrQ8GHu/NMDPPjwXXYFnfRmlhcWl5pbxaWVvf2Nwyt3daOkoUZU0aiUh1fKKZ4JI1gYNgnVgxEvqCtf3hde6375nSPJJ3MIqZG5K+5AGnBDLJM4+cAQEsPYEfnFhzDxxFZF8wfInlrFTxzKpVsybA88QuSBUVaHjml9OLaBIyCVQQrbu2FYObEgWcCjauOIlmMaFD0mfdjEoSMu2mk6/G+CBTejiIVFYS8ET9PZGSUOtR6GedIYGBnvVy8T+vm0Bw4aZcxgkwSaeLgkRgiHAeEe5xxSiIUUYIVTy7FdMBUYRCFmQegj378jxpHdfss9rJ7Wm1flXEUUZ7aB8dIhudozq6QQ3URBQ9omf0it6MJ+PFeDc+pq0lo5jZRX9gfP4AVGqeSg==</latexit>

n̂l| ti = n| ti

➡ continuous collapse: convergence to measurement eigenstate 
for long times (more gen. for) 

<latexit sha1_base64="wegizIu27OZj0WydptJSRNN08pM=">AAAB/3icbVDLSsNAFJ34rPUVFdy4GSyCCymJiroRim66rGAfkIYymU7aoZNJmLkRSu3CX3HjQhG3/oY7/8ZpmoW2Hrjcwzn3MndOkAiuwXG+rYXFpeWV1cJacX1jc2vb3tlt6DhVlNVpLGLVCohmgktWBw6CtRLFSBQI1gwGtxO/+cCU5rG8h2HC/Ij0JA85JWCkjr3vtfsEcPUEZ112hI+vHdyxS07ZyYDniZuTEspR69hf7W5M04hJoIJo7blOAv6IKOBUsHGxnWqWEDogPeYZKknEtD/K7h/jI6N0cRgrUxJwpv7eGJFI62EUmMmIQF/PehPxP89LIbzyR1wmKTBJpw+FqcAQ40kYuMsVoyCGhhCquLkV0z5RhIKJrGhCcGe/PE8ap2X3onx2d16q3ORxFNABOkTHyEWXqIKqqIbqiKJH9Ixe0Zv1ZL1Y79bHdHTBynf20B9Ynz8P3pQz</latexit>

[Ĥ, n̂l] = 0 <latexit sha1_base64="ooyAHkey3c0JlKZSoYLPxxbtlXI="></latexit>

x0 = hx̂i+ �W

�t

<latexit sha1_base64="VyNYqRs8v86+mwUYZEReeeWmyZg=">AAAB9XicbVBNS8NAEJ34WetX1aOXxSJ4Kokoeix68VjBfkAby2Y7aZduNmF3o5TY/+HFgyJe/S/e/Ddu2xy09cHA470ZZuYFieDauO63s7S8srq2Xtgobm5t7+yW9vYbOk4VwzqLRaxaAdUouMS64UZgK1FIo0BgMxheT/zmAyrNY3lnRgn6Ee1LHnJGjZXunzqJ5l23o6jsC+yWym7FnYIsEi8nZchR65a+Or2YpRFKwwTVuu25ifEzqgxnAsfFTqoxoWxI+9i2VNIItZ9Nrx6TY6v0SBgrW9KQqfp7IqOR1qMosJ0RNQM9703E/7x2asJLP+MySQ1KNlsUpoKYmEwiID2ukBkxsoQyxe2thA2ooszYoIo2BG/+5UXSOK145xX39qxcvcrjKMAhHMEJeHABVbiBGtSBgYJneIU359F5cd6dj1nrkpPPHMAfOJ8/mN6Skg==</latexit>

| 0i
<latexit sha1_base64="Z8PWH1uucpv786jWszqNS88SbYI=">AAAB9XicbVBNS8NAEN34WetX1aOXxSJ4Kokoeix68VjBfkAby2Y7aZduNmF3opTY/+HFgyJe/S/e/Ddu2xy09cHA470ZZuYFiRQGXffbWVpeWV1bL2wUN7e2d3ZLe/sNE6eaQ53HMtatgBmQQkEdBUpoJRpYFEhoBsPrid98AG1ErO5wlIAfsb4SoeAMrXT/1EmM6GJHM9WX0C2V3Yo7BV0kXk7KJEetW/rq9GKeRqCQS2ZM23MT9DOmUXAJ42InNZAwPmR9aFuqWATGz6ZXj+mxVXo0jLUthXSq/p7IWGTMKApsZ8RwYOa9ifif104xvPQzoZIUQfHZojCVFGM6iYD2hAaOcmQJ41rYWykfMM042qCKNgRv/uVF0jiteOcV9/asXL3K4yiQQ3JETohHLkiV3JAaqRNONHkmr+TNeXRenHfnY9a65OQzB+QPnM8fAdmS1g==</latexit>

| ti
<latexit sha1_base64="ytaXKrqdF5E9CR9EmW6znrrnyFg=">AAACDXicbVA9SwNBEN3z2/gVtbRZjIIWhjsVtRS1sFQwKuRimNtMksXdu2N3TgxH/oCNf8XGQhFbezv/jZuYwq8HA4/3ZpiZF6VKWvL9D29oeGR0bHxisjA1PTM7V5xfOLdJZgRWRKIScxmBRSVjrJAkhZepQdCRwovo+rDnX9ygsTKJz6iTYk1DK5ZNKYCcVC+u4FW+EbZAa+DhESoCTmthG4jf8g1+W/fXrza79WLJL/t98L8kGJASG+CkXnwPG4nINMYkFFhbDfyUajkYkkJhtxBmFlMQ19DCqqMxaLS1vP9Nl686pcGbiXEVE++r3ydy0NZ2dOQ6NVDb/vZ64n9eNaPmXi2XcZoRxuJrUTNTnBLei4Y3pEFBquMICCPdrVy0wYAgF2DBhRD8fvkvOd8sBzvlrdPt0v7BII4JtsSW2RoL2C7bZ8fshFWYYHfsgT2xZ+/ee/RevNev1iFvMLPIfsB7+wRxI5ni</latexit>

e���t(x̂�x0)
2

<latexit sha1_base64="hFuwg9jHyT0ZQzVkLUZBPTNKkWk=">AAAB/XicbVDJSgNBEO2JW4zbuNy8NAbBi2FGRT0G9ZBjBLNAJoaeTiVp0rPQXSPEIfgrXjwo4tX/8Obf2FkOmvig4PFeFVX1/FgKjY7zbWUWFpeWV7KrubX1jc0te3unqqNEcajwSEaq7jMNUoRQQYES6rECFvgSan7/euTXHkBpEYV3OIihGbBuKDqCMzRSy96D+/RYeDcgkVH0egxpadiy807BGYPOE3dK8mSKcsv+8toRTwIIkUumdcN1YmymTKHgEoY5L9EQM95nXWgYGrIAdDMdXz+kh0Zp006kTIVIx+rviZQFWg8C33QGDHt61huJ/3mNBDuXzVSEcYIQ8smiTiIpRnQUBW0LBRzlwBDGlTC3Ut5jinE0geVMCO7sy/OkelJwzwunt2f54tU0jizZJwfkiLjkghRJiZRJhXDySJ7JK3mznqwX6936mLRmrOnMLvkD6/MHjdeUpw==</latexit>

e�i�tĤ

Belavkin (1987); Gisin, Percival (1993)



Weak measurements: stochastic Schrödinger equation (SSE)

• governed by stochastic Schrödinger equation for quantum trajectory 
<latexit sha1_base64="4CXjh0x/F2hxviliiMLXOtQmb5Q=">AAAB+HicbVDLSgNBEJz1GeMjUY9eBoPgKeyKosegF48RzAOSZZmd9CZDZmeXmV4hrvkSLx4U8eqnePNvnDwOmljQUFR1090VplIYdN1vZ2V1bX1js7BV3N7Z3SuV9w+aJsk0hwZPZKLbITMghYIGCpTQTjWwOJTQCoc3E7/1ANqIRN3jKAU/Zn0lIsEZWikol+hTNzUiwK5mqi8hKFfcqjsFXSbenFTIHPWg/NXtJTyLQSGXzJiO56bo50yj4BLGxW5mIGV8yPrQsVSxGIyfTw8f0xOr9GiUaFsK6VT9PZGz2JhRHNrOmOHALHoT8T+vk2F05edCpRmC4rNFUSYpJnSSAu0JDRzlyBLGtbC3Uj5gmnG0WRVtCN7iy8ukeVb1Lqru3Xmldj2Po0COyDE5JR65JDVyS+qkQTjJyDN5JW/Oo/PivDsfs9YVZz5zSP7A+fwB0MyTMQ==</latexit>

| ti
<latexit sha1_base64="siZTXDPkdOEmy9iElDNFO5ImTNs="></latexit>

d| ti = dt(�iĤ � �
2

X

l

(n̂l � hn̂lit)2| ti+
X

l

dWl (n̂l � hn̂lit) | ti

<latexit sha1_base64="10Hi3+t///Zj9FJJygjqAYpHli0=">AAACLXicbVDLSgMxFM34rPU16tJNsAiuyoyKuhGKunBZwT6gM5RMmrahmcyQ3BFK2x9y46+I4KIibv0N0+mI2nogcHLOuST3BLHgGhxnbC0sLi2vrObW8usbm1vb9s5uVUeJoqxCIxGpekA0E1yyCnAQrB4rRsJAsFrQu574tQemNI/kPfRj5oekI3mbUwJGato3niCyIxj2ugSwbArsqVRoAr7EmenFmpv78Cc0nErfWbvgFJ0UeJ64GSmgDOWm/eK1IpqETAIVROuG68TgD4gCTgUb5b1Es5jQHumwhqGShEz7g3TbET40Sgu3I2WOBJyqvycGJNS6HwYmGRLo6llvIv7nNRJoX/gDLuMEmKTTh9qJwBDhSXW4xRWjIPqGEKq4+SumXaIIBVNw3pTgzq48T6rHRfeseHJ3WihdZXXk0D46QEfIReeohG5RGVUQRY/oGY3Rm/VkvVrv1sc0umBlM3voD6zPL5ldqGU=</latexit>

hn̂lit = h t|n̂l| ti

• Can we expect a measurement induced phase transition similar to projective measurements? Yes!

➡expect no extra phase transition upon taking temporal continuum limit

➡continuum limit useful for analytical approach measurement induced 
phase transitions (e.g. Keldysh field theory approach)

Szyniszewski, Romito, Schomerus, PRB (2019)

<latexit sha1_base64="JKp0g3S1jsYP3z98hzyy0HsEKjU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8eK1hbaUDbbSbp0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSAXXxnW/ndLK6tr6RnmzsrW9s7tX3T941EmmGLZYIhLVCahGwSW2DDcCO6lCGgcC28HoZuq3n1BpnsgHM07Rj2kkecgZNVa6j/qsX625dXcGsky8gtSgQLNf/eoNEpbFKA0TVOuu56bGz6kynAmcVHqZxpSyEY2wa6mkMWo/n506ISdWGZAwUbakITP190ROY63HcWA7Y2qGetGbiv953cyEV37OZZoZlGy+KMwEMQmZ/k0GXCEzYmwJZYrbWwkbUkWZselUbAje4svL5PGs7l3U3bvzWuO6iKMMR3AMp+DBJTTgFprQAgYRPMMrvDnCeXHenY95a8kpZg7hD5zPHz7kjcU=</latexit>gc
<latexit sha1_base64="qmqxvw54qUUoUaz9MnxwYmJpOwM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUGPbLFbfqzkFWiZeTCuSo98tfvUHM0gilYYJq3fXcxPgZVYYzgdNSL9WYUDamQ+xaKmmE2s/mh07JmVUGJIyVLWnIXP09kdFI60kU2M6ImpFe9mbif143NeGNn3GZpAYlWywKU0FMTGZfkwFXyIyYWEKZ4vZWwkZUUWZsNiUbgrf88ippXVS9q6rbuKzUbvM4inACp3AOHlxDDe6hDk1ggPAMr/DmPDovzrvzsWgtOPnMMfyB8/kDzceM7w==</latexit>g

<latexit sha1_base64="D8fFRwpfPe1x2jqyRB0HCq168po=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8cq1hbaUDabTbt0swm7E6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmlldW19o7xZ2dre2d2r7h88miTTjLdYIhPdCajhUijeQoGSd1LNaRxI3g5GN1O//cS1EYl6wHHK/ZgOlIgEo2il+xD71Zpbd2cgy8QrSA0KNPvVr16YsCzmCpmkxnQ9N0U/pxoFk3xS6WWGp5SN6IB3LVU05sbPZ5dOyIlVQhIl2pZCMlN/T+Q0NmYcB7Yzpjg0i95U/M/rZhhd+blQaYZcsfmiKJMEEzJ9m4RCc4ZybAllWthbCRtSTRnacCo2BG/x5WXyeFb3Luru3XmtcV3EUYYjOIZT8OASGnALTWgBgwie4RXenJHz4rw7H/PWklPMHMIfOJ8/nmKNag==</latexit>

dt

• Demonstrated numerically
• no competition => no phase transition upon interpolation

<latexit sha1_base64="ieWFUQhe7SLxMTwZl98PiqF6WdQ="></latexit>

Â(x0) = ( 2��t
⇡ )1/4e���t(x̂�x0)

2 �t!1
= |x0ihx0|

Belavkin (1987); Gisin, Percival (1993)

<latexit sha1_base64="VyNYqRs8v86+mwUYZEReeeWmyZg=">AAAB9XicbVBNS8NAEJ34WetX1aOXxSJ4Kokoeix68VjBfkAby2Y7aZduNmF3o5TY/+HFgyJe/S/e/Ddu2xy09cHA470ZZuYFieDauO63s7S8srq2Xtgobm5t7+yW9vYbOk4VwzqLRaxaAdUouMS64UZgK1FIo0BgMxheT/zmAyrNY3lnRgn6Ee1LHnJGjZXunzqJ5l23o6jsC+yWym7FnYIsEi8nZchR65a+Or2YpRFKwwTVuu25ifEzqgxnAsfFTqoxoWxI+9i2VNIItZ9Nrx6TY6v0SBgrW9KQqfp7IqOR1qMosJ0RNQM9703E/7x2asJLP+MySQ1KNlsUpoKYmEwiID2ukBkxsoQyxe2thA2ooszYoIo2BG/+5UXSOK145xX39qxcvcrjKMAhHMEJeHABVbiBGtSBgYJneIU359F5cd6dj1nrkpPPHMAfOJ8/mN6Skg==</latexit>

| 0i
<latexit sha1_base64="Z8PWH1uucpv786jWszqNS88SbYI=">AAAB9XicbVBNS8NAEN34WetX1aOXxSJ4Kokoeix68VjBfkAby2Y7aZduNmF3opTY/+HFgyJe/S/e/Ddu2xy09cHA470ZZuYFiRQGXffbWVpeWV1bL2wUN7e2d3ZLe/sNE6eaQ53HMtatgBmQQkEdBUpoJRpYFEhoBsPrid98AG1ErO5wlIAfsb4SoeAMrXT/1EmM6GJHM9WX0C2V3Yo7BV0kXk7KJEetW/rq9GKeRqCQS2ZM23MT9DOmUXAJ42InNZAwPmR9aFuqWATGz6ZXj+mxVXo0jLUthXSq/p7IWGTMKApsZ8RwYOa9ifif104xvPQzoZIUQfHZojCVFGM6iYD2hAaOcmQJ41rYWykfMM042qCKNgRv/uVF0jiteOcV9/asXL3K4yiQQ3JETohHLkiV3JAaqRNONHkmr+TNeXRenHfnY9a65OQzB+QPnM8fAdmS1g==</latexit>

| ti
<latexit sha1_base64="ytaXKrqdF5E9CR9EmW6znrrnyFg=">AAACDXicbVA9SwNBEN3z2/gVtbRZjIIWhjsVtRS1sFQwKuRimNtMksXdu2N3TgxH/oCNf8XGQhFbezv/jZuYwq8HA4/3ZpiZF6VKWvL9D29oeGR0bHxisjA1PTM7V5xfOLdJZgRWRKIScxmBRSVjrJAkhZepQdCRwovo+rDnX9ygsTKJz6iTYk1DK5ZNKYCcVC+u4FW+EbZAa+DhESoCTmthG4jf8g1+W/fXrza79WLJL/t98L8kGJASG+CkXnwPG4nINMYkFFhbDfyUajkYkkJhtxBmFlMQ19DCqqMxaLS1vP9Nl686pcGbiXEVE++r3ydy0NZ2dOQ6NVDb/vZ64n9eNaPmXi2XcZoRxuJrUTNTnBLei4Y3pEFBquMICCPdrVy0wYAgF2DBhRD8fvkvOd8sBzvlrdPt0v7BII4JtsSW2RoL2C7bZ8fshFWYYHfsgT2xZ+/ee/RevNev1iFvMLPIfsB7+wRxI5ni</latexit>

e���t(x̂�x0)
2

<latexit sha1_base64="hFuwg9jHyT0ZQzVkLUZBPTNKkWk=">AAAB/XicbVDJSgNBEO2JW4zbuNy8NAbBi2FGRT0G9ZBjBLNAJoaeTiVp0rPQXSPEIfgrXjwo4tX/8Obf2FkOmvig4PFeFVX1/FgKjY7zbWUWFpeWV7KrubX1jc0te3unqqNEcajwSEaq7jMNUoRQQYES6rECFvgSan7/euTXHkBpEYV3OIihGbBuKDqCMzRSy96D+/RYeDcgkVH0egxpadiy807BGYPOE3dK8mSKcsv+8toRTwIIkUumdcN1YmymTKHgEoY5L9EQM95nXWgYGrIAdDMdXz+kh0Zp006kTIVIx+rviZQFWg8C33QGDHt61huJ/3mNBDuXzVSEcYIQ8smiTiIpRnQUBW0LBRzlwBDGlTC3Ut5jinE0geVMCO7sy/OkelJwzwunt2f54tU0jizZJwfkiLjkghRJiZRJhXDySJ7JK3mznqwX6936mLRmrOnMLvkD6/MHjdeUpw==</latexit>

e�i�tĤ

• Hamiltonian added, many degrees of freedom,  
<latexit sha1_base64="y8E0cVFyXaeR9/ocx7a196C6oBQ=">AAACAXicbZDLSsNAFIZPvNZ6q7oR3AwWwVVJVNSNUHTjsoK9QBPDZDJph04mYWYilFA3voobF4q49S3c+TZOL4K2/jDw8Z9zOHP+IOVMadv+submFxaXlgsrxdW19Y3N0tZ2QyWZJLROEp7IVoAV5UzQumaa01YqKY4DTptB72pYb95TqVgibnU/pV6MO4JFjGBtLL+063axRsLn6AL94J0b4o5fKtsVeyQ0C84EyjBRzS99umFCspgKTThWqu3YqfZyLDUjnA6KbqZoikkPd2jboMAxVV4+umCADowToiiR5gmNRu7viRzHSvXjwHTGWHfVdG1o/ldrZzo693Im0kxTQcaLoowjnaBhHChkkhLN+wYwkcz8FZEulphoE1rRhOBMnzwLjaOKc1o5vjkpVy8ncRRgD/bhEBw4gypcQw3qQOABnuAFXq1H69l6s97HrXPWZGYH/sj6+AbnsJXq</latexit>

n̂l = n̂†
l

• works for measurement operators with discrete spectrum (measurement record continuous, 
e.g. Stern-Gerlach)



initial state: Néel product state

Bessel function

Ref Keyserlingk

Monitored dynamics: Extracting information

• stochastic Schrödinger equation for projector
<latexit sha1_base64="6zgx199NWF9cY9AFqgXoOUS1cig=">AAACFnicbZDLSgMxFIYz9VbrbdSlm2AR3FhmRNGNUHTjsoK9QKcMmTRtQzOZITkjlLZP4cZXceNCEbfizrcxM52Fth4I+fn+c0jOH8SCa3Ccb6uwtLyyulZcL21sbm3v2Lt7DR0lirI6jUSkWgHRTHDJ6sBBsFasGAkDwZrB8Cb1mw9MaR7JexjFrBOSvuQ9TgkY5Nsn3oAA9tQg8gFf4YkXa+6ngMi+YNgT2Z3TiW+XnYqTFV4Ubi7KKK+ab3953YgmIZNABdG67ToxdMZEAaeCTUteollM6JD0WdtISUKmO+NsrSk+MqSLe5EyRwLO6O+JMQm1HoWB6QwJDPS8l8L/vHYCvcvOmMs4ASbp7KFeIjBEOM0Id7liFMTICEIVN3/FdEAUoWCSLJkQ3PmVF0XjtOKeV5y7s3L1Oo+jiA7QITpGLrpAVXSLaqiOKHpEz+gVvVlP1ov1bn3MWgtWPrOP/pT1+QOm9J8R</latexit>

⇢̂t = | tih t| random variable

➡ statistical analysis: consider trajectory ensemble

• examples:

SvN (l, L) = hlog(⇢A)i• von Neumann entropy

• correlation function quadratic in state projector

arbitrarily high power of state projector

<latexit sha1_base64="HQqgMYjJOaoRZPCg0pTzsaLDTDM=">AAACJnicbVDLSgMxFM3UV62vUZdugkVwVWZE0Y1QdOOygn1AZxgyadrGZjJDckcoQ7/Gjb/ixkVFxJ2fYqadhbZeCJycc89N7gkTwTU4zpdVWlldW98ob1a2tnd29+z9g5aOU0VZk8YiVp2QaCa4ZE3gIFgnUYxEoWDtcHSb6+0npjSP5QOME+ZHZCB5n1MChgrsa+zFRs/tmSeIHAiGvSEBLAPuqeI+5ws6e5wUwgQHdtWpObPCy8AtQBUV1QjsqdeLaRoxCVQQrbuuk4CfEQWcmoEVL9UsIXREBqxroCQR0342W3OCTwzTw/1YmSMBz9jfjoxEWo+j0HRGBIZ6UcvJ/7RuCv0rP+MySYFJOn+onwoMMc4zwz2uGAUxNoBQxc1fMR0SRSiYZCsmBHdx5WXQOqu5FzXn/rxavyniKKMjdIxOkYsuUR3doQZqIoqe0SuaonfrxXqzPqzPeWvJKjyH6E9Z3z9/EaZo</latexit>

hn̂iihn̂ji

A
<latexit sha1_base64="6CxVmKKaOs04YR+CVQhF5c/RRhY=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Kokoeiz14rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZq1Pqlsltx5yCrxMtJGXLU+6Wv3iBmaYTSMEG17npuYvyMKsOZwGmxl2pMKBvTIXYtlTRC7WfzQ6fk3CoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDWz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LivedcVtXJWrtTyOApzCGVyABzdQhXuoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBlbOMyg==</latexit>

B

<latexit sha1_base64="+rzoRV5RcVMIZILk6Q5BsaacaKY=">AAACIHicbVDLSgMxFM3UV62vUZdugkVwVWZEqRuh1o3LCvYBnTJk0rQNzWSG5I5Qpv0UN/6KGxeK6E6/xrSdhbYeCDmccy/JOUEsuAbH+bJyK6tr6xv5zcLW9s7unr1/0NBRoiir00hEqhUQzQSXrA4cBGvFipEwEKwZDG+mfvOBKc0jeQ+jmHVC0pe8xykBI/l22VODyL/GV9gLCQxUmIKa+FU89mLNfcCeIrIvGPZEds/lsW8XnZIzA14mbkaKKEPNtz+9bkSTkEmggmjddp0YOilRwKlgk4KXaBYTOiR91jZUkpDpTjoLOMEnRuniXqTMkYBn6u+NlIRaj8LATE5T6EVvKv7ntRPoXXZSLuMEmKTzh3qJwBDhaVu4yxWjIEaGEKq4+SumA6IIBdNpwZTgLkZeJo2zkntRcu7Oi5VqVkceHaFjdIpcVEYVdItqqI4oekTP6BW9WU/Wi/VufcxHc1a2c4j+wPr+AXp0oy0=</latexit>

⇢A = trB | tih t|

<latexit sha1_base64="3N15HF9oM7jv7AKL9DiB8jk0nE8=">AAAB6HicbVA9SwNBEJ3zM8avqKXNYhCswp0oWgZtLCwSMB+QHGFvM5es2ds7dveEcOQX2FgoYutPsvPfuEmu0MQHA4/3ZpiZFySCa+O6387K6tr6xmZhq7i9s7u3Xzo4bOo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDv1W0+oNI/lgxkn6Ed0IHnIGTVWqt/3SmW34s5AlomXkzLkqPVKX91+zNIIpWGCat3x3MT4GVWGM4GTYjfVmFA2ogPsWCpphNrPZodOyKlV+iSMlS1pyEz9PZHRSOtxFNjOiJqhXvSm4n9eJzXhtZ9xmaQGJZsvClNBTEymX5M+V8iMGFtCmeL2VsKGVFFmbDZFG4K3+PIyaZ5XvMuKW78oV2/yOApwDCdwBh5cQRXuoAYNYIDwDK/w5jw6L8678zFvXXHymSP4A+fzB6TbjNQ=</latexit>

L

<latexit sha1_base64="DrwcZZUyu5b3EICMvwWhycLhch4="></latexit>

d⇢̂t = dt(�i[Ĥ, ⇢̂t]� �

X

l

(2n̂l⇢̂tn̂l � n̂
2
l ⇢̂t � ⇢̂tn̂

2
l ]) +

X

l

dWl{n̂l � hn̂lit, ⇢̂t}

• usual observables: 
statistical average

quantum average
<latexit sha1_base64="fNh9jEv0Vj/m9uT6zGxxQy9yXpU=">AAACJ3icbVDLSgMxFM3UV62vUZdugkVwVWZU1I1SdOPOCvYBnVIyadqGZjJDckco0/6NG3/FjaAiuvRPTKcjaPVA4Nxzz+XmHj8SXIPjfFi5ufmFxaX8cmFldW19w97cqukwVpRVaShC1fCJZoJLVgUOgjUixUjgC1b3B5eTfv2OKc1DeQvDiLUC0pO8yykBI7Xtc08Q2RPM6xPA19hTaYXPcKZjL9K8DXiUGUbT+tvXtotOyUmB/xI3I0WUodK2n71OSOOASaCCaN10nQhaCVHAqWDjghdrFhE6ID3WNFSSgOlWkt45xntG6eBuqMyTgFP150RCAq2HgW+cAYG+nu1NxP96zRi6p62EyygGJul0UTcWGEI8CQ13uGIUxNAQQhU3f8W0TxShYKItmBDc2ZP/ktpByT0uHd4cFcsXWRx5tIN20T5y0QkqoytUQVVE0T16RC/o1Xqwnqw3631qzVnZzDb6BevzCyFepYI=</latexit>

hÔi = h t|Ô| ti
<latexit sha1_base64="AyuPxqCibrujcKNGMxnvZse2rUA="></latexit>

hÔi = h t|Ô| ti = tr[Ô⇢̂t]

➡ evaluated on featureless infinite T state

➡ use state-dependent observables

more promising, because in general
<latexit sha1_base64="z/NwyWUdxRrpjnyUbNy/65HGNVw=">AAACHnicbVBLSwMxGMzWV62vVY9egkWol7IrFj0WheKxgn1AdynZNNsNzSZrkhXK0l/ixb/ixYMigif9N6YPpLYOBIaZ+ZJ8EySMKu0431ZuZXVtfSO/Wdja3tnds/cPmkqkEpMGFkzIdoAUYZSThqaakXYiCYoDRlrB4Hrstx6IVFTwOz1MiB+jPqchxUgbqWtXaiXoCZMYX5B5EdLQk5EYnUKPk/s5q9b5Nf1R1y46ZWcCuEzcGSmCGepd+9PrCZzGhGvMkFId10m0nyGpKWZkVPBSRRKEB6hPOoZyFBPlZ5P1RvDEKD0YCmkO13Cizk9kKFZqGAcmGSMdqUVvLP7ndVIdXvoZ5UmqCcfTh8KUQS3guCvYo5JgzYaGICyp+SvEEZIIa9NowZTgLq68TJpnZbdSdm7Pi9WrWR15cASOQQm44AJUwQ2ogwbA4BE8g1fwZj1ZL9a79TGN5qzZzCH4A+vrBx99ooI=</latexit>

F (⇢̂) 6= F [⇢̂]

<latexit sha1_base64="/Vht61kBlkx3XWLF7mVsB/qQjuE="></latexit>

hÔ(| i)i = trÔ(⇢̂)⇢̂

• deterministic, linear Lindblad equation for

•      Hermitian: heating to infinite temperature
<latexit sha1_base64="Thi+6JTsUY/rEyMmJB3bbelaZZs=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaL4Kokouiy6MZlBfuAJoTJdNIOnUeYmQglZOOvuHGhiFs/w51/46TtQlsPXDiccy/33hOnjGrjed9OZWV1bX2julnb2t7Z3XP3DzpaZgqTNpZMql6MNGFUkLahhpFeqgjiMSPdeHxb+t1HojSV4sFMUhJyNBQ0oRgZK0XuUaBGMjIQBppyGHBkRnGS+0Xk1r2GNwVcJv6c1MEcrcj9CgYSZ5wIgxnSuu97qQlzpAzFjBS1INMkRXiMhqRvqUCc6DCfPlDAU6sMYCKVLWHgVP09kSOu9YTHtrO8UC96pfif189Mch3mVKSZIQLPFiUZg0bCMg04oIpgwyaWIKyovRXiEVIIG5tZzYbgL768TDrnDf+y4d1f1Js38ziq4BicgDPggyvQBHegBdoAgwI8g1fw5jw5L8678zFrrTjzmUPwB87nDwQUlgk=</latexit>

⇢t ⇠ 1

<latexit sha1_base64="UIXmVfb8+jhl7GnklAtcZ7+TPmA=">AAACHHicbVDLSgMxFM3UV62vUZdugkVwVWZ8oBuh6MZlBfuAThkyadqGZpIhuSOUaT/Ejb/ixoUiblwI/o3pY6GtB0IO59x7k3uiRHADnvft5JaWV1bX8uuFjc2t7R13d69mVKopq1IllG5ExDDBJasCB8EaiWYkjgSrR/2bsV9/YNpwJe9hkLBWTLqSdzglYKXQPQ10T4WA8RUOlC0cz8mGQWJ4CIEmsitYICYXnop4OArdolfyJsCLxJ+RIpqhErqfQVvRNGYSqCDGNH0vgVZGNHAq2KgQpIYlhPZJlzUtlSRmppVNlhvhI6u0cUdpeyTgifq7IyOxMYM4spUxgZ6Z98bif14zhc5lK+MySYFJOn2okwoMCo+Twm2uGQUxsIRQze1fMe0RTSjYPAs2BH9+5UVSOyn55yXv7qxYvp7FkUcH6BAdIx9doDK6RRVURRQ9omf0it6cJ+fFeXc+pqU5Z9azj/7A+foBjI+iTA==</latexit>

⇢t = | tih t|
<latexit sha1_base64="fXLdNpQNa6oXwCd+nWPsNzrClPE=">AAAB8HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0TJoYxnBxEhyhL3NXrJkd+/YnRNCyK+wsVDE1p9j579xk1yhiQ8GHu/NMDMvSqWw6PvfXmFldW19o7hZ2tre2d0r7x80bZIZxhsskYlpRdRyKTRvoEDJW6nhVEWSP0TDm6n/8MSNFYm+x1HKQ0X7WsSCUXTSY2dAkeiuJN1yxa/6M5BlEuSkAjnq3fJXp5ewTHGNTFJr24GfYjimBgWTfFLqZJanlA1pn7cd1VRxG45nB0/IiVN6JE6MK41kpv6eGFNl7UhFrlNRHNhFbyr+57UzjK/CsdBphlyz+aI4kwQTMv2e9IThDOXIEcqMcLcSNqCGMnQZlVwIweLLy6R5Vg0uqv7deaV2ncdRhCM4hlMI4BJqcAt1aAADBc/wCm+e8V68d+9j3lrw8plD+APv8wcN24/q</latexit>

n̂l

• first try: statistical average of SSE for projector



• toy model: trajectory evolution of single fermion on two sites

An example: one fermion on two sites (two-level system)
<latexit sha1_base64="LaiPe5Cph4m7/l9DxW2hBXqhn8M=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Kokoeix6EU8t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dlZW19Y3Ngtbxe2d3b390sFhU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWj26nfekKleSwfzDhBP6IDyUPOqLFS/b5XKrsVdwayTLyclCFHrVf66vZjlkYoDRNU647nJsbPqDKcCZwUu6nGhLIRHWDHUkkj1H42O3RCTq3SJ2GsbElDZurviYxGWo+jwHZG1Az1ojcV//M6qQmv/YzLJDUo2XxRmApiYjL9mvS5QmbE2BLKFLe3EjakijJjsynaELzFl5dJ87ziXVbc+kW5epPHUYBjOIEz8OAKqnAHNWgAA4RneIU359F5cd6dj3nripPPHMEfOJ8/odOM0g==</latexit>

J

<latexit sha1_base64="wgpImE/yctzE0fAVvgVvEgdieOU=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV1R9Bj04jGCeUCyhN7JbDJmZnaZmRVCyD948aCIV//Hm3/jJNmDJhY0FFXddHdFqeDG+v63t7K6tr6xWdgqbu/s7u2XDg4bJsk0ZXWaiES3IjRMcMXqllvBWqlmKCPBmtHwduo3n5g2PFEPdpSyUGJf8ZhTtE5qdPooJXZLZb/iz0CWSZCTMuSodUtfnV5CM8mUpQKNaQd+asMxasupYJNiJzMsRTrEPms7qlAyE45n107IqVN6JE60K2XJTP09MUZpzEhGrlOiHZhFbyr+57UzG1+HY67SzDJF54viTBCbkOnrpMc1o1aMHEGqubuV0AFqpNYFVHQhBIsvL5PGeSW4rPj3F+XqTR5HAY7hBM4ggCuowh3UoA4UHuEZXuHNS7wX7937mLeuePnMEfyB9/kDiD2PGQ==</latexit>�

• strong monitoring 
<latexit sha1_base64="7x7qeERSNWThPowbD6FNd15gj70=">AAAB9XicbVBNSwMxEM3Wr1q/qh69BIvgqe6KoseiF/FUwX5Ady2zabYNTbJLklXK0v/hxYMiXv0v3vw3pu0etPXBwOO9GWbmhQln2rjut1NYWl5ZXSuulzY2t7Z3yrt7TR2nitAGiXms2iFoypmkDcMMp+1EURAhp61weD3xW49UaRbLezNKaCCgL1nECBgrPdye+H0QArDPOfa65YpbdafAi8TLSQXlqHfLX34vJqmg0hAOWnc8NzFBBsowwum45KeaJkCG0KcdSyUIqoNsevUYH1mlh6NY2ZIGT9XfExkIrUcitJ0CzEDPexPxP6+TmugyyJhMUkMlmS2KUo5NjCcR4B5TlBg+sgSIYvZWTAaggBgbVMmG4M2/vEiap1XvvOrenVVqV3kcRXSADtEx8tAFqqEbVEcNRJBCz+gVvTlPzovz7nzMWgtOPrOP/sD5/AH+FZGH</latexit>

J/� ⌧ 1
<latexit sha1_base64="brl0cdJtnW2NvZ7a3h1TUD7UxTU=">AAAB9XicbVDLSgNBEJyNrxhfUY9eBoPgKe6KosegF/EUwTwgu4beyexmyMzsMjOrhCX/4cWDIl79F2/+jZPHQRMLGoqqbrq7wpQzbVz32yksLa+srhXXSxubW9s75d29pk4yRWiDJDxR7RA05UzShmGG03aqKIiQ01Y4uB77rUeqNEvkvRmmNBAQSxYxAsZKD7cnfgxCAPbjGHvdcsWtuhPgReLNSAXNUO+Wv/xeQjJBpSEctO54bmqCHJRhhNNRyc80TYEMIKYdSyUIqoN8cvUIH1mlh6NE2ZIGT9TfEzkIrYcitJ0CTF/Pe2PxP6+TmegyyJlMM0MlmS6KMo5NgscR4B5TlBg+tASIYvZWTPqggBgbVMmG4M2/vEiap1XvvOrenVVqV7M4iugAHaJj5KELVEM3qI4aiCCFntErenOenBfn3fmYthac2cw++gPn8wfu1JF9</latexit>

J/� � 1• weak monitoring 

➡pinning to measurement eigenstate ➡vanishing time spent in eigenstate

shelving

1

0

nt

t

1

0

nt

t

➡  H=0: collapse into dark state at long times
<latexit sha1_base64="0IWyJNoLmT+gGq+olhY7t9dMWQI="></latexit>

n̂l| ti = hn̂li| ti =) nl = 0, 1
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• invisible in linear averages • seen in averaged trajectory covariance matrix

guiding physical picture:
➡ thermodynamic limit: pinning quantum phase transition may happen at sharply defined point 

➡ signalled in nonlinear-in-state ‘observable’, like the covariance matrix

<latexit sha1_base64="bXJ/FOoaDnEB3uoMronQiomtFCo="></latexit>

| t+dti = | ti � idtĤe↵| ti+
2X

l=1

dWl (n̂l � hn̂lit) | ti

<latexit sha1_base64="F3o8gMRrVTaxcS1333mdN3q/VU4=">AAACEXicbZC7SgNBFIZn4y3GW9TSZjAIaQy7omgjBG0CNhHMBZIQZidnkyGzF2bOimHJK9j4KjYWitja2fk2TpItNPGHgY//nMOZ87uRFBpt+9vKLC2vrK5l13Mbm1vbO/ndvboOY8WhxkMZqqbLNEgRQA0FSmhGCpjvSmi4w+tJvXEPSoswuMNRBB2f9QPhCc7QWN18kbYHDGmlm7QRHjABzxuP6WXq0mMqZnjTzRfskj0VXQQnhQJJVe3mv9q9kMc+BMgl07rl2BF2EqZQcAnjXDvWEDE+ZH1oGQyYD7qTTC8a0yPj9KgXKvMCpFP390TCfK1Hvms6fYYDPV+bmP/VWjF6F51EBFGMEPDZIi+WFEM6iYf2hAKOcmSAcSXMXykfMMU4mhBzJgRn/uRFqJ+UnLOSfXtaKF+lcWTJATkkReKQc1ImFVIlNcLJI3kmr+TNerJerHfrY9aasdKZffJH1ucPbhSbeQ==</latexit>

Ĥe↵ = Ĥ � iK̂

<latexit sha1_base64="x83Bwmc1vIChqnWtj6mZIy8aYfY="></latexit>

Ĥ = �J

⇣
c
†
1c2 + h.c.

⌘ <latexit sha1_base64="4/6c3m46FJWEfx8SeX2r3kbeZw0="></latexit>

K̂ =
�

2

2X

l=1

(n̂l � hn̂lit)2



Entanglement phase transition in a 
monitored fermion chain

O. Alberton, M. Buchhold, SD, PRL (2021)

c†l+1cl + c†l cl+1

i�c†l cl

entanglement growth

entanglement saturation

Hamiltonian:

Monitoring:



initial state: Néel product state

Monitored fermion dynamics

• unitary dynamics: hopping 

c†l+1cl + c†l cl+1

H = �J

X

l

⇣
c
†
l cl+1 + c

†
l+1cl

⌘
Bessel function

➡ volume law entanglement entropy

Ref Keyserlingk

i�c†l cl

A
<latexit sha1_base64="6CxVmKKaOs04YR+CVQhF5c/RRhY=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Kokoeiz14rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZq1Pqlsltx5yCrxMtJGXLU+6Wv3iBmaYTSMEG17npuYvyMKsOZwGmxl2pMKBvTIXYtlTRC7WfzQ6fk3CoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDWz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LivedcVtXJWrtTyOApzCGVyABzdQhXuoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBlbOMyg==</latexit>

B

<latexit sha1_base64="+rzoRV5RcVMIZILk6Q5BsaacaKY=">AAACIHicbVDLSgMxFM3UV62vUZdugkVwVWZEqRuh1o3LCvYBnTJk0rQNzWSG5I5Qpv0UN/6KGxeK6E6/xrSdhbYeCDmccy/JOUEsuAbH+bJyK6tr6xv5zcLW9s7unr1/0NBRoiir00hEqhUQzQSXrA4cBGvFipEwEKwZDG+mfvOBKc0jeQ+jmHVC0pe8xykBI/l22VODyL/GV9gLCQxUmIKa+FU89mLNfcCeIrIvGPZEds/lsW8XnZIzA14mbkaKKEPNtz+9bkSTkEmggmjddp0YOilRwKlgk4KXaBYTOiR91jZUkpDpTjoLOMEnRuniXqTMkYBn6u+NlIRaj8LATE5T6EVvKv7ntRPoXXZSLuMEmKTzh3qJwBDhaVu4yxWjIEaGEKq4+SumA6IIBdNpwZTgLkZeJo2zkntRcu7Oi5VqVkceHaFjdIpcVEYVdItqqI4oekTP6BW9WU/Wi/VufcxHc1a2c4j+wPr+AXp0oy0=</latexit>

⇢A = trB | tih t|

SvN (L/2, L) = tr⇢A log(⇢A)
t!1⇠ L

<latexit sha1_base64="3N15HF9oM7jv7AKL9DiB8jk0nE8=">AAAB6HicbVA9SwNBEJ3zM8avqKXNYhCswp0oWgZtLCwSMB+QHGFvM5es2ds7dveEcOQX2FgoYutPsvPfuEmu0MQHA4/3ZpiZFySCa+O6387K6tr6xmZhq7i9s7u3Xzo4bOo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDv1W0+oNI/lgxkn6Ed0IHnIGTVWqt/3SmW34s5AlomXkzLkqPVKX91+zNIIpWGCat3x3MT4GVWGM4GTYjfVmFA2ogPsWCpphNrPZodOyKlV+iSMlS1pyEz9PZHRSOtxFNjOiJqhXvSm4n9eJzXhtZ9xmaQGJZsvClNBTEymX5M+V8iMGFtCmeL2VsKGVFFmbDZFG4K3+PIyaZ5XvMuKW78oV2/yOApwDCdwBh5cQRXuoAYNYIDwDK/w5jw6L8678zFvXXHymSP4A+fzB6TbjNQ=</latexit>

L

• caveat:         is a random variable 

➡ ‘observables’: entanglement entropy, traj. averaged correlators

• binary measurement outcomes generate 
extensive configurational entropy

<latexit sha1_base64="Z8PWH1uucpv786jWszqNS88SbYI=">AAAB9XicbVBNS8NAEN34WetX1aOXxSJ4Kokoeix68VjBfkAby2Y7aZduNmF3opTY/+HFgyJe/S/e/Ddu2xy09cHA470ZZuYFiRQGXffbWVpeWV1bL2wUN7e2d3ZLe/sNE6eaQ53HMtatgBmQQkEdBUpoJRpYFEhoBsPrid98AG1ErO5wlIAfsb4SoeAMrXT/1EmM6GJHM9WX0C2V3Yo7BV0kXk7KJEetW/rq9GKeRqCQS2ZM23MT9DOmUXAJ42InNZAwPmR9aFuqWATGz6ZXj+mxVXo0jLUthXSq/p7IWGTMKApsZ8RwYOa9ifif104xvPQzoZIUQfHZojCVFGM6iYD2hAaOcmQJ41rYWykfMM042qCKNgRv/uVF0jiteOcV9/asXL3K4yiQQ3JETohHLkiV3JAaqRNONHkmr+TNeXRenHfnY9a65OQzB+QPnM8fAdmS1g==</latexit>

| ti

• Weak continuous measurements in many-body system

• competition: 
<latexit sha1_base64="tlRjAwOFGa+TeGNWVExNc/sGsSg=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0VwVRJRdCMU3YirCvYBTSg300k7dCYJMxOhhuCvuHGhiFv/w51/47TNQlsPXDiccy/33hMknCntON/WwuLS8spqaa28vrG5tW3v7DZVnEpCGyTmsWwHoChnEW1opjltJ5KCCDhtBcPrsd96oFKxOLrXo4T6AvoRCxkBbaSuvd/Hl9gLJZDM64MQkGe3edeuOFVnAjxP3IJUUIF61/7yejFJBY004aBUx3US7WcgNSOc5mUvVTQBMoQ+7RgagaDKzybX5/jIKD0cxtJUpPFE/T2RgVBqJALTKUAP1Kw3Fv/zOqkOL/yMRUmqaUSmi8KUYx3jcRS4xyQlmo8MASKZuRWTAZgotAmsbEJwZ1+eJ82TqntWde5OK7WrIo4SOkCH6Bi56BzV0A2qowYi6BE9o1f0Zj1ZL9a79TFtXbCKmT30B9bnD/a3lOw=</latexit>
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2
l | ti+

X

l

dWlM̂l| ti

➡ area law entanglement entropy

SvN (L/2, L) = s0

eigenstate of measurement operator

• H = 0: evolution stops after collapse into dark state

• measurement operators
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M̂l = n̂l � hn̂lit
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M̂l| ti = 0 for
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n̂l| ti = nl| ti

Gaussian white noise



volume law

subextensive, 
critical

area law 

�/J measurement/hopping

SvN (L/2, L) ⇠ log2 L

1

L

SvN (L/2, L) ⇠ s0

SvN (L/2, L) ⇠ L

�c/Jc

Trajectory ensemble phase diagram: Entanglement entropy

• weak monitoring
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g = �/J

• strong monitoring

Cao, Tilloy, De Luca SciPost (2019)
only excluding volume law in thermodynamic limit

➡  extended subextensive, critical phase at intermediate 
monitoring 

➡new phase transition for physical measurement protocol
➡consistent with 

see also Chen, Li, Fisher, 
Lucas PRR (2020)
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Characterizing the weak monitoring phase

• extended criticality: Connected correlation function
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• emergent conformality: Mutual information

<latexit sha1_base64="lLrAYnLSl+YZuowyvKUs9vnlux4="></latexit>

I(A,B) =SvN (A) + SvN (A)

+ SvN (A [B)

conformally invariant critical point:  Nahum et al. 
PRX (2019); Li Chen Fisher PRB (2019); Jian et 

al. PRB (2020); 

➡emergent conformally invariant critical phase for weak monitoring
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hM̂iM̂i+li ⇠

8
>><

>>:

0 for H = 0
exp(�l/⇠) for � � J

l
�2 for � ⌧ J

l
�1 for � = 0
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Ci,i+l ⇠

• captures all distinct phases:



Characterizing the phase transition
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g = �/J

➡establishes BKT type phase transition 
➡ further: measurement protocol dependence, trajectory entanglement distribution as probe of transition… 
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Ml = nl � hnli
(i)

c(�)

• effective central charge c(�)

SvN (l, L) =
c(�)

3
log2


L

⇡
sin

✓
⇡l

L

◆�
+ s(�)

➡sudden jump reminiscent of BKT

parameter dependent c

random systems: Cardy Jacobsen PRL (1997); 

Refael, Moore PRL (2004)

• essential scaling of the central charge: scaling 
collapse above phase transition

➡BKT universal behavior 



Keldysh replica field theory approach 
to 

measurement induced phase transitions

M. Buchhold, Y. Minoguchi, A. Altland, SD, arxiv:2102.08381

microphysics macrophysics



Continuum (1+1) dimensional model

<latexit sha1_base64="uZmtvioiB07S2NLIhur0N8fLW0c="></latexit>

Ĥ = iv

Z

x
 ̂†

x�z@x ̂x
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 ̂x = ( ̂R,x,  ̂L,x)
T• Hamiltonian: massless Dirac fermions

fermionic variant bosonized variant

<latexit sha1_base64="yW98d2DQpfn156DoQMhAc0t6SWI="></latexit>

Ĥ =
v

2⇡

Z

x
[(@x✓̂x)

2 + (@x�̂x)
2]

Luttinger liquid

densityphase
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O(1)

linear gapless

nonlinear
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• stabilize product dark states: exactly local 

• realize competition: do not commute with H (phase fluctuations)

• measurement operators: current and vertex operators 
<latexit sha1_base64="Ou3oTRKSF1AgkVOtetS8nV0wfCg="></latexit>
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x x = Ĵ
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x
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Ô2,x =  †
x�x x

<latexit sha1_base64="A6uU/t0jfJc/Ye3bn9yve/Qq6D4=">AAACHXicbVDNS8MwHE39nPNr6tFLcAgedLQy0Ysw9OLNCe4D1lLSLN3C0jYkqWyU/iNe/Fe8eFDEgxfxvzHtetDNB4HHe++X5Pc8zqhUpvltLCwuLa+sltbK6xubW9uVnd22jGKBSQtHLBJdD0nCaEhaiipGulwQFHiMdLzRdeZ3HoiQNArv1YQTJ0CDkPoUI6Ult1KH0B4iBW/dxDoep5cnti8QTqw0sTlNbY6Eooi54zxk8yF1k3HqVqpmzcwB54lVkCoo0HQrn3Y/wnFAQoUZkrJnmVw5SXY5ZiQt27EkHOERGpCepiEKiHSSfLsUHmqlD/1I6BMqmKu/JxIUSDkJPJ0MkBrKWS8T//N6sfIvnISGPFYkxNOH/JhBFcGsKtingmDFJpogLKj+K8RDpOtRutCyLsGaXXmetE9r1lnNvKtXG1dFHSWwDw7AEbDAOWiAG9AELYDBI3gGr+DNeDJejHfjYxpdMIqZPfAHxtcPWxCiKA==</latexit>

Ô1,x = � 1

⇡
@x�̂x

<latexit sha1_base64="bEy7R/hhzWWbtAk6opTpyA7eTpQ=">AAACC3icbVDLSsNAFJ34rPUVdelmaBEqSEmKohuh6MadFewDmhAm00kzdPJgZiItIXs3/oobF4q49Qfc+TdO2iy09cCFwzn3cu89bsyokIbxrS0tr6yurZc2yptb2zu7+t5+R0QJx6SNIxbxnosEYTQkbUklI72YExS4jHTd0XXudx8IFzQK7+UkJnaAhiH1KEZSSY5esXwk4a2TNk7G2SUMLByJWiMXrdinTjrOjh29atSNKeAiMQtSBQVajv5lDSKcBCSUmCEh+qYRSztFXFLMSFa2EkFihEdoSPqKhiggwk6nv2TwSCkD6EVcVSjhVP09kaJAiEngqs4ASV/Me7n4n9dPpHdhpzSME0lCPFvkJQzKCObBwAHlBEs2UQRhTtWtEPuIIyxVfGUVgjn/8iLpNOrmWd24O602r4o4SuAQVEANmOAcNMENaIE2wOARPINX8KY9aS/au/Yxa13SipkD8Afa5w+hMpor</latexit>

Ô2,x = m cos(2�̂x)

common eigenstates:
<latexit sha1_base64="/DduCH13hhokNGkLq69oha1pjJs=">AAACFnicbVDLSsNAFJ3UV62vqEs3wSK4sSSi6EYo6sJlBfuAJoSb6aQZOpmEmYlYYr/Cjb/ixoUibsWdf+P0sdC2By4czrmXe+8JUkalsu0fo7CwuLS8Ulwtra1vbG6Z2zsNmWQCkzpOWCJaAUjCKCd1RRUjrVQQiANGmkHvaug374mQNOF3qp8SL4YupyHFoLTkm0duBMpNI+o/PLo1Sf1rVwDvMnIxT/TNsl2xR7BmiTMhZTRBzTe/3U6Cs5hwhRlI2XbsVHk5CEUxI4OSm0mSAu5Bl7Q15RAT6eWjtwbWgVY6VpgIXVxZI/XvRA6xlP040J0xqEhOe0NxntfOVHju5ZSnmSIcjxeFGbNUYg0zsjpUEKxYXxPAgupbLRyBAKx0kiUdgjP98ixpHFec04p9e1KuXk7iKKI9tI8OkYPOUBXdoBqqI4ye0At6Q+/Gs/FqfBif49aCMZnZRf9gfP0CbEGgJw==</latexit>

�̂x| Di = �x| Di

• preface: model obtains from naive continuum limit and bosonization of lattice fermion model



Signatures of phase transition in many-body problem

• Analysis of limiting cases: 
evolution of covariance matrix

➡ leading exponential decay, in line with numerics

• strong monitoring: perturbation theory

<latexit sha1_base64="Myj/G2cUnBoaH4Fmn6qaTu4yxCU=">AAAB83icbVBNS8NAEN3Ur1q/qh69LBbBU01E0YtQ9CKeKtgPaEKZbDfp0t1N2N0IJfRvePGgiFf/jDf/jds2B60+GHi8N8PMvDDlTBvX/XJKS8srq2vl9crG5tb2TnV3r62TTBHaIglPVDcETTmTtGWY4bSbKgoi5LQTjm6mfueRKs0S+WDGKQ0ExJJFjICxkh/jK+zHIASc3PWrNbfuzoD/Eq8gNVSg2a9++oOEZIJKQzho3fPc1AQ5KMMIp5OKn2maAhlBTHuWShBUB/ns5gk+ssoAR4myJQ2eqT8nchBaj0VoOwWYoV70puJ/Xi8z0WWQM5lmhkoyXxRlHJsETwPAA6YoMXxsCRDF7K2YDEEBMTamig3BW3z5L2mf1r3zunt/VmtcF3GU0QE6RMfIQxeogW5RE7UQQSl6Qi/o1cmcZ+fNeZ+3lpxiZh/9gvPxDYTPkLI=</latexit>

g = �/J

<latexit sha1_base64="U4q14OtK38I+QXvR5XILVj/Akaw=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0YtQ9OKxgrGFNpTNdtMu3WzC7kQoob/BiwdFvPqDvPlv3LY5aOuDgcd7M8zMC1MpDLrut1NaWV1b3yhvVra2d3b3qvsHjybJNOM+S2Si2yE1XArFfRQoeTvVnMah5K1wdDv1W09cG5GoBxynPIjpQIlIMIpW8gfkmri9as2tuzOQZeIVpAYFmr3qV7efsCzmCpmkxnQ8N8UgpxoFk3xS6WaGp5SN6IB3LFU05ibIZ8dOyIlV+iRKtC2FZKb+nshpbMw4Dm1nTHFoFr2p+J/XyTC6CnKh0gy5YvNFUSYJJmT6OekLzRnKsSWUaWFvJWxINWVo86nYELzFl5fJ41ndu6i79+e1xk0RRxmO4BhOwYNLaMAdNMEHBgKe4RXeHOW8OO/Ox7y15BQzh/AHzucPakuNxA==</latexit>

g = 0
<latexit sha1_base64="G4WuepvoTXJQvzq9vjmUBaXQnQI=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgxbAril6EoBePEcwDkzXMTjrJkNnZZWZWCEv+wosHRbz6N978GyfJHjSxoKGo6qa7K4gF18Z1v53c0vLK6lp+vbCxubW9U9zdq+soUQxrLBKRagZUo+ASa4Ybgc1YIQ0DgY1geDPxG0+oNI/kvRnF6Ie0L3mPM2qs9NB/TE+8MbkibqdYcsvuFGSReBkpQYZqp/jV7kYsCVEaJqjWLc+NjZ9SZTgTOC60E40xZUPax5alkoao/XR68ZgcWaVLepGyJQ2Zqr8nUhpqPQoD2xlSM9Dz3kT8z2slpnfpp1zGiUHJZot6iSAmIpP3SZcrZEaMLKFMcXsrYQOqKDM2pIINwZt/eZHUT8veedm9OytVrrM48nAAh3AMHlxABW6hCjVgIOEZXuHN0c6L8+58zFpzTjazD3/gfP4AxD+Pqg==</latexit>

g�1 = 0
<latexit sha1_base64="M8616N91JZq704Q5ltIPKyacm4A=">AAACQnicbVC7TsMwFHV4lvIKMLJYVEgsVAkCwYJU0YWxSPSBmihyXKd16ziR7SBVUb+NhS9g4wNYGECIlQE3jXi0vdKVjs8599o+fsyoVJb1bCwsLi2vrBbWiusbm1vb5s5uQ0aJwKSOIxaJlo8kYZSTuqKKkVYsCAp9Rpr+oDrWm/dESBrxWzWMiRuiLqcBxUhpyjPvql5K+6NLJ9Ku8ZLUYYh3GYHco7r7jsiOo+O5jlyFv9TPgGeWrLKVFZwFdg5KIK+aZz45nQgnIeEKMyRl27Zi5aZIKIr1vqKTSBIjPEBd0taQo5BIN80iGMFDzXRgEAndXMGM/TuRolDKYehrZ4hUT05rY3Ke1k5UcOGmlMeJIhxPLgoSBlUEx3nCDhUEKzbUAGFB9Vsh7iGBsNKpF3UI9vSXZ0HjpGyfla2b01LlKo+jAPbBATgCNjgHFXANaqAOMHgAL+ANvBuPxqvxYXxOrAtGPrMH/pXx9Q0KerLW</latexit>

Cij = hninji � hniihnji

<latexit sha1_base64="nW9wvNID/Z1GmdRmRt+KnDoMalY="></latexit>

⇠ =
1

2
log�1

⇣ �

J
p
2

⌘

<latexit sha1_base64="vzNS70yLrxAnaN2ndtYRiP1y75E="></latexit>

Cij =
(�1)|i�j+1|(2|i� j|� 3)!!

2|i�j+1||i� j|!

✓
2J2

�2

◆|i�j|

<latexit sha1_base64="J1HWtMl/AeKCDlB3Ox/pb5zj7JY=">AAACFHicbVC7SgNBFJ31GeMramkzGARBEndF0TKYxsIignlAdl1mJ5NkktmZZWZWDZt8hI2/YmOhiK2FnX/j5FFo4oELh3Pu5d57gohRpW3725qbX1hcWk6tpFfX1jc2M1vbFSViiUkZCyZkLUCKMMpJWVPNSC2SBIUBI9WgWxz61TsiFRX8Rvci4oWoxWmTYqSN5GcO3SvBW5K22hpJKe5h0U9oZwBdRUNIbpMc7NNcp3/kPtCBn8naeXsEOEucCcmCCUp+5sttCByHhGvMkFJ1x460lyCpKWZkkHZjRSKEu6hF6oZyFBLlJaOnBnDfKA3YFNIU13Ck/p5IUKhULwxMZ4h0W017Q/E/rx7r5rmXUB7FmnA8XtSMGdQCDhOCDSoJ1qxnCMKSmlshbiOJsDY5pk0IzvTLs6RynHdO8/b1SbZwMYkjBXbBHjgADjgDBXAJSqAMMHgEz+AVvFlP1ov1bn2MW+esycwO+APr8wd4PZ5w</latexit>

=) Cij ⇠ e�|i�j|/⇠

• hierarchy of equations of motions expanded to leading order 1/g



Signatures of phase transition in many-body problem

• Analysis of limiting cases: 
evolution of covariance matrix

➡algebraic decay reproducing numerical result at weak monitoring
➡ground state Luttinger liquid result reproduced as 

• weak monitoring: Ricatti equations

<latexit sha1_base64="Myj/G2cUnBoaH4Fmn6qaTu4yxCU=">AAAB83icbVBNS8NAEN3Ur1q/qh69LBbBU01E0YtQ9CKeKtgPaEKZbDfp0t1N2N0IJfRvePGgiFf/jDf/jds2B60+GHi8N8PMvDDlTBvX/XJKS8srq2vl9crG5tb2TnV3r62TTBHaIglPVDcETTmTtGWY4bSbKgoi5LQTjm6mfueRKs0S+WDGKQ0ExJJFjICxkh/jK+zHIASc3PWrNbfuzoD/Eq8gNVSg2a9++oOEZIJKQzho3fPc1AQ5KMMIp5OKn2maAhlBTHuWShBUB/ns5gk+ssoAR4myJQ2eqT8nchBaj0VoOwWYoV70puJ/Xi8z0WWQM5lmhkoyXxRlHJsETwPAA6YoMXxsCRDF7K2YDEEBMTamig3BW3z5L2mf1r3zunt/VmtcF3GU0QE6RMfIQxeogW5RE7UQQSl6Qi/o1cmcZ+fNeZ+3lpxiZh/9gvPxDYTPkLI=</latexit>

g = �/J

<latexit sha1_base64="U4q14OtK38I+QXvR5XILVj/Akaw=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0YtQ9OKxgrGFNpTNdtMu3WzC7kQoob/BiwdFvPqDvPlv3LY5aOuDgcd7M8zMC1MpDLrut1NaWV1b3yhvVra2d3b3qvsHjybJNOM+S2Si2yE1XArFfRQoeTvVnMah5K1wdDv1W09cG5GoBxynPIjpQIlIMIpW8gfkmri9as2tuzOQZeIVpAYFmr3qV7efsCzmCpmkxnQ8N8UgpxoFk3xS6WaGp5SN6IB3LFU05ibIZ8dOyIlV+iRKtC2FZKb+nshpbMw4Dm1nTHFoFr2p+J/XyTC6CnKh0gy5YvNFUSYJJmT6OekLzRnKsSWUaWFvJWxINWVo86nYELzFl5fJ41ndu6i79+e1xk0RRxmO4BhOwYNLaMAdNMEHBgKe4RXeHOW8OO/Ox7y15BQzh/AHzucPakuNxA==</latexit>

g = 0
<latexit sha1_base64="G4WuepvoTXJQvzq9vjmUBaXQnQI=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgxbAril6EoBePEcwDkzXMTjrJkNnZZWZWCEv+wosHRbz6N978GyfJHjSxoKGo6qa7K4gF18Z1v53c0vLK6lp+vbCxubW9U9zdq+soUQxrLBKRagZUo+ASa4Ybgc1YIQ0DgY1geDPxG0+oNI/kvRnF6Ie0L3mPM2qs9NB/TE+8MbkibqdYcsvuFGSReBkpQYZqp/jV7kYsCVEaJqjWLc+NjZ9SZTgTOC60E40xZUPax5alkoao/XR68ZgcWaVLepGyJQ2Zqr8nUhpqPQoD2xlSM9Dz3kT8z2slpnfpp1zGiUHJZot6iSAmIpP3SZcrZEaMLKFMcXsrYQOqKDM2pIINwZt/eZHUT8veedm9OytVrrM48nAAh3AMHlxABW6hCjVgIOEZXuHN0c6L8+58zFpzTjazD3/gfP4AxD+Pqg==</latexit>

g�1 = 0
<latexit sha1_base64="M8616N91JZq704Q5ltIPKyacm4A=">AAACQnicbVC7TsMwFHV4lvIKMLJYVEgsVAkCwYJU0YWxSPSBmihyXKd16ziR7SBVUb+NhS9g4wNYGECIlQE3jXi0vdKVjs8599o+fsyoVJb1bCwsLi2vrBbWiusbm1vb5s5uQ0aJwKSOIxaJlo8kYZSTuqKKkVYsCAp9Rpr+oDrWm/dESBrxWzWMiRuiLqcBxUhpyjPvql5K+6NLJ9Ku8ZLUYYh3GYHco7r7jsiOo+O5jlyFv9TPgGeWrLKVFZwFdg5KIK+aZz45nQgnIeEKMyRl27Zi5aZIKIr1vqKTSBIjPEBd0taQo5BIN80iGMFDzXRgEAndXMGM/TuRolDKYehrZ4hUT05rY3Ke1k5UcOGmlMeJIhxPLgoSBlUEx3nCDhUEKzbUAGFB9Vsh7iGBsNKpF3UI9vSXZ0HjpGyfla2b01LlKo+jAPbBATgCNjgHFXANaqAOMHgAL+ANvBuPxqvxYXxOrAtGPrMH/pXx9Q0KerLW</latexit>

Cij = hninji � hniihnji

• quadratic theory: 
<latexit sha1_base64="3vCvxfvS+kTjcrUGHbZW382/0Gc="></latexit>

H =
v

2⇡

Z

x
(@x✓x)

2 + (@x�x)
2

• evolution of covariance matrix governed by Ricatti equation, steady state solvable in momentum space

<latexit sha1_base64="UNFqfpstJQiPJNigKVB+YSkJvtY="></latexit>

Ck = C(�) sin(|k|/2) =) Cij =
C(�)

|i� j|2
<latexit sha1_base64="0C39mczjRUi6zjFpbUbT7KFb338="></latexit>

C(�) =
v

4�

vuut2

 r
16�2

⇡2v2
+ 1� 1

!

<latexit sha1_base64="7IkmEtteXJXtedLR0DwYPqNto80=">AAACE3icbZDLSgMxFIYz9VbrbdSlm2ARxEWZKYoiCMVuXFawF+iUcibNtKHJzJhkhDLtO7jxVdy4UMStG3e+jelloa0/BH7+cw4n5/NjzpR2nG8rs7S8srqWXc9tbG5t79i7ezUVJZLQKol4JBs+KMpZSKuaaU4bsaQgfE7rfr88rtcfqFQsCu/0IKYtAd2QBYyANlHbPvG6IARgT0fYucTefQIdXG738RX2AgkkHfaHo7ToxWzUtvNOwZkILxp3ZvJopkrb/vI6EUkEDTXhoFTTdWLdSkFqRjgd5bxE0RhIH7q0aWwIgqpWOrlphI9M0sFBJM0LNZ6kvydSEEoNhG86Beiemq+Nw/9qzUQHF62UhXGiaUimi4KEYwNgDAh3mKRE84ExQCQzf8WkBwaFNhhzBoI7f/KiqRUL7lnBuT3Nl65nOLLoAB2iY+Sic1RCN6iCqoigR/SMXtGb9WS9WO/Wx7Q1Y81m9tEfWZ8/KbKdHg==</latexit>

� ! 0 : Ck =
|k|
2⇡

<latexit sha1_base64="mUgJNrwcFujYvj3yq70yqjwonEQ="></latexit>

Mx ⇡ � 1
⇡ (@x(�x � h�xi))

V. P. Belavkin (1987); Kalman filtering in cavity optomechanics, Wieczorek et al. PRL (2015)



Signatures of phase transition in many-body problem

• Analysis of limiting cases: 
evolution of covariance matrix

• back to strong monitoring: Ricatti equations

<latexit sha1_base64="Myj/G2cUnBoaH4Fmn6qaTu4yxCU=">AAAB83icbVBNS8NAEN3Ur1q/qh69LBbBU01E0YtQ9CKeKtgPaEKZbDfp0t1N2N0IJfRvePGgiFf/jDf/jds2B60+GHi8N8PMvDDlTBvX/XJKS8srq2vl9crG5tb2TnV3r62TTBHaIglPVDcETTmTtGWY4bSbKgoi5LQTjm6mfueRKs0S+WDGKQ0ExJJFjICxkh/jK+zHIASc3PWrNbfuzoD/Eq8gNVSg2a9++oOEZIJKQzho3fPc1AQ5KMMIp5OKn2maAhlBTHuWShBUB/ns5gk+ssoAR4myJQ2eqT8nchBaj0VoOwWYoV70puJ/Xi8z0WWQM5lmhkoyXxRlHJsETwPAA6YoMXxsCRDF7K2YDEEBMTamig3BW3z5L2mf1r3zunt/VmtcF3GU0QE6RMfIQxeogW5RE7UQQSl6Qi/o1cmcZ+fNeZ+3lpxiZh/9gvPxDYTPkLI=</latexit>

g = �/J

<latexit sha1_base64="U4q14OtK38I+QXvR5XILVj/Akaw=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0YtQ9OKxgrGFNpTNdtMu3WzC7kQoob/BiwdFvPqDvPlv3LY5aOuDgcd7M8zMC1MpDLrut1NaWV1b3yhvVra2d3b3qvsHjybJNOM+S2Si2yE1XArFfRQoeTvVnMah5K1wdDv1W09cG5GoBxynPIjpQIlIMIpW8gfkmri9as2tuzOQZeIVpAYFmr3qV7efsCzmCpmkxnQ8N8UgpxoFk3xS6WaGp5SN6IB3LFU05ibIZ8dOyIlV+iRKtC2FZKb+nshpbMw4Dm1nTHFoFr2p+J/XyTC6CnKh0gy5YvNFUSYJJmT6OekLzRnKsSWUaWFvJWxINWVo86nYELzFl5fJ41ndu6i79+e1xk0RRxmO4BhOwYNLaMAdNMEHBgKe4RXeHOW8OO/Ox7y15BQzh/AHzucPakuNxA==</latexit>

g = 0
<latexit sha1_base64="G4WuepvoTXJQvzq9vjmUBaXQnQI=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgxbAril6EoBePEcwDkzXMTjrJkNnZZWZWCEv+wosHRbz6N978GyfJHjSxoKGo6qa7K4gF18Z1v53c0vLK6lp+vbCxubW9U9zdq+soUQxrLBKRagZUo+ASa4Ybgc1YIQ0DgY1geDPxG0+oNI/kvRnF6Ie0L3mPM2qs9NB/TE+8MbkibqdYcsvuFGSReBkpQYZqp/jV7kYsCVEaJqjWLc+NjZ9SZTgTOC60E40xZUPax5alkoao/XR68ZgcWaVLepGyJQ2Zqr8nUhpqPQoD2xlSM9Dz3kT8z2slpnfpp1zGiUHJZot6iSAmIpP3SZcrZEaMLKFMcXsrYQOqKDM2pIINwZt/eZHUT8veedm9OytVrrM48nAAh3AMHlxABW6hCjVgIOEZXuHN0c6L8+58zFpzTjazD3/gfP4AxD+Pqg==</latexit>

g�1 = 0
<latexit sha1_base64="M8616N91JZq704Q5ltIPKyacm4A=">AAACQnicbVC7TsMwFHV4lvIKMLJYVEgsVAkCwYJU0YWxSPSBmihyXKd16ziR7SBVUb+NhS9g4wNYGECIlQE3jXi0vdKVjs8599o+fsyoVJb1bCwsLi2vrBbWiusbm1vb5s5uQ0aJwKSOIxaJlo8kYZSTuqKKkVYsCAp9Rpr+oDrWm/dESBrxWzWMiRuiLqcBxUhpyjPvql5K+6NLJ9Ku8ZLUYYh3GYHco7r7jsiOo+O5jlyFv9TPgGeWrLKVFZwFdg5KIK+aZz45nQgnIeEKMyRl27Zi5aZIKIr1vqKTSBIjPEBd0taQo5BIN80iGMFDzXRgEAndXMGM/TuRolDKYehrZ4hUT05rY3Ke1k5UcOGmlMeJIhxPLgoSBlUEx3nCDhUEKzbUAGFB9Vsh7iGBsNKpF3UI9vSXZ0HjpGyfla2b01LlKo+jAPbBATgCNjgHFXANaqAOMHgAL+ANvBuPxqvxYXxOrAtGPrMH/pXx9Q0KerLW</latexit>

Cij = hninji � hniihnji

• absence of Hamiltonian: systems evolves into product of local number eigenstates 
<latexit sha1_base64="Ddc6wkhKjpMifZXA4FWunUmEls0=">AAACEXicbVBNS8NAEN34WetX1KOXYBF6KokoehGKXjxWsB/QhDDZbtulm82yuymW2L/gxb/ixYMiXr1589+4bXPQ1gcDj/dmmJkXCUaVdt1va2l5ZXVtvbBR3Nza3tm19/YbKkklJnWcsES2IlCEUU7qmmpGWkISiCNGmtHgeuI3h0QqmvA7PRIkiKHHaZdi0EYK7bIv+jS8f/CFor4E3mPk0h+CXFBDu+RW3CmcReLlpIRy1EL7y+8kOI0J15iBUm3PFTrIQGqKGRkX/VQRAXgAPdI2lENMVJBNPxo7x0bpON1EmuLamaq/JzKIlRrFkemMQffVvDcR//Paqe5eBBnlItWE49mibsocnTiTeJwOlQRrNjIEsKTmVgf3QQLWJsSiCcGbf3mRNE4q3lnFvT0tVa/yOAroEB2hMvLQOaqiG1RDdYTRI3pGr+jNerJerHfrY9a6ZOUzB+gPrM8fYyqenw==</latexit>

�x| i = 'x| i for all x

➡  pinning seen as a gap opening in the effective Hamiltonian

<latexit sha1_base64="N98r5Ly084OaVingaYz2LP+Y+t0="></latexit>

nx � hnxi = �
✓
m+

@x
⇡

◆
(��x � h��xi) ⇡ �m(��x � h��xi)

• expand about homogeneous configuration <latexit sha1_base64="zMCXNJgjlDYWtwevkeFchK139o4=">AAAB/HicbZDLSsNAFIZP6q3WW7RLN4NFcFUSUXQjFN24rGAv0IYymU7aoZNJmJkUQ6iv4saFIm59EHe+jdM2grb+MPDxn3M4Z34/5kxpx/myCiura+sbxc3S1vbO7p69f9BUUSIJbZCIR7LtY0U5E7Shmea0HUuKQ5/Tlj+6mdZbYyoVi8S9TmPqhXggWMAI1sbq2eXuGMt4yHoP6Ar9sF1xqs5MaBncHCqQq96zP7v9iCQhFZpwrFTHdWLtZVhqRjidlLqJojEmIzygHYMCh1R52ez4CTo2Th8FkTRPaDRzf09kOFQqDX3TGWI9VIu1qflfrZPo4NLLmIgTTQWZLwoSjnSEpkmgPpOUaJ4awEQycysiQywx0SavkgnBXfzyMjRPq+551bk7q9Su8ziKcAhHcAIuXEANbqEODSCQwhO8wKv1aD1bb9b7vLVg5TNl+CPr4xtRDZSN</latexit>'x = '
<latexit sha1_base64="LHjbWxK2OPU5jUJaYpJXcnpFX0w=">AAACGHicbVDLSsNAFJ3UV62vqEs3wSK4sSalPjZC0Y3LCvYBTVom00k7dPJw5kYoIZ/hxl9x40IRt935N07bCNp64MLhnHu59x434kyCaX5puaXlldW1/HphY3Nre0ff3WvIMBaE1knIQ9FysaScBbQODDhtRYJi3+W06Q5vJn7zkQrJwuAeRhF1fNwPmMcIBiV19VP/ypYPAhIbPIFJYp2niR2xTtnGPBrgTjk9+XHSpJKmXb1olswpjEViZaSIMtS6+tjuhST2aQCEYynblhmBk2ABjHCaFuxY0giTIe7TtqIB9ql0kuljqXGklJ7hhUJVAMZU/T2RYF/Kke+qTh/DQM57E/E/rx2Dd+kkLIhioAGZLfJibkBoTFIyekxQAnykCCaCqVsNMsAqBlBZFlQI1vzLi6RRLllnJfOuUqxeZ3Hk0QE6RMfIQheoim5RDdURQU/oBb2hd+1Ze9U+tM9Za07LZvbRH2jjb42YoLU=</latexit>

m =
q

16
⇡2↵2 � 1

4

• solution of the Ricatti equation for gapped quadratic theory
<latexit sha1_base64="gW+tdJ4v4SwclETk6eI2cjmpGQM="></latexit>

Cij ⇠ m
q

⌫
8⇡� e

� |i�j|
⇠

<latexit sha1_base64="jHevIkWApeUBryCna2/Ch39l0Ng=">AAACD3icbVC7TsMwFHXKq5RXgJHFogKVpSQVCBakChbGItGH1JTKcZ3Wqu1EtoOoovwBC7/CwgBCrKxs/A1umwFajnSlo3Pu1b33+BGjSjvOt5VbWFxaXsmvFtbWNza37O2dhgpjiUkdhyyULR8pwqggdU01I61IEsR9Rpr+8GrsN++JVDQUt3oUkQ5HfUEDipE2Utc+9B7ohRdIhBM3TTwW9ksVL6JeH3GOIL+rHHsiPkq7dtEpOxPAeeJmpAgy1Lr2l9cLccyJ0JghpdquE+lOgqSmmJG04MWKRAgPUZ+0DRWIE9VJJv+k8MAoPRiE0pTQcKL+nkgQV2rEfdPJkR6oWW8s/ue1Yx2cdxIqolgTgaeLgphBHcJxOLBHJcGajQxBWFJzK8QDZMLRJsKCCcGdfXmeNCpl97Ts3JwUq5dZHHmwB/ZBCbjgDFTBNaiBOsDgETyDV/BmPVkv1rv1MW3NWdnMLvgD6/MHAtqb/g==</latexit>

⇠ =
1

log(2⇡�m2/⌫)

➡  reproduces the qualitative behavior of fermionic strong monitoring approach



Intermediate summary

• Analysis of limiting cases: evolution of covariance matrix

• Luttinger + Ricatti approach 

<latexit sha1_base64="M8616N91JZq704Q5ltIPKyacm4A=">AAACQnicbVC7TsMwFHV4lvIKMLJYVEgsVAkCwYJU0YWxSPSBmihyXKd16ziR7SBVUb+NhS9g4wNYGECIlQE3jXi0vdKVjs8599o+fsyoVJb1bCwsLi2vrBbWiusbm1vb5s5uQ0aJwKSOIxaJlo8kYZSTuqKKkVYsCAp9Rpr+oDrWm/dESBrxWzWMiRuiLqcBxUhpyjPvql5K+6NLJ9Ku8ZLUYYh3GYHco7r7jsiOo+O5jlyFv9TPgGeWrLKVFZwFdg5KIK+aZz45nQgnIeEKMyRl27Zi5aZIKIr1vqKTSBIjPEBd0taQo5BIN80iGMFDzXRgEAndXMGM/TuRolDKYehrZ4hUT05rY3Ke1k5UcOGmlMeJIhxPLgoSBlUEx3nCDhUEKzbUAGFB9Vsh7iGBsNKpF3UI9vSXZ0HjpGyfla2b01LlKo+jAPbBATgCNjgHFXANaqAOMHgAL+ANvBuPxqvxYXxOrAtGPrMH/pXx9Q0KerLW</latexit>

Cij = hninji � hniihnji
<latexit sha1_base64="Myj/G2cUnBoaH4Fmn6qaTu4yxCU=">AAAB83icbVBNS8NAEN3Ur1q/qh69LBbBU01E0YtQ9CKeKtgPaEKZbDfp0t1N2N0IJfRvePGgiFf/jDf/jds2B60+GHi8N8PMvDDlTBvX/XJKS8srq2vl9crG5tb2TnV3r62TTBHaIglPVDcETTmTtGWY4bSbKgoi5LQTjm6mfueRKs0S+WDGKQ0ExJJFjICxkh/jK+zHIASc3PWrNbfuzoD/Eq8gNVSg2a9++oOEZIJKQzho3fPc1AQ5KMMIp5OKn2maAhlBTHuWShBUB/ns5gk+ssoAR4myJQ2eqT8nchBaj0VoOwWYoV70puJ/Xi8z0WWQM5lmhkoyXxRlHJsETwPAA6YoMXxsCRDF7K2YDEEBMTamig3BW3z5L2mf1r3zunt/VmtcF3GU0QE6RMfIQxeogW5RE7UQQSl6Qi/o1cmcZ+fNeZ+3lpxiZh/9gvPxDYTPkLI=</latexit>

g = �/J

<latexit sha1_base64="U4q14OtK38I+QXvR5XILVj/Akaw=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0YtQ9OKxgrGFNpTNdtMu3WzC7kQoob/BiwdFvPqDvPlv3LY5aOuDgcd7M8zMC1MpDLrut1NaWV1b3yhvVra2d3b3qvsHjybJNOM+S2Si2yE1XArFfRQoeTvVnMah5K1wdDv1W09cG5GoBxynPIjpQIlIMIpW8gfkmri9as2tuzOQZeIVpAYFmr3qV7efsCzmCpmkxnQ8N8UgpxoFk3xS6WaGp5SN6IB3LFU05ibIZ8dOyIlV+iRKtC2FZKb+nshpbMw4Dm1nTHFoFr2p+J/XyTC6CnKh0gy5YvNFUSYJJmT6OekLzRnKsSWUaWFvJWxINWVo86nYELzFl5fJ41ndu6i79+e1xk0RRxmO4BhOwYNLaMAdNMEHBgKe4RXeHOW8OO/Ox7y15BQzh/AHzucPakuNxA==</latexit>

g = 0
<latexit sha1_base64="G4WuepvoTXJQvzq9vjmUBaXQnQI=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgxbAril6EoBePEcwDkzXMTjrJkNnZZWZWCEv+wosHRbz6N978GyfJHjSxoKGo6qa7K4gF18Z1v53c0vLK6lp+vbCxubW9U9zdq+soUQxrLBKRagZUo+ASa4Ybgc1YIQ0DgY1geDPxG0+oNI/kvRnF6Ie0L3mPM2qs9NB/TE+8MbkibqdYcsvuFGSReBkpQYZqp/jV7kYsCVEaJqjWLc+NjZ9SZTgTOC60E40xZUPax5alkoao/XR68ZgcWaVLepGyJQ2Zqr8nUhpqPQoD2xlSM9Dz3kT8z2slpnfpp1zGiUHJZot6iSAmIpP3SZcrZEaMLKFMcXsrYQOqKDM2pIINwZt/eZHUT8veedm9OytVrrM48nAAh3AMHlxABW6hCjVgIOEZXuHN0c6L8+58zFpzTjazD3/gfP4AxD+Pqg==</latexit>

g�1 = 0

<latexit sha1_base64="2PKX6W2P8WkqWhql4aNFnt4a2pg=">AAACC3icbVDLSsNAFJ3UV62vqEs3Q4tQF5akKLoRit24rGAf0MYymU7aaWeSMDMRSpq9G3/FjQtF3PoD7vwbp20W2nrgwuGce7n3HjdkVCrL+jYyK6tr6xvZzdzW9s7unrl/0JBBJDCp44AFouUiSRj1SV1RxUgrFARxl5GmO6pO/eYDEZIG/p0ah8ThqO9Tj2KktNQ18xBWuzEdJlcdTyAcV4udPuIcnSTxhJ4OJ/flpGsWrJI1A1wmdkoKIEWta351egGOOPEVZkjKtm2FyomRUBQzkuQ6kSQhwiPUJ21NfcSJdOLZLwk81koPeoHQ5Ss4U39PxIhLOeau7uRIDeSiNxX/89qR8i6dmPphpIiP54u8iEEVwGkwsEcFwYqNNUFYUH0rxAOkM1E6vpwOwV58eZk0yiX7vGTdnhUq12kcWXAE8qAIbHABKuAG1EAdYPAInsEreDOejBfj3fiYt2aMdOYQ/IHx+QPaNZpQ</latexit>

Cij =
C(�)

|i� j|2

➡  there must be a phase transition at some finite g_c
➡strongly reminiscent of a deconfined to pinning transition in Sine-Gordon models
➡  develop field theory approach capture it

➡  algebraic decay
➡  depinned phase

➡  exponential decay
➡  pinned phase 

• fermionic and Luttinger + Ricatti approach 

<latexit sha1_base64="S5h3o/hSCWakRri1W6O+uSgqf1Q=">AAACCnicbVC7TsMwFHXKq5RXgJHFUCGxtEoQCMaKLoxFog+pKZHjOq1b5yHbQVRuZhZ+hYUBhFj5Ajb+BrfNAC1HutLROffq3nu8mFEhLevbyC0tr6yu5dcLG5tb2zvm7l5DRAnHpI4jFvGWhwRhNCR1SSUjrZgTFHiMNL1hdeI37wkXNApv5SgmnQD1QupTjKSWXPOw6io6SB1BA0juVMnxOcJqTEuDcaqcB5qmrlm0ytYUcJHYGSmCDDXX/HK6EU4CEkrMkBBt24plRyEuKWYkLTiJIDHCQ9QjbU1DFBDRUdNXUnislS70I64rlHCq/p5QKBBiFHi6M0CyL+a9ifif106kf9lRNIwTSUI8W+QnDMoITnKBXcoJlmykCcKc6lsh7iMdhtTpFXQI9vzLi6RxWrbPy9bNWbFylcWRBwfgCJwAG1yACrgGNVAHGDyCZ/AK3own48V4Nz5mrTkjm9kHf2B8/gAhH5sw</latexit>

Cij ⇠ e�
|i�j|

⇠



• Q: What is the structure of 

<latexit sha1_base64="AOZOTkYl4wmd7wLKph4oRROthaU=">AAACJ3icbVDLSsNAFJ3UV62vqEs3wSLUTUmKohul6MZlBfuAJpbJdNoOnUzCzI1Q0v6NG3/FjaAiuvRPnLbBR+uBgXPPuZc79/gRZwps+8PILCwuLa9kV3Nr6xubW+b2Tk2FsSS0SkIeyoaPFeVM0Cow4LQRSYoDn9O6378c+/U7KhULxQ0MIuoFuCtYhxEMWmqZ50O3olgLXIlFl9OzoRuNy9uk4ByOUtENgQVU/Vilb6tl5u2iPYE1T5yU5FGKSst8dtshiQMqgHCsVNOxI/ASLIERTkc5N1Y0wqSPu7SpqcB6sZdM7hxZB1ppW51Q6ifAmqi/JxIcKDUIfN0ZYOipWW8s/uc1Y+icegkTUQxUkOmiTswtCK1xaFabSUqADzTBRDL9V4v0sMQEdLQ5HYIze/I8qZWKznHRvj7Kly/SOLJoD+2jAnLQCSqjK1RBVUTQPXpEL+jVeDCejDfjfdqaMdKZXfQHxucX/m+nOg==</latexit>

| ti = | (1)
t i ⌦ | (2)

t i• Introduce replicas in Hilbert space ⌦=

Cxy = hn̂xn̂yi � hn̂xihn̂yi

➡  linear statistical average of replica density matrix

• Then 
<latexit sha1_base64="5zDQrRDnwNDkxcXxuDtAQg00LkI=">AAACIXicbVDLSgMxFM34rPVVdelmsAiuyowodiMU3bisYluhU0smvW2DmWRI7ohlOr/ixl9x40KR7sSfMX0sfB0IOZxz703uCWPBDXrehzM3v7C4tJxbya+urW9sFra260YlmkGNKaH0TUgNCC6hhhwF3MQaaBQKaIR352O/cQ/acCWvcRBDK6I9ybucUbRSu1AOdF/dpocBwgOmV1l2GihbPx6XDoOq4W0MNJU9AYGYXhNtmLULRa/kTeD+Jf6MFMkM1XZhFHQUSyKQyAQ1pul7MbZSqpEzAVk+SAzElN3RHjQtlTQC00onG2buvlU6bldpeyS6E/V7R0ojYwZRaCsjin3z2xuL/3nNBLvlVsplnCBINn2omwgXlTuOy+1wDQzFwBLKNLd/dVmfasrQhpq3Ifi/V/5L6ocl/7jkXR4VK2ezOHJkl+yRA+KTE1IhF6RKaoSRR/JMXsmb8+S8OO/OaFo658x6dsgPOJ9fxTulvg==</latexit>

⇢2R = | tih t|

➡  correlations of relative replica coordinate

Cxy =
1

2
Tr

h⇣
n̂(1)
x � n̂(2)

x

⌘⇣
n̂(1)
y � n̂(2)

y

⌘
⇢2R

i

n̂(1)
x = n̂x ⌦ 1

n̂(2)
x = 1⌦ n̂x

Towards the relevant degrees of freedom: Replica approach

@t⇢
2R = ⌦ ⌦ ⌦+ +

individual heating Lindbladians replica coupling

• Quantum master equation (truncate coupling to        )

�{M̂ (1)
x , {M̂ (2)

x , ⇢2R}}i[⇢2R, H(↵)]� �

2
[M̂ (↵)

x , [M̂ (↵)
x , ⇢

2R]]

➡  study structure of 2-replica theory

<latexit sha1_base64="++SiaXJ5wsnDP0cXtjsffRde2BQ=">AAAB8HicbVDJSgNBEK2JW4xb1KOXxiB4CjMu6DHoxWMUs0gyhp5OJ2nSy9DdI4QhX+HFgyJe/Rxv/o2dZA6a+KDg8V4VVfWimDNjff/byy0tr6yu5dcLG5tb2zvF3b26UYkmtEYUV7oZYUM5k7RmmeW0GWuKRcRpIxpeT/zGE9WGKXlvRzENBe5L1mMEWyc9tPVAPaand+NOseSX/SnQIgkyUoIM1U7xq91VJBFUWsKxMa3Aj22YYm0Z4XRcaCeGxpgMcZ+2HJVYUBOm04PH6MgpXdRT2pW0aKr+nkixMGYkItcpsB2YeW8i/ue1Etu7DFMm48RSSWaLeglHVqHJ96jLNCWWjxzBRDN3KyIDrDGxLqOCCyGYf3mR1E/KwXnZvz0rVa6yOPJwAIdwDAFcQAVuoAo1ICDgGV7hzdPei/fufcxac142sw9/4H3+ALWXkFg=</latexit>

⇢3R



Boson replica quantum master equation

• Boson measurement
<latexit sha1_base64="rxNgX5cgmOFW7hJHMc8i6m+eyiw="></latexit>

H
(↵) =

⌫

2⇡

Z

x
(@x�̂

(↵))2 + (@x✓̂
(↵))2

➡ Master equation becomes separable

� = �̂(a) = �̂(1) + �̂(2) average coordinate

Ô
(↵)
1,x = � 1

⇡
@x�̂

(↵)
x Ô

(↵)
2,x = 0 linear case first

� : �̂(r) = �̂(1) � �̂(2) replica fluctuations
• New degrees of freedom 

<latexit sha1_base64="LuBKSX3QJMkN28ytaQ3FqP17w0E="></latexit>

@t⇢
(a) = i[⇢(a), H(a)] +

2�

⇡

X

l

⇣
@x�̂

(a) � h@x�̂(a)i
⌘
⇢
(a)

⇣
@x�̂

(a) � h@x�̂(a)i
⌘

• Average coordinate: heating to infinite temperature (<—> unbounded growth of mode occupation)

only jump term!

no jump term!
<latexit sha1_base64="cUUuUCbjXvo5A8pyJNb3y+omhGU="></latexit>

@t⇢
(r) = i[⇢(r), H(r)]� �

⇡

X

l

n
(@x�̂

(r))2, ⇢(r)
o

• Relative coordinate: cooling/damping into dark state

• further separable: He↵ =
⌫

2⇡

Z

x
(@x✓̂)

2 + (1� i⌘
2)(@x�̂)

2 ⌘2 =
2�

⌫
@t| (r)

t i = �iHe↵| (r)
t i

gapless non-Hermitean Hamiltonian



Boson replica quantum master equation

• Boson measurement
<latexit sha1_base64="rxNgX5cgmOFW7hJHMc8i6m+eyiw="></latexit>

H
(↵) =

⌫

2⇡

Z

x
(@x�̂

(↵))2 + (@x✓̂
(↵))2

•           couples relative and absolute degrees

�➡how do                          degrees enter? nonlinearity irrelevant for

Ô
(↵)
1,x = � 1

⇡
@x�̂

(↵)
x general caseÔ

(↵)
2,x = m cos(2�̂x)

Ô
(↵)
2,x ⇠ m cos(

p
2(�̂(a)

x ± �̂(r)
x ))

h�̂(a)
x �̂(a)

x i = 1 �̂(a)
x

He↵ =
⌫

2⇡

Z

x
(@x✓̂)

2 + (1� i⌘
2)(@x�̂)

2

➡  cooling into dark state

• Non-hermitian Schrödinger equation for relative coordinate

effect of non-linearity

➡ integrate out          in Gaussian approx. for 

@t| (r)
t i = �iHe↵| (r)

t i

�̂(a)
x ⇢̂(a)

➡non-Hermitian Sine-Gordon: pinning via cos term, depinning via theta term
➡extract physics in path integral approach

<latexit sha1_base64="s2Q4cc2IOaOtaupLy8YGNxAzt2s="></latexit>

�i
�m

⇡

Z

x
[1� cos(

p
8�̂x)]



Effective non-Hermitian Hamiltonian and path integral
➡  Sine-Gordon action with complex coefficients 

• ‘Wick rotation’ brings free part to standard Euclidean (2+0) dimensional form

<latexit sha1_base64="Z9RHfpgqiXdjDkhxsyXabCNbRC0="></latexit>

S =

Z

t,x

⇢
K

16⇡


1

⌘
(@t�)

2 � ⌘(@x�)
2

�
� i� cos(�)

�

<latexit sha1_base64="BX21XCv4k62mGFGxeWGARzhavIo=">AAACJHicbZDLSsNAFIYnXmu9RV26CRahhVqSoii4KbpxWcFeoKllMp20QycXZk60JeRh3Pgqblx4wYUbn8Vpm0Vt/WHg5zvncOb8TsiZBNP81paWV1bX1jMb2c2t7Z1dfW+/LoNIEFojAQ9E08GScubTGjDgtBkKij2H04YzuB7XGw9USBb4dzAKadvDPZ+5jGBQqKNf5odFKNiC9fqAhQge8zYFfB/brsAktpK4nCTDIpvCk1kKhY6eM0vmRMaisVKTQ6mqHf3D7gYk8qgPhGMpW5YZQjvGAhjhNMnakaQhJgPcoy1lfexR2Y4nRybGsSJdww2Eej4YEzo7EWNPypHnqE4PQ1/O18bwv1orAveiHTM/jID6ZLrIjbgBgTFOzOgyQQnwkTKYCKb+apA+VkGAyjWrQrDmT1409XLJOiuZt6e5ylUaRwYdoiOURxY6RxV0g6qohgh6Qi/oDb1rz9qr9ql9TVuXtHTmAP2R9vMLsf6leA==</latexit>

(x, t) ! (⌘
1
2x, i⌘�

1
2 t)

➡RG flow: standard KT flow with complex
<latexit sha1_base64="TGhpP4PY/uae4qaKI5NokYJ9NgY=">AAAB8HicbVDLSgMxFL1TX7W+qi7dBIvgQsqMVHRZdCO4qWAf0g4lk8m0oUlmSDJCGfoVblwo4tbPceffmLaz0NYDgcM555J7T5Bwpo3rfjuFldW19Y3iZmlre2d3r7x/0NJxqghtkpjHqhNgTTmTtGmY4bSTKIpFwGk7GN1M/fYTVZrF8sGME+oLPJAsYgQbKz3enfW4DYe4X664VXcGtEy8nFQgR6Nf/uqFMUkFlYZwrHXXcxPjZ1gZRjidlHqppgkmIzygXUslFlT72WzhCTqxSoiiWNknDZqpvycyLLQei8AmBTZDvehNxf+8bmqiKz9jMkkNlWT+UZRyZGI0vR6FTFFi+NgSTBSzuyIyxAoTYzsq2RK8xZOXSeu86l1U3ftapX6d11GEIziGU/DgEupwCw1oAgEBz/AKb45yXpx352MeLTj5zCH8gfP5Az/wkAw=</latexit>

K,�

Fendley, Saleur, Zamolodchikov, 

International Journal of Modern Physics (1993)

• UV flow modified

➡  shift of phase border

• IR flow reaches 
standard KT flow

➡ same long wavelength 
properties

@s� =
⇣
2� 8⇡

K

⌘
�,

@sK =� �2



Effective non-Hermitian Hamiltonian and path integral
➡  Sine-Gordon action with complex coefficients 

• ‘Wick rotation’ brings free part to standard Euclidean (2+0) dimensional form

<latexit sha1_base64="Z9RHfpgqiXdjDkhxsyXabCNbRC0="></latexit>

S =

Z

t,x

⇢
K

16⇡


1

⌘
(@t�)

2 � ⌘(@x�)
2

�
� i� cos(�)

�

<latexit sha1_base64="BX21XCv4k62mGFGxeWGARzhavIo=">AAACJHicbZDLSsNAFIYnXmu9RV26CRahhVqSoii4KbpxWcFeoKllMp20QycXZk60JeRh3Pgqblx4wYUbn8Vpm0Vt/WHg5zvncOb8TsiZBNP81paWV1bX1jMb2c2t7Z1dfW+/LoNIEFojAQ9E08GScubTGjDgtBkKij2H04YzuB7XGw9USBb4dzAKadvDPZ+5jGBQqKNf5odFKNiC9fqAhQge8zYFfB/brsAktpK4nCTDIpvCk1kKhY6eM0vmRMaisVKTQ6mqHf3D7gYk8qgPhGMpW5YZQjvGAhjhNMnakaQhJgPcoy1lfexR2Y4nRybGsSJdww2Eej4YEzo7EWNPypHnqE4PQ1/O18bwv1orAveiHTM/jID6ZLrIjbgBgTFOzOgyQQnwkTKYCKb+apA+VkGAyjWrQrDmT1409XLJOiuZt6e5ylUaRwYdoiOURxY6RxV0g6qohgh6Qi/oDb1rz9qr9ql9TVuXtHTmAP2R9vMLsf6leA==</latexit>

(x, t) ! (⌘
1
2x, i⌘�

1
2 t)

➡RG flow: standard KT flow with complex
<latexit sha1_base64="TGhpP4PY/uae4qaKI5NokYJ9NgY=">AAAB8HicbVDLSgMxFL1TX7W+qi7dBIvgQsqMVHRZdCO4qWAf0g4lk8m0oUlmSDJCGfoVblwo4tbPceffmLaz0NYDgcM555J7T5Bwpo3rfjuFldW19Y3iZmlre2d3r7x/0NJxqghtkpjHqhNgTTmTtGmY4bSTKIpFwGk7GN1M/fYTVZrF8sGME+oLPJAsYgQbKz3enfW4DYe4X664VXcGtEy8nFQgR6Nf/uqFMUkFlYZwrHXXcxPjZ1gZRjidlHqppgkmIzygXUslFlT72WzhCTqxSoiiWNknDZqpvycyLLQei8AmBTZDvehNxf+8bmqiKz9jMkkNlWT+UZRyZGI0vR6FTFFi+NgSTBSzuyIyxAoTYzsq2RK8xZOXSeu86l1U3ftapX6d11GEIziGU/DgEupwCw1oAgEBz/AKb45yXpx352MeLTj5zCH8gfP5Az/wkAw=</latexit>

K,�

Fendley, Saleur, Zamolodchikov, 

International Journal of Modern Physics (1993)

➡  gapless generalized CFT phase with algebraic correlations and varying exponent

➡  phase transition in the BKT universality class in line with numerics

strong measurement 
pinned phase

weak measurement 
depinned phase

|�|

�2/⌫2

⇠ �/⌫

(�/⌫)c ⇡ 2

interaction irrelevant: flow 
to free gapless theory

➡ IR flow reaches standard KT flow

interaction relevant: flow 
to free massive theory



• Lindblad-Keldysh construction for n replicas

<latexit sha1_base64="fLBAq4QNHt6x49astMKifX19cb0=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Kokoeix68diC/YA2lM120q7dbMLuRiyhv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtR1Sax/LejBP0IzqQPOSMGivVn3qlsltxZyDLxMtJGXLUeqWvbj9maYTSMEG17nhuYvyMKsOZwEmxm2pMKBvRAXYslTRC7WezQyfk1Cp9EsbKljRkpv6eyGik9TgKbGdEzVAvelPxP6+TmvDaz7hMUoOSzReFqSAmJtOvSZ8rZEaMLaFMcXsrYUOqKDM2m6INwVt8eZk0zyveZcWtX5SrN3kcBTiGEzgDD66gCndQgwYwQHiGV3hzHpwX5935mLeuOPnMEfyB8/kD54uNAA==</latexit>x

<latexit sha1_base64="W+cQxzCzyNjJHqtlVZvJXMOej10=">AAAB6HicbVBNS8NAEN3Ur1q/qh69LBbBU0lE0WPRi8cW7Ae0oWy2k3btZhN2J0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVHJo8lrHuBMyAFAqaKFBCJ9HAokBCOxjfzfz2E2gjYvWAkwT8iA2VCAVnaKUG9ssVt+rOQVeJl5MKyVHvl796g5inESjkkhnT9dwE/YxpFFzCtNRLDSSMj9kQupYqFoHxs/mhU3pmlQENY21LIZ2rvycyFhkziQLbGTEcmWVvJv7ndVMMb/xMqCRFUHyxKEwlxZjOvqYDoYGjnFjCuBb2VspHTDOONpuSDcFbfnmVtC6q3lXVbVxWard5HEVyQk7JOfHINamRe1InTcIJkGfySt6cR+fFeXc+Fq0FJ585Jn/gfP4A4XuM/A==</latexit>

t
<latexit sha1_base64="W+cQxzCzyNjJHqtlVZvJXMOej10=">AAAB6HicbVBNS8NAEN3Ur1q/qh69LBbBU0lE0WPRi8cW7Ae0oWy2k3btZhN2J0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVHJo8lrHuBMyAFAqaKFBCJ9HAokBCOxjfzfz2E2gjYvWAkwT8iA2VCAVnaKUG9ssVt+rOQVeJl5MKyVHvl796g5inESjkkhnT9dwE/YxpFFzCtNRLDSSMj9kQupYqFoHxs/mhU3pmlQENY21LIZ2rvycyFhkziQLbGTEcmWVvJv7ndVMMb/xMqCRFUHyxKEwlxZjOvqYDoYGjnFjCuBb2VspHTDOONpuSDcFbfnmVtC6q3lXVbVxWard5HEVyQk7JOfHINamRe1InTcIJkGfySt6cR+fFeXc+Fq0FJ585Jn/gfP4A4XuM/A==</latexit>

t
<latexit sha1_base64="LKzNUVkH7uNh7xjulCHYOFs39OE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUcPvlilt15yCrxMtJBXLU++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzQ6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m5INwVt+eZW0LqreVdVtXFZqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBemuMuA==</latexit>

0
• single replica

- contour+ contour
<latexit sha1_base64="DE9wzpWKLIuSrcpCNPbmRg7v1Ns=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0nEoseiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilB+yH/XLFrbpzkFXi5aQCORr98ldvELM04gqZpMZ0PTdBP6MaBZN8WuqlhieUjemQdy1VNOLGz+anTsmZVQYkjLUthWSu/p7IaGTMJApsZ0RxZJa9mfif100xvPYzoZIUuWKLRWEqCcZk9jcZCM0ZyokllGlhbyVsRDVlaNMp2RC85ZdXSeui6tWq7v1lpX6Tx1GEEziFc/DgCupwBw1oAoMhPMMrvDnSeXHenY9Fa8HJZ47hD5zPH1c+jdU=</latexit>

tf

n replicas: Lindblad-Keldysh 2.0

• Motivation: 

• Generalization of ‘hot’ and ‘cold’ modes?

• Entanglement entropies?

• evolution operator
<latexit sha1_base64="TxNkPQTsvWiGbdd1AHtdSQw79ZY="></latexit>

V̂dt = exp
h
�(iĤ + M̂

2
t )dt+ ⇠M̂t

i
expansion to second order: SSE 

<latexit sha1_base64="4D58mBNJqF5+G66sV+WQImJDEoM=">AAAB83icbVBNS8NAEJ34WetX1aOXxSJ4KomKeix68VjBfkATymazbZduNmF3IpTQv+HFgyJe/TPe/Ddu2xy09cHA470ZZuaFqRQGXffbWVldW9/YLG2Vt3d29/YrB4ctk2Sa8SZLZKI7ITVcCsWbKFDyTqo5jUPJ2+Hobuq3n7g2IlGPOE55ENOBEn3BKFrJJ/6QImn18ggnvUrVrbkzkGXiFaQKBRq9ypcfJSyLuUImqTFdz00xyKlGwSSflP3M8JSyER3wrqWKxtwE+ezmCTm1SkT6ibalkMzU3xM5jY0Zx6HtjCkOzaI3Ff/zuhn2b4JcqDRDrth8UT+TBBMyDYBEQnOGcmwJZVrYWwkbUk0Z2pjKNgRv8eVl0jqveVe1i4fLav22iKMEx3ACZ+DBNdThHhrQBAYpPMMrvDmZ8+K8Ox/z1hWnmDmCP3A+fwB9ipFY</latexit>

V̂dt

<latexit sha1_base64="cpy1vWo8aDNva9mi1BKOrDB0zrc=">AAAB+nicbVBNS8NAEN34WetXqkcvi0XwVBIV9Vj04rGC/YA2hs1m0y7dbMLuRCmxP8WLB0W8+ku8+W/ctjlo64OBx3szzMwLUsE1OM63tbS8srq2Xtoob25t7+zalb2WTjJFWZMmIlGdgGgmuGRN4CBYJ1WMxIFg7WB4PfHbD0xpnsg7GKXMi0lf8ohTAkby7QruDQjg1n0vJH0/D2Hs21Wn5kyBF4lbkCoq0PDtr16Y0CxmEqggWnddJwUvJwo4FWxc7mWapYQOSZ91DZUkZtrLp6eP8ZFRQhwlypQEPFV/T+Qk1noUB6YzJjDQ895E/M/rZhBdejmXaQZM0tmiKBMYEjzJAYdcMQpiZAihiptbMR0QRSiYtMomBHf+5UXSOqm557XT27Nq/aqIo4QO0CE6Ri66QHV0gxqoiSh6RM/oFb1ZT9aL9W59zFqXrGJmH/2B9fkDp2WToQ==</latexit>

V̂ †
dt

n-replica Hamilton-Keldysh: Aleiner, Faoro, Ioffe, AoP  
(2016); Tsuji, Werner, Ueda, PRA (2017); Shenker, 

Stanford, JHEP (2015); Ansari, Nazarov, JETP (2016)



• Lindblad-Keldysh construction for n replicas

<latexit sha1_base64="fLBAq4QNHt6x49astMKifX19cb0=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Kokoeix68diC/YA2lM120q7dbMLuRiyhv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtR1Sax/LejBP0IzqQPOSMGivVn3qlsltxZyDLxMtJGXLUeqWvbj9maYTSMEG17nhuYvyMKsOZwEmxm2pMKBvRAXYslTRC7WezQyfk1Cp9EsbKljRkpv6eyGik9TgKbGdEzVAvelPxP6+TmvDaz7hMUoOSzReFqSAmJtOvSZ8rZEaMLaFMcXsrYUOqKDM2m6INwVt8eZk0zyveZcWtX5SrN3kcBTiGEzgDD66gCndQgwYwQHiGV3hzHpwX5935mLeuOPnMEfyB8/kD54uNAA==</latexit>x

<latexit sha1_base64="W+cQxzCzyNjJHqtlVZvJXMOej10=">AAAB6HicbVBNS8NAEN3Ur1q/qh69LBbBU0lE0WPRi8cW7Ae0oWy2k3btZhN2J0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVHJo8lrHuBMyAFAqaKFBCJ9HAokBCOxjfzfz2E2gjYvWAkwT8iA2VCAVnaKUG9ssVt+rOQVeJl5MKyVHvl796g5inESjkkhnT9dwE/YxpFFzCtNRLDSSMj9kQupYqFoHxs/mhU3pmlQENY21LIZ2rvycyFhkziQLbGTEcmWVvJv7ndVMMb/xMqCRFUHyxKEwlxZjOvqYDoYGjnFjCuBb2VspHTDOONpuSDcFbfnmVtC6q3lXVbVxWard5HEVyQk7JOfHINamRe1InTcIJkGfySt6cR+fFeXc+Fq0FJ585Jn/gfP4A4XuM/A==</latexit>

t
<latexit sha1_base64="W+cQxzCzyNjJHqtlVZvJXMOej10=">AAAB6HicbVBNS8NAEN3Ur1q/qh69LBbBU0lE0WPRi8cW7Ae0oWy2k3btZhN2J0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVHJo8lrHuBMyAFAqaKFBCJ9HAokBCOxjfzfz2E2gjYvWAkwT8iA2VCAVnaKUG9ssVt+rOQVeJl5MKyVHvl796g5inESjkkhnT9dwE/YxpFFzCtNRLDSSMj9kQupYqFoHxs/mhU3pmlQENY21LIZ2rvycyFhkziQLbGTEcmWVvJv7ndVMMb/xMqCRFUHyxKEwlxZjOvqYDoYGjnFjCuBb2VspHTDOONpuSDcFbfnmVtC6q3lXVbVxWard5HEVyQk7JOfHINamRe1InTcIJkGfySt6cR+fFeXc+Fq0FJ585Jn/gfP4A4XuM/A==</latexit>

t
<latexit sha1_base64="LKzNUVkH7uNh7xjulCHYOFs39OE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUcPvlilt15yCrxMtJBXLU++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzQ6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m5INwVt+eZW0LqreVdVtXFZqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBemuMuA==</latexit>

0

• single replica

- contour+ contour

<latexit sha1_base64="DE9wzpWKLIuSrcpCNPbmRg7v1Ns=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0nEoseiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilB+yH/XLFrbpzkFXi5aQCORr98ldvELM04gqZpMZ0PTdBP6MaBZN8WuqlhieUjemQdy1VNOLGz+anTsmZVQYkjLUthWSu/p7IaGTMJApsZ0RxZJa9mfif100xvPYzoZIUuWKLRWEqCcZk9jcZCM0ZyokllGlhbyVsRDVlaNMp2RC85ZdXSeui6tWq7v1lpX6Tx1GEEziFc/DgCupwBw1oAoMhPMMrvDnSeXHenY9Fa8HJZ47hD5zPH1c+jdU=</latexit>

tf

<latexit sha1_base64="kTIGvgVuy5sIAZIlBXbsbBafWVQ=">AAACGXicbVDLSgMxFM34tr5GXboJFkFByowouimIblxWsK3YlCGTZmwwkxmSO2IZ5jfc+CtuXCjiUlf+jZm2C18HAodz7iX3nDCVwoDnfToTk1PTM7Nz85WFxaXlFXd1rWWSTDPeZIlM9GVIDZdC8SYIkPwy1ZzGoeTt8Oa09Nu3XBuRqAsYpLwb02slIsEoWClwvattf5fk5E6QYqeOSUyhr+McdIGJ7idBDkGECSSYCBXBoKgHbtWreUPgv8QfkyoaoxG476SXsCzmCpikxnR8L4VuTjUIJnlRIZnhKWU39Jp3LFU05qabD5MVeMsqPRwl2j4FeKh+38hpbMwgDu1kebn57ZXif14ng+iomwuVZsAVG30UZRLbpGVNuCc0ZyAHllCmhb0Vsz7VlIEts2JL8H9H/ktaezX/oOad71ePT8Z1zKENtIm2kY8O0TE6Qw3URAzdo0f0jF6cB+fJeXXeRqMTznhnHf2A8/EF1higOw==</latexit>

Z(1, {⇠}) = tr⇢tf!1 =

intra-replica noise average

n replicas: Lindblad-Keldysh 2.0

• Motivation: 

• Generalization of ‘hot’ and ‘cold’ modes?

• Entanglement entropies?

• evolution operator
<latexit sha1_base64="TxNkPQTsvWiGbdd1AHtdSQw79ZY="></latexit>

V̂dt = exp
h
�(iĤ + M̂

2
t )dt+ ⇠M̂t

i
expansion to second order: SSE 

<latexit sha1_base64="4D58mBNJqF5+G66sV+WQImJDEoM=">AAAB83icbVBNS8NAEJ34WetX1aOXxSJ4KomKeix68VjBfkATymazbZduNmF3IpTQv+HFgyJe/TPe/Ddu2xy09cHA470ZZuaFqRQGXffbWVldW9/YLG2Vt3d29/YrB4ctk2Sa8SZLZKI7ITVcCsWbKFDyTqo5jUPJ2+Hobuq3n7g2IlGPOE55ENOBEn3BKFrJJ/6QImn18ggnvUrVrbkzkGXiFaQKBRq9ypcfJSyLuUImqTFdz00xyKlGwSSflP3M8JSyER3wrqWKxtwE+ezmCTm1SkT6ibalkMzU3xM5jY0Zx6HtjCkOzaI3Ff/zuhn2b4JcqDRDrth8UT+TBBMyDYBEQnOGcmwJZVrYWwkbUk0Z2pjKNgRv8eVl0jqveVe1i4fLav22iKMEx3ACZ+DBNdThHhrQBAYpPMMrvDmZ8+K8Ox/z1hWnmDmCP3A+fwB9ipFY</latexit>

V̂dt

<latexit sha1_base64="cpy1vWo8aDNva9mi1BKOrDB0zrc=">AAAB+nicbVBNS8NAEN34WetXqkcvi0XwVBIV9Vj04rGC/YA2hs1m0y7dbMLuRCmxP8WLB0W8+ku8+W/ctjlo64OBx3szzMwLUsE1OM63tbS8srq2Xtoob25t7+zalb2WTjJFWZMmIlGdgGgmuGRN4CBYJ1WMxIFg7WB4PfHbD0xpnsg7GKXMi0lf8ohTAkby7QruDQjg1n0vJH0/D2Hs21Wn5kyBF4lbkCoq0PDtr16Y0CxmEqggWnddJwUvJwo4FWxc7mWapYQOSZ91DZUkZtrLp6eP8ZFRQhwlypQEPFV/T+Qk1noUB6YzJjDQ895E/M/rZhBdejmXaQZM0tmiKBMYEjzJAYdcMQpiZAihiptbMR0QRSiYtMomBHf+5UXSOqm557XT27Nq/aqIo4QO0CE6Ri66QHV0gxqoiSh6RM/oFb1ZT9aL9W59zFqXrGJmH/2B9fkDp2WToQ==</latexit>

V̂ †
dt

n-replica Hamilton-Keldysh: Aleiner, Faoro, Ioffe, AoP  
(2016); Tsuji, Werner, Ueda, PRA (2017); Shenker, 

Stanford, JHEP (2015); Ansari, Nazarov, JETP (2016)

<latexit sha1_base64="MTL35gZiteHNC8TLJi4yON1tcKM="></latexit>

(...)�! Z(1, {⇠}) ⌘ Z(1)

➡measurement expectation values cancel
➡Lindblad-Keldysh functional integral reproduced (Herm. Lindblads)

<latexit sha1_base64="IgUEfKBJw8qxC/OSX3RfGXDoroY="></latexit>

Z(1, {⇠}) =
Z

D[ ] exp [i(S1,H [ ] + S1,⇠[ ])]

<latexit sha1_base64="MMaZgd9l6+PF5/kBdNLYGgjBHwo="></latexit>

=) Z(1) =

Z
D exp [i(S1,H [ ] + S1,M [ ])]

<latexit sha1_base64="0zh8wkuJKfobuj2XOPIsz5R07oI="></latexit>

S1,H [ ] =
X

�=±
�

Z

t

�
 ̄�i@t � �H[ ̄�, �]

�

<latexit sha1_base64="Zv0TOfm5Oy9kU3nla2QlDC8ipiY="></latexit>

S1,M [ ] = i

Z

t
[M2

+ +M
2
� � 1

2 (M+ +M�)
2]

=� i

Z

t
[O+O� � 1

2O
2
� + 1

2O
2
�]

<latexit sha1_base64="9u5atUktjzjxQmP5cbNLf1G5vcQ="></latexit>

S1,⇠[ ] = i
X

�=±

Z

t

⇥
M2

� � ⇠M�

⇤

<latexit sha1_base64="D+gMW9RlHKb0eMIfD3Upa08BAGQ=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBbBiyVRUS9C0YsXaQX7AW0sm+2mXbrZhN2NEkL/hxcPinj1v3jz37htc9DWBwOP92aYmedFnClt299WbmFxaXklv1pYW9/Y3Cpu7zRUGEtC6yTkoWx5WFHOBK1rpjltRZLiwOO06Q2vx37zkUrFQnGvk4i6Ae4L5jOCtZEebtElqqIj1PGwRNVusWSX7QnQPHEyUoIMtW7xq9MLSRxQoQnHSrUdO9JuiqVmhNNRoRMrGmEyxH3aNlTggCo3nVw9QgdG6SE/lKaERhP190SKA6WSwDOdAdYDNeuNxf+8dqz9CzdlIoo1FWS6yI850iEaR4B6TFKieWIIJpKZWxEZYImJNkEVTAjO7MvzpHFcds7KJ3enpcpVFkce9mAfDsGBc6jADdSgDgQkPMMrvFlP1ov1bn1MW3NWNrMLf2B9/gB/K5CU</latexit>

M = O � Ō

<latexit sha1_base64="uklDjCRqhHLXfokFS992UCS493M=">AAAB9HicbVDLSgNBEOz1GeMr6tHLYBA8hV0V9Rj04jGCeUB2CbOznWTI7CMzs8Gw5Du8eFDEqx/jzb9xkuxBEwsaiqpuurv8RHClbfvbWlldW9/YLGwVt3d29/ZLB4cNFaeSYZ3FIpYtnyoUPMK65lpgK5FIQ19g0x/cTf3mCKXicfSoxwl6Ie1FvMsZ1Uby3CdOXBymfESCZqdUtiv2DGSZODkpQ45ap/TlBjFLQ4w0E1SptmMn2suo1JwJnBTdVGFC2YD2sG1oRENUXjY7ekJOjRKQbixNRZrM1N8TGQ2VGoe+6Qyp7qtFbyr+57VT3b3xMh4lqcaIzRd1U0F0TKYJkIBLZFqMDaFMcnMrYX0qKdMmp6IJwVl8eZk0zivOVeXi4bJcvc3jKMAxnMAZOHANVbiHGtSBwRCe4RXerJH1Yr1bH/PWFSufOYI/sD5/ADuWkcI=</latexit>

⇠ ⌘ dW (sorry…)



• Lindblad-Keldysh construction for n replicas

• n replicas

• Motivation: 

• Generalization of ‘hot’ and ‘cold’ modes?

• Entanglement entropies?

• evolution operator
<latexit sha1_base64="TxNkPQTsvWiGbdd1AHtdSQw79ZY="></latexit>

V̂dt = exp
h
�(iĤ + M̂

2
t )dt+ ⇠M̂t

i
expansion to second order: SSE 

n-replica Hamilton-Keldysh: Aleiner, Faoro, Ioffe, AoP  
(2016); Tsuji, Werner, Ueda, PRA (2017); Shenker, 

Stanford, JHEP (2015); Ansari, Nazarov, JETP (2016)

➡collective coupling to noise
➡structural simplification for linear measurement dynamics

<latexit sha1_base64="VS7sQwO31klb87bqfCuvi4Yi5KE="></latexit>

Sn,H [ ] =
X

�=±

nX

l=1

�

Z

t

⇣
 ̄
(l)
�
i@t 

(l)
�

�H[ ̄(l)
�
, 

(l)
�
]
⌘

<latexit sha1_base64="/PXNowhFdNBVmsP8eFC0Z0ANVVY="></latexit>

=) Z(n) =

Z
D exp [i(Sn,H [ ] + Sn,M [ ])]

<latexit sha1_base64="3gAW8uYGq0Ke3kb2G5YFCY45Lwk="></latexit>

Z(n, {⇠}) =
Z

D[ ] exp [i(Sn,H [ ] + Sn,⇠[ ])]
<latexit sha1_base64="/bauqHHdOqfNt0actxh8q3/bU2U="></latexit>

Sn,⇠[ ] = i
X

�=±

nX

l=1

Z

t

h
(M (l)

� )2 � ⇠M (l)
�

i

collective coupling 
to noise!

<latexit sha1_base64="CUFsE4531USaHopEwpqMZwsWkNc="></latexit>

Sn,M [ ] = i

Z

t

nX

l=1

h ⇣
[M (l)

+ ]2 + [M (l)
+ ]2

⌘

� 1
2

⇣ nX

l=1

M (l)
+ +M (l)

�

⌘2i

…<latexit sha1_base64="NekB3E9F6EYDiDd+Pg5h/hez9MI=">AAACAnicbVDLSgMxFM3UV62vUVfiJliEClJmRNGNUHTjsoJ9YGcomTRtQzPJkGTEMgxu/BU3LhRx61e482/MtLPQ6oHA4Zx7uLkniBhV2nG+rMLc/MLiUnG5tLK6tr5hb241lYglJg0smJDtACnCKCcNTTUj7UgSFAaMtILRZea37ohUVPAbPY6IH6IBp32KkTZS196BnjB+Fk9uK/zQS7x76qUH6XnXLjtVZwL4l7g5KYMc9a796fUEjkPCNWZIqY7rRNpPkNQUM5KWvFiRCOERGpCOoRyFRPnJ5IQU7hulB/tCmsc1nKg/EwkKlRqHgZkMkR6qWS8T//M6se6f+QnlUawJx9NF/ZhBLWDWB+xRSbBmY0MQltT8FeIhkghr01rJlODOnvyXNI+q7knVuT4u1y7yOopgF+yBCnDBKaiBK1AHDYDBA3gCL+DVerSerTfrfTpasPLMNvgF6+MbosOW8A==</latexit>

Z(n, {⇠}) =

inter-replica noise average

<latexit sha1_base64="TQp/UggKC9IgnJC8JWbh8NHDLxA="></latexit>

(...)�! Z(n, {⇠}) ⌘ Z(n)

n replicas: Lindblad-Keldysh 2.0



n replicas: Decoupling of Gaussian theories

• practical importance: reduction to linear / Gaussian bosonic theory in limiting cases

• bosonized action in the presence of noise: quadratic

<latexit sha1_base64="RFGdIf67U9X/zY2H8ldlxq/O7YU="></latexit>

Sn,H [�] =� 1

2⇡

nX

l=1

X

�=±
�

Z

t,x

�(l)
�
(@2

t
� @2

x
)�(l)

�

bosonic field
<latexit sha1_base64="NGdN0hhaJMQSflWRYiNRjdbeEi4=">AAACFXicbZBPS8MwGMbT+W/Of1WPXoJDEByjVVEvwtDLjpO5TWhLSbN0C0vTkqTiKPsSXvwqXjwo4lXw5rcx23rQzQcCT37v+5K8T5AwKpVlfRuFhcWl5ZXiamltfWNzy9zeacs4FZi0cMxicRcgSRjlpKWoYuQuEQRFASOdYHA9rnfuiZA05rdqmBAvQj1OQ4qR0sg3K03HTfrUg5dQq+lnvFIf5ehoencfaE58s2xVrYngvLFzUwa5Gr755XZjnEaEK8yQlI5tJcrLkFAUMzIquakkCcID1COOthxFRHrZZKsRPNCkC8NY6MMVnNDfExmKpBxGge6MkOrL2doY/ldzUhVeeBnlSaoIx9OHwpRBFcNxRLBLBcGKDbVBWFD9V4j7SCCsdJAlHYI9u/K8aR9X7bPqyc1puXaVx1EEe2AfHAIbnIMaqIMGaAEMHsEzeAVvxpPxYrwbH9PWgpHP7II/Mj5/AEi/nRI=</latexit>

S[�] = Sn,H [�] + Sn,⇠[�]
<latexit sha1_base64="TX7l6koD9e0K8mFurthzSq25g+Q="></latexit>

Sn,⇠[�] = i

X

�=±

nX

l=1

Z

t,x

h
(O(l)

� � Ō)2 � ⇠(O(l)
� � Ō)

i

<latexit sha1_base64="9GEwzEsBAIciVOTr+o0exy9DoTs=">AAAB8HicbVBNSwMxEJ2tX7V+rXr0EiyCp7Krol6Eoh48VrAf0i4lm2bb0CS7JFmhLP0VXjwo4tWf481/Y9ruQVsfDDzem2FmXphwpo3nfTuFpeWV1bXiemljc2t7x93da+g4VYTWScxj1QqxppxJWjfMcNpKFMUi5LQZDm8mfvOJKs1i+WBGCQ0E7ksWMYKNlR5v0RXqJAyJrlv2Kt4UaJH4OSlDjlrX/er0YpIKKg3hWOu27yUmyLAyjHA6LnVSTRNMhrhP25ZKLKgOsunBY3RklR6KYmVLGjRVf09kWGg9EqHtFNgM9Lw3Ef/z2qmJLoOMySQ1VJLZoijlyMRo8j3qMUWJ4SNLMFHM3orIACtMjM2oZEPw519eJI2Tin9eOb0/K1ev8ziKcACHcAw+XEAV7qAGdSAg4Ble4c1Rzovz7nzMWgtOPrMPf+B8/gAx5I9f</latexit>

D = ⇡m
<latexit sha1_base64="Qx2DvsgBD6DQB+qotRGD+jxRRGc=">AAAB9XicbVDLSsNAFL2pr1pfVZduBovgqiQq6kYo6sJlBfuANpbJdNIOnUzCzEQNof/hxoUibv0Xd/6NkzYLbT1w4XDOvTP3Hi/iTGnb/rYKC4tLyyvF1dLa+sbmVnl7p6nCWBLaICEPZdvDinImaEMzzWk7khQHHqctb3SV+a0HKhULxZ1OIuoGeCCYzwjWRrq/RheoG2GpGea9p165YlftCdA8cXJSgRz1Xvmr2w9JHFChCcdKdRw70m6avUc4HZe6saIRJiM8oB1DBQ6octPJ1mN0YJQ+8kNpSmg0UX9PpDhQKgk80xlgPVSzXib+53Vi7Z+7KRNRrKkg04/8mCMdoiwC1GeSEs0TQzCRzOyKyBBLTLQJqmRCcGZPnifNo6pzWj2+PanULvM4irAH+3AIDpxBDW6gDg0gIOEZXuHNerRerHfrY9pasPKZXfgD6/MHk9SR7w==</latexit>

D = @x

<latexit sha1_base64="Y3hFFFof3vbIQsvJzmn4gL3Y8bo="></latexit>

O
(l)
� = D�

(l)
� , D = ⇡m, @x

➡no reference to measurement expectation value
➡exact decoupling into:

➡1 collective ‘hot’ mode, heating to infinite temperature
➡ (n-1) ‘cold’ modes, do not ‘see’ the noise, cool to ground state of non-Hermitian Hamiltonian

• decoupling of center-of-mass and relative modes

• Fourier expansion in replica space
<latexit sha1_base64="ZB950UfMGp8WJ3A2Z+pwSszYPGk="></latexit>

�(l)
�,t,x =

1p
n

n�1X

k=0

e�i 2⇡kl
n �(k)

�,t,x

• equation of motion
<latexit sha1_base64="CyF0iwpqEwaLpyxCHDFpddKmOFI="></latexit>

@2
t �

(k)
+ = (@2

x � �i

⇡v
D2)�(k)

+ +
p
n⇠�k,0

replica space picture

reciprocal replica space picture
<latexit sha1_base64="GfV+MWYY1CfoEXKzFjBTuVzycj8=">AAACCHicbZDLSsNAFIYn9VbrLerShYNFcFUSFXUjFN24rGgv0IQymUzaoZMLMydCCVm68VXcuFDErY/gzrdx2mahrT8MfPznHM6c30sEV2BZ30ZpYXFpeaW8Wllb39jcMrd3WipOJWVNGotYdjyimOARawIHwTqJZCT0BGt7w+txvf3ApOJxdA+jhLkh6Uc84JSAtnrmvgOBJDRzfCaA4Lu8ICcZ8BxfWj2zatWsifA82AVUUaFGz/xy/JimIYuACqJU17YScDMigVPB8oqTKpYQOiR91tUYkZApN5sckuND7fg4iKV+EeCJ+3siI6FSo9DTnSGBgZqtjc3/at0Uggs341GSAovodFGQCgwxHqeCfS4ZBTHSQKjk+q+YDogOBnR2FR2CPXvyPLSOa/ZZ7eT2tFq/KuIooz10gI6Qjc5RHd2gBmoiih7RM3pFb8aT8WK8Gx/T1pJRzOyiPzI+fwCS95mu</latexit>

�S
�� = 0



Entanglement entropies from replica approach

• formulate boundary condition via operator insertion (in the presence of noise):

• Keldysh path integral representation of 

<latexit sha1_base64="sGep6AWXB4hZYIZ6oQXISXz95ps="></latexit>

T (l)
+,x,tf =

(
� (l)

�,x,tf 8x /2 A

� (l+1)
�,x,tf 8x 2 A translation by one in 

replica space 

<latexit sha1_base64="pDJKOJAVIcI8DMbdWeCuU6T3/Yk=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Kokoeqx68diC/YA2lM120q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVb3qlsltxZyDLxMtJGXLUeqWvbj9maYTSMEG17nhuYvyMKsOZwEmxm2pMKBvRAXYslTRC7WezQyfk1Cp9EsbKljRkpv6eyGik9TgKbGdEzVAvelPxP6+TmvDaz7hMUoOSzReFqSAmJtOvSZ8rZEaMLaFMcXsrYUOqKDM2m6INwVt8eZk0zyveZcWtX5Srt3kcBTiGEzgDD66gCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDlC+MyQ==</latexit>

A

traced out <latexit sha1_base64="fLBAq4QNHt6x49astMKifX19cb0=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Kokoeix68diC/YA2lM120q7dbMLuRiyhv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtR1Sax/LejBP0IzqQPOSMGivVn3qlsltxZyDLxMtJGXLUeqWvbj9maYTSMEG17nhuYvyMKsOZwEmxm2pMKBvRAXYslTRC7WezQyfk1Cp9EsbKljRkpv6eyGik9TgKbGdEzVAvelPxP6+TmvDaz7hMUoOSzReFqSAmJtOvSZ8rZEaMLaFMcXsrYUOqKDM2m6INwVt8eZk0zyveZcWtX5SrN3kcBTiGEzgDD66gCndQgwYwQHiGV3hzHpwX5935mLeuOPnMEfyB8/kD54uNAA==</latexit>x

Calabrese, Cardy, JPA (2009) 

<latexit sha1_base64="pDJKOJAVIcI8DMbdWeCuU6T3/Yk=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Kokoeqx68diC/YA2lM120q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVb3qlsltxZyDLxMtJGXLUeqWvbj9maYTSMEG17nhuYvyMKsOZwEmxm2pMKBvRAXYslTRC7WezQyfk1Cp9EsbKljRkpv6eyGik9TgKbGdEzVAvelPxP6+TmvDaz7hMUoOSzReFqSAmJtOvSZ8rZEaMLaFMcXsrYUOqKDM2m6INwVt8eZk0zyveZcWtX5Srt3kcBTiGEzgDD66gCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDlC+MyQ==</latexit>

A
<latexit sha1_base64="s8QX+0JWSrk7axzW7iT/rmWo0o0=">AAAB63icbVDLSgNBEOyNrxhfUY9eBoPgKeyKohch6MVjBGMCyRJmJ7PJkHksM7NCWPILXjwo4tUf8ubfOJvsQRMLGoqqbrq7ooQzY33/2yutrK6tb5Q3K1vbO7t71f2DR6NSTWiLKK50J8KGciZpyzLLaSfRFIuI03Y0vs399hPVhin5YCcJDQUeShYzgm0ucXQd9Ks1v+7PgJZJUJAaFGj2q1+9gSKpoNISjo3pBn5iwwxrywin00ovNTTBZIyHtOuoxIKaMJvdOkUnThmgWGlX0qKZ+nsiw8KYiYhcp8B2ZBa9XPzP66Y2vgozJpPUUknmi+KUI6tQ/jgaME2J5RNHMNHM3YrICGtMrIun4kIIFl9eJo9n9eCi7t+f1xo3RRxlOIJjOIUALqEBd9CEFhAYwTO8wpsnvBfv3fuYt5a8YuYQ/sD7/AEdJI2g</latexit>

l = 1
<latexit sha1_base64="UDSvfYe/hmOcAUyPmSx7Ku/Be24=">AAAB7XicbVBNSwMxEJ2tX7V+rXr0EiyCIJTdouhFKHrxWMF+QLuUbJptY7PJkmSFsvQ/ePGgiFf/jzf/jWm7B219MPB4b4aZeWHCmTae9+0UVlbX1jeKm6Wt7Z3dPXf/oKllqghtEMmlaodYU84EbRhmOG0niuI45LQVjm6nfuuJKs2keDDjhAYxHggWMYKNlZr8zEfX1Z5b9ireDGiZ+DkpQ456z/3q9iVJYyoM4Vjrju8lJsiwMoxwOil1U00TTEZ4QDuWChxTHWSzayfoxCp9FEllSxg0U39PZDjWehyHtjPGZqgXvan4n9dJTXQVZEwkqaGCzBdFKUdGounrqM8UJYaPLcFEMXsrIkOsMDE2oJINwV98eZk0qxX/ouLdn5drN3kcRTiCYzgFHy6hBndQhwYQeIRneIU3RzovzrvzMW8tOPnMIfyB8/kD9gWOEQ==</latexit>

l + 1 = 2

<latexit sha1_base64="5iSLcVm9E676H/dhl83ZEE9gYfw=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KklR9CIUvXisaD+gDWWz3bRLN5uwOxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkQKg6777aysrq1vbBa2its7u3v7pYPDpolTzXiDxTLW7YAaLoXiDRQoeTvRnEaB5K1gdDv1W09cGxGrRxwn3I/oQIlQMIpWelDX1V6p7FbcGcgy8XJShhz1Xumr249ZGnGFTFJjOp6boJ9RjYJJPil2U8MTykZ0wDuWKhpx42ezUyfk1Cp9EsbalkIyU39PZDQyZhwFtjOiODSL3lT8z+ukGF75mVBJilyx+aIwlQRjMv2b9IXmDOXYEsq0sLcSNqSaMrTpFG0I3uLLy6RZrXgXFff+vFy7yeMowDGcwBl4cAk1uIM6NIDBAJ7hFd4c6bw4787HvHXFyWeO4A+czx/LkY15</latexit>

n = 2

<latexit sha1_base64="kboqdQSQkrPxGyCtqVdHQqvY9O8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GPRi8eK9gPaUDbbSbt0swm7G7GE/gQvHhTx6i/y5r9x2+ag1QcDj/dmmJkXJIJr47pfTmFpeWV1rbhe2tjc2t4p7+41dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nvqtB1Sax/LejBP0IzqQPOSMGivdPfbcXrniVt0ZyF/i5aQCOeq98me3H7M0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9mpE3JklT4JY2VLGjJTf05kNNJ6HAW2M6JmqBe9qfif10lNeOlnXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtOyYbgLb78lzRPqt559fT2rFK7yuMowgEcwjF4cAE1uIE6NIDBAJ7gBV4d4Tw7b877vLXg5DP78AvOxzcMyI2n</latexit>x0
<latexit sha1_base64="BPkxn460STJ3im7exqUFUyh1LxY=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoMgCGFXRT0GvXjwEME8IFnC7KSTDJmdXWZmxbDkI7x4UMSr3+PNv3GS7EETCxqKqm66u4JYcG1c99vJLS2vrK7l1wsbm1vbO8XdvbqOEsWwxiIRqWZANQousWa4EdiMFdIwENgIhjcTv/GISvNIPphRjH5I+5L3OKPGSo2njktOyF2nWHLL7hRkkXgZKUGGaqf41e5GLAlRGiao1i3PjY2fUmU4EzgutBONMWVD2seWpZKGqP10eu6YHFmlS3qRsiUNmaq/J1Iaaj0KA9sZUjPQ895E/M9rJaZ35adcxolByWaLeokgJiKT30mXK2RGjCyhTHF7K2EDqigzNqGCDcGbf3mR1E/L3kX57P68VLnO4sjDARzCMXhwCRW4hSrUgMEQnuEV3pzYeXHenY9Za87JZvbhD5zPH7rRjoY=</latexit>

x0 + L

+ +— —

<latexit sha1_base64="K2uSORKRAxPGhBlD+J+Ps1J0mpg="></latexit>

ZA(n), {⇠}) =
Z

D[ ]T eiSn[ ]

• e.g. free massless Dirac fermions (after bosonization into equivalent Luttinger Hamiltonian): factorization

ground states: Casini, 
Fosco, Huerta, J. Stat. 

Mech. (2005)

➡  boundary conditions appear as opposite charges
➡   mode does not contribute!
➡   independent of noise  !

<latexit sha1_base64="K9Fa74GV+aEQi6/shHPo/MTUpHM=">AAAB63icbVBNS8NAEJ3Ur1q/oh69LBbBU0lU1ItQ9OKxgv2ANpTNdtMu3d2E3Y1QQv+CFw+KePUPefPfuGlz0NYHA4/3ZpiZFyacaeN5305pZXVtfaO8Wdna3tndc/cPWjpOFaFNEvNYdUKsKWeSNg0znHYSRbEIOW2H47vcbz9RpVksH80koYHAQ8kiRrDJpfEN8vpu1at5M6Bl4hekCgUafferN4hJKqg0hGOtu76XmCDDyjDC6bTSSzVNMBnjIe1aKrGgOshmt07RiVUGKIqVLWnQTP09kWGh9USEtlNgM9KLXi7+53VTE10HGZNJaqgk80VRypGJUf44GjBFieETSzBRzN6KyAgrTIyNp2JD8BdfXiats5p/WTt/uKjWb4s4ynAEx3AKPlxBHe6hAU0gMIJneIU3RzgvzrvzMW8tOcXMIfyB8/kDG4CNog==</latexit>

k = 0
<latexit sha1_base64="0rHC6id/cLcOX9/hYCIrLjwL4SQ=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyqqMegF48RzAOSJcxOepNhZ2fXmVkhLPkILx4U8er3ePNvnDwOmljQUFR1090VpIJr47rfTmFldW19o7hZ2tre2d0r7x80dZIphg2WiES1A6pRcIkNw43AdqqQxoHAVhDdTvzWEyrNE/lgRin6MR1IHnJGjZVaUVfiI3F75Ypbdacgy8SbkwrMUe+Vv7r9hGUxSsME1brjuanxc6oMZwLHpW6mMaUsogPsWCppjNrPp+eOyYlV+iRMlC1pyFT9PZHTWOtRHNjOmJqhXvQm4n9eJzPhtZ9zmWYGJZstCjNBTEImv5M+V8iMGFlCmeL2VsKGVFFmbEIlG4K3+PIyaZ5Vvcvq+f1FpXYzj6MIR3AMp+DBFdTgDurQAAYRPMMrvDmp8+K8Ox+z1oIznzmEP3A+fwCqyo8j</latexit>

k 6= 0
<latexit sha1_base64="sYiPX2hdW/+OC9jCWdueJP++8jY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GPRi8eK9gPaUDbbSbt0swm7G7GE/gQvHhTx6i/y5r9x2+ag1QcDj/dmmJkXJIJr47pfTmFpeWV1rbhe2tjc2t4p7+41dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nvqtB1Sax/LejBP0IzqQPOSMGivddR95r1xxq+4M5C/xclKBHPVe+bPbj1kaoTRMUK07npsYP6PKcCZwUuqmGhPKRnSAHUsljVD72ezUCTmySp+EsbIlDZmpPycyGmk9jgLbGVEz1IveVPzP66QmvPQzLpPUoGTzRWEqiInJ9G/S5wqZEWNLKFPc3krYkCrKjE2nZEPwFl/+S5onVe+8enp7Vqld5XEU4QAO4Rg8uIAa3EAdGsBgAE/wAq+OcJ6dN+d93lpw8pl9+AXn4xtegY3d</latexit>

⇠

<latexit sha1_base64="ByM0khnFCtATxgc1MCPnbQmgDPU="></latexit>

ZA(n, {⇠}) = h
nY

k=1

exp

✓
�
p
2i
k

n

Z
dx[�(x� x0)� �(x� (x0 + L))]�(k)

c,x,t

◆
i

<latexit sha1_base64="EX9aygFUaioYQ4byutOcpRvwv+E=">AAACEnicbVDLSsNAFJ3UV62vqEs3g0VoQUqiom6EVjcuK9gHNjFMptN26GQSZiZiCfkGN/6KGxeKuHXlzr9x0nah1QMXDufcy733+BGjUlnWl5Gbm19YXMovF1ZW19Y3zM2tpgxjgUkDhywUbR9JwignDUUVI+1IEBT4jLT84UXmt+6IkDTk12oUETdAfU57FCOlJc8sJzdercT3ncS5p05aTuEZTJwAqYEIEiVS6IhB6NVueeqZRatijQH/EntKimCKumd+Ot0QxwHhCjMkZce2IuUmSCiKGUkLTixJhPAQ9UlHU44CIt1k/FIK97TShb1Q6OIKjtWfEwkKpBwFvu7MjpWzXib+53Vi1Tt1E8qjWBGOJ4t6MYMqhFk+sEsFwYqNNEFYUH0rxAMkEFY6xYIOwZ59+S9pHlTs48rh1VGxej6NIw92wC4oARucgCq4BHXQABg8gCfwAl6NR+PZeDPeJ605YzqzDX7B+PgGqFSdgA==</latexit>

ZA(n, {⇠}) = tr⇢nA



Entanglement entropies from replica approach

• Keldysh path integral representation of 
<latexit sha1_base64="pDJKOJAVIcI8DMbdWeCuU6T3/Yk=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Kokoeqx68diC/YA2lM120q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVb3qlsltxZyDLxMtJGXLUeqWvbj9maYTSMEG17nhuYvyMKsOZwEmxm2pMKBvRAXYslTRC7WezQyfk1Cp9EsbKljRkpv6eyGik9TgKbGdEzVAvelPxP6+TmvDaz7hMUoOSzReFqSAmJtOvSZ8rZEaMLaFMcXsrYUOqKDM2m6INwVt8eZk0zyveZcWtX5Srt3kcBTiGEzgDD66gCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDlC+MyQ==</latexit>

A

traced out <latexit sha1_base64="fLBAq4QNHt6x49astMKifX19cb0=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Kokoeix68diC/YA2lM120q7dbMLuRiyhv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtR1Sax/LejBP0IzqQPOSMGivVn3qlsltxZyDLxMtJGXLUeqWvbj9maYTSMEG17nhuYvyMKsOZwEmxm2pMKBvRAXYslTRC7WezQyfk1Cp9EsbKljRkpv6eyGik9TgKbGdEzVAvelPxP6+TmvDaz7hMUoOSzReFqSAmJtOvSZ8rZEaMLaFMcXsrYUOqKDM2m6INwVt8eZk0zyveZcWtX5SrN3kcBTiGEzgDD66gCndQgwYwQHiGV3hzHpwX5935mLeuOPnMEfyB8/kD54uNAA==</latexit>x

Calabrese, Cardy, JPA (2009) 

<latexit sha1_base64="pDJKOJAVIcI8DMbdWeCuU6T3/Yk=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Kokoeqx68diC/YA2lM120q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVb3qlsltxZyDLxMtJGXLUeqWvbj9maYTSMEG17nhuYvyMKsOZwEmxm2pMKBvRAXYslTRC7WezQyfk1Cp9EsbKljRkpv6eyGik9TgKbGdEzVAvelPxP6+TmvDaz7hMUoOSzReFqSAmJtOvSZ8rZEaMLaFMcXsrYUOqKDM2m6INwVt8eZk0zyveZcWtX5Srt3kcBTiGEzgDD66gCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDlC+MyQ==</latexit>

A
<latexit sha1_base64="s8QX+0JWSrk7axzW7iT/rmWo0o0=">AAAB63icbVDLSgNBEOyNrxhfUY9eBoPgKeyKohch6MVjBGMCyRJmJ7PJkHksM7NCWPILXjwo4tUf8ubfOJvsQRMLGoqqbrq7ooQzY33/2yutrK6tb5Q3K1vbO7t71f2DR6NSTWiLKK50J8KGciZpyzLLaSfRFIuI03Y0vs399hPVhin5YCcJDQUeShYzgm0ucXQd9Ks1v+7PgJZJUJAaFGj2q1+9gSKpoNISjo3pBn5iwwxrywin00ovNTTBZIyHtOuoxIKaMJvdOkUnThmgWGlX0qKZ+nsiw8KYiYhcp8B2ZBa9XPzP66Y2vgozJpPUUknmi+KUI6tQ/jgaME2J5RNHMNHM3YrICGtMrIun4kIIFl9eJo9n9eCi7t+f1xo3RRxlOIJjOIUALqEBd9CEFhAYwTO8wpsnvBfv3fuYt5a8YuYQ/sD7/AEdJI2g</latexit>

l = 1
<latexit sha1_base64="UDSvfYe/hmOcAUyPmSx7Ku/Be24=">AAAB7XicbVBNSwMxEJ2tX7V+rXr0EiyCIJTdouhFKHrxWMF+QLuUbJptY7PJkmSFsvQ/ePGgiFf/jzf/jWm7B219MPB4b4aZeWHCmTae9+0UVlbX1jeKm6Wt7Z3dPXf/oKllqghtEMmlaodYU84EbRhmOG0niuI45LQVjm6nfuuJKs2keDDjhAYxHggWMYKNlZr8zEfX1Z5b9ireDGiZ+DkpQ456z/3q9iVJYyoM4Vjrju8lJsiwMoxwOil1U00TTEZ4QDuWChxTHWSzayfoxCp9FEllSxg0U39PZDjWehyHtjPGZqgXvan4n9dJTXQVZEwkqaGCzBdFKUdGounrqM8UJYaPLcFEMXsrIkOsMDE2oJINwV98eZk0qxX/ouLdn5drN3kcRTiCYzgFHy6hBndQhwYQeIRneIU3RzovzrvzMW8tOPnMIfyB8/kD9gWOEQ==</latexit>

l + 1 = 2

<latexit sha1_base64="5iSLcVm9E676H/dhl83ZEE9gYfw=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KklR9CIUvXisaD+gDWWz3bRLN5uwOxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkQKg6777aysrq1vbBa2its7u3v7pYPDpolTzXiDxTLW7YAaLoXiDRQoeTvRnEaB5K1gdDv1W09cGxGrRxwn3I/oQIlQMIpWelDX1V6p7FbcGcgy8XJShhz1Xumr249ZGnGFTFJjOp6boJ9RjYJJPil2U8MTykZ0wDuWKhpx42ezUyfk1Cp9EsbalkIyU39PZDQyZhwFtjOiODSL3lT8z+ukGF75mVBJilyx+aIwlQRjMv2b9IXmDOXYEsq0sLcSNqSaMrTpFG0I3uLLy6RZrXgXFff+vFy7yeMowDGcwBl4cAk1uIM6NIDBAJ7hFd4c6bw4787HvHXFyWeO4A+czx/LkY15</latexit>

n = 2

<latexit sha1_base64="kboqdQSQkrPxGyCtqVdHQqvY9O8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GPRi8eK9gPaUDbbSbt0swm7G7GE/gQvHhTx6i/y5r9x2+ag1QcDj/dmmJkXJIJr47pfTmFpeWV1rbhe2tjc2t4p7+41dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nvqtB1Sax/LejBP0IzqQPOSMGivdPfbcXrniVt0ZyF/i5aQCOeq98me3H7M0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9mpE3JklT4JY2VLGjJTf05kNNJ6HAW2M6JmqBe9qfif10lNeOlnXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtOyYbgLb78lzRPqt559fT2rFK7yuMowgEcwjF4cAE1uIE6NIDBAJ7gBV4d4Tw7b877vLXg5DP78AvOxzcMyI2n</latexit>x0
<latexit sha1_base64="BPkxn460STJ3im7exqUFUyh1LxY=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoMgCGFXRT0GvXjwEME8IFnC7KSTDJmdXWZmxbDkI7x4UMSr3+PNv3GS7EETCxqKqm66u4JYcG1c99vJLS2vrK7l1wsbm1vbO8XdvbqOEsWwxiIRqWZANQousWa4EdiMFdIwENgIhjcTv/GISvNIPphRjH5I+5L3OKPGSo2njktOyF2nWHLL7hRkkXgZKUGGaqf41e5GLAlRGiao1i3PjY2fUmU4EzgutBONMWVD2seWpZKGqP10eu6YHFmlS3qRsiUNmaq/J1Iaaj0KA9sZUjPQ895E/M9rJaZ35adcxolByWaLeokgJiKT30mXK2RGjCyhTHF7K2EDqigzNqGCDcGbf3mR1E/L3kX57P68VLnO4sjDARzCMXhwCRW4hSrUgMEQnuEV3pzYeXHenY9Za87JZvbhD5zPH7rRjoY=</latexit>

x0 + L

+ +— —

<latexit sha1_base64="EX9aygFUaioYQ4byutOcpRvwv+E=">AAACEnicbVDLSsNAFJ3UV62vqEs3g0VoQUqiom6EVjcuK9gHNjFMptN26GQSZiZiCfkGN/6KGxeKuHXlzr9x0nah1QMXDufcy733+BGjUlnWl5Gbm19YXMovF1ZW19Y3zM2tpgxjgUkDhywUbR9JwignDUUVI+1IEBT4jLT84UXmt+6IkDTk12oUETdAfU57FCOlJc8sJzdercT3ncS5p05aTuEZTJwAqYEIEiVS6IhB6NVueeqZRatijQH/EntKimCKumd+Ot0QxwHhCjMkZce2IuUmSCiKGUkLTixJhPAQ9UlHU44CIt1k/FIK97TShb1Q6OIKjtWfEwkKpBwFvu7MjpWzXib+53Vi1Tt1E8qjWBGOJ4t6MYMqhFk+sEsFwYqNNEFYUH0rxAMkEFY6xYIOwZ59+S9pHlTs48rh1VGxej6NIw92wC4oARucgCq4BHXQABg8gCfwAl6NR+PZeDPeJ605YzqzDX7B+PgGqFSdgA==</latexit>

ZA(n, {⇠}) = tr⇢nA

• n-th Rényi entropy

• von Neumann entropy

<latexit sha1_base64="6XCd2P+PNqmSomw0hgyrvZ2Jcuo="></latexit>

S = lim
n!1

Sn = 2
3 h�

(k>0)
c,x0

�(k>0)
c,x0+Li

➡correlator in the Gaussian dark state wave function

<latexit sha1_base64="+Wwp+KQj4EpMNDoOWWXOEHNpeXs="></latexit>

Sn = 1
1�n logZA(n, {⇠}) = 1

1�n

n�1X

k=1

2k2

n2 h�(k)
c,x0

�(k)
c,x0

� �(k)
c,x0

�(k)
c,x0+Li



• focus on von Neumann entropy S in Gaussian limiting regimes

massless massive

• saturation to area law

Entanglement transition from replica approach

<latexit sha1_base64="JKp0g3S1jsYP3z98hzyy0HsEKjU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8eK1hbaUDbbSbp0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSAXXxnW/ndLK6tr6RnmzsrW9s7tX3T941EmmGLZYIhLVCahGwSW2DDcCO6lCGgcC28HoZuq3n1BpnsgHM07Rj2kkecgZNVa6j/qsX625dXcGsky8gtSgQLNf/eoNEpbFKA0TVOuu56bGz6kynAmcVHqZxpSyEY2wa6mkMWo/n506ISdWGZAwUbakITP190ROY63HcWA7Y2qGetGbiv953cyEV37OZZoZlGy+KMwEMQmZ/k0GXCEzYmwJZYrbWwkbUkWZselUbAje4svL5PGs7l3U3bvzWuO6iKMMR3AMp+DBJTTgFprQAgYRPMMrvDnCeXHenY95a8kpZg7hD5zPHz7kjcU=</latexit>gc
<latexit sha1_base64="WDCR4eo3IfJs8QLPR2m6IER0gVU=">AAAB83icbVBNS8NAEN3Ur1q/qh69LBbBU01E0YtQ9OKxgv2AJpTJdpMu3d2E3U2hhP4NLx4U8eqf8ea/cdvmoNUHA4/3ZpiZF6acaeO6X05pZXVtfaO8Wdna3tndq+4ftHWSKUJbJOGJ6oagKWeStgwznHZTRUGEnHbC0d3M74yp0iyRj2aS0kBALFnECBgr+TG+wX4MQsDZuF+tuXV3DvyXeAWpoQLNfvXTHyQkE1QawkHrnuemJshBGUY4nVb8TNMUyAhi2rNUgqA6yOc3T/GJVQY4SpQtafBc/TmRg9B6IkLbKcAM9bI3E//zepmJroOcyTQzVJLFoijj2CR4FgAeMEWJ4RNLgChmb8VkCAqIsTFVbAje8st/Sfu87l3W3YeLWuO2iKOMjtAxOkUeukINdI+aqIUIStETekGvTuY8O2/O+6K15BQzh+gXnI9vx3+Q3g==</latexit>

g = �/v

<latexit sha1_base64="SMxYVgsFn4rR4vS/yOq0vwn4ciE=">AAACFXicbVDLSsNAFJ3UV62vqEs3g0VoQUviA90IRTcuXFS0D2jaMplO0qEzSZiZCCXkJ9z4K25cKOJWcOffOG2z0OqBC4dz7uXee9yIUaks68vIzc0vLC7llwsrq2vrG+bmVkOGscCkjkMWipaLJGE0IHVFFSOtSBDEXUaa7vBy7DfviZA0DO7UKCIdjvyAehQjpaWeuX977ihPIJzYaXKU4pLjI85R2WGhX+Ld5MBOy9CRlMPrrtUzi1bFmgD+JXZGiiBDrWd+Ov0Qx5wECjMkZdu2ItVJkFAUM5IWnFiSCOEh8klb0wBxIjvJ5KsU7mmlD71Q6AoUnKg/JxLEpRxxV3dypAZy1huL/3ntWHlnnYQGUaxIgKeLvJhBFcJxRLBPBcGKjTRBWFB9K8QDpDNSOsiCDsGeffkvaRxW7JOKdXNcrF5kceTBDtgFJWCDU1AFV6AG6gCDB/AEXsCr8Wg8G2/G+7Q1Z2Qz2+AXjI9vRZWdmQ==</latexit>

S = 1
3c(�) log(m

�1) ⇠ L0

• sub-volume log-law

• .

<latexit sha1_base64="S3U6o0m7Fx+UtUggFbqtjSz8cq8=">AAACBnicbVDLSsNAFJ3UV62vqEsRgkVoNyXxgW6EohsXLiraBzShTKaTdOhMJsxMhBKycuOvuHGhiFu/wZ1/47TNQlsPXDiccy/33uPHlEhl299GYWFxaXmluFpaW9/Y3DK3d1qSJwLhJuKUi44PJaYkwk1FFMWdWGDIfIrb/vBq7LcfsJCER/dqFGOPwTAiAUFQaaln7t9duIGAKHWy9DhDFTeEjMGqS3lYuan2zLJdsyew5omTkzLI0eiZX26fo4ThSCEKpew6dqy8FApFEMVZyU0kjiEawhB3NY0gw9JLJ29k1qFW+lbAha5IWRP190QKmZQj5utOBtVAznpj8T+vm6jg3EtJFCcKR2i6KEiopbg1zsTqE4GRoiNNIBJE32qhAdSpKJ1cSYfgzL48T1pHNee0Zt+elOuXeRxFsAcOQAU44AzUwTVogCZA4BE8g1fwZjwZL8a78TFtLRj5zC74A+PzB7NGl/s=</latexit>

S =
1

3
c(�) log(L)

➡  ground state entropy of massless Dirac

<latexit sha1_base64="TCi02rEO0y7/503CsP8mfoaWWJc=">AAAB/3icbVDLSsNAFL3xWesrKrhxM1iEuimJKLosunFZwT6gCWUynbRDZ5IwMxFK7MJfceNCEbf+hjv/xmmahbYeGOZwzr3ce0+QcKa043xbS8srq2vrpY3y5tb2zq69t99ScSoJbZKYx7ITYEU5i2hTM81pJ5EUi4DTdjC6mfrtByoVi6N7PU6oL/AgYiEjWBupZx+SqjfAQmDk6Rg5p/nnop5dcWpODrRI3IJUoECjZ395/ZikgkaacKxU13US7WdYakY4nZS9VNEEkxEe0K6hERZU+Vm+/wSdGKWPwliaF2mUq787MiyUGovAVAqsh2rem4r/ed1Uh1d+xqIk1TQis0FhypG5cRoG6jNJieZjQzCRzOyKyBBLTLSJrGxCcOdPXiSts5p7UXPuziv16yKOEhzBMVTBhUuowy00oAkEHuEZXuHNerJerHfrY1a6ZBU9B/AH1ucP8/qUHQ==</latexit>

c(� ! 0) ! 1

• in Gaussian state:

➡compatible with numerics in critical phase

<latexit sha1_base64="Af2gITyy9tkWQPej81S2pohb++w=">AAACD3icbVC7TsMwFHXKq5RXgJHFogKVgZIUBIwVLIxFog+pCZXjOq1V24lsB6mK+gcs/AoLAwixsrLxN7htBmg5kqWjc+7V9TlBzKjSjvNt5RYWl5ZX8quFtfWNzS17e6ehokRiUscRi2QrQIowKkhdU81IK5YE8YCRZjC4HvvNByIVjcSdHsbE56gnaEgx0kbq2Ie45PUQ58jTEfSoCPXwCHqKcjiV79Nj96Qy6thFp+xMAOeJm5EiyFDr2F9eN8IJJ0JjhpRqu06s/RRJTTEjo4KXKBIjPEA90jZUIE6Un07yjOCBUbowjKR5QsOJ+nsjRVypIQ/MJEe6r2a9sfif1050eOmnVMSJJgJPD4UJgyb7uBzYpZJgzYaGICyp+SvEfSQR1qbCginBnY08TxqVsntePr09K1avsjryYA/sgxJwwQWoghtQA3WAwSN4Bq/gzXqyXqx362M6mrOynV3wB9bnDzSLm4A=</latexit>

c(� ! 1) ⇠ ��1/2
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� = 0.3�• with RG improvement, qualitatively similar to 
numerics



• focus on von Neumann entropy S in Gaussian limiting regimes

massless massive

• saturation to area law

<latexit sha1_base64="JKp0g3S1jsYP3z98hzyy0HsEKjU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8eK1hbaUDbbSbp0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSAXXxnW/ndLK6tr6RnmzsrW9s7tX3T941EmmGLZYIhLVCahGwSW2DDcCO6lCGgcC28HoZuq3n1BpnsgHM07Rj2kkecgZNVa6j/qsX625dXcGsky8gtSgQLNf/eoNEpbFKA0TVOuu56bGz6kynAmcVHqZxpSyEY2wa6mkMWo/n506ISdWGZAwUbakITP190ROY63HcWA7Y2qGetGbiv953cyEV37OZZoZlGy+KMwEMQmZ/k0GXCEzYmwJZYrbWwkbUkWZselUbAje4svL5PGs7l3U3bvzWuO6iKMMR3AMp+DBJTTgFprQAgYRPMMrvDnCeXHenY95a8kpZg7hD5zPHz7kjcU=</latexit>gc
<latexit sha1_base64="WDCR4eo3IfJs8QLPR2m6IER0gVU=">AAAB83icbVBNS8NAEN3Ur1q/qh69LBbBU01E0YtQ9OKxgv2AJpTJdpMu3d2E3U2hhP4NLx4U8eqf8ea/cdvmoNUHA4/3ZpiZF6acaeO6X05pZXVtfaO8Wdna3tndq+4ftHWSKUJbJOGJ6oagKWeStgwznHZTRUGEnHbC0d3M74yp0iyRj2aS0kBALFnECBgr+TG+wX4MQsDZuF+tuXV3DvyXeAWpoQLNfvXTHyQkE1QawkHrnuemJshBGUY4nVb8TNMUyAhi2rNUgqA6yOc3T/GJVQY4SpQtafBc/TmRg9B6IkLbKcAM9bI3E//zepmJroOcyTQzVJLFoijj2CR4FgAeMEWJ4RNLgChmb8VkCAqIsTFVbAje8st/Sfu87l3W3YeLWuO2iKOMjtAxOkUeukINdI+aqIUIStETekGvTuY8O2/O+6K15BQzh+gXnI9vx3+Q3g==</latexit>

g = �/v

<latexit sha1_base64="SMxYVgsFn4rR4vS/yOq0vwn4ciE=">AAACFXicbVDLSsNAFJ3UV62vqEs3g0VoQUviA90IRTcuXFS0D2jaMplO0qEzSZiZCCXkJ9z4K25cKOJWcOffOG2z0OqBC4dz7uXee9yIUaks68vIzc0vLC7llwsrq2vrG+bmVkOGscCkjkMWipaLJGE0IHVFFSOtSBDEXUaa7vBy7DfviZA0DO7UKCIdjvyAehQjpaWeuX977ihPIJzYaXKU4pLjI85R2WGhX+Ld5MBOy9CRlMPrrtUzi1bFmgD+JXZGiiBDrWd+Ov0Qx5wECjMkZdu2ItVJkFAUM5IWnFiSCOEh8klb0wBxIjvJ5KsU7mmlD71Q6AoUnKg/JxLEpRxxV3dypAZy1huL/3ntWHlnnYQGUaxIgKeLvJhBFcJxRLBPBcGKjTRBWFB9K8QDpDNSOsiCDsGeffkvaRxW7JOKdXNcrF5kceTBDtgFJWCDU1AFV6AG6gCDB/AEXsCr8Wg8G2/G+7Q1Z2Qz2+AXjI9vRZWdmQ==</latexit>

S = 1
3c(�) log(m

�1) ⇠ L0

• sub-volume log-law

• .

<latexit sha1_base64="S3U6o0m7Fx+UtUggFbqtjSz8cq8=">AAACBnicbVDLSsNAFJ3UV62vqEsRgkVoNyXxgW6EohsXLiraBzShTKaTdOhMJsxMhBKycuOvuHGhiFu/wZ1/47TNQlsPXDiccy/33uPHlEhl299GYWFxaXmluFpaW9/Y3DK3d1qSJwLhJuKUi44PJaYkwk1FFMWdWGDIfIrb/vBq7LcfsJCER/dqFGOPwTAiAUFQaaln7t9duIGAKHWy9DhDFTeEjMGqS3lYuan2zLJdsyew5omTkzLI0eiZX26fo4ThSCEKpew6dqy8FApFEMVZyU0kjiEawhB3NY0gw9JLJ29k1qFW+lbAha5IWRP190QKmZQj5utOBtVAznpj8T+vm6jg3EtJFCcKR2i6KEiopbg1zsTqE4GRoiNNIBJE32qhAdSpKJ1cSYfgzL48T1pHNee0Zt+elOuXeRxFsAcOQAU44AzUwTVogCZA4BE8g1fwZjwZL8a78TFtLRj5zC74A+PzB7NGl/s=</latexit>

S =
1

3
c(�) log(L)

➡  ground state entropy of massless Dirac

<latexit sha1_base64="TCi02rEO0y7/503CsP8mfoaWWJc=">AAAB/3icbVDLSsNAFL3xWesrKrhxM1iEuimJKLosunFZwT6gCWUynbRDZ5IwMxFK7MJfceNCEbf+hjv/xmmahbYeGOZwzr3ce0+QcKa043xbS8srq2vrpY3y5tb2zq69t99ScSoJbZKYx7ITYEU5i2hTM81pJ5EUi4DTdjC6mfrtByoVi6N7PU6oL/AgYiEjWBupZx+SqjfAQmDk6Rg5p/nnop5dcWpODrRI3IJUoECjZ395/ZikgkaacKxU13US7WdYakY4nZS9VNEEkxEe0K6hERZU+Vm+/wSdGKWPwliaF2mUq787MiyUGovAVAqsh2rem4r/ed1Uh1d+xqIk1TQis0FhypG5cRoG6jNJieZjQzCRzOyKyBBLTLSJrGxCcOdPXiSts5p7UXPuziv16yKOEhzBMVTBhUuowy00oAkEHuEZXuHNerJerHfrY1a6ZBU9B/AH1ucP8/qUHQ==</latexit>

c(� ! 0) ! 1

• in Gaussian state:

➡compatible with numerics in critical phase

<latexit sha1_base64="Af2gITyy9tkWQPej81S2pohb++w=">AAACD3icbVC7TsMwFHXKq5RXgJHFogKVgZIUBIwVLIxFog+pCZXjOq1V24lsB6mK+gcs/AoLAwixsrLxN7htBmg5kqWjc+7V9TlBzKjSjvNt5RYWl5ZX8quFtfWNzS17e6ehokRiUscRi2QrQIowKkhdU81IK5YE8YCRZjC4HvvNByIVjcSdHsbE56gnaEgx0kbq2Ie45PUQ58jTEfSoCPXwCHqKcjiV79Nj96Qy6thFp+xMAOeJm5EiyFDr2F9eN8IJJ0JjhpRqu06s/RRJTTEjo4KXKBIjPEA90jZUIE6Un07yjOCBUbowjKR5QsOJ+nsjRVypIQ/MJEe6r2a9sfif1050eOmnVMSJJgJPD4UJgyb7uBzYpZJgzYaGICyp+SvEfSQR1qbCginBnY08TxqVsntePr09K1avsjryYA/sgxJwwQWoghtQA3WAwSN4Bq/gzXqyXqx362M6mrOynV3wB9bnDzSLm4A=</latexit>

c(� ! 1) ⇠ ��1/2

➡volume law <—> finite temperature massless Dirac

• non-commuting limit:            
finite temperature initial state 

<latexit sha1_base64="WNND+kabPfrsXygVMyAVUv8YEqI=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0YtQ9OKxgv2QNpTJdtMu3U3C7kYoob/CiwdFvPpzvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsrq2vlHcLG1t7+zulfcPmjpOFWUNGotYtQPUTPCINQw3grUTxVAGgrWC0e3Ubz0xpXkcPZhxwnyJg4iHnKKx0mN3gFIiuXZ75YpbdWcgy8TLSQVy1Hvlr24/pqlkkaECte54bmL8DJXhVLBJqZtqliAd4YB1LI1QMu1ns4Mn5MQqfRLGylZkyEz9PZGh1HosA9sp0Qz1ojcV//M6qQmv/IxHSWpYROeLwlQQE5Pp96TPFaNGjC1Bqri9ldAhKqTGZlSyIXiLLy+T5lnVu6i69+eV2k0eRxGO4BhOwYNLqMEd1KEBFCQ8wyu8Ocp5cd6dj3lrwclnDuEPnM8f1GqPxA==</latexit>

� = 0

<latexit sha1_base64="D/65IpAnMePmuv/FarEdLDTa3kA=">AAAB73icbVBNSwMxEJ34WetX1aOXYBE8lV1R9Fj04sFDRfsB7VKyabYNTbJrkhXK0j/hxYMiXv073vw3pu0etPXBwOO9GWbmhYngxnreN1paXlldWy9sFDe3tnd2S3v7DROnmrI6jUWsWyExTHDF6pZbwVqJZkSGgjXD4fXEbz4xbXisHuwoYYEkfcUjTol1UusedwyX+LZbKnsVbwq8SPyclCFHrVv66vRimkqmLBXEmLbvJTbIiLacCjYudlLDEkKHpM/ajioimQmy6b1jfOyUHo5i7UpZPFV/T2REGjOSoeuUxA7MvDcR//PaqY0ug4yrJLVM0dmiKBXYxnjyPO5xzagVI0cI1dzdiumAaEKti6joQvDnX14kjdOKf17x7s7K1as8jgIcwhGcgA8XUIUbqEEdKAh4hld4Q4/oBb2jj1nrEspnDuAP0OcPDT6PUg==</latexit>

S ⇠ L

volume law

subextensive, 
critical

area law 

�/J

SvN (L/2, L) ⇠ log2 L

1

L

SvN (L/2, L) ⇠ s0

SvN (L/2, L) ⇠ L

�c/Jc

➡underpins entanglement transition at finite critical g
➡picture qualitatively in line with numerics

summary:

Entanglement transition from replica approach



Other incarnations of measurement induced phase transitions

• long ranged hopping model 
Th. Mueller, SD, M. Buchhold, arxiv:2105.08076

ĤLR = ∑
l≠m

̂c†
l ̂cm

| l − m |p 1 < p < ∞
ĉ†j ĉl/|j � l |p

i�ĉ†l ĉl

see also Minato et al, arXiv:2104.09118; Block et al. arxiv:2104.13372 

SvN(l) ∼
log2 l p > 3/2
l3/2−p 1 < p < 3/2
ill-defined p < 1

• critical point of novel transition p = 3/2

• scaling behavior

C(l) ∼
l−2 p > 3/2
l−(p+1/2) 1 < p < 3/2
ill-defined p < 1

• replica-bosonization approach explains numerical findings: 
new cos non-linearity from phase fluctuations

Maghrebi et al., 
PRL (2017)

• striking parallel to ground 
state phase diagram

• new scaling behavior & new phase transition

Buchhold et al. 
prev. work

�

1/p

2/3

0

<latexit sha1_base64="5V5qpIFhM82yb/g6P4F8BIsesuo="></latexit>

CFT

<latexit sha1_base64="GQWUse8V3HVhL1iJz4gZt3yt1Q0="></latexit>

potential tricritical

<latexit sha1_base64="E27MLCjAHBcHaw9Vj37VBlfKAP4="></latexit>

algebraic scaling

<latexit sha1_base64="Qg2wNUJ88Lcppsu7LKJIpw8tzaU="></latexit>

area law

<latexit sha1_base64="NB0GlGuQ64jCgFttX8y2T9ha7ik="></latexit>

regime

<latexit sha1_base64="VUHV0T2Hf4espyyUOAazeZQDU9E="></latexit>

BKT

<latexit sha1_base64="X1mrJRFYhUDV3x1xU/Rt9CtOATY="></latexit>

a)
<latexit sha1_base64="EQqhdZFTG7RHjsxmaL4ukgl+Acc="></latexit>

b)
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<latexit sha1_base64="RQPKaGBVqSxGFIj5UXO3w67O8lc="></latexit>

1/p
<latexit sha1_base64="RQPKaGBVqSxGFIj5UXO3w67O8lc="></latexit>

1/p

<latexit sha1_base64="6mMGvZFQa0sFYTte8WuTCjz/a6U="></latexit>a
<latexit sha1_base64="7g1ihNX3YVMTTZktGxsVlvvZzAg="></latexit>

b
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<latexit sha1_base64="ws2/tl7Ym6s1a4/wn6XjIVLJNdM=">AAAB+XicbVBNSwMxEJ2tX7V+rXr0EixCPVh2RdFjsRePFewHtGvJpmkbmmSXJFsoS/+JFw+KePWfePPfmLZ70NYHA4/3ZpiZF8acaeN5305ubX1jcyu/XdjZ3ds/cA+PGjpKFKF1EvFItUKsKWeS1g0znLZiRbEIOW2Go+rMb46p0iySj2YS00DggWR9RrCxUtd1qyV+jjqaCcSf0gs87bpFr+zNgVaJn5EiZKh13a9OLyKJoNIQjrVu+15sghQrwwin00In0TTGZIQHtG2pxILqIJ1fPkVnVumhfqRsSYPm6u+JFAutJyK0nQKboV72ZuJ/Xjsx/dsgZTJODJVksaifcGQiNIsB9ZiixPCJJZgoZm9FZIgVJsaGVbAh+Msvr5LGZdm/LnsPV8XKXRZHHk7gFErgww1U4B5qUAcCY3iGV3hzUufFeXc+Fq05J5s5hj9wPn8A2+KShA==</latexit>

C(l) ⇠ l�a
correlator

<latexit sha1_base64="siklIgqfVgFGDOMmKiXmTp/5fuk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUoP1yxa26c5BV4uWkAjnq/fJXbxCzNEJpmKBadz03MX5GleFM4LTUSzUmlI3pELuWShqh9rP5oVNyZpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTcmG4C2/vEpaF1Xvquo2Liu12zyOIpzAKZyDB9dQg3uoQxMYIDzDK7w5j86L8+58LFoLTj5zDH/gfP4AxK+M6Q==</latexit>a
<latexit sha1_base64="gw2CWPMePvtUO6DBS45mrNZ7NxU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUCPrlilt15yCrxMtJBXLU++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzQ6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m5INwVt+eZW0LqreVdVtXFZqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBxjOM6g==</latexit>

b
entropy

<latexit sha1_base64="9h3otGtWAPySCrKraoku+WLvZjc=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbEInkoiih6LXjyIVLQf0Maw2W7apZtN2N0Uaugv8eJBEa/+FG/+G7dtDlp9MPB4b4aZeUHCmdKO82UVlpZXVteK66WNza3tsr2z21RxKgltkJjHsh1gRTkTtKGZ5rSdSIqjgNNWMLyc+q0RlYrF4l6PE+pFuC9YyAjWRvLt8p2fjW4mqKtYhK4fAt+uOFVnBvSXuDmpQI66b392ezFJIyo04Vipjusk2suw1IxwOil1U0UTTIa4TzuGChxR5WWzwyfo0Cg9FMbSlNBopv6cyHCk1DgKTGeE9UAtelPxP6+T6vDcy5hIUk0FmS8KU450jKYpoB6TlGg+NgQTycytiAywxESbrEomBHfx5b+keVx1T6vO7UmldpHHUYR9OIAjcOEManAFdWgAgRSe4AVerUfr2Xqz3uetBSuf2YNfsD6+AfoRkqQ=</latexit>

SvN ⇠ Lb



• critical phase stabilized by engineered dissipation

Other incarnations of measurement induced phase transitions

unique Dicke dark state:

• area law phase stabilized by staggered Hamiltonian

• robustness of log-area transitions: other competition patterns
T. Botzung, SD, M. Mueller, arxiv:2106.10092

dissipation vs. dissipation: Regemortel 
et al., PRL (2021)

➡ full phenomenology established in large scale MPS approach 

➡bosonization study?

➡area-to-volume law in 

• interacting model -> trajectory MPS approach up to 80 sites
entropy scaling crit. point via eff. central charge scaling of correlation function

see also Fuji, Ashida, PRB (2020)

quantum trajectory analysis entropy statistics

critical 
phase

critical 
point

area 
phase



Concept for experimental observation

• recent protocols for measuring entanglement entropies work for deterministic dynamics only

with T. Bintener, M. Buchhold, J. Yago, P. Kirton, 
A. Daley (Strathclyde)

Elben et al., PRL (2018); Vermersch et al. PRA (2019)

• ideas for spin systems: entropy of auxiliary entangled system
Gullans, Huse, PRL (2020);

 exp. in trapped ions (Monroe group): Noel et al. arxiv (2021)

• here: witness phase transition directly via recorded trajectories: 
homodyne detection 

connected covariance 
(blue), signals (red)

• correlation functions from averaging over exp. runs
<latexit sha1_base64="vyTY8bfZLAM/CcmTZKN5sOI7Wtk=">AAACMXicbVDLSsNAFJ34rPVVdelmsAh1UxJRdFl002UF+4AmhMl00o6dTMLMjVBCf8mNfyJuulDErT/hpO3Cth4YOJxzD3fuCRLBNdj2xFpb39jc2i7sFHf39g8OS0fHLR2nirImjUWsOgHRTHDJmsBBsE6iGIkCwdrB8D73289MaR7LRxglzItIX/KQUwJG8kt1NzZ2ns6wK4jsC4bdAQEsfY5dNRV8WoGLZfdpwR1jv1S2q/YUeJU4c1JGczT80pvbi2kaMQlUEK27jp2AlxEFnAo2LrqpZgmhQ9JnXUMliZj2sunFY3xulB4OY2WeBDxV/yYyEmk9igIzGREY6GUvF//zuimEt17GZZICk3S2KEwFhhjn9eEeV4yCGBlCqOLmr5gOiCIUTMlFU4KzfPIqaV1Wneuq/XBVrt3N6yigU3SGKshBN6iG6qiBmoiiF/SOPtCn9WpNrC/reza6Zs0zJ2gB1s8vyuqpTA==</latexit>

hn̂iic(t)hn̂jic(t)

• platforms: superconducting circuits/Rydberg tweezers?

Majer et al. Nature (2007); Mallet et al. Nat. Phys. (2009); Nagiloo 
et al. Nature Comm. (2016); Gu et al. Phys. Reports (2017) 

<latexit sha1_base64="KW2n3kp4Iy8ajz0vD9GOe9sjKjc=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRbB07qrol6EohfxVMF+QLuUbJq2oUl2TbKFsvR3ePGgiFd/jDf/jWm7B219MPB4b4aZeWHMmTae9+3klpZXVtfy64WNza3tneLuXk1HiSK0SiIeqUaINeVM0qphhtNGrCgWIaf1cHA78etDqjSL5KMZxTQQuCdZlxFsrBS0elgIfHKPrj3XbxdLnutNgRaJn5ESZKi0i1+tTkQSQaUhHGvd9L3YBClWhhFOx4VWommMyQD3aNNSiQXVQTo9eoyOrNJB3UjZkgZN1d8TKRZaj0RoOwU2fT3vTcT/vGZiuldBymScGCrJbFE34chEaJIA6jBFieEjSzBRzN6KSB8rTIzNqWBD8OdfXiS1U9e/cM8ezkvlmyyOPBzAIRyDD5dQhjuoQBUIPMEzvMKbM3RenHfnY9aac7KZffgD5/MHvl6QyA==</latexit>

�/J = 0.1

<latexit sha1_base64="jdQhQZKCti7rSSjBpkg9YgcSp6I=">AAAB8nicbVDLSgNBEOyNrxhfUY9eBoPgKe76vghBL+IpgnnAZgmzk9lkyMzsMjMrhCWf4cWDIl79Gm/+jZNkDxotaCiquunuChPOtHHdL6ewsLi0vFJcLa2tb2xulbd3mjpOFaENEvNYtUOsKWeSNgwznLYTRbEIOW2Fw5uJ33qkSrNYPphRQgOB+5JFjGBjJb/Tx0Lgozt0ddYtV9yqOwX6S7ycVCBHvVv+7PRikgoqDeFYa99zExNkWBlGOB2XOqmmCSZD3Ke+pRILqoNsevIYHVilh6JY2ZIGTdWfExkWWo9EaDsFNgM9703E/zw/NdFlkDGZpIZKMlsUpRyZGE3+Rz2mKDF8ZAkmitlbERlghYmxKZVsCN78y39J87jqnVdP7k8rtes8jiLswT4cggcXUINbqEMDCMTwBC/w6hjn2Xlz3metBSef2YVfcD6+AeT9kFo=</latexit>

�/J = 5

• recall form of recorded signal 
<latexit sha1_base64="O9xGGFx60ezIiKbKm2mTSlrLjA4="></latexit>

Ji,t = hn̂iit +
�Wi,t

�t

homodyne 
current

trajectory wavefunction 
expectation value  

<latexit sha1_base64="EzdoAmWQV0Hcu6uvqvDfRNt/vnk="></latexit>

�Wi,t�Wj,t0 = 4��t�t,t0�i,j
noise

<latexit sha1_base64="vcyEDG5El/h8gSxmUAsvWGEiBZQ=">AAACBXicbVDLSsNAFJ34rPUVdamLwSK4kJKoqBuhqAuXFewDmhAm00k7dPJg5kYoIRs3/oobF4q49R/c+TdO2i609cDA4Zx7uHOPnwiuwLK+jbn5hcWl5dJKeXVtfWPT3NpuqjiVlDVoLGLZ9oligkesARwEayeSkdAXrOUPrgu/9cCk4nF0D8OEuSHpRTzglICWPHPPibVdpDPnhgkguOVl/AjyHF9anlmxqtYIeJbYE1JBE9Q988vpxjQNWQRUEKU6tpWAmxEJnAqWl51UsYTQAemxjqYRCZlys9EVOT7QShcHsdQvAjxSfycyEio1DH09GRLoq2mvEP/zOikEF27GoyQFFtHxoiAVGGJcVIK7XDIKYqgJoZLrv2LaJ5JQ0MWVdQn29MmzpHlctc+qJ3enldrVpI4S2kX76BDZ6BzV0C2qowai6BE9o1f0ZjwZL8a78TEenTMmmR30B8bnD+Y6mC0=</latexit>

�Wi,t = 0



Summary lecture III 

• monitored fermions: new type of measurement induced phase transition 

<latexit sha1_base64="Myj/G2cUnBoaH4Fmn6qaTu4yxCU=">AAAB83icbVBNS8NAEN3Ur1q/qh69LBbBU01E0YtQ9CKeKtgPaEKZbDfp0t1N2N0IJfRvePGgiFf/jDf/jds2B60+GHi8N8PMvDDlTBvX/XJKS8srq2vl9crG5tb2TnV3r62TTBHaIglPVDcETTmTtGWY4bSbKgoi5LQTjm6mfueRKs0S+WDGKQ0ExJJFjICxkh/jK+zHIASc3PWrNbfuzoD/Eq8gNVSg2a9++oOEZIJKQzho3fPc1AQ5KMMIp5OKn2maAhlBTHuWShBUB/ns5gk+ssoAR4myJQ2eqT8nchBaj0VoOwWYoV70puJ/Xi8z0WWQM5lmhkoyXxRlHJsETwPAA6YoMXxsCRDF7K2YDEEBMTamig3BW3z5L2mf1r3zunt/VmtcF3GU0QE6RMfIQxeogW5RE7UQQSl6Qi/o1cmcZ+fNeZ+3lpxiZh/9gvPxDYTPkLI=</latexit>

g = �/J

<latexit sha1_base64="U4q14OtK38I+QXvR5XILVj/Akaw=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0YtQ9OKxgrGFNpTNdtMu3WzC7kQoob/BiwdFvPqDvPlv3LY5aOuDgcd7M8zMC1MpDLrut1NaWV1b3yhvVra2d3b3qvsHjybJNOM+S2Si2yE1XArFfRQoeTvVnMah5K1wdDv1W09cG5GoBxynPIjpQIlIMIpW8gfkmri9as2tuzOQZeIVpAYFmr3qV7efsCzmCpmkxnQ8N8UgpxoFk3xS6WaGp5SN6IB3LFU05ibIZ8dOyIlV+iRKtC2FZKb+nshpbMw4Dm1nTHFoFr2p+J/XyTC6CnKh0gy5YvNFUSYJJmT6OekLzRnKsSWUaWFvJWxINWVo86nYELzFl5fJ41ndu6i79+e1xk0RRxmO4BhOwYNLaMAdNMEHBgKe4RXeHOW8OO/Ox7y15BQzh/AHzucPakuNxA==</latexit>
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sub-volume entropy scaling
gapless phase 

non-hermitean CFT

• area-to-volume law transitions as incomplete decoupling of ‘hot’ and ‘cold’ modes?

• stabilization of pure state phases by continuous measurement?

• experimental observability in weakly monitored quantum simulation platforms?

• nonlinear-in-state ‘observables’ beyond entanglement entropy

• ‘hot’ and ‘cold’ modes as relevant degrees of freedom for the transition via replica field theory

• physical picture: transition induced by pinning into measurement operator eigenstates

critical point in 
BKT universality class

area law entropy scaling
gapped phase
massive boson
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