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Outline

Lecture I & II: Theoretical background & non-equilibrium phases

• From the quantum master equation to the Keldysh functional integral

• construction
• semiclassical limit, connection to exciton-polariton systems
• “what is non-equilibrium about it?”

@t⇢ = �i[H, ⇢] + L[⇢]

Lecture III: More quantum

• dark state dynamics and topology?

ei�[�] =

Z
D��eiSM [�+��]

Keldysh theory general: A. Kamenev, Field theory or non-equilibrium systems, 
Cambridge University Press 
Review: L. Sieberer, M. Buchhold, SD, Keldysh Field Theory for Driven Open 
Quantum Systems, Reports on Progress in Physics (2016)

• fate of BKT physics out of equilibrium
• phase transition driven by non-equilibrium drive

• Applications: stationary states of driven open quantum systems

• measurements?
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Lindblad quantum master equation: 
From few to many degrees of freedom

@t⇢ = �i[H, ⇢] + 
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environment

drive 
system



dissipative environment (“open”)

external fields, e.g. laser
(“driven”)

quantum system

What is a driven open quantum system?

• quantum optics:

• exchange between system and bath 
(e.g. energy, entropy, particle number)

laser intensity

detuning

laser drive 
frequency |g〉

|e〉



• example: laser driven atom coupled to the radiation field (two-level system)

coupling to radiation field: 
spontaneous emission

excited state

ground state

• simple fact: drive essential to access 
upper level

• no minimisation of energy
• no guarantee for detailed balance
• no obedience of the second law of 

thermodynamics (state purification)

• implications:



• quantum master equation

Driven open quantum systems: microscopic description

environment

drive 
system

Lindblad operators

coherent evolution driven-dissipative evolution
<latexit sha1_base64="lvxNPUX0bRz3Re7ucSoLYBrhSQY=">AAACDHicbVC7TsMwFHXKq5RXgZHFokJiqhJAwFjBwsBQJPqQkqhyXKex6tjBdipVUT+AhV9hYQAhVj6Ajb/BaTNAy5EsHZ1zrnzvCRJGlbbtb6u0tLyyulZer2xsbm3vVHf32kqkEpMWFkzIboAUYZSTlqaakW4iCYoDRjrB8Dr3OyMiFRX8Xo8T4sdowGlIMdJG6lVrHnlI6Qh6EdKZFyMdYcTg7QS6uQI9GQnfpOy6PQVcJE5BaqBAs1f98voCpzHhGjOklOvYifYzJDXFjEwqXqpIgvAQDYhrKEcxUX42PWYCj4zSh6GQ5nENp+rviQzFSo3jwCTzddW8l4v/eW6qw0s/ozxJNeF49lGYMqgFzJuBfSoJ1mxsCMKSml0hjpBEWJv+KqYEZ/7kRdI+qTvn9dO7s1rjqqijDA7AITgGDrgADXADmqAFMHgEz+AVvFlP1ov1bn3MoiWrmNkHf2B9/gBGlpsg</latexit>

⌘ L̂[⇢̂] Lindbladian; also: Liouvillian

• 3 approximations:

• Born: weak system-bath coupling -> bath unaffected by 
system (2nd order pert. th.)

• Markov: system evolution slow wrt bath -> time-local evolution

• rotating wave: drive  selects relevant energy regimes <latexit sha1_base64="XG2+WwsPkyJuoNIYtSh59rF095A=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GPRi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj26nfeuLaiFg94jjhfkQHSoSCUbTSQ1elvXLFrbozkGXi5aQCOeq98le3H7M04gqZpMZ0PDdBP6MaBZN8UuqmhieUjeiAdyxVNOLGz2anTsiJVfokjLUthWSm/p7IaGTMOApsZ0RxaBa9qfif10kxvPYzoZIUuWLzRWEqCcZk+jfpC80ZyrEllGlhbyVsSDVlaNMp2RC8xZeXSfOs6l1Wz+8vKrWbPI4iHMExnIIHV1CDO6hDAxgM4Ble4c2Rzovz7nzMWwtOPnMIf+B8/gBhf43f</latexit>⌫
|g〉

|e〉

• example: two-level system

detuning

laser drive 
frequency

laser intensity

<latexit sha1_base64="f8Sjqs/GE9PYZMMRh+HvJ0cbmOw=">AAACEXicbVA9SwNBEN3zM8avqKXNYhDSGO5U1EYQbSwsFIwKuRjmNpPLkr29Y3dPCGf+go1/xcZCEVs7O/+Nm+QKNT4Y5vHeDLvzgkRwbVz3y5mYnJqemS3MFecXFpeWSyurVzpOFcMai0WsbgLQKLjEmuFG4E2iEKJA4HXQPRn413eoNI/lpekl2IgglLzNGRgrNUsVvwOGntFDeh/6CmQokPpi1PHeyr7mYQS3W81S2a26Q9Bx4uWkTHKcN0uffitmaYTSMAFa1z03MY0MlOFMYL/opxoTYF0IsW6phAh1Ixte1KebVmnRdqxsSUOH6s+NDCKte1FgJyMwHf3XG4j/efXUtA8aGZdJalCy0UPtVFAT00E8tMUVMiN6lgBT3P6Vsg4oYMaGWLQheH9PHidX21Vvr7pzsVs+Os7jKJB1skEqxCP75IicknNSI4w8kCfyQl6dR+fZeXPeR6MTTr6zRn7B+fgGATyb4g==</latexit>

L̂ = |gihe| = ��

<latexit sha1_base64="p/z0xP7puwcUSNpifInPGo5GYGY=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16WSyCp5KoqMeiF29WsB/QhLDZbtKlu0nY3Sil9qd48aCIV3+JN/+N2zYHrT4YeLw3w8y8MONMacf5skpLyyura+X1ysbm1vaOXd1tqzSXhLZIylPZDbGinCW0pZnmtJtJikXIaSccXk39zj2ViqXJnR5l1Bc4TljECNZGCuxqHHgiR55iAnk3gsY4sGtO3ZkB/SVuQWpQoBnYn14/JbmgiSYcK9VznUz7Yyw1I5xOKl6uaIbJEMe0Z2iCBVX+eHb6BB0apY+iVJpKNJqpPyfGWCg1EqHpFFgP1KI3Ff/zermOLvwxS7Jc04TMF0U5RzpF0xxQn0lKNB8Zgolk5lZEBlhiok1aFROCu/jyX9I+rrtn9ZPb01rjsoijDPtwAEfgwjk04Bqa0AICD/AEL/BqPVrP1pv1Pm8tWcXMHvyC9fENihiTiw==</latexit>

gµ ⇠ ⌦

bath modes

<latexit sha1_base64="nk4lpi8RSDJX/gIDJIVTPIBxw1I=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyqqMegF48RzAOSJcxOZpMx81hmZoWw5B+8eFDEq//jzb9xkuxBEwsaiqpuuruihDNjff/bK6ysrq1vFDdLW9s7u3vl/YOmUakmtEEUV7odYUM5k7RhmeW0nWiKRcRpKxrdTv3WE9WGKflgxwkNBR5IFjOCrZOa3QEWAvfKFb/qz4CWSZCTCuSo98pf3b4iqaDSEo6N6QR+YsMMa8sIp5NSNzU0wWSEB7TjqMSCmjCbXTtBJ07po1hpV9Kimfp7IsPCmLGIXKfAdmgWvan4n9dJbXwdZkwmqaWSzBfFKUdWoenrqM80JZaPHcFEM3crIkOsMbEuoJILIVh8eZk0z6rBZfX8/qJSu8njKMIRHMMpBHAFNbiDOjSAwCM8wyu8ecp78d69j3lrwctnDuEPvM8fiYePHQ==</latexit>�

• derivation from system-bath setting: second order time dependent perturbation theory see Darrick’s lecture

• starting point: system-bath setting

(for single L)

<latexit sha1_base64="sGRurlUyhWs2BR3Q1JGxlMNI1Ok=">AAACL3icbVBNSwMxEM36WetX1aOXYBE8lV0V9SIUBemxgtVCty7ZdNoGk90lmRXL0n/kxb/Si4giXv0XZmsPWh0IvPfmDZN5YSKFQdd9cWZm5+YXFgtLxeWV1bX10sbmtYlTzaHBYxnrZsgMSBFBAwVKaCYamAol3IR353n/5h60EXF0hYME2or1ItEVnKGVgtKF32dIa0HmIzxgFg6H9JT6JlWBr1LqQ2KEtL6cUDr2hjm59Tus94MHpbJbccdF/wJvAspkUvWgNPI7MU8VRMglM6bluQm2M6ZRcAnDop8aSBi/Yz1oWRgxBaadje8d0l2rdGg31vZFSMfqz4mMKWMGKrROxbBvpnu5+F+vlWL3pJ2JKEkRIv69qJtKijHNw6MdoYGjHFjAuBb2r5T3mWYcbcRFG4I3ffJfcL1f8Y4qB5eH5erZJI4C2SY7ZI945JhUSY3USYNw8khG5JW8OU/Os/PufHxbZ5zJzBb5Vc7nF+QrqPY=</latexit>

Ĥb =
X

µ

✏µb̂
†
µb̂µ

<latexit sha1_base64="ptubv4M+/s2KyDWudDcXK1WvQO4=">AAACLnicbZDLSsNAFIYn9VbrLerSzWARBLEkKupGKIrQZQV7gaaUyXTSDp1cmDkRS8gTufFVdCGoiFsfw2mbhW09MPDz/edw5vxuJLgCy3o3cguLS8sr+dXC2vrG5pa5vVNXYSwpq9FQhLLpEsUED1gNOAjWjCQjvitYwx3cjPzGA5OKh8E9DCPW9kkv4B6nBDTqmLdOnwCudBIH2CMkkKb4Ck8Yxkd42nW1O8vUsaYds2iVrHHheWFnooiyqnbMV6cb0thnAVBBlGrZVgTthEjgVLC04MSKRYQOSI+1tAyIz1Q7GZ+b4gNNutgLpX4B4DH9O5EQX6mh7+pOn0BfzXoj+J/XisG7bCc8iGJgAZ0s8mKBIcSj7HCXS0ZBDLUgVHL9V0z7RBIKOuGCDsGePXle1E9K9nnp9O6sWL7O4sijPbSPDpGNLlAZVVAV1RBFT+gFfaBP49l4M76M70lrzshmdtFUGT+/GOGoBA==</latexit>

Ĥt = Ĥ + Ĥb + Ĥs-b
<latexit sha1_base64="xtEQ5/LTDrUnxF4P24uhfTNM/Qc="></latexit>

Ĥs-b =
X

µ

gµe
�i⌫t

L̂ b̂
†
µ + h. c.

lattice site, spin …

<latexit sha1_base64="D2OJBt1e8YqmPG4r4sf94Db076s="></latexit>
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Lindblad operators

coherent evolution

• quantum master equation

environment

drive 
system

driven-dissipative evolution

• derivation from ‘symmetry’ (i.e. implementing key physical requirements)

<latexit sha1_base64="D2OJBt1e8YqmPG4r4sf94Db076s="></latexit>
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<latexit sha1_base64="lvxNPUX0bRz3Re7ucSoLYBrhSQY=">AAACDHicbVC7TsMwFHXKq5RXgZHFokJiqhJAwFjBwsBQJPqQkqhyXKex6tjBdipVUT+AhV9hYQAhVj6Ajb/BaTNAy5EsHZ1zrnzvCRJGlbbtb6u0tLyyulZer2xsbm3vVHf32kqkEpMWFkzIboAUYZSTlqaakW4iCYoDRjrB8Dr3OyMiFRX8Xo8T4sdowGlIMdJG6lVrHnlI6Qh6EdKZFyMdYcTg7QS6uQI9GQnfpOy6PQVcJE5BaqBAs1f98voCpzHhGjOklOvYifYzJDXFjEwqXqpIgvAQDYhrKEcxUX42PWYCj4zSh6GQ5nENp+rviQzFSo3jwCTzddW8l4v/eW6qw0s/ozxJNeF49lGYMqgFzJuBfSoJ1mxsCMKSml0hjpBEWJv+KqYEZ/7kRdI+qTvn9dO7s1rjqqijDA7AITgGDrgADXADmqAFMHgEz+AVvFlP1ov1bn3MoiWrmNkHf2B9/gBGlpsg</latexit>

⌘ L̂[⇢̂] Lindbladian; also: Liouvillian

• Lindbladian defines a dynamical map

• with properties

➡ up to a unitary transformation (above: diagonal form in index i),         is the most general time-local 
generator with these properties 

• Hermiticity: 

• complete positivity:

• trace preservation / probability conservation

<latexit sha1_base64="zxXzsFlOY3JSaRG55OUe9GsDfTY="></latexit>

⇢̂(t+�t) = ⇢̂(t) +�t · L̂[⇢̂]

<latexit sha1_base64="yprzeMdkJjiTua12+vbK2MTSnQg=">AAACTHicbVDLSgNBEJyN7/iKevQyGISIEHZV1Isg6sFjBBMD2Rh6J51kcPbBTK8Qgh/oxYM3v8KLB0UEJw8wUQsGiqpquqeCRElDrvviZKamZ2bn5heyi0vLK6u5tfWKiVMtsCxiFetqAAaVjLBMkhRWE40QBgpvgrvzvn9zj9rIOLqmboL1ENqRbEkBZKVGTvgdIO7rTswLtHPrN6HNT/iEyH0Z2lPQ/MjDXIF2uX+BioDb1OTUuNPI5d2iOwD/S7wRybMRSo3cs9+MRRpiREKBMTXPTajeA01SKHzI+qnBBMQdtLFmaQQhmnpvUMYD37ZKk7dibV9EfKCOT/QgNKYbBjYZAnXMb68v/ufVUmod13sySlLCSAwXtVLFKeb9ZnlTahSkupaA0NLeykUHNAiy/WdtCd7vL/8llb2id1jcvzrIn56N6phnm2yLFZjHjtgpu2QlVmaCPbJX9s4+nCfnzfl0vobRjDOa2WATyMx+A2VWr10=</latexit>

⇢̂(t)† = ⇢̂(t) =) ⇢̂†(t+�t) = ⇢̂(t+�t)
<latexit sha1_base64="AsJq2aWitJ6RjS9TWddB5deeKzk=">AAACK3icfVDLSsNAFJ3UV62vqEs3g0VwVRIVdSOUunHhooJ9QBPLzWTaDp08mJkIJfR/3PgrLnThA7f+h5M2C23FAwOHc85l7j1ezJlUlvVuFBYWl5ZXiqultfWNzS1ze6cpo0QQ2iARj0TbA0k5C2lDMcVpOxYUAo/Tlje8zPzWPRWSReGtGsXUDaAfsh4joLTUNWvYGYBKnQDUgADH12PcyRTsiEHk3jk+9PHFvxncNctWxZoAzxM7J2WUo941nx0/IklAQ0U4SNmxrVi5KQjFCKfjkpNIGgMZQp92NA0hoNJNJ7eO8YFWfNyLhH6hwhP150QKgZSjwNPJbF8562XiX14nUb1zN2VhnCgakulHvYRjFeGsOOwzQYniI02ACKZ3xWQAAojS9ZZ0CfbsyfOkeVSxTyvHNyflai2vo4j20D46RDY6Q1V0heqogQh6QE/oFb0Zj8aL8WF8TqMFI5/ZRb9gfH0DsbCmvA==</latexit>

L̂[⇢̂]† = L̂[⇢̂]since

<latexit sha1_base64="/XvAnLIL6rOJDowwscVipRvhZUI=">AAACDnicbVDLSsNAFJ34rPUVdelmsBTqpiQq6kYounFZwT6gCWEynbRDJw9mboQS+gVu/BU3LhRx69qdf+OkzUJbDwycOede7r3HTwRXYFnfxtLyyuraemmjvLm1vbNr7u23VZxKylo0FrHs+kQxwSPWAg6CdRPJSOgL1vFHN7nfeWBS8Ti6h3HC3JAMIh5wSkBLnll1EiKBE+EBdkICQxlmICfOkOi/HMY1OMZXlmdWrLo1BV4kdkEqqEDTM7+cfkzTkEVABVGqZ1sJuFk+igo2KTupYgmhIzJgPU0jEjLlZtNzJriqlT4OYqlfBHiq/u7ISKjUOPR1Zb6xmvdy8T+vl0Jw6WY8SlJgEZ0NClKBIcZ5NrjPJaMgxpoQKrneFdMhkYSCTrCsQ7DnT14k7ZO6fV4/vTurNK6LOEroEB2hGrLRBWqgW9RELUTRI3pGr+jNeDJejHfjY1a6ZBQ9B+gPjM8fqMOb1A==</latexit>

@ttr⇢̂(t) = 0
<latexit sha1_base64="pDvOoM27N5GW+I/jEm8QLVVDnW8=">AAACE3icbVDLSsNAFJ3UV62vqEs3g0UQFyVRUTdC0Y0LFxXsA5pQJtNpO3QmCTM3Qgn5Bzf+ihsXirh1486/cdJ2oa0HBs6ccy/33hPEgmtwnG+rsLC4tLxSXC2trW9sbtnbOw0dJYqyOo1EpFoB0UzwkNWBg2CtWDEiA8GawfA695sPTGkehfcwipkvST/kPU4JGKljH3mSwEDJFFTmDQik4z8lAt9m7VzAnhpEPsaXTscuOxVnDDxP3CkpoylqHfvL60Y0kSwEKojWbdeJwU+JAk4Fy0peollM6JD0WdvQkEim/XR8U4YPjNLFvUiZFwIeq787UiK1HsnAVOYb61kvF//z2gn0LvyUh3ECLKSTQb1EYIhwHhDucsUoiJEhhCpudsV0QBShYGIsmRDc2ZPnSeO44p5VTu5Oy9WraRxFtIf20SFy0TmqohtUQ3VE0SN6Rq/ozXqyXqx362NSWrCmPbvoD6zPH8/FnhA=</latexit>

trL̂[⇢̂] = 0since

G. Lindblad, Commun. Math. Phys. (1976)
Nielsen & Chuang, Chap. 8

<latexit sha1_base64="wkVHIe31YTs1EKLh37EWDgZ5c78=">AAACBnicbVDLSsNAFJ34rPUVdSnCYBFclURFXRbduHBRwT4gCWUynTRDJzNhZiKU0JUbf8WNC0Xc+g3u/BsnbRbaeuDC4Zx7ufeeMGVUacf5thYWl5ZXVitr1fWNza1te2e3rUQmMWlhwYTshkgRRjlpaaoZ6aaSoCRkpBMOrwu/80CkooLf61FKggQNOI0oRtpIPfvAj5HO/QTpGCMGb8deIUBfxiKAsGfXnLozAZwnbklqoESzZ3/5fYGzhHCNGVLKc51UBzmSmmJGxlU/UyRFeIgGxDOUo4SoIJ+8MYZHRunDSEhTXMOJ+nsiR4lSoyQ0ncW9atYrxP88L9PRZZBTnmaacDxdFGUMagGLTGCfSoI1GxmCsKTmVohjJBHWJrmqCcGdfXmetE/q7nn99O6s1rgq46iAfXAIjoELLkAD3IAmaAEMHsEzeAVv1pP1Yr1bH9PWBauc2QN/YH3+AE4emF4=</latexit>

L̂[⇢̂]

<latexit sha1_base64="/6RtI+q5DikDvVkoaG4382wRr2I=">AAACInicbVBNS0JBFJ1nX2ZfVss2QxIYgbxX0cdOqkVLg0zBJzJvvOrgvI9m7gtE/C1t+ittWhTVKujHNOojTDswcDjnXO7c40VSaLTtLys1N7+wuJRezqysrq1vZDe37nQYKw5lHspQVT2mQYoAyihQQjVSwHxPQsXrXg79ygMoLcLgFnsR1H3WDkRLcIZGamTP3Q5D6qpOmMd96rbhntrUFb7ZDZpOmAfuFUhk9DfVyObsgj0CnSVOQnIkQamR/XCbIY99CJBLpnXNsSOs95lCwSUMMm6sIWK8y9pQMzRgPuh6f3TigO4ZpUlboTIvQDpSJyf6zNe653sm6TPs6GlvKP7n1WJsndX7IohihICPF7ViSTGkw75oUyjgKHuGMK6E+SvlHaYYR9NqxpTgTJ88S+4OC85J4ejmOFe8SOpIkx2yS/LEIaekSK5JiZQJJ4/kmbySN+vJerHerc9xNGUlM9vkD6zvH5l7odk=</latexit>

⇢̂(t) � 0 =) ⇢̂(t+�t) � 0

Driven open quantum systems: microscopic description

Göran Lindblad



• quantum master equation

environment

drive 
system

• interpretation:

energy decay (dissipation) ensures probability conservation 
(fluctuation)

Lindblad operators

coherent evolution driven-dissipative evolution

<latexit sha1_base64="D2OJBt1e8YqmPG4r4sf94Db076s="></latexit>
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<latexit sha1_base64="lvxNPUX0bRz3Re7ucSoLYBrhSQY=">AAACDHicbVC7TsMwFHXKq5RXgZHFokJiqhJAwFjBwsBQJPqQkqhyXKex6tjBdipVUT+AhV9hYQAhVj6Ajb/BaTNAy5EsHZ1zrnzvCRJGlbbtb6u0tLyyulZer2xsbm3vVHf32kqkEpMWFkzIboAUYZSTlqaakW4iCYoDRjrB8Dr3OyMiFRX8Xo8T4sdowGlIMdJG6lVrHnlI6Qh6EdKZFyMdYcTg7QS6uQI9GQnfpOy6PQVcJE5BaqBAs1f98voCpzHhGjOklOvYifYzJDXFjEwqXqpIgvAQDYhrKEcxUX42PWYCj4zSh6GQ5nENp+rviQzFSo3jwCTzddW8l4v/eW6qw0s/ozxJNeF49lGYMqgFzJuBfSoJ1mxsCMKSml0hjpBEWJv+KqYEZ/7kRdI+qTvn9dO7s1rjqqijDA7AITgGDrgADXADmqAFMHgEz+AVvFlP1ov1bn3MoiWrmNkHf2B9/gBGlpsg</latexit>

⌘ L̂[⇢̂] Lindbladian; also: Liouvillian

<latexit sha1_base64="/XvAnLIL6rOJDowwscVipRvhZUI=">AAACDnicbVDLSsNAFJ34rPUVdelmsBTqpiQq6kYounFZwT6gCWEynbRDJw9mboQS+gVu/BU3LhRx69qdf+OkzUJbDwycOede7r3HTwRXYFnfxtLyyuraemmjvLm1vbNr7u23VZxKylo0FrHs+kQxwSPWAg6CdRPJSOgL1vFHN7nfeWBS8Ti6h3HC3JAMIh5wSkBLnll1EiKBE+EBdkICQxlmICfOkOi/HMY1OMZXlmdWrLo1BV4kdkEqqEDTM7+cfkzTkEVABVGqZ1sJuFk+igo2KTupYgmhIzJgPU0jEjLlZtNzJriqlT4OYqlfBHiq/u7ISKjUOPR1Zb6xmvdy8T+vl0Jw6WY8SlJgEZ0NClKBIcZ5NrjPJaMgxpoQKrneFdMhkYSCTrCsQ7DnT14k7ZO6fV4/vTurNK6LOEroEB2hGrLRBWqgW9RELUTRI3pGr+jNeDJejHfjY1a6ZBQ9B+gPjM8fqMOb1A==</latexit>
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• quantum master equation

environment

drive 
system

• So far: few degrees of freedom in the “system”

• Question: What if we replace few by many degrees of freedom?

➡Quantum Optics:                 
coherent and driven-dissipative 
dynamics on equal footing

microphysics macrophysics

➡Many-Body Physics:                 
continuum of spatial 
degrees of freedom

➡Statistical Mechanics:                 
physics at the largest 
distances

➡ The interface of quantum optics and many-body physics

Lindblad operators

coherent evolution driven-dissipative evolution
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⌘ L̂[⇢̂] Lindbladian; also: Liouvillian

Driven open quantum systems: microscopic description



➡Quantum Optics

2

the organized phase as a supersolid27–29 similar to those
proposed for two-component systems30.

THEORETICAL DESCRIPTION AND THE
DICKE MODEL

Let us first consider a single two-level atom of mass m
interacting with a single cavity mode and the standing-
wave pump field. The Hamiltonian then reads31 in a
frame rotating with the pump laser frequency

Ĥ(1) =
p̂
2
x + p̂

2
z

2m
+ V0 cos

2(kẑ) + ~⌘(â† + â) cos(kx̂) cos(kẑ)

� ~
⇣
�c � U0 cos

2(kx̂)
⌘
â
†
â. (1)

Here, the excited atomic state is adiabatically eliminated
which is justified for large detuning�a = !p�!a between
the pump laser frequency !p and the atomic transition
frequency !a. The first term describes the kinetic en-
ergy of the atom with momentum operators p̂x,z. The
pump laser creates a standing-wave potential of depth
V0 = ~⌦2

p/�a along the z-axis, where ⌦p denotes the
maximum pump Rabi frequency, and ~ the Planck con-
stant. Scattering between the pump field and the cav-
ity mode, which is oriented along x, induces a lattice
potential which dynamically depends on the scattering
rate and the relative phase between the pump field and
the cavity field. This phase is restricted to the values
0 or ⇡, for which the scattering induced light potential
has a �p/

p
2 periodicity along the x-z direction, with

�p = 2⇡/k denoting the pump wavelength (see Fig. 1c).
The scattering rate is determined by the two-photon Rabi
frequency ⌘ = g0⌦p/�a, with g0 being the atom-cavity
coupling strength. The last term describes the cavity
field, with photon creation and annihilation operators â†

and â. The cavity resonance frequency !c is detuned
from the pump laser frequency by �c = !p�!c, and the
light-shift of a single maximally coupled atom is given by

U0 = g2
0

�a
.

For a condensate of N atoms, the process of
self-organization can be captured by a mean-field
description13. It assumes that all atoms occupy a sin-
gle quantum state characterized by the wave function
 , which is normalized to the atom number N . The
light-atom interaction can now be described by a dy-
namic light potential32 felt by all atoms. Since the
timescale of atomic dynamics in the motional degree
of freedom is much larger than the inverse of the cav-
ity field decay rate , the coherent cavity field ampli-
tude ↵ adiabatically follows the atomic density distri-
bution according to ↵ = ⌘⇥/(�c � U0B + i). The
order parameter describing self-organization is given by
⇥ = h | cos(kx) cos(kz)| i which measures the localiza-
tion of the atoms on either the even (⇥ > 0) or the odd
(⇥ < 0) sublattice of the underlying checkerboard pat-
tern defined by cos(kx) cos(kz) = ±1 (see Fig. 1c). The
sign of the order parameter determines which of the two

a

b

c

even sites

odd sites

R ? Ret

R= Ret

�r

xy

z

FIG. 1. Concept of the experiment. A Bose-Einstein conden-
sate which is placed inside an optical cavity is driven by a
standing-wave pump laser oriented along the vertical z-axis.
The frequency of the pump laser is far red-detuned with re-
spect to the atomic transition line but close detuned to a par-
ticular cavity mode. Correspondingly, the atoms coherently
scatter pump light into the cavity mode with a phase depend-
ing on their position within the combined pump–cavity mode
profile. a, For a homogeneous atomic density distribution
along the cavity axis, the build-up of a coherent cavity field
is suppressed due to destructive interference of the individual
scatterers. b, Above a critical pump power Pcr the atoms
self-organize onto either the even or odd sites of a checker-
board pattern (c) thereby maximizing cooperative scattering
into the cavity. This dynamical quantum phase transition is
triggered by quantum fluctuations in the condensate density.
It is accompanied by spontaneous symmetry breaking both in
the atomic density and the relative phase between pump field
and cavity field. c, Geometry of the checkerboard pattern.
The intensity maxima of the pump and cavity field are de-
picted by the horizontal and vertical lines, respectively, with
�p denoting the pump wavelength.

microphysics macrophysics

➡Many-Body Physics                ➡Statistical Mechanics                

The interface of quantum optics and many-body physics

Atoms Light Solids

Kasprzak et al., Nature (2006)

5

interesting perspective on many-body physics of photons
was developed in the pioneering literature on quantum
solitons in nonlinear optical fiber using a quantum non-
linear Schrödinger equation as well as Bethe ansatz tech-
niques (Drummond et al., 1993; Kärtner and Haus, 1993;
Lai and Haus, 1989a,b).

The research on exciton-polaritons in semiconductor
microcavities approached the physics of luminous quan-
tum fluids following a rather di�erent pathway. For many
years, an intense activity has been devoted to the quest
for Bose-Einstein condensation phenomena in gases of
excitons in solid-state materials (Gri⌅n et al., 1996): ex-
citons are neutral electron-hole pairs bound by Coulomb
interaction, which behave as (composite) bosons. In spite
of the interesting advances in the direction of exciton
Bose-Einstein condensation in bulk cuprous oxide and
cuprous chloride, bilayer electron systems (Eisenstein
and MacDonald, 2004), and coupled quantum wells (Bu-
tov, 2007; High et al., 2012), so far none of these re-
search axes has led to extensive studies of the quantum
fluid properties of the alleged exciton condensate. The
situation appears to be similar for what concerns con-
densates of magnons, i.e. magnetic excitations in solid-
state materials: Bose-Einstein condensation has been ob-
served (Demokritov et al., 2006; Giamarchi et al., 2008),
but no quantum hydrodynamic study has been reported
yet.

The situation is very di�erent for exciton-polaritons
in semiconductor microcavities, that is bosonic quasi-
particles resulting from the hybridization of the exci-
ton with a planar cavity photon mode (Weisbuch et al.,
1992). Following the pioneering proposal by Imamoğlu
et al., 1996, researchers have successfully explored the
physics of Bose-Einstein condensation in these gases of
exciton-polaritons. Thanks to the much smaller mass of
polaritons, several orders of magnitude smaller than the
exciton mass, this system can display Bose degeneracy at
much higher temperatures and/or lower densities.

Historically, the first configuration where spontaneous
coherence was observed in a polariton system was based
on a coherent pumping of the cavity at a finite angle,
close to the inflection point of the lower polariton dis-
persion. As experimentally demonstrated in (Baumberg
et al., 2000; Stevenson et al., 2000), above a threshold
value of the pump intensity a sort of parametric oscilla-
tion(Ciuti et al., 2000, 2001; Whittaker, 2001) occurs in
the planar microcavity and the parametric luminescence
on the signal and idler modes acquires a long-range co-
herence in both time and space (Baas et al., 2006). As
theoretically discussed in (Carusotto and Ciuti, 2005),
the onset of parametric oscillation in these spatially ex-
tended planar cavity devices can be interpreted as an
example of non-equilibrium Bose-Einstein condensation:
the coherence of the signal and idler is not directly in-
herited from the pump, but appears via the spontaneous
breaking of a U(1) phase symmetry.

The quest for Bose-Einstein condensation in a thermal-
ized polariton gas under incoherent pumping required a

FIG. 1 Figure from Kasprzak et al., 2006. Upper panel:
Sketch of a planar semiconductor microcavity delimited by
two Bragg mirrors and embedding a quantum well (QW). The
wavevector in the z direction perpendicular to the cavity plane
is quantized, while the in-plane motion is free. The cavity
photon mode is strongly coupled to the excitonic transitions in
the QWs. A laser beam with incidence angle � and frequency
⇥ can excite a microcavity mode with in-plane wavevector
k� = �

c sin �, while the near-field (far-field) secondary emis-
sion from the cavity provides information on the real-space
(k-space) density of excitations. Central panel: The energy
dispersion of the polariton modes versus in-plane wavevector
(angle). The exciton dispersion is negligible, due to the heavy
mass of the exciton compared to that of the cavity photon.
In the experiments, the system is incoherently excited by a
laser beam tuned at a very high energy. Relaxation of the
excess energy (via phonon emission, exciton-exciton scatter-
ing, etc.) leads to a population of the cavity polariton states
and, possibly, Bose-Einstein condensation into the lowest po-
lariton state. Lower panel: Experimental observation of po-
lariton Bose-Einstein condensation obtained by increasing the
intensity of the incoherent o�-resonant optical pump.

Microcavity arraysBose-Einstein 
condensate in a cavity

Exciton-polariton 
condensates

Baumann et al., Nature (2010) Houck, Türeci, Koch, Nat. Phys. (2012)

and more:

• polar 
molecules 

• nano-
mechanics

• photon BECs

driven-dissipative 
Rydberg gases

S. Helmrich, A. Arias, G. Lochhead, M. Buchhold, 
SD, S. Whitlock,  Nature (2020); T. Wintermantel, 

… SD, S. Whitlock, Nat. Comm. (2021)

Quantum devices / NISQ Platforms

superconducting circuits
K. Satzinger et al. 

Science (2021)

trapped ions
C. Noel et al. Nat. 

Phys. (2022)G. Semeghini et al. Science (2021)

Rydberg tweezers

• The experimental platforms: light-matter systems realize driven open quantum matter
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Efficient theoretical tools ?
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Fig. 7. (Color online) Classical vs. quantum
mechanics. The classical path for given bound-
ary conditions at tini and/or tfin is shown as
thick (red) line. The thin (black) paths would
require, e.g., different initial values for ϕ, ϕ̇.
In the microscopic world, the thin (black)
paths add constructively to the path integral
if their action S[ϕ] deviates less than h̄ from
the extremal value corresponding to the classi-
cal path. Also tunneling processes as indicated
by the thick (yellow) line would add construc-
tively to the integral.

which leads to the Euler-Lagrange, i.e., the sought dynamic equation for ϕ.4 For instance, given
particular initial values for the position and velocity of the child on the slide shown in Fig. 7
at t = tini, this equation has the thick solid (red) path as solution. Different paths require in
general different initial conditions to be imposed.

On scales where quantum effects become relevant, the real world is somewhat more intricate.
Fluctuations around the classical path as depicted by the thin (black) solid lines in Fig. 7 imply
the action S[ϕ] to deviate from its classical extremal value, and, only if this deviation is larger
than h̄, the phase factor exp{iS[ϕ]/h̄} suppresses the contributions of such paths to the integral
through destructive interference. Qualitatively new effects are in order like the “quantum child”
which can tunnel through the edge of the slide as along the (yellow) path in Fig. 7.

We generalise this path-integral formulation to QFT, where the coordinates ϕ become fields
ϕ(x) defined over time and space. Moreover, we introduce external classical, i.e., non-fluctuating
sources J(x) to turn the path integral into a generating functional for correlation functions,
similarly as in the (grand) canonical partition function in equilibrium physics. This generating
functional reads

Z[J ] =

∫
Dϕ ei(S[ϕ]+

R
Jϕ) (45)

Here and in the following we shall use, if not explicitly stated otherwise, natural units, with
h̄ = 1. We use the short-hand notation

∫
Jϕ =

∫
C dd+1xJ(x)ϕ(x) =

∫ tfin
tini

dx0

∫
ddxJ(x)ϕ(x),

C = [tini, tfin]. For instance, it allows the field expectation value φ = 〈Φ〉 to be written as

φ(x) =
δW [J ]

δJ(x)

∣∣∣∣
J=0

= Z−1

∫
Dϕϕ(x) eiS[ϕ], (46)

where W [J ] = −i lnZ[J ] is the Schwinger functional. We introduce the quantum effective action
Γ [φ] by demanding that the full quantum dynamics of the field expectation value φ is given by

4 In deriving the Euler-Lagrange equation the variation of the coordinate ϕ is usually taken to vanish
at the boundaries of the time interval [tini, tfin]. This procedure applies to systems with differential
evolution equations of second order in time. For dynamic equations of first order in time, as the GPE,
care needs to be taken when using the path integral for initial value problems, see, e.g., Ref. [136]

Novel universal phenomena ?

Experimental platforms ?

perform the transition form micro-to 
macrophysics:

quantum field theory out of equilibrium

cold atoms, light-driven semiconductors, microcavity 
arrays, trapped ions, NISQ …

• Questions and challenges to theory: physics at various length scales

gc

?

➡Quantum Optics

microphysics macrophysics

➡Many-Body Physics                ➡Statistical Mechanics                

The interface of quantum optics and many-body physics
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A workhorse model: Lindbladian formulation

• generic microscopic many-body model: ‘Lindblad    theory’
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exercise: derive equation 
for field expectation value!

• basic physics: mean field theory

�(x, t) ⌘ h�̂(x)i(t) = tr[�̂(x)⇢̂(t)]
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• study evolution of ⇢̂ =
Y

x

⇢̂(x), ⇢̂(x) = |�(x)ih�(x)|
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• homogenous limit �(x, t) = �(t)
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➡ overdamped motion in potential landscape
➡ condensation / spontaneous U(1) symmetry breaking for �l � �p < 0
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• generic microscopic many-body model: ‘Lindblad    theory’
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Many-Body Master 
Equation

Keldysh functional 
integral

1-1 
mapping

• plan:

• translate to Lindblad-Keldysh 
functional integral

• how does this model relate e.g. to exciton-polariton systems? (semiclassical limit) 

• ‘what is non-equilibrium about it’?

• how to extract the phase structure? 



Keldysh functional integral�
for stationary states of �

driven open quantum systems

• Construction from quantum master equation

• Semiclassical limit

• “What is non-equilibrium about it?”
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Keldysh functional integrals: Why?
• Feynman’s formulation of quantum mechanics • Useful language for systems with many 

degrees of freedom

• general: powerful techniques

• diagrammatic perturbation theory; 

• collective variables; 

• renormalization group

• non-equilibrium Keldysh

• closer to the real-time formulations of 
quantum mechanics

• gives unified view on and principles (e.g. 
symmetries) for equilibrium and non-
equilibrium systems

• indispensable for many systems:

• disorder

• dissipation

• open the powerful toolbox of quantum 
field theory for many-body non-
equilibrium situations

infinite harmonic 
baths!



1. Schrödinger equation: evolving a state vector

• The basic idea in three steps:

i@t| i(t) = H| i(t) ) | i(t) = U(t, t0)| i(t0)

U(t, t0) = e�iH(t�t0)

@t⇢(t) = �i[H, ⇢(t)] ) ⇢(t) = U(t, t0)⇢(t0)U
†(t, t0)

2. Heisenberg-von Neumann equation: evolving a state (density) matrix

⇢ = | ih |• identical for pure (separable) states

Keldysh functional integral

~ = 1

more details: L. Sieberer, M. Buchhold, SD, 
Keldysh Field Theory for Driven Open Quantum Systems, 
Reports on Progress in Physics (2016)

⌘ L[⇢]@t⇢ = �i[H, ⇢] + 

X

i

Li⇢L
†
i � 1

2{L
†
iLi, ⇢}

3. The same is true for the Lindblad equation:

) ⇢(t) = eL(t�t0)⇢(t0) linear superoperator (acts from both 
sides on density matrix)



1. Functional integral idea: 

e
iH(t�t0) = lim

N!1
(1 + i�tH)N

�t =
t� t0
N

t0
| i(t0)

Keldysh functional integral (bosons)

➡ “Trotterization” of time interval and insertion of coherent states:

⇡ e
��⇤

n�nh�n+1|1� i�tH[a†, a]|�ni

e��⇤
n�n |�nih�n|e��⇤

n+1�n+1 |�n+1ih�n+1|

e�i�tH

⇡ e
i�t[�i

(�⇤
n+1��

⇤
n)

�t
�n�H[�⇤

n+1,�n]]

= e
��⇤

n�ne
+�⇤

n+1�n(1� i�tH[�⇤
n+1,�n])

H normally 
ordered

dt H[�⇤(t),�(t)]�i@t�
⇤(t) · �(t)

continuum 
limit

fermions: see appendix!

e��
⇤
n�nh�n+1|e�i�tH[a†

,a]|�ni

a|�i = �|�i

h�0|�i = e�
0⇤�

1 =

Z
d�⇤d�

⇡
e��⇤�|�ih�|

coherent states (bosons):

• one time step



1. Functional integral idea: 

e
iH(t�t0) = lim

N!1
(1 + i�tH)N

�t =
t� t0
N

t0
| i(t0)

➡ operator H -> complex, time dependent functional H
➡ time evolution from overlap of neighbouring states
➡ no reference to single particle or many-body Hamiltonian, lattice or continuum!
➡ single set of degrees of freedom for vector evolution

Keldysh functional integral

➡ “Trotterization” of time interval and insertion of coherent states:

• many time stepsZ Y

t

d�
⇤(t)d�(t)

⇡
ei

R tf
t0

dt[�i@t�
⇤(t)·�(t)�H[�⇤(t),�(t)]]

=:

Z
D(�⇤,�) functional integral measure

• Discussion



• Schrödinger equation: evolving a state vector

2. Schrödinger vs. Heisenberg-von Neumann

i@t| i(t) = H| i(t) ) | i(t) = U(t, t0)| i(t0)

U(t, t0) = e�iH(t�t0)

@t⇢(t) = �i[H, ⇢(t)] ) ⇢(t) = U(t, t0)⇢(t0)U
†(t, t0)

• Heisenberg-von Neumann equation: evolving a state (density) matrix

• Second case: “Trotterization” on both sides:

e
iH(t�t0) = lim

N!1
(1 + i�tH)N �t =

t� t0
N

t

➡ two sets of degrees of freedom for matrix evolution

⇢(t0)
tU U †

Keldysh functional integral



• Schrödinger equation: evolving a state vector

i@t| i(t) = H| i(t) ) | i(t) = U(t, t0)| i(t0)

U(t, t0) = e�iH(t�t0)

• Lindblad equation: evolving a state (density) matrix

• Identical program for Liouville generator of dynamics (left and right action on density matrix)

➡ two sets of degrees of freedom for matrix evolution

⇢(t0)

Keldysh functional integral

⇢(t) = e(t�t0)L ⇢0 = lim
N!1

(1 + �tL)N ⇢0

3. Schrödinger vs. Lindblad

@t⇢ = �i[H, ⇢] +D[⇢] ⌘ L[⇢] ) ⇢(t) = eL(t�t0)⇢(t0)

�t =
t� t0
N



• Schrödinger equation: evolving a state vector

i@t| i(t) = H| i(t) ) | i(t) = U(t, t0)| i(t0)

U(t, t0) = e�iH(t�t0)

• Lindblad equation: evolving a state (density) matrix

Keldysh functional integral

3. Schrödinger vs. Lindblad

@t⇢ = �i[H, ⇢] +D[⇢] ⌘ L[⇢] ) ⇢(t) = eL(t�t0)⇢(t0)

• final step: Keldysh “partition function”

Z = tr⇢(t) = tr⇢(t0) = 1

t0 ! �1, tf ! +1

information on all stages;
stationarity reached 

(boundary conditions 
irrelevant)



• Lindblad equation: 

Keldysh functional integral: Final result

�± =

✓
�±
�⇤
±

◆

SM [�+,��] =

Z
dt(�⇤

+i@t�+ � �⇤
�i@t�� � iL[�+,��])

@t⇢ = �i[H, ⇢] +D[⇢]

Z =

Z
D(�+,��)e

i(SM [�+,��]

• equivalent Keldysh functional integral:

L[�+,��] = �i (H+ �H�)� 

X

i

⇣
Li,+L

†
i,� � 1

2L
†
i,+Li,+ � 1

2L
†
i,�Li,�

⌘

➡ recognize Lindblad structure
➡ simple translation table (for contour normal ordered Lindbladian)

• operator right of density matrix -> - contour

• operator left of density matrix -> + contour

H± = H(�±) etc.

= �i(H⇢� ⇢H) + 

X

i

(Li⇢L
†
i � 1

2L
†
iLi⇢� 1

2⇢L
†
iLi)

➡ caveat: contour diagonal Lindblad terms need temporal regularisation to track operator ordering



Keldysh functional integral: structural properties

• focus on three key aspects, reflecting different levels of inclusion of fluctuations

�± =

✓
�±
�⇤
±

◆

SM [�+,��] =

Z
dt(�⇤

+i@t�+ � �⇤
�i@t�� � iL[�+,��])

Z =

Z
D(�+,��)e

i(SM [�+,��]

• Keldysh functional integral:

L[�+,��] = �i (H+ �H�)� 

X

i

⇣
Li,+L

†
i,� � 1

2L
†
i,+Li,+ � 1

2L
†
i,�Li,�

⌘

H± = H(�±) etc.

classical path
(minimizes S)

• probability conservation (zero order)

• deterministic limit (first order)

• fluctuations (quantum and class. statistical) fully included 

• next lecture, compromise: semiclassical limit, classical 
statistical fluctuations included



• mnemonic: taking trace = ignoring contour order

• motivates Keldysh rotation

hÔi(t) = tr[Ô⇢̂(t)] = tr[⇢̂(t)Ô]
<latexit sha1_base64="8fe7hkPByTWNs3ke2bMgYEnV6jg="></latexit>

• redundancy

hÔi(t) = hO+(t)i = hO�(t)i
<latexit sha1_base64="gbSjCSZOXW8ViDxvJW6cW8htHls=">AAACOHicbZDLSgMxFIYz9VbrrerSTbAIFbHMeEE3haIbd61gL9ApJZOmbWgmMyRnhDL0sdz4GO7EjQtF3PoEphelth4I/Pm/c0jO74WCa7DtZyuxsLi0vJJcTa2tb2xupbd3KjqIFGVlGohA1TyimeCSlYGDYLVQMeJ7glW93vWQV++Z0jyQd9APWcMnHcnbnBIwVjNdxK4gsiNY7HYJ4CIeuGp0z8IhzuNfWmweDZ0fmp8Cx9Ogmc7YOXtUeF44E5FBkyo1009uK6CRzyRQQbSuO3YIjZgo4FSwQcqNNAsJ7ZEOqxspic90Ix4tPsAHxmnhdqDMkYBH7vRETHyt+75nOn0CXT3LhuZ/rB5B+7IRcxlGwCQdP9SOBIYAD1PELa4YBdE3glDFzV8x7RJFKJisUyYEZ3bleVE5yTmnufPbs0zhahJHEu2hfZRFDrpABXSDSqiMKHpAL+gNvVuP1qv1YX2OWxPWZGYX/Snr6xujKKsh</latexit>

S =

Z t

t0

dt0 s(�+(t
0),��(t

0))
<latexit sha1_base64="Jp5TrKB4LSlLKziZv8DvFYoUuYA=">AAACG3icbZDLSsNAFIYn9VbrrerSzWARW6wl8YJuhKIblxWtCk0Nk+mkHZxMwsyJUELfw42v4saFIq4EF76N05qFVn8Y+PjPOZw5vx8LrsG2P63cxOTU9Ex+tjA3v7C4VFxeudRRoihr0khE6tonmgkuWRM4CHYdK0ZCX7Ar//ZkWL+6Y0rzSF5AP2btkHQlDzglYCyvuHOOj7DLJXgpePbgBnAHwyZ2q1iX3UaPe1tl2KxU8Yi3h1zxiiW7Zo+E/4KTQQllanjFd7cT0SRkEqggWrccO4Z2ShRwKtig4CaaxYTeki5rGZQkZLqdjm4b4A3jdHAQKfMk4JH7cyIlodb90DedIYGeHq8Nzf9qrQSCw3bKZZwAk/R7UZAIDBEeBoU7XDEKom+AUMXNXzHtEUUomDgLJgRn/OS/cLlTc3Zr+2d7pfpxFkceraF1VEYOOkB1dIoaqIkoukeP6Bm9WA/Wk/VqvX235qxsZhX9kvXxBXDqnUg=</latexit>

=) 0 = @tZ = ihs(�+(t),��(t))i = ihs(�+(t),�+(t))i 8t
<latexit sha1_base64="OnZYZkS9NAGerwlEXdSMFInJhwY="></latexit>

Probability conservation / ”causality”

• trace / probability conservation:

@ttr⇢ = tr
�
� i(H⇢� ⇢H) + 

X

i

(Li⇢L
†
i � 1

2L
†
iLi⇢� 1

2⇢L
†
iLi)

�
= 0• Lindblad:

• Keldysh: Z = tr⇢(t) = 1
cyclicity

�+ = �� ) SM [�+,��] = 0

Z =

Z
D(�+,��)e

i(SM [�+,��]

• will argue: reflected on the action as



Probability conservation and Keldysh rotation

@ttr⇢ = tr
�
� i(H⇢� ⇢H) + 

X

i

(Li⇢L
†
i � 1

2L
†
iLi⇢� 1

2⇢L
†
iLi)

�
= 0

• Keldysh: Z = tr⇢(t) = 1
cyclicity

Z =

Z
D(�+,��)e

i(SM [�+,��]

• make probability conservation more handy:

• starting point: contour basis: 

• Keldysh rotation
✓
�c

�q

◆
=

1p
2

✓
�+ + ��
�+ � ��

◆
=

1p
2

✓
1 1
1 �1

◆✓
�+

��

◆

<latexit sha1_base64="B7xPpmx1/AWGqM/gkwJqI3oytJI="></latexit>

center-of-mass

relative

• interpretation of the fields: use

• “classical” field can acquire expectation value                 
(<—> condensation, spontaneous symmetry breaking) 

h�̂i = h�+i = h��i
<latexit sha1_base64="aTghLOSMTIHXESteOzNY63nwaZY=">AAACMXicdZDLSsNAFIYn9VbrLerSzWARBLEkXtCNUHTTZQV7gSaEyXTSDp1MwsxEKKGv5MY3ETddKOLWl3CaRtFWDwz8fP85nDm/HzMqlWWNjcLC4tLySnG1tLa+sbllbu80ZZQITBo4YpFo+0gSRjlpKKoYaceCoNBnpOUPbiZ+654ISSN+p4YxcUPU4zSgGCmNPLPmMMR7jKROHykn7tORIzJwBb8dTb2jf/jxF/fMslWxsoLzws5FGeRV98wnpxvhJCRcYYak7NhWrNwUCUUxI6OSk0gSIzxAPdLRkqOQSDfNLh7BA026MIiEflzBjP6cSFEo5TD0dWeIVF/OehP4l9dJVHDpppTHiSIcTxcFCYMqgpP4YJcKghUbaoGwoPqvEPeRQFjpkEs6BHv25HnRPKnYp5Xz27Ny9TqPowj2wD44BDa4AFVQA3XQABg8gGfwAl6NR2NsvBnv09aCkc/sgl9lfHwCfQOrlg==</latexit>

• “quantum” field cannot
h�̂i = h�ci/

p
2, h�qi = 0

<latexit sha1_base64="wE9fK+0VR0QpHfOQbbDd8tPuq1U="></latexit>

• trace / probability conservation:

S[�+,��]
<latexit sha1_base64="/LhUx7IrfZLoLT0ESU5J3kE9WcE=">AAAB/XicbVDLSsNAFL2pr1pf8bFzM1gEQS2JD3RZdOOyon1AGsJkOm2HTh7MTIQair/ixoUibv0Pd/6N0zQLbT1wuYdz7mXuHD/mTCrL+jYKc/MLi0vF5dLK6tr6hrm51ZBRIgitk4hHouVjSTkLaV0xxWkrFhQHPqdNf3A99psPVEgWhfdqGFM3wL2QdRnBSkueuXOHnHatz7zDI5T1Y4RczyxbFSsDmiV2TsqQo+aZX+1ORJKAhopwLKVjW7FyUywUI5yOSu1E0hiTAe5RR9MQB1S6aXb9CO1rpYO6kdAVKpSpvzdSHEg5DHw9GWDVl9PeWPzPcxLVvXRTFsaJoiGZPNRNOFIRGkeBOkxQovhQE0wE07ci0scCE6UDK+kQ7Okvz5LGScU+rZzfnpWrV3kcRdiFPTgAGy6gCjdQgzoQeIRneIU348l4Md6Nj8lowch3tuEPjM8fZH2TQQ==</latexit>

S[�+,�� = �+] = 0
<latexit sha1_base64="kfjfuYq+ehFT8RKfoOCyJsIKGyI=">AAACCXicbZBNS8MwGMfT+TbnW9Wjl+AQhOlofUEvg6EXjxPdC3SlpFm6haVpSVJhlF29+FW8eFDEq9/Am9/GrOtBNx8I+fH/Pw/J8/djRqWyrG+jsLC4tLxSXC2trW9sbpnbOy0ZJQKTJo5YJDo+koRRTpqKKkY6sSAo9Blp+8Prid9+IELSiN+rUUzcEPU5DShGSkueCSG8g063MaBe5Qhm9zGsTaEC3ZrlmWWramUF58HOoQzyanjmV7cX4SQkXGGGpHRsK1ZuioSimJFxqZtIEiM8RH3iaOQoJNJNs03G8EArPRhEQh+uYKb+nkhRKOUo9HVniNRAznoT8T/PSVRw6aaUx4kiHE8fChIGVQQnscAeFQQrNtKAsKD6rxAPkEBY6fBKOgR7duV5aJ1U7dPq+e1ZuX6Vx1EEe2AfHAIbXIA6uAEN0AQYPIJn8ArejCfjxXg3PqatBSOf2QV/yvj8ARhFlso=</latexit>

with

• probability conservation S[�c,�q = 0] = 0
<latexit sha1_base64="lWyXCdtGs8PDYpb2rOLkeLVIOJk=">AAACAXicbVDLSsNAFL3xWesr6kZwM1gEF1ISH+imUHTjsqJ9QBrCZDpth04ezkyEEurGX3HjQhG3/oU7/8ZpmoW2Hrjcwzn3MnOPH3MmlWV9G3PzC4tLy4WV4ura+samubXdkFEiCK2TiEei5WNJOQtpXTHFaSsWFAc+p01/cDX2mw9USBaFd2oYUzfAvZB1GcFKS565i26ddq3PPHKUtXtUsVxUQZZnlqyylQHNEjsnJchR88yvdiciSUBDRTiW0rGtWLkpFooRTkfFdiJpjMkA96ijaYgDKt00u2CEDrTSQd1I6AoVytTfGykOpBwGvp4MsOrLaW8s/uc5iepeuCkL40TRkEwe6iYcqQiN40AdJihRfKgJJoLpvyLSxwITpUMr6hDs6ZNnSeO4bJ+Uz25OS9XLPI4C7ME+HIIN51CFa6hBHQg8wjO8wpvxZLwY78bHZHTOyHd24A+Mzx8fRJS/</latexit>

• action in Keldysh/RAK basis S[�c,�q]
<latexit sha1_base64="frVs1W9XZYbQW/2ykf+BiusQmS8=">AAAB/HicbVDLSsNAFL2pr1pf0S7dDBbBhZTEB7osunFZ0T4gDWEynbRDJw9nJkIJ9VfcuFDErR/izr9xmmahrQcu93DOvcyd4yecSWVZ30ZpaXllda28XtnY3NreMXf32jJOBaEtEvNYdH0sKWcRbSmmOO0mguLQ57Tjj66nfueRCsni6F6NE+qGeBCxgBGstOSZVXTn9JpD5pHjvD0gF3lmzapbOdAisQtSgwJNz/zq9WOShjRShGMpHdtKlJthoRjhdFLppZImmIzwgDqaRjik0s3y4yfoUCt9FMRCV6RQrv7eyHAo5Tj09WSI1VDOe1PxP89JVXDpZixKUkUjMnsoSDlSMZomgfpMUKL4WBNMBNO3IjLEAhOl86roEOz5Ly+S9kndPq2f357VGldFHGXYhwM4AhsuoAE30IQWEBjDM7zCm/FkvBjvxsdstGQUO1X4A+PzB8mrk5M=</latexit>

• Lindblad:



Deterministic limit

Z = tr⇢(t) = 1

Z =

Z
D(�+,��)e

i(SM [�+,��]

S[�c,�q = 0] = 0
<latexit sha1_base64="lWyXCdtGs8PDYpb2rOLkeLVIOJk=">AAACAXicbVDLSsNAFL3xWesr6kZwM1gEF1ISH+imUHTjsqJ9QBrCZDpth04ezkyEEurGX3HjQhG3/oU7/8ZpmoW2Hrjcwzn3MnOPH3MmlWV9G3PzC4tLy4WV4ura+samubXdkFEiCK2TiEei5WNJOQtpXTHFaSsWFAc+p01/cDX2mw9USBaFd2oYUzfAvZB1GcFKS565i26ddq3PPHKUtXtUsVxUQZZnlqyylQHNEjsnJchR88yvdiciSUBDRTiW0rGtWLkpFooRTkfFdiJpjMkA96ijaYgDKt00u2CEDrTSQd1I6AoVytTfGykOpBwGvp4MsOrLaW8s/uc5iepeuCkL40TRkEwe6iYcqQiN40AdJihRfKgJJoLpvyLSxwITpUMr6hDs6ZNnSeO4bJ+Uz25OS9XLPI4C7ME+HIIN51CFa6hBHQg8wjO8wpvxZLwY78bHZHTOyHd24A+Mzx8fRJS/</latexit>

• probability conservation: zero order in the quantum field

• Keldysh functional integral

• first order in quantum field: ordering principle due to condensation 

• classical / occupation field: macroscopic occupation
<latexit sha1_base64="PITYY9TrvXqqPfS3LhkdUfXdAOM=">AAACF3icbVC7TsMwFHXKq5RXgJHFokJqB0JSELAgVbAwFok+pCZEjuu0Vp1HbQe1ivoXLPwKCwMIscLG3+C2GaBwJEvnnnOvru/xYkaFNM0vLbewuLS8kl8trK1vbG7p2zsNESUckzqOWMRbHhKE0ZDUJZWMtGJOUOAx0vT6VxO/eU+4oFF4K0cxcQLUDalPMZJKcnXDjnvUxaVhGV7Axl16aB1VxtAWSeAOIFE1HQxVPWsalF29aBrmFPAvsTJSBBlqrv5pdyKcBCSUmCEh2pYZSydFXFLMyLhgJ4LECPdRl7QVDVFAhJNO7xrDA6V0oB9x9UIJp+rPiRQFQowCT3UGSPbEvDcR//PaifTPnZSGcSJJiGeL/IRBGcFJSLBDOcGSjRRBmFP1V4h7iCMsVZQFFYI1f/Jf0qgY1qlxfHNSrF5mceTBHtgHJWCBM1AF16AG6gCDB/AEXsCr9qg9a2/a+6w1p2Uzu+AXtI9vs6Cdyw==</latexit>

�c(x) = V �1/2
X

q

e�iqx�c(q)

<latexit sha1_base64="palimkDyxYyVYiY2tDz0FzwMV+A="></latexit>

�c(q) ⇠ N1/2 =) �c(x) ⇠
N1/2

V 1/2
⇠ N0

• quantum field:
<latexit sha1_base64="xNyIVCXYgkLadBjRddabPgwaVLU="></latexit>

�q(q) ⇠ N0 =) �q(x) ⇠
1

V 1/2
⇠ N�1/2

<latexit sha1_base64="k/L3XXzozbxBr3GnSNvPsFR20Bs=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoPgKeyqqMegF08SwTwgu4TZyWwyZHZ2mekVlpDf8OJBEa/+jDf/xsnjoIkFDUVVN91dYSqFQdf9dgorq2vrG8XN0tb2zu5eef+gaZJMM95giUx0O6SGS6F4AwVK3k41p3EoeSsc3k781hPXRiTqEfOUBzHtKxEJRtFK/j3xMSG+UBHm3XLFrbpTkGXizUkF5qh3y19+L2FZzBUySY3peG6KwYhqFEzyccnPDE8pG9I+71iqaMxNMJrePCYnVumRKNG2FJKp+ntiRGNj8ji0nTHFgVn0JuJ/XifD6DoYCZVmyBWbLYoySeyfkwBIT2jOUOaWUKaFvZWwAdWUoY2pZEPwFl9eJs2zqndZPX+4qNRu 5nEU4QiO4RQ8uIIa3EEdGsAghWd4hTcnc16cd+dj1lpw5jOH8AfO5w9srJFN</latexit>

N ! 1 (more precisely: only q=0 mode scales)

➡ deterministic limit Lindblad phi^4: dissipative Gross-Pitaevskii mean field theory
exercise: make connection to 

operator mean field theory

• only deterministic configuration contributes with 
�S

��c
= 0 =

�S

��⇤
c

<latexit sha1_base64="3p3C8/SIwdFFKkD8M1cxKzzf2V4=">AAACMHicfVDLSsNAFJ3UV62vqEs3g0UQFyXxgW6EogtdVrQPaGKYTCbt0MkkzEyEEvJJbvwU3Sgo4tavcPoQtBUPXDiccy4z9/gJo1JZ1otRmJmdm18oLpaWlldW18z1jYaMU4FJHccsFi0fScIoJ3VFFSOtRBAU+Yw0/d75wG/eESFpzG9UPyFuhDqchhQjpSXPvHBCgXDmBIQpBK/zb+YkXerhHMJTaOn5N3W7l0PPLFsVawg4TewxKYMxap756AQxTiPCFWZIyrZtJcrNkFAUM5KXnFSSBOEe6pC2phxFRLrZ8OAc7mglgGEs9HAFh+rPjQxFUvYjXycjpLpy0huIf3ntVIUnbkZ5kirC8eihMGVQxXDQHgyoIFixviYIC6r/CnEX6W6U7rikS7AnT54mjf2KfVA5ujosV8/GdRTBFtgGu8AGx6AKLkEN1AEG9+AJvII348F4Nt6Nj1G0YIx3NsEvGJ9fobyotg==</latexit>

classical path
(minimizes S)

• expand the action to leading order

• can do integral over quantum field Z =

Z
D[�c,�c]�


�S

��c

�
�


�S

��⇤
c

�

<latexit sha1_base64="BRi9PeqEBZc5oRUT9YAOpQAPTXo="></latexit>

S[�+ = (�c + �q)/
p
2,�� = (�c � �q)/

p
2] ⇡

Z

x,t
[�q

�S

��c
+ �⇤

q
�S

��⇤
c

]
<latexit sha1_base64="3tXd+Cd21B63rnGmckaKR5nusgU="></latexit>



Including fluctuations: Correlation and response functions

Z =

Z
D(�+,��)e

i(SM [�+,��]

S[�c,�q = 0] = 0
<latexit sha1_base64="lWyXCdtGs8PDYpb2rOLkeLVIOJk=">AAACAXicbVDLSsNAFL3xWesr6kZwM1gEF1ISH+imUHTjsqJ9QBrCZDpth04ezkyEEurGX3HjQhG3/oU7/8ZpmoW2Hrjcwzn3MnOPH3MmlWV9G3PzC4tLy4WV4ura+samubXdkFEiCK2TiEei5WNJOQtpXTHFaSsWFAc+p01/cDX2mw9USBaFd2oYUzfAvZB1GcFKS565i26ddq3PPHKUtXtUsVxUQZZnlqyylQHNEjsnJchR88yvdiciSUBDRTiW0rGtWLkpFooRTkfFdiJpjMkA96ijaYgDKt00u2CEDrTSQd1I6AoVytTfGykOpBwGvp4MsOrLaW8s/uc5iepeuCkL40TRkEwe6iYcqQiN40AdJihRfKgJJoLpvyLSxwITpUMr6hDs6ZNnSeO4bJ+Uz25OS9XLPI4C7ME+HIIN51CFa6hBHQg8wjO8wpvxZLwY78bHZHTOyHd24A+Mzx8fRJS/</latexit>

• probability conservation: zero order in the quantum field

• Keldysh functional integral

• how to quantify deviations from the deterministic limit? 

classical path
(minimizes S)

➡ correlation functions: fluctuations around deterministic configuration 

➡ response functions: impact of an external perturbation

⇠ h�⇤
c(~x, t)�c(~x

0, t0)i
<latexit sha1_base64="/XHXJVg3MOOz3kkw9lQzKaTREu8=">AAACJXicbZBNSwMxEIazflu/qh69BItYRcquH+jBg+jFYwVbhW4t2XTaBrPZJZkVy9I/48W/4sWDIoIn/4ppu4JWXwi8PDPDZN4glsKg6344Y+MTk1PTM7O5ufmFxaX88krVRInmUOGRjPR1wAxIoaCCAiVcxxpYGEi4Cm7P+vWrO9BGROoSuzHUQ9ZWoiU4Q4sa+WPfiJD6kqm2BOrHHdHgN9tFvwo8ve/t4FbGvsnmDm5apgf9jXzBLbkD0b/Gy0yBZCo38q9+M+JJCAq5ZMbUPDfGeso0Ci6hl/MTAzHjt6wNNWsVC8HU08GVPbphSZO2Im2fQjqgPydSFhrTDQPbGTLsmNFaH/5XqyXYOqqnQsUJguLDRa1EUoxoPzLaFBo4yq41jGth/0p5h2nG0QabsyF4oyf/NdXdkrdXOrjYL5ycZnHMkDWyTorEI4fkhJyTMqkQTh7IE3khr86j8+y8Oe/D1jEnm1klv+R8fgGm/KQd</latexit>

⇠ h�⇤
q(~x, t)�c(~x

0, t0)i
<latexit sha1_base64="ylI0KN3J/glzGuJU3chPCNeJjRs=">AAACJXicbZDJSgNBEIZ73I1b1KOXxiAuSJhxQQ8eRC8eI5gFMjH0dCpJY0/P2F0jhiEv48VX8eJBEcGTr2JnETT6Q8PPV1VU1x/EUhh03Q9nbHxicmp6ZjYzN7+wuJRdXimZKNEcijySka4EzIAUCoooUEIl1sDCQEI5uDnv1ct3oI2I1BV2YqiFrKVEU3CGFtWzJ74RIfUlUy0J1I/bon57vbPll4Cn991d3B4w/k02d3HTMt3vr2dzbt7ti/413tDkyFCFevbVb0Q8CUEhl8yYqufGWEuZRsEldDN+YiBm/Ia1oGqtYiGYWtq/sks3LGnQZqTtU0j79OdEykJjOmFgO0OGbTNa68H/atUEm8e1VKg4QVB8sKiZSIoR7UVGG0IDR9mxhnEt7F8pbzPNONpgMzYEb/Tkv6a0l/f284eXB7nTs2EcM2SNrJMt4pEjckouSIEUCScP5Im8kFfn0Xl23pz3QeuYM5xZJb/kfH4BvnKkKw==</latexit>

• deterministic limit: first order in quantum field (good if there is condensation = dominant field configuration)



Including fluctuations: Correlation and response functions

Z =

Z
D(�+,��)e

i(SM [�+,��]

S[�c,�q = 0] = 0
<latexit sha1_base64="lWyXCdtGs8PDYpb2rOLkeLVIOJk=">AAACAXicbVDLSsNAFL3xWesr6kZwM1gEF1ISH+imUHTjsqJ9QBrCZDpth04ezkyEEurGX3HjQhG3/oU7/8ZpmoW2Hrjcwzn3MnOPH3MmlWV9G3PzC4tLy4WV4ura+samubXdkFEiCK2TiEei5WNJOQtpXTHFaSsWFAc+p01/cDX2mw9USBaFd2oYUzfAvZB1GcFKS565i26ddq3PPHKUtXtUsVxUQZZnlqyylQHNEjsnJchR88yvdiciSUBDRTiW0rGtWLkpFooRTkfFdiJpjMkA96ijaYgDKt00u2CEDrTSQd1I6AoVytTfGykOpBwGvp4MsOrLaW8s/uc5iepeuCkL40TRkEwe6iYcqQiN40AdJihRfKgJJoLpvyLSxwITpUMr6hDs6ZNnSeO4bJ+Uz25OS9XLPI4C7ME+HIIN51CFa6hBHQg8wjO8wpvxZLwY78bHZHTOyHd24A+Mzx8fRJS/</latexit>

• probability conservation: zero order in the quantum field

• Keldysh functional integral
classical path
(minimizes S)

• correlation functions

• origin: - quantum fluctuation (non-commuting operators)
- statistical fluctuation (many quantum states contribute due to coupling to environment)

• definition:

- field fluctuation

= 0 in det. limit

��c(~x, t) ⌘ �c(~x, t)� h�c(~x, t)i
<latexit sha1_base64="+kYwoMV38JjEvbc0AI0GcSTjtcU=">AAACPXicbZC7SwNBEMb3fMb4ilraLAZBQcOdD7QM2lhGyEPIhbC3mSSLe3vn7lwwHPnHbPwf7OxsLBSxtXXzKNQ4sPDx/WaYnS+IpTDous/OzOzc/MJiZim7vLK6tp7b2KyaKNEcKjySkb4JmAEpFFRQoISbWAMLAwm14PZyyGs90EZEqoz9GBoh6yjRFpyhtZq5st8CiYz6cVc0+Z5fBZ7eDw5wn/pwl4jeP+CQ+pKpjoRp5usRaObybsEdFZ0W3kTkyaRKzdyT34p4EoJCLpkxdc+NsZEyjYJLGGT9xEDM+C3rQN1KxUIwjXR0/YDuWqdF25G2TyEduT8nUhYa0w8D2xky7Jq/bGj+x+oJts8bqVBxgqD4eFE7kRQjOoyStoQGjrJvBeNa2L9S3mWacbSBZ20I3t+Tp0X1qOAdF06vT/LFi0kcGbJNdsge8cgZKZIrUiIVwskDeSFv5N15dF6dD+dz3DrjTGa2yK9yvr4BYMCuJQ==</latexit>

=) h��c(~x, t)i = 0 (always),

h��⇤
c(~x, t)��c(~x

0, t0)i = h�⇤
c(~x, t)�c(~x

0, t0)i � h�⇤
c(~x, t)ih�c(~x

0, t0)i| {z }
covariance of the field

6= 0

<latexit sha1_base64="r6OV5d+bo6GCPM043a60VWzYE5o="></latexit>

• remark: higher order correlators don’t generally factorize, coupled hierarchy (Dyson-Schwinger equations)

- Keldysh Green function (correlation function)

GK(x, t, x0, t0) ⌘ �ih�c(x, t)�
⇤
c(x

0, t0)i
<latexit sha1_base64="UtaXieGX0IIMmtxSVRtO4mJSwKI="></latexit>



Including fluctuations: Correlation and response functions

Z =

Z
D(�+,��)e

i(SM [�+,��]

S[�c,�q = 0] = 0
<latexit sha1_base64="lWyXCdtGs8PDYpb2rOLkeLVIOJk=">AAACAXicbVDLSsNAFL3xWesr6kZwM1gEF1ISH+imUHTjsqJ9QBrCZDpth04ezkyEEurGX3HjQhG3/oU7/8ZpmoW2Hrjcwzn3MnOPH3MmlWV9G3PzC4tLy4WV4ura+samubXdkFEiCK2TiEei5WNJOQtpXTHFaSsWFAc+p01/cDX2mw9USBaFd2oYUzfAvZB1GcFKS565i26ddq3PPHKUtXtUsVxUQZZnlqyylQHNEjsnJchR88yvdiciSUBDRTiW0rGtWLkpFooRTkfFdiJpjMkA96ijaYgDKt00u2CEDrTSQd1I6AoVytTfGykOpBwGvp4MsOrLaW8s/uc5iepeuCkL40TRkEwe6iYcqQiN40AdJihRfKgJJoLpvyLSxwITpUMr6hDs6ZNnSeO4bJ+Uz25OS9XLPI4C7ME+HIIN51CFa6hBHQg8wjO8wpvxZLwY78bHZHTOyHd24A+Mzx8fRJS/</latexit>

• probability conservation: zero order in the quantum field

• Keldysh functional integral
classical path
(minimizes S)

• response functions

• perturb the system: 

weak real valued external field

Ĥ ! Ĥ +

Z

~x
h(~x, t)[�̂†(~x) + �̂(~x)]]

<latexit sha1_base64="LSSulL5g+Q+jE8BoA+/F3I4VHm0="></latexit>

• e.g. linear response of the field expectation

• retarded Green function (response function)

GR(~x, t, ~x0, t0) = �ih�c(~x, t)�
⇤
q(~x

0, t0)i
<latexit sha1_base64="M3Fr9rA2qGpxy+bgx6QPO3cV6dc="></latexit>

⇡ h�c(x, t)i+ i

Z

~x,t
h(~x, t)h�c(~x, t)�

⇤
q(~x, t)i

<latexit sha1_base64="LdfNDNq53FKMNE+DvaY4wOHSlPE="></latexit>

perturbed

h�c(~x, t)i� ⌘
Z

D[�,�⇤]�c(~x, t)e
�i(S+�S) = h�c(x, t)e

i
R
h(�⇤

q+�q)i
<latexit sha1_base64="/YDY55dME7nAdvcxmePQ/7vk/bE="></latexit>

• modification of Keldysh action

external field couples to quantum field 

S ! S +

Z

~x,t
h(~x, t)[�⇤

+(~x, t)� �⇤
�(~x, t) + c.c.] = S +

Z

~x,t

p
2h(~x, t)[�⇤

q(~x, t) + c.c.]
<latexit sha1_base64="IhBOVw2CInDjGSVx/p4Hcc4kbIc="></latexit>



Correlation vs. response functions: Calculation

• introduce complex contour dependent sources (cf. StatMech)

Z[j] = hei
R
(j+�⇤

+�j��⇤
�+c.c.)i = hei

R
(jc�

⇤
q+jq�

⇤
c+c.c.)i

• order parameter / occupation field:

h�c(t,x)i = �i
�Z[j]

�j⇤q (t,x)

���
j=0

• single particle response: how does the field react 
to external perturbations?

GR(t� t0,x� x0) = i
�2Z

�j⇤q (t,x)�jc(t
0,x0)

���
j=0
= �ih�c(t,x)�

⇤
q(t

0,x0)i = �i✓(t� t0)h[�̂(t,x), �̂†(t0,x0)]i = 1

relation to operator formalism 
(once and for all) t = t’, x = x’

response to coherent 
field

• single particle correlations: how are states occupied?

= �ih�c(t,x)�
⇤
c(t

0,x0)i = �ih{�̂(t,x), �̂†(t0,x0)}i = 2hn̂(x)i+ 1GK(t� t0,x� x0) = i
�2Z

�j⇤q (t,x)�jq(t
0,x0)

���
j=0

time and space translation 
invariance assumed

t = t’, x=x’

more details: L. Sieberer, M. Buchhold, SD,
Reports on Progress in Physics (2016)

exercise: verify relation to 
operator formalism!

Z[j = 0] = Z = 1
<latexit sha1_base64="xdftInNzciiuM9m7eJglUIMMI7A=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQ+0E2h6MZlBfugaSiT6aQdO5mEmYlQQn/DjQtF3Poz7vwbJ20W2nrgwuGce7n3Hj/mTGnb/rYKK6tr6xvFzdLW9s7uXnn/oKWiRBLaJBGPZMfHinImaFMzzWknlhSHPqdtf3yb+e0nKhWLxIOexNQL8VCwgBGsjdTruo8120M11K05/XLFrtozoGXi5KQCORr98ldvEJEkpEITjpVyHTvWXoqlZoTTaamXKBpjMsZD6hoqcEiVl85unqITowxQEElTQqOZ+nsixaFSk9A3nSHWI7XoZeJ/npvo4NpLmYgTTQWZLwoSjnSEsgDQgElKNJ8Ygolk5lZERlhiok1MJROCs/jyMmmdVZ3z6uX9RaV+k8dRhCM4hlNw4ArqcAcNaAKBGJ7hFd6sxHqx3q2PeWvBymcO4Q+szx+uWpAn</latexit>

normalization 

G =

✓
GK GR

GA 0

◆
• total Green’s function GA = (GR)†, (GK)† = �GK

Hermitian conjugates anti-Hermitian
prob. conservation 



Correlation vs. response: relation to Keldysh action
• by example: master equation for decaying cavity

@t⇢ = �i[!0â
†â, ⇢] + (2â⇢â† � {â†â, ⇢})

• action:

S =

Z
dt(a⇤cl, a

⇤
q)

✓
0 i@t � !0 � i

i@t � !0 + i 2i

◆✓
acl
aq

◆

=

Z
d!
2⇡ (a

⇤
cl, a

⇤
q)

✓
0 ! � !0 � i

! � !0 + i 2i

◆✓
acl
aq

◆
a⌫(t)

frequency domain

a⌫(!)
<latexit sha1_base64="9k0rqcVSBLm7Di7ttgyZtrHx48Y=">AAAB/XicbVDJSgNBEO2JW4zbuNy8NAYhXsKMinoMevEYxSyQGUNPpyZp0rPY3ROIQ/BXvHhQxKv/4c2/sZPMQRMfFDzeq6KqnhdzJpVlfRu5hcWl5ZX8amFtfWNzy9zeqcsoERRqNOKRaHpEAmch1BRTHJqxABJ4HBpe/2rsNwYgJIvCOzWMwQ1IN2Q+o0RpqW3uOfCQsAGu3qe3o5ITBdAlR22zaJWtCfA8sTNSRBmqbfPL6UQ0CSBUlBMpW7YVKzclQjHKYVRwEgkxoX3ShZamIQlAuunk+hE+1EoH+5HQFSo8UX9PpCSQchh4ujMgqidnvbH4n9dKlH/hpiyMEwUhnS7yE45VhMdR4A4TQBUfakKoYPpWTHtEEKp0YAUdgj378jypH5fts/LJzWmxcpnFkUf76ACVkI3OUQVdoyqqIYoe0TN6RW/Gk/FivBsf09ackc3soj8wPn8AzYKUzw==</latexit>

⌘ PR(!)

<latexit sha1_base64="aIfhobETF2B3uLmYEj+6x/m0U/4=">AAAB/XicbVDJSgNBEO2JW4zbuNy8NAYhXsKMinqMevEYwSyQGUNPpyZp0rPY3ROIQ/BXvHhQxKv/4c2/sZPMQRMfFDzeq6KqnhdzJpVlfRu5hcWl5ZX8amFtfWNzy9zeqcsoERRqNOKRaHpEAmch1BRTHJqxABJ4HBpe/3rsNwYgJIvCOzWMwQ1IN2Q+o0RpqW3uOfCQsAGu3qeXo5ITBdAlR22zaJWtCfA8sTNSRBmqbfPL6UQ0CSBUlBMpW7YVKzclQjHKYVRwEgkxoX3ShZamIQlAuunk+hE+1EoH+5HQFSo8UX9PpCSQchh4ujMgqidnvbH4n9dKlH/hpiyMEwUhnS7yE45VhMdR4A4TQBUfakKoYPpWTHtEEKp0YAUdgj378jypH5fts/LJ7WmxcpXFkUf76ACVkI3OUQXdoCqqIYoe0TN6RW/Gk/FivBsf09ackc3soj8wPn8AsyWUvg==</latexit>

⌘ PA(!)

<latexit sha1_base64="HpyB6GAaeE9lidNbqlIujFP4g/I=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoPgKeyqqMegF8FLBPOA7BpmJ7PJkNnZdR6BsOQ3vHhQxKs/482/cZLsQaMFDUVVN91dYcqZ0q775RSWlldW14rrpY3Nre2d8u5eUyVGEtogCU9kO8SKciZoQzPNaTuVFMchp61weD31WyMqFUvEvR6nNIhxX7CIEayt5Pv00bARqj9kt5NuueJW3RnQX+LlpAI56t3yp99LiImp0IRjpTqem+ogw1Izwumk5BtFU0yGuE87lgocUxVks5sn6MgqPRQl0pbQaKb+nMhwrNQ4Dm1njPVALXpT8T+vY3R0GWRMpEZTQeaLIsORTtA0ANRjkhLNx5ZgIpm9FZEBlphoG1PJhuAtvvyXNE+q3nn19O6sUrvK4yjCARzCMXhwATW4gTo0gEAKT/ACr45xnp03533eWnDymX34BefjG9fokZE=</latexit>

⌘ PK

time domain

<latexit sha1_base64="F9lDjS/Um33X3duI4bdRcjYRz0w=">AAAB+HicbVDLSgNBEJyNrxgfWfXoZTAI8WDYVVGPQQ96jGAekKxhdjKbDJnHMjMrxCVf4sWDIl79FG/+jZNkD5pY0FBUddPdFcaMauN5305uaXlldS2/XtjY3Nouuju7DS0ThUkdSyZVK0SaMCpI3VDDSCtWBPGQkWY4vJ74zUeiNJXi3oxiEnDUFzSiGBkrdd3izUN67I9huSM56aOjrlvyKt4UcJH4GSmBDLWu+9XpSZxwIgxmSOu278UmSJEyFDMyLnQSTWKEh6hP2pYKxIkO0unhY3holR6MpLIlDJyqvydSxLUe8dB2cmQGet6biP957cREl0FKRZwYIvBsUZQwaCScpAB7VBFs2MgShBW1t0I8QAphY7Mq2BD8+ZcXSeOk4p9XTu/OStWrLI482AcHoAx8cAGq4BbUQB1gkIBn8ArenCfnxXl3PmatOSeb2QN/4Hz+AB5Zkho=</latexit>

G�1(!)

more details: L. Sieberer, M. Buchhold, SD,
Reports on Progress in Physics (2016)

exercise: prove formulas 
on this page!

claim:



Correlation vs. response: relation to Keldysh action
• by example: master equation for decaying cavity

@t⇢ = �i[!0â
†â, ⇢] + (2â⇢â† � {â†â, ⇢})

• action:

S =

Z
dt(a⇤cl, a

⇤
q)

✓
0 i@t � !0 � i

i@t � !0 + i 2i

◆✓
acl
aq

◆

=

Z
d!
2⇡ (a

⇤
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⇤
q)

✓
0 ! � !0 � i

! � !0 + i 2i

◆✓
acl
aq

◆
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frequency domain
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<latexit sha1_base64="9k0rqcVSBLm7Di7ttgyZtrHx48Y=">AAAB/XicbVDJSgNBEO2JW4zbuNy8NAYhXsKMinoMevEYxSyQGUNPpyZp0rPY3ROIQ/BXvHhQxKv/4c2/sZPMQRMfFDzeq6KqnhdzJpVlfRu5hcWl5ZX8amFtfWNzy9zeqcsoERRqNOKRaHpEAmch1BRTHJqxABJ4HBpe/2rsNwYgJIvCOzWMwQ1IN2Q+o0RpqW3uOfCQsAGu3qe3o5ITBdAlR22zaJWtCfA8sTNSRBmqbfPL6UQ0CSBUlBMpW7YVKzclQjHKYVRwEgkxoX3ShZamIQlAuunk+hE+1EoH+5HQFSo8UX9PpCSQchh4ujMgqidnvbH4n9dKlH/hpiyMEwUhnS7yE45VhMdR4A4TQBUfakKoYPpWTHtEEKp0YAUdgj378jypH5fts/LJzWmxcpnFkUf76ACVkI3OUQVdoyqqIYoe0TN6RW/Gk/FivBsf09ackc3soj8wPn8AzYKUzw==</latexit>

⌘ PR(!)
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⌘ PA(!)
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• Gaussian sector: inverse Green’s 
function

• retarded/advanced

• Keldysh component PK = i (�l + �p)

PR(!,q) = ! � q2 � µ+ i (�l � �p) /2

Microscopic Markovian 
Dissipative Action

• now: simplifications in the semiclassical limit:

• sharp argument close to a critical point

• provides intuition for a frequency regime  ! ⌧ � = �l + �p

difference: distance from a 
phase transition

sum: noise of loss and pumping add up

Many-body model: Workhorse Lindblad-Keldysh action

(
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• now: “what is non-equilibrium about it?”
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interesting perspective on many-body physics of photons
was developed in the pioneering literature on quantum
solitons in nonlinear optical fiber using a quantum non-
linear Schrödinger equation as well as Bethe ansatz tech-
niques (Drummond et al., 1993; Kärtner and Haus, 1993;
Lai and Haus, 1989a,b).

The research on exciton-polaritons in semiconductor
microcavities approached the physics of luminous quan-
tum fluids following a rather di�erent pathway. For many
years, an intense activity has been devoted to the quest
for Bose-Einstein condensation phenomena in gases of
excitons in solid-state materials (Gri⌅n et al., 1996): ex-
citons are neutral electron-hole pairs bound by Coulomb
interaction, which behave as (composite) bosons. In spite
of the interesting advances in the direction of exciton
Bose-Einstein condensation in bulk cuprous oxide and
cuprous chloride, bilayer electron systems (Eisenstein
and MacDonald, 2004), and coupled quantum wells (Bu-
tov, 2007; High et al., 2012), so far none of these re-
search axes has led to extensive studies of the quantum
fluid properties of the alleged exciton condensate. The
situation appears to be similar for what concerns con-
densates of magnons, i.e. magnetic excitations in solid-
state materials: Bose-Einstein condensation has been ob-
served (Demokritov et al., 2006; Giamarchi et al., 2008),
but no quantum hydrodynamic study has been reported
yet.

The situation is very di�erent for exciton-polaritons
in semiconductor microcavities, that is bosonic quasi-
particles resulting from the hybridization of the exci-
ton with a planar cavity photon mode (Weisbuch et al.,
1992). Following the pioneering proposal by Imamoğlu
et al., 1996, researchers have successfully explored the
physics of Bose-Einstein condensation in these gases of
exciton-polaritons. Thanks to the much smaller mass of
polaritons, several orders of magnitude smaller than the
exciton mass, this system can display Bose degeneracy at
much higher temperatures and/or lower densities.

Historically, the first configuration where spontaneous
coherence was observed in a polariton system was based
on a coherent pumping of the cavity at a finite angle,
close to the inflection point of the lower polariton dis-
persion. As experimentally demonstrated in (Baumberg
et al., 2000; Stevenson et al., 2000), above a threshold
value of the pump intensity a sort of parametric oscilla-
tion(Ciuti et al., 2000, 2001; Whittaker, 2001) occurs in
the planar microcavity and the parametric luminescence
on the signal and idler modes acquires a long-range co-
herence in both time and space (Baas et al., 2006). As
theoretically discussed in (Carusotto and Ciuti, 2005),
the onset of parametric oscillation in these spatially ex-
tended planar cavity devices can be interpreted as an
example of non-equilibrium Bose-Einstein condensation:
the coherence of the signal and idler is not directly in-
herited from the pump, but appears via the spontaneous
breaking of a U(1) phase symmetry.

The quest for Bose-Einstein condensation in a thermal-
ized polariton gas under incoherent pumping required a

FIG. 1 Figure from Kasprzak et al., 2006. Upper panel:
Sketch of a planar semiconductor microcavity delimited by
two Bragg mirrors and embedding a quantum well (QW). The
wavevector in the z direction perpendicular to the cavity plane
is quantized, while the in-plane motion is free. The cavity
photon mode is strongly coupled to the excitonic transitions in
the QWs. A laser beam with incidence angle � and frequency
⇥ can excite a microcavity mode with in-plane wavevector
k� = �

c sin �, while the near-field (far-field) secondary emis-
sion from the cavity provides information on the real-space
(k-space) density of excitations. Central panel: The energy
dispersion of the polariton modes versus in-plane wavevector
(angle). The exciton dispersion is negligible, due to the heavy
mass of the exciton compared to that of the cavity photon.
In the experiments, the system is incoherently excited by a
laser beam tuned at a very high energy. Relaxation of the
excess energy (via phonon emission, exciton-exciton scatter-
ing, etc.) leads to a population of the cavity polariton states
and, possibly, Bose-Einstein condensation into the lowest po-
lariton state. Lower panel: Experimental observation of po-
lariton Bose-Einstein condensation obtained by increasing the
intensity of the incoherent o�-resonant optical pump.

Intermezzo: Exciton-polariton systems

• phenomenological description: stochastic driven-dissipative Gross-Pitaevskii-Eq
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physics soon exits the regime of weakly interacting bosons that
describes ultracold atoms; second, the lifetime is short enough that
we must confront the role of non-equilibrium physics25. Never-
theless, the principal experimental characteristics expected for BEC
are clearly reported here: condensation into the ground state arising
out of a population at thermal equilibrium; the development of
quantum coherence, indicated by long-range spatial coherence, and
sharpening of the temporal coherence of the emission.

Experimental procedure
The sample we studied consists of a CdTe/CdMgTe microcavity
grown by molecular beam epitaxy. It contains 16 quantum wells,

displaying a vacuum field Rabi splitting of 26meV (ref. 26). The
microcavity was excited by a continuous-wave Ti:sapphire laser,
combined with an acousto-optic modulator (1-ms pulse, 1% duty
cycle) to reduce sample heating. The pulse duration is sufficiently
long (by four orders of magnitude) in comparison with the charac-
teristic times of the system to guarantee a steady-state regime. The
laser beam was carefully shaped into a ‘top hat’ intensity profile
providing a uniform excitation spot of about 35 mm in diameter on
the sample surface, as shown in Fig. 4i. The excitation energy was
1.768 eV, well above the polariton ground state (1.671 eV at cavity
exciton resonance), at the first reflectivity minimum of the Bragg
mirrors, allowing proper coupling to the intra-cavity field. This
ensures that polaritons initially injected in the system are incoherent,
which is a necessary condition for demonstrating BEC. In atomic
BEC or superfluid helium, the temperature is the parameter driving
the phase transition. Here the excitation power, and thus the injected
polariton density, is an easily tunable parameter, and so we chose it as
the experimental control parameter. The large exciton binding
energy in CdTe quantum wells (25meV), combined with the large
number of quantum wells in the microcavity, is crucial in maintain-
ing the strong coupling regime of polaritons at high carrier density.
The far-field polariton emission pattern was measured to probe the
population distribution along the lower polariton branch. The
spatially resolved emission and its coherence properties are accessible
in a real-space imaging set-up combined with an actively stabilized

Figure 1 |Microcavity diagram and energy dispersion. a, A microcavity is a
planar Fabry–Perot resonator with two Bragg mirrors at resonance with
excitons in quantum wells (QW). The exciton is an optically active dipole
that results from the Coulomb interaction between an electron in the
conduction band and a hole in the valence band. In microcavities operating
in the strong coupling regime of the light–matter interaction, 2D excitons
and 2D optical modes give rise to new eigenmodes, called microcavity
polaritons. b, Energy levels as a function of the in-plane wavevector kk in a
CdTe-based microcavity. Interaction between exciton and photon modes,
with parabolic dispersions (dashed curves), gives rise to lower and upper
polariton branches (solid curves) with dispersions featuring an anticrossing
typical of the strong coupling regime. The excitation laser is at high energy
and excites free carrier states of the quantum well. Relaxation towards the
exciton level and the bottom of the lower polariton branch occurs by
acoustic and optical phonon interaction and polariton scattering. The
radiative recombination of polaritons results in the emission of photons that
can be used to probe their properties. Photons emitted at angle v correspond
to polaritons of energy E and in-plane wavevector kk ¼ ðE="cÞsinv:

Figure 2 | Far-field emission measured at 5K for three excitation
intensities. Left panels, 0.55P thr; centre panels, P thr; and right panels,
1.14P thr; where P thr ¼ 1.67 kWcm22 is the threshold power of
condensation. a, Pseudo-3D images of the far-field emission within the
angular cone of^238, with the emission intensity displayed on the vertical axis
(in arbitrary units).With increasing excitation power, a sharp and intensepeak
is formed in the centre of the emission distribution ðvx ¼ vy ¼ 08Þ;
corresponding to the lowest momentum state kk ¼ 0. b, Same data as in a
but resolved in energy. For such a measurement, a slice of the far-field
emission corresponding to vx ¼ 08 is dispersed by a spectrometer and
imaged on a charge-coupled device (CCD) camera. The horizontal axes
display the emission angle (top axis) and the in-plane momentum (bottom
axis); the vertical axis displays the emission energy in a false-colour scale
(different for each panel; the units for the colour scale are number of counts
on the CCD camera, normalized to the integration time and optical density
filters, divided by 1,000 so that 1 corresponds to the level of dark counts:
1,000). Below threshold (left panel), the emission is broadly distributed in
momentum and energy. Above threshold, the emission comes almost
exclusively from the kk ¼ 0 lowest energy state (right panel). A small blue
shift of about 0.5meV, or 2%of the Rabi splitting, is observed for the ground
state, which indicates that the microcavity is still in the strong coupling
regime.
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• Bose condensation seen despite non-equilibrium conditions

Kasprzak et al., Nature 2006

• stochastic driven-dissipative Gross-Pitaevskii-Eq
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Sneak preview

I Key physical features: driven-dissipative stochastic Gross-Pitaevskii Equation

I stochastic PDE with Markovian noise: hx(t, x)i = 0 and

hx(t, x)x⇤(t0 , x0)i = gd(t � t
0)d(x � x0)

I Bose-Einstein condensation phase transition

I mean-field: neglect noise

I homogeneous condensate f(t, x) = f0

) |f0|2 =
gp � gl

k
for gp > gl

) chemical potential µ = l |f0|2

I 2nd order phase transition

• mean field

• neglect noise

• homogeneous solution �(x, t) = �0

• naively, just as Bose condensation in equilibrium!

• Q1: How does this model relate to the Lindbladian and Lindblad-Keldysh field theory?

• Q2: What is “non-equilibrium” about it?

Intermezzo: Exciton-polariton systems



Semiclassical limit of Lindblad-Keldysh action: power counting
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• retarded/advanced

• Keldysh component

! 0

⇠ q2

⇠ q0

• Gaussian sector close to a critical point:

PR(!,q) = ! � q2 � µ+ i (�l � �p) /2

[�c] =
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2
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2• canonical field dimensions:

• action is dimensionless: phase         in the functional integral

• d > 2: couplings with more than two quantum fields irrelevant in the RG sense
eiS

exercise

• massive simplification: semi-classical Martin-Siggia-Rose-Janssen-de Dominicis action
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• Decouple the quantum field (complete the square via Hubbard-Stratonovich trick)
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Relation to driven-dissipative Gross-Pitaevskii-equaiton

• Recognize Fourier representation of delta-constraint: Langevin equation

➡ driven-dissipative Gross-Pitaevski equation➡ noise averaging
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• Equivalence of semiclassical theory and Langevin equations
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• structure of action in semiclassical limit (Martin-Siggia-Rose-Janssen-de Dominicis functional integral)



Semiclassical limit and exciton-polariton model

➡ many microscopic models collapse to an effective low energy model
➡ form dictated by microscopic symmetries
➡ longer wavelength behavior to be determined by calculation

two quantum fields
five classical fields

C
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ng

` ⇠ k�1

` ! 1
k ! 0

coarse graining length coarse graining 
momentum

• example of “weak” universality

 driven-dissipative 
Gross-Pitaevski 

equation

Mesoscopic Dissipative Action

power counting

Microscopic Markovian 
Dissipative Action

Long Wavelength Effective 
Action

RG flow

two-body quantum 
master equation

exciton-polariton 
microphysics

universality class 
at a critical point



Overview: Langevin equations, master equation, Keldysh integral

scale

microscopic

mesoscopic

macroscopic

quantum 
Langevin equation

quantum 
master equation

Keldysh functional 
integral

Langevin 
equation

Fokker-Planck 
equation

MSR functional 
integral

semiclassical limit

renormalization group

long-wavelength 
effective action

quantum 
problem

stochastic Schrödinger 
Equation

stochastic evolution 
(noise)

deterministic evolution of probabilistic objects
(density matrix/ probability distribution)

quantum

(semi-)*
classical

fermions 
(Lecture II)

measurements

* effects of phase coherence still 
present (cf. BEC as classical wave) 

next

* 



“What is non-equilibrium about it?”

5

interesting perspective on many-body physics of photons
was developed in the pioneering literature on quantum
solitons in nonlinear optical fiber using a quantum non-
linear Schrödinger equation as well as Bethe ansatz tech-
niques (Drummond et al., 1993; Kärtner and Haus, 1993;
Lai and Haus, 1989a,b).

The research on exciton-polaritons in semiconductor
microcavities approached the physics of luminous quan-
tum fluids following a rather di�erent pathway. For many
years, an intense activity has been devoted to the quest
for Bose-Einstein condensation phenomena in gases of
excitons in solid-state materials (Gri⌅n et al., 1996): ex-
citons are neutral electron-hole pairs bound by Coulomb
interaction, which behave as (composite) bosons. In spite
of the interesting advances in the direction of exciton
Bose-Einstein condensation in bulk cuprous oxide and
cuprous chloride, bilayer electron systems (Eisenstein
and MacDonald, 2004), and coupled quantum wells (Bu-
tov, 2007; High et al., 2012), so far none of these re-
search axes has led to extensive studies of the quantum
fluid properties of the alleged exciton condensate. The
situation appears to be similar for what concerns con-
densates of magnons, i.e. magnetic excitations in solid-
state materials: Bose-Einstein condensation has been ob-
served (Demokritov et al., 2006; Giamarchi et al., 2008),
but no quantum hydrodynamic study has been reported
yet.

The situation is very di�erent for exciton-polaritons
in semiconductor microcavities, that is bosonic quasi-
particles resulting from the hybridization of the exci-
ton with a planar cavity photon mode (Weisbuch et al.,
1992). Following the pioneering proposal by Imamoğlu
et al., 1996, researchers have successfully explored the
physics of Bose-Einstein condensation in these gases of
exciton-polaritons. Thanks to the much smaller mass of
polaritons, several orders of magnitude smaller than the
exciton mass, this system can display Bose degeneracy at
much higher temperatures and/or lower densities.

Historically, the first configuration where spontaneous
coherence was observed in a polariton system was based
on a coherent pumping of the cavity at a finite angle,
close to the inflection point of the lower polariton dis-
persion. As experimentally demonstrated in (Baumberg
et al., 2000; Stevenson et al., 2000), above a threshold
value of the pump intensity a sort of parametric oscilla-
tion(Ciuti et al., 2000, 2001; Whittaker, 2001) occurs in
the planar microcavity and the parametric luminescence
on the signal and idler modes acquires a long-range co-
herence in both time and space (Baas et al., 2006). As
theoretically discussed in (Carusotto and Ciuti, 2005),
the onset of parametric oscillation in these spatially ex-
tended planar cavity devices can be interpreted as an
example of non-equilibrium Bose-Einstein condensation:
the coherence of the signal and idler is not directly in-
herited from the pump, but appears via the spontaneous
breaking of a U(1) phase symmetry.

The quest for Bose-Einstein condensation in a thermal-
ized polariton gas under incoherent pumping required a

FIG. 1 Figure from Kasprzak et al., 2006. Upper panel:
Sketch of a planar semiconductor microcavity delimited by
two Bragg mirrors and embedding a quantum well (QW). The
wavevector in the z direction perpendicular to the cavity plane
is quantized, while the in-plane motion is free. The cavity
photon mode is strongly coupled to the excitonic transitions in
the QWs. A laser beam with incidence angle � and frequency
⇥ can excite a microcavity mode with in-plane wavevector
k� = �

c sin �, while the near-field (far-field) secondary emis-
sion from the cavity provides information on the real-space
(k-space) density of excitations. Central panel: The energy
dispersion of the polariton modes versus in-plane wavevector
(angle). The exciton dispersion is negligible, due to the heavy
mass of the exciton compared to that of the cavity photon.
In the experiments, the system is incoherently excited by a
laser beam tuned at a very high energy. Relaxation of the
excess energy (via phonon emission, exciton-exciton scatter-
ing, etc.) leads to a population of the cavity polariton states
and, possibly, Bose-Einstein condensation into the lowest po-
lariton state. Lower panel: Experimental observation of po-
lariton Bose-Einstein condensation obtained by increasing the
intensity of the incoherent o�-resonant optical pump.
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Z
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“What is non-equilibrium about it?”

• different notions of ‘non-equilibrium’

Time evolution

➡ time translation invariance broken (e.g. thermalization, Floquet..)

• not in static observables:

➡ any positive semidefinite Hermitian operator can be written like this  

⇢ = e��H/tre��H

Stationary states (considered here)

➡ flux equilibria

• dynamical observables, e.g.: 

h †(t) (0)i  (t) = eiHt e�iHt

➡ non-equilibrium conditions are encoded in the generator of dynamics
➡ thermal equilibrium realized if generator of dynamics coincides with statistical weight
➡ otherwise must expect non-equilibrium conditions (Lindbladian)



• open system: is it the coupling to a bath —> irreversibility?

➡ no, can be compatible with thermal equilibrium (Caldeira-Leggett Models)

“What is non-equilibrium about it?”

• non-equilibrium stationary states: 

➡ driven open nature incompatible with thermal equilibrium 

• driven & open system: it is in the way how we couple to a bath:

equilibrium non-equilibrium

drive frequency
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⌫ = 0 ⌧ gµ ⌧ !0 ⇡ ✏µ
<latexit sha1_base64="Vh6vJ1lAH0e2ILGq56I2u1H2hqo=">AAACGXicbVDLSgMxFM34tr6qLt0Ei+CqzKioy6IblxXsAzplyKS3NZgXSUYsxd9w46+4caGIS135N6bTWaj1QODknHNJ7kk1Z9aF4VcwMzs3v7C4tFxaWV1b3yhvbjWtygyFBlVcmXZKLHAmoeGY49DWBohIObTSm/Ox37oFY5mSV26ooSvIQLI+o8R5KSmHgyQWGY45x7ESMCBJmF9wLL1KtDbqDsegLeM+7qNJuRJWwxx4mkQFqaAC9aT8EfcUzQRIRzmxthOF2nVHxDhGOdyX4syCJvSGDKDjqSQCbHeUb3aP97zSw31l/JEO5+rPiRER1g5F6pOCuGv71xuL/3mdzPVPuyMmdeZA0slD/Yxjp/C4JtxjBqjjQ08INcz/FdNrYgh1vsySLyH6u/I0aR5Uo+Pq4eVRpXZW1LGEdtAu2kcROkE1dIHqqIEoekBP6AW9Bo/Bc/AWvE+iM0Exs41+Ifj8Bmxkn/s=</latexit>

gµ ⌧ !0 ⌧ ⌫ ⇡ ✏µ
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Ĥt = Ĥ + Ĥint + Ĥb

• the state of the bath is fixed, distribution function

• singles out a frame of reference —> drive scale cannot be removed  

<latexit sha1_base64="okKgrNEb5jc7uCSai0G43D71un4=">AAACAXicbVDLSgNBEJyNrxhfUS+Cl8UgxEvcVVGPIYJ4jGAekMQwO+kkQ2Znl5leMSzrxV/x4kERr/6FN//GyeOg0YKGoqqb7i4vFFyj43xZqbn5hcWl9HJmZXVtfSO7uVXVQaQYVFggAlX3qAbBJVSQo4B6qID6noCaN7gY+bU7UJoH8gaHIbR82pO8yxlFI7WzO/K2iXCPsZe049LhZZJvBj706EE7m3MKzhj2X+JOSY5MUW5nP5udgEU+SGSCat1wnRBbMVXImYAk04w0hJQNaA8ahkrqg27F4w8Se98oHbsbKFMS7bH6cyKmvtZD3zOdPsW+nvVG4n9eI8LueSvmMowQJJss6kbCxsAexWF3uAKGYmgIZYqbW23Wp4oyNKFlTAju7Mt/SfWo4J4Wjq9PcsXSNI402SV7JE9cckaK5IqUSYUw8kCeyAt5tR6tZ+vNep+0pqzpzDb5BevjGyGIlq4=</latexit>

nb
B/F (!)
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• equilibrium dynamics microscopically generated by a time-independent (undriven) Hamiltonian alone

=) SH =) SD

SD = 0

• more formally: quantum master 
equation

@t⇢ = �i[H, ⇢] +D[⇢]

• equivalent Keldysh functional integral:
<latexit sha1_base64="L3Rw+W/lGZsncOycUviaFguybHE="></latexit>

Z =

Z
D�±e

i(SH [�±]+SD[�±])

• associated “Ward identities” are equilibrium quantum fluctuation-dissipation relations of arbitrary order

➡ the Lindbladian (     ) violates this symmetry and therefore detailed balance explicitly
➡ intuition: underlying is a (rapidly) driven system with no energy conservation

SD

GK(!,q) = (2nB(!/T ) + 1)[GR(!,q)�GA(!,q)]

correlations responsesBose distribution

any order <=> detailed balance
<=> global thermal equilibrium

e.g. single-particle 
sector

➡ symmetry of Keldysh action under discrete transformation
L. Sieberer, A Chiocchetta, U. Täuber, A. Gambassi, SD  PRB 
(2015); F. Haehl, R. Loganayagam, M. Rangamani, JHEP 
(2016); M. Crossley, P. Glorioso, H. Liu, JHEP (2016)
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T 2
� = 1

<latexit sha1_base64="ljaKNoDq3W7/YqPiO2TtGV9MCMU="></latexit>

T� : �±(t,x) ! �±(�t+ i�/2,x), i ! �i � = 1/T

“What is non-equilibrium about it?”



• Undriven system: equilibrium dynamics generated by a time-independent Hamiltonian 

• symmetry: invariance of 

• implies for correlation functions 

➡ symmetry of Schwinger-Keldysh action under discrete transformation
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T� : �±(t,x) ! �±(�t+ i�/2,x), i ! �i

Equilibrium symmetry: some details
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Z =

Z
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i(SH [�±]+SD[�±])

• physical consequence: Fluctuation-dissipation relations, of any order, e.g. single particle sector:

GK(!,q) = (2nB(!/T ) + 1)[GR(!,q)�GA(!,q)]

correlations responsesBose distribution

any order <=> detailed balance
<=> global thermal equilibrium

L. Sieberer, A Chiocchetta, U. Täuber, A. 
Gambassi, SD  PRB (2015)
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hO[�±]i = hT�(O[�±])i
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hO[�±]i =

Z
D�±O[�±]e

iS[�±]

• connection to operator formalism: compact functional formulation of Kubo-Martin-Schwinger boundary 
condition: for any two operators A,B,

hA(t)B(t0)i = hB(t0 � i�)A(t)i. hOi = tr(O⇢)

A(t) = eiHtAe�iHt, ⇢ = e��H/tre��H

) A(t)⇢ = ⇢A(t� i�)
• reason:

& cyclic invariance

� = 1/T



reproduces classical result

• semiclassical limit: T large =>

H. K. Janssen (1976); C. Aron 
et al, J Stat. Mech (2011)

irrelevant by power counting

T��c(t,x) = �⇤
c(�t,x) +

i

2T
@t�

⇤
q(�t,x),

T��q(t,x) = �⇤
q(�t,x) +

i

2T
@t�

⇤
c(�t,x)

• Undriven system: equilibrium dynamics generated by a time-independent Hamiltonian 

➡ symmetry of Schwinger-Keldysh action under discrete transformation
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Equilibrium symmetry: Semiclassical limit
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• action on the fields:

➡ obtain geometric interpretation of the equilibrium symmetry
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• couplings spanning the Keldysh action lie in the complex plane

coherent/ reversible 
dynamics

incoherent/ irrev. 
dynamics

example: two-body processes �

Re�

Im�

elastic two-body collisions

inelastic two-body losses

Z =

Z
D(�+,��)e

i(SH [�+,��]+SD [�+,��])@t⇢ = �i[H, ⇢] +D[⇢]

, SH

, SH , SD

, SD

& semiclassical limit: higher 
terms in  irrelevant
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Geometric interpretation: equilibrium vs. non-equilibrium dynamics



equilibrium dynamics
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non-equilibrium dynamics
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Geometric interpretation: equilibrium vs. non-equilibrium dynamics

• coherent and dissipative dynamics may 
occur simultaneously

• but they are not independent

• coherent and dissipative dynamics do occur 
simultaneously

• they result from different dynamical resources

sym
metry 

protecte
d

no sy
mmetry

➡ what are the physical consequences of the spread in the complex plane?

5

interesting perspective on many-body physics of photons
was developed in the pioneering literature on quantum
solitons in nonlinear optical fiber using a quantum non-
linear Schrödinger equation as well as Bethe ansatz tech-
niques (Drummond et al., 1993; Kärtner and Haus, 1993;
Lai and Haus, 1989a,b).
The research on exciton-polaritons in semiconductor

microcavities approached the physics of luminous quan-
tum fluids following a rather di�erent pathway. For many
years, an intense activity has been devoted to the quest
for Bose-Einstein condensation phenomena in gases of
excitons in solid-state materials (Gri⌅n et al., 1996): ex-
citons are neutral electron-hole pairs bound by Coulomb
interaction, which behave as (composite) bosons. In spite
of the interesting advances in the direction of exciton
Bose-Einstein condensation in bulk cuprous oxide and
cuprous chloride, bilayer electron systems (Eisenstein
and MacDonald, 2004), and coupled quantum wells (Bu-
tov, 2007; High et al., 2012), so far none of these re-
search axes has led to extensive studies of the quantum
fluid properties of the alleged exciton condensate. The
situation appears to be similar for what concerns con-
densates of magnons, i.e. magnetic excitations in solid-
state materials: Bose-Einstein condensation has been ob-
served (Demokritov et al., 2006; Giamarchi et al., 2008),
but no quantum hydrodynamic study has been reported
yet.
The situation is very di�erent for exciton-polaritons

in semiconductor microcavities, that is bosonic quasi-
particles resulting from the hybridization of the exci-
ton with a planar cavity photon mode (Weisbuch et al.,
1992). Following the pioneering proposal by Imamoğlu
et al., 1996, researchers have successfully explored the
physics of Bose-Einstein condensation in these gases of
exciton-polaritons. Thanks to the much smaller mass of
polaritons, several orders of magnitude smaller than the
exciton mass, this system can display Bose degeneracy at
much higher temperatures and/or lower densities.
Historically, the first configuration where spontaneous

coherence was observed in a polariton system was based
on a coherent pumping of the cavity at a finite angle,
close to the inflection point of the lower polariton dis-
persion. As experimentally demonstrated in (Baumberg
et al., 2000; Stevenson et al., 2000), above a threshold
value of the pump intensity a sort of parametric oscilla-
tion(Ciuti et al., 2000, 2001; Whittaker, 2001) occurs in
the planar microcavity and the parametric luminescence
on the signal and idler modes acquires a long-range co-
herence in both time and space (Baas et al., 2006). As
theoretically discussed in (Carusotto and Ciuti, 2005),
the onset of parametric oscillation in these spatially ex-
tended planar cavity devices can be interpreted as an
example of non-equilibrium Bose-Einstein condensation:
the coherence of the signal and idler is not directly in-
herited from the pump, but appears via the spontaneous
breaking of a U(1) phase symmetry.
The quest for Bose-Einstein condensation in a thermal-

ized polariton gas under incoherent pumping required a

FIG. 1 Figure from Kasprzak et al., 2006. Upper panel:
Sketch of a planar semiconductor microcavity delimited by
two Bragg mirrors and embedding a quantum well (QW). The
wavevector in the z direction perpendicular to the cavity plane
is quantized, while the in-plane motion is free. The cavity
photon mode is strongly coupled to the excitonic transitions in
the QWs. A laser beam with incidence angle � and frequency
⇥ can excite a microcavity mode with in-plane wavevector
k� = �

c sin �, while the near-field (far-field) secondary emis-
sion from the cavity provides information on the real-space
(k-space) density of excitations. Central panel: The energy
dispersion of the polariton modes versus in-plane wavevector
(angle). The exciton dispersion is negligible, due to the heavy
mass of the exciton compared to that of the cavity photon.
In the experiments, the system is incoherently excited by a
laser beam tuned at a very high energy. Relaxation of the
excess energy (via phonon emission, exciton-exciton scatter-
ing, etc.) leads to a population of the cavity polariton states
and, possibly, Bose-Einstein condensation into the lowest po-
lariton state. Lower panel: Experimental observation of po-
lariton Bose-Einstein condensation obtained by increasing the
intensity of the incoherent o�-resonant optical pump.
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Fate of BKT physics in  �

driven open quantum systems
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algebraic quasi-long range order 
(Kosterlitz-Thouless phase)

non-equilibrium 
disordered  (rough) 

phase
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Many-body physics
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Phase transitions in two dimensions 

low temperature high temperature

• correlations

⇠ e�r/⇠

• responses: superfluidity

⇢s 6= 0 ⇢s = 0

• BKT transition: unbinding of vortex-antivortex pairs

… fate in driven open condensates?

• continuous symmetry U(1): no spontaneous symmetry breaking, but a phase transition

matter wave interferometry: 
Z. Hadzibabic et al. Nature (2006)

J. M. Kosterlitz, D. J. Thouless J. Phys. C (1973)
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Short reminder: Algebraic correlations

low temperature high temperature

• correlations

• physical reason: gapless spin wave fluctuations
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• spin wave action

h�⇤(r)�(0)i
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algebraic quasi-long 
range order
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• phase-amplitude decomposition

• phase correlator
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Description: Effective model

• mesoscopic starting point: driven-dissipative stochastic Gross-Pitaevski equation

• meaning: non-linear spin wave mode

• nonlinearity: single-parameter measure of non-equilibrium strength (ruled 
out in equilibrium by symmetry)

� 6= 0

non-equilibrium

Im

Re

� = 0

equilibrium

Im

Re

i@t� =


�r2

2m
� µ+ i(�p � �l) + (g � i) |�|2

�
�+ ⇣

� = ⇢ei✓

microphysics

macrophysics

quantum master 
equation

stochastic GPE

• effective low frequency dynamics

@t✓ = Dr2✓ + �(r✓)2 + ⇠

phase diffusion phase nonlinearity Markov noise

Kardar, Parisi, Zhang, PRL (1986)form of the KPZ equation

see also: G. Grinstein et al., PRL (1993)

KPZ equation



KPZ equation: A paradigm of non-equilibrium stat mech

• originally: describes stochastic roughening of surface height 

@th = Dr2h+ �(rh)2 + ⇠

h(x, t)

smoothens nonlinear growth

gravitational field

x

particles deposited 
at rate 

noise

h(x, t) �

• simplest physical scenario

Kardar, Parisi, Zhang, PRL (1986)
Review: Krug, Adv. Phys. (1997)



KPZ equation: A paradigm of non-equilibrium stat mech

• originally: describes stochastic roughening of surface height 

@th = Dr2h+ �(rh)2 + ⇠
smoothens nonlinear growth

Kardar, Parisi, Zhang, PRL (1986)
Review: Krug, Adv. Phys. (1997)

noise

• multiple physical contexts

from Takeuchi et al., 
Scientific Reports (2011)

bacterial colony growth

drive: sugar

burning paper

drive: oxygen

Wakita et al., J. Phys. Jpn. 
Soc. (1997)

Maunuksela et al., PRL 
(1997)

defect growth in liquid 
crystals

drive: electric field

h(x, t)



• How important are non-equilibrium conditions at large distance?

� 6= 0
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Physical implication I: Smooth KPZ fluctuations
microphysics

macrophysics

quantum master 
equation

stochastic GPE

KPZ equation

• behavior of non-equilibrium strength under 
coarse graining (RG flow)

RG flow

weak non-equilibrium 
<-> equilibrium fixed point

• general trend: non-equilibrium effects in systems with soft mode are 

• enhanced in d = 1,2 

• softened in d = 3 (below a threshold)

g(L⇤) = 1

43

can serve as a quantitative measure for the departure from ther-
mal equilibrium. Note that � = 0 in equilibrium, and that � is
well-defined also for Kd = 0, which is the microscopic value
of the di↵usion constant Kd in the model for driven-dissipative
condensates introduced in Sec. II B 2. It turns out to be most
convenient to combine � with the quantities [19]

D = Kc

 
Kd

Kc
+

uc

ud

!
, � =

�

2⇢0

0
BBBB@1 +

u2
c

u2
d

1
CCCCA (189)

(see Sec. II B 2 for the definition of the noise strength � and the
mean-field condensate density ⇢0) to define the dimensionless
non-equilibrium strength as [5]:

g = ⇤d�2
0
�2�

D3 , (190)

where ⇤0 is the UV momentum cuto↵. Thus, the answer to
the question of whether equilibrium vs. non-equilibrium uni-
versal behavior is realized in driven-dissipative condensates, is
encoded in the RG flow of g.

In the condensed phase, the RG flow of g is driven domi-
nantly by fluctuations of the gapless Goldstone mode discussed
in Sec. II D 6, i.e., by fluctuations of the phase of the conden-
sate field. The latter were shown [269–272] to be governed by
the Kardar-Parisi-Zhang (KPZ) equation [73], in which � de-
fined in Eq. (188) appears as the coe�cient of the characteristic
non-linear term, see Eq. (199). Below in Sec. IV A, we present
an alternative mapping of the long-wavelength condensate dy-
namics to the KPZ equation, starting from the Keldysh action in
Eq. (73) and integrating out the gapped density mode within the
Keldysh functional integral. As a consequence of the mapping
to the KPZ equation, the RG flow of g in d spatial dimensions is
at the one-loop level given by [5]

@`g = � (d � 2) g +
(2d � 3) Cd

2d
g2, (191)

where ` = ln(⇤/⇤0), ⇤ is the running momentum cuto↵, and
Cd = 21�d⇡�d/2�(2 � d/2) is a geometric factor. The key role
that is played by spatial dimensionality becomes manifest in the
canonical scaling of g, which is encoded in the first term on the
RHS of the flow equation: to wit, g is relevant in 1D where
d�2 < 0, marginal in 2D, and irrelevant in 3D since then d�2 >
0. In 2D, the loop correction — the second term on the RHS of
Eq. (191) — is positive, making g marginally-relevant. This has
far-reaching consequences for a driven-dissipative condensate in
which the microscopic value of g is small, i.e., which is close to
equilibrium: upon increasing the scale at which the system is ob-
served, the non-equilibrium nature is more pronounced in one-
and two-dimensional systems, whereas e↵ective equilibrium is
established on large scales in three-dimensional systems. In 1D
the canonical scaling towards strong coupling is balanced at an
attractive strong-coupling fixed point (SCFP) g⇤ by the loop cor-
rection. This term vanishes at d = 3/2, and for d > 3/2 the one-
loop equation does not have a stable SCFP, which, however, is
recovered in a non-perturbative FRG approach [252–254]. The

d1 2 3

g

1

Figure 10. Equilibrium vs. non-equilibrium phase diagram for driven-
dissipative condensates (cf. Ref. [252]). The line g = 1, where g is
defined in Eq. (190) and measures the deviation from equilibrium con-
ditions, separates the close-to-equilibrium regime for g < 1 from the
strong-coupling, far-from-equilibrium regime at g > 1. Red dots indi-
cate the fixed-point values of g that are reached if the RG flow is initial-
ized in the close-to-equilibrium regime. In dimensions one and two, the
equilibrium fixed point at g = 0 is unstable, and the RG flow along the
dashed lines is directed towards the blue line of strong-coupling fixed
points. Thus, a system that is microscopically close to equilibrium will
exhibit strongly non-equilibrium behavior at large scales. On the other
hand, in three spatial dimensions, an initially small value of g is dimin-
ished under renormalization, and the universal large-scale behavior is
governed by the e↵ective equilibrium fixed point at g = 0. The green
line indicates the existence of a critical value gc in d > 2, corresponding
to a transition between the e↵ective equilibrium phase and a true non-
equilibrium phase that is realized for large microscopic values g > gc.

RG flow of g that is found within this approach is illustrated
qualitatively in Fig. 10, which shows that also in 2D the flow is
out of the shaded close-to-equilibrium regime with g < 1, and
towards a strong-coupling, non-equilibrium fixed point. The sit-
uation is quite di↵erent in 3D: in this case, if the microscopic
value of g is small, at large scales an e↵ective equilibrium with a
renormalized value g! 0 is reached. However, for d > 2, there
exists a critical line of unstable fixed points gc, separating the
basins of attraction of the equilibrium and non-equilibrium fixed
points, for g < gc and g > gc respectively. Thus, in addition
to the e↵ective equilibrium phase, a true non-equilibrium phase
may be reached in systems that are far from equilibrium even at
the microscopic level also in 3D [273]. The properties of this
phase have not been explored so far.

The rest of this section is organized as follows: in Sec. IV B,
we review the dynamical critical behavior at the driven-
dissipative condensation transition in 3D [26, 181, 274], which,
according to the above discussion, is governed by an e↵ective
equilibrium fixed point. Signatures of the non-equilibrium na-
ture of the microscopic model are present in the asymptotic fade-
out of the deviation from equilibrium at large scales. In contrast,
the universal scaling behavior of driven-dissipative condensates
in both 2D [19] and 1D [265–267] is quite distinct from the equi-
librium case and governed by the SCFP of the KPZ equation.

strong non-equilibrium
<-> KPZ fixed point

�

E. Altman, L. Sieberer, L. Chen, SD, J. Toner, PRX (2015) 
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can serve as a quantitative measure for the departure from ther-
mal equilibrium. Note that � = 0 in equilibrium, and that � is
well-defined also for Kd = 0, which is the microscopic value
of the di↵usion constant Kd in the model for driven-dissipative
condensates introduced in Sec. II B 2. It turns out to be most
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where ⇤0 is the UV momentum cuto↵. Thus, the answer to
the question of whether equilibrium vs. non-equilibrium uni-
versal behavior is realized in driven-dissipative condensates, is
encoded in the RG flow of g.

In the condensed phase, the RG flow of g is driven domi-
nantly by fluctuations of the gapless Goldstone mode discussed
in Sec. II D 6, i.e., by fluctuations of the phase of the conden-
sate field. The latter were shown [269–272] to be governed by
the Kardar-Parisi-Zhang (KPZ) equation [73], in which � de-
fined in Eq. (188) appears as the coe�cient of the characteristic
non-linear term, see Eq. (199). Below in Sec. IV A, we present
an alternative mapping of the long-wavelength condensate dy-
namics to the KPZ equation, starting from the Keldysh action in
Eq. (73) and integrating out the gapped density mode within the
Keldysh functional integral. As a consequence of the mapping
to the KPZ equation, the RG flow of g in d spatial dimensions is
at the one-loop level given by [5]
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where ` = ln(⇤/⇤0), ⇤ is the running momentum cuto↵, and
Cd = 21�d⇡�d/2�(2 � d/2) is a geometric factor. The key role
that is played by spatial dimensionality becomes manifest in the
canonical scaling of g, which is encoded in the first term on the
RHS of the flow equation: to wit, g is relevant in 1D where
d�2 < 0, marginal in 2D, and irrelevant in 3D since then d�2 >
0. In 2D, the loop correction — the second term on the RHS of
Eq. (191) — is positive, making g marginally-relevant. This has
far-reaching consequences for a driven-dissipative condensate in
which the microscopic value of g is small, i.e., which is close to
equilibrium: upon increasing the scale at which the system is ob-
served, the non-equilibrium nature is more pronounced in one-
and two-dimensional systems, whereas e↵ective equilibrium is
established on large scales in three-dimensional systems. In 1D
the canonical scaling towards strong coupling is balanced at an
attractive strong-coupling fixed point (SCFP) g⇤ by the loop cor-
rection. This term vanishes at d = 3/2, and for d > 3/2 the one-
loop equation does not have a stable SCFP, which, however, is
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Figure 10. Equilibrium vs. non-equilibrium phase diagram for driven-
dissipative condensates (cf. Ref. [252]). The line g = 1, where g is
defined in Eq. (190) and measures the deviation from equilibrium con-
ditions, separates the close-to-equilibrium regime for g < 1 from the
strong-coupling, far-from-equilibrium regime at g > 1. Red dots indi-
cate the fixed-point values of g that are reached if the RG flow is initial-
ized in the close-to-equilibrium regime. In dimensions one and two, the
equilibrium fixed point at g = 0 is unstable, and the RG flow along the
dashed lines is directed towards the blue line of strong-coupling fixed
points. Thus, a system that is microscopically close to equilibrium will
exhibit strongly non-equilibrium behavior at large scales. On the other
hand, in three spatial dimensions, an initially small value of g is dimin-
ished under renormalization, and the universal large-scale behavior is
governed by the e↵ective equilibrium fixed point at g = 0. The green
line indicates the existence of a critical value gc in d > 2, corresponding
to a transition between the e↵ective equilibrium phase and a true non-
equilibrium phase that is realized for large microscopic values g > gc.

RG flow of g that is found within this approach is illustrated
qualitatively in Fig. 10, which shows that also in 2D the flow is
out of the shaded close-to-equilibrium regime with g < 1, and
towards a strong-coupling, non-equilibrium fixed point. The sit-
uation is quite di↵erent in 3D: in this case, if the microscopic
value of g is small, at large scales an e↵ective equilibrium with a
renormalized value g! 0 is reached. However, for d > 2, there
exists a critical line of unstable fixed points gc, separating the
basins of attraction of the equilibrium and non-equilibrium fixed
points, for g < gc and g > gc respectively. Thus, in addition
to the e↵ective equilibrium phase, a true non-equilibrium phase
may be reached in systems that are far from equilibrium even at
the microscopic level also in 3D [273]. The properties of this
phase have not been explored so far.

The rest of this section is organized as follows: in Sec. IV B,
we review the dynamical critical behavior at the driven-
dissipative condensation transition in 3D [26, 181, 274], which,
according to the above discussion, is governed by an e↵ective
equilibrium fixed point. Signatures of the non-equilibrium na-
ture of the microscopic model are present in the asymptotic fade-
out of the deviation from equilibrium at large scales. In contrast,
the universal scaling behavior of driven-dissipative condensates
in both 2D [19] and 1D [265–267] is quite distinct from the equi-
librium case and governed by the SCFP of the KPZ equation.

microphysics

macrophysics

quantum master 
equation

stochastic GPE

KPZ equation

• behavior of non-equilibrium strength under 
coarse graining (RG flow)

RG flow

�

• 2D: implication: a length scale is generated

microscopic (healing) 
length

L⇤ = a0e
16⇡D3

�2�

�(L⇤) = 1



2D: Absence of algebraic order out of equilibrium
• generated length scale distinguishes two regimes: L⇤ = a0e

16⇡D3

�2�

➡ algebraic order absent in any two-dimensional driven open system at the largest distances
➡ but crossover scale exponentially large for small deviations from equilibrium
➡ observation in 1D systems (KPZ scaling exponents found)

r

h�⇤(r)�(0)i

algebraic quasi-long range order 
(Kosterlitz-Thouless phase)

equilibrium fixed point relevant
L⇤

sub-exponential non-
equilibrium disordered  

(rough) phase

KPZ fixed point relevant

e�r2� , � ⇡ 0.37 (d = 2)
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⇠ r�
1

2⇡K

E. Altman, L. Sieberer, L. Chen, SD, J. Toner, PRX (2015) 

Q. Fontaine et al., Nature 
(Aug 24 2022)

temporal 
scaling

spatial 
scaling � = 1/2
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Physical implications II: Non-equilibrium Kosterlitz-Thouless

• compact nature of phase allows for vortex defects in 2D!

• key ingredient of Kosterlitz-Thouless transition 

vortex anti-vortex

@t✓ = Dr2✓ + �(r✓)2 + ⇠

• KPZ equation for phase variable

➡ so far, compactness of phase variable ignored
➡ how is this scenario modified in the driven system?

F = E � TS = [K⇡ � 2kBT ] log(L/a)

low T: 
(binding) energy dominates

high T: 
entropy dominates



low temperature high temperature

• BKT transition: unbinding of vortex-antivortex pairs

Mini-review: BKT transition

• Single vortex picture: balance of energy (deterministic) and entropy (statistic)

• Low T: vortices and antivortices bound in neutral pairs (irrelevant at long distance)
• Q: when is it favorable (free energy minimum) to have unbound vortices?

• entropy: sum all equally probable possibilities of placing vortices in 2D plane at minimal distance a:  

S = �kB
X

i

pi log pi = kB log(L/a)2

• free energy 

• vortex proliferation above KT critical temperature 
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TKT =
⇡K

2kB

➡ but out of equilibrium: no free 
energy at hand!

➡ field theory approach (analogous 
Kosterlitz’ real space RG for 
vortices)

J. M. Kosterlitz, J. Phys. C (1974)

• energy of single free vortex: 
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= ⇡K log(L/a)

J. M. Kosterlitz, D. J. Thouless J. Phys. C (1973)



Field theoretical duality approach: Phase compactness

• phase compactness = local discrete gauge invariance under 

✓t,x 7! ✓t,x + 2⇡nt,x

➡ how to teach to the KPZ equation? lattice regularization and discrete stochastic update

Z =
X

{ñt,x}

Z
D[✓]eiS[✓,ñ]

non-equilibrium lattice 
gauge theory (manifestly 

gauge invariant)

stochastic difference 
equation

discrete noise MSR 
functional integral,

✓t+✏,x = ✓t,x + ✏ (L[✓]t,x + ⌘t,x) + 2⇡nt,x

lattice regularized deterministic term

• we ignored a fundamental symmetry of polaritons so far

�(t,x) = ⇢(t,x)ei✓(t,x)

G. Wachtel, L. Sieberer, SD, E. Altman, PRB (2016)
L. Sieberer, G. Wachtel, E. Altman, SD, PRB (2016)



Duality: Emergent non-linear electrodynamics

Z /
X

{nvX ,ñvX ,
JvX ,J̃vX}

Z
D[�, �̃,A, Ã]eiS[�,�̃,A,Ã,nv,ñv,Jv,J̃v ]

• 2D: dual description in terms of noisy electrodynamics 

charges and 
currents

electromagnetic 
potentials 

• non-equilibrium discrete gauge theory

Z =
X

{ñt,x}

Z
D[✓]eiS[✓,ñ] ,

• proceed analogously to equilibrium: integrate out smooth fluctuations 
=> effective (static) vortex theory (low mobility limit)

magnetic field

electric field 

charges

density fluctuations (gapped)

smooth phase fluctuations

vortices

,

• Electrodynamic duality:

• key feature of non-equilibrium: effective Maxwell equation for electric field non-linear

polaritons “photons”



Effective theory for a single vortex-antivortex pair

dr

dt
= �µrV (r) + ⇠ r

• equation of motion for a single vortex-antivortex pair

r

equilibrium: Coulomb potential (2D)

➡ noise-activated unbinding for a single pair (at exp small rate)

driven-dissipative system

V (r) ⇡ 1

"
ln(r/a)� �2

12"3D2
(ln(r/a))3

V (r) =
1

"
ln(r/a)

Lv = a0e
2D
�

length scale:

see also: I Aranson 
et al., PRB (1998)
two-vortex problem

(sorry..)
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Many pairs: Corrections to Kosterlitz-Thouless flow

y

KT transition

vortex 
unbinding

bound
pairs

d"

d`
=

2⇡2y2

T

dy

d`
=


2� 1

2"T
+

�2

4"2D2

✓
1

4
+ `

◆�
y

dT

d`
=

�2T

2"2D2

✓
1

4
+ `

◆

inv. superfluid stiffness

microphysics

macro
physics

quantum master 
equation

stochastic GPE

compact KPZ

RG flow

• parameter y: ~ probability to create single vortex at distance l (flow parameter)

<latexit sha1_base64="CX9+iKk8mmd4nmB1wQS+19qzcsU=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyqqMegF8FLAuYByRJmJ51kzOzsMjMrhCVf4MWDIl79JG/+jZNkD5pY0FBUddPdFcSCa+O6305uZXVtfSO/Wdja3tndK+4fNHSUKIZ1FolItQKqUXCJdcONwFaskIaBwGYwup36zSdUmkfywYxj9EM6kLzPGTVWqt13iyW37M5AlomXkRJkqHaLX51exJIQpWGCat323Nj4KVWGM4GTQifRGFM2ogNsWyppiNpPZ4dOyIlVeqQfKVvSkJn6eyKlodbjMLCdITVDvehNxf+8dmL6137KZZwYlGy+qJ8IYiIy/Zr0uEJmxNgSyhS3txI2pIoyY7Mp2BC8xZeXSeOs7F2Wz2sXpcpNFkcejuAYTsGDK6jAHVShDgwQnuEV3pxH58V5dz7mrTknmzmEP3A+fwCkoYzX</latexit>

K
<latexit sha1_base64="CX9+iKk8mmd4nmB1wQS+19qzcsU=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyqqMegF8FLAuYByRJmJ51kzOzsMjMrhCVf4MWDIl79JG/+jZNkD5pY0FBUddPdFcSCa+O6305uZXVtfSO/Wdja3tndK+4fNHSUKIZ1FolItQKqUXCJdcONwFaskIaBwGYwup36zSdUmkfywYxj9EM6kLzPGTVWqt13iyW37M5AlomXkRJkqHaLX51exJIQpWGCat323Nj4KVWGM4GTQifRGFM2ogNsWyppiNpPZ4dOyIlVeqQfKVvSkJn6eyKlodbjMLCdITVDvehNxf+8dmL6137KZZwYlGy+qJ8IYiIy/Zr0uEJmxNgSyhS3txI2pIoyY7Mp2BC8xZeXSeOs7F2Wz2sXpcpNFkcejuAYTsGDK6jAHVShDgwQnuEV3pxH58V5dz7mrTknmzmEP3A+fwCkoYzX</latexit>

K
<latexit sha1_base64="CX9+iKk8mmd4nmB1wQS+19qzcsU=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyqqMegF8FLAuYByRJmJ51kzOzsMjMrhCVf4MWDIl79JG/+jZNkD5pY0FBUddPdFcSCa+O6305uZXVtfSO/Wdja3tndK+4fNHSUKIZ1FolItQKqUXCJdcONwFaskIaBwGYwup36zSdUmkfywYxj9EM6kLzPGTVWqt13iyW37M5AlomXkRJkqHaLX51exJIQpWGCat323Nj4KVWGM4GTQifRGFM2ogNsWyppiNpPZ4dOyIlVeqQfKVvSkJn6eyKlodbjMLCdITVDvehNxf+8dmL6137KZZwYlGy+qJ8IYiIy/Zr0uEJmxNgSyhS3txI2pIoyY7Mp2BC8xZeXSeOs7F2Wz2sXpcpNFkcejuAYTsGDK6jAHVShDgwQnuEV3pxH58V5dz7mrTknmzmEP3A+fwCkoYzX</latexit>

K
<latexit sha1_base64="CX9+iKk8mmd4nmB1wQS+19qzcsU=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyqqMegF8FLAuYByRJmJ51kzOzsMjMrhCVf4MWDIl79JG/+jZNkD5pY0FBUddPdFcSCa+O6305uZXVtfSO/Wdja3tndK+4fNHSUKIZ1FolItQKqUXCJdcONwFaskIaBwGYwup36zSdUmkfywYxj9EM6kLzPGTVWqt13iyW37M5AlomXkRJkqHaLX51exJIQpWGCat323Nj4KVWGM4GTQifRGFM2ogNsWyppiNpPZ4dOyIlVeqQfKVvSkJn6eyKlodbjMLCdITVDvehNxf+8dmL6137KZZwYlGy+qJ8IYiIy/Zr0uEJmxNgSyhS3txI2pIoyY7Mp2BC8xZeXSeOs7F2Wz2sXpcpNFkcejuAYTsGDK6jAHVShDgwQnuEV3pxH58V5dz7mrTknmzmEP3A+fwCkoYzX</latexit>

K

equilibrium
KT flow

0.0 0.1 0.2 0.3 0.4 0.5
0.00

0.02

0.04

0.06

0.08

0.10

<latexit sha1_base64="wlYI1Ke/qS+4bRBNjTCFQuVUJkQ=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBi2XXinosehG8VLAf0K4lm2bb2GyyJFmhLP0PXjwo4tX/481/Y9ruQVsfDDzem2FmXhBzpo3rfju5peWV1bX8emFjc2t7p7i719AyUYTWieRStQKsKWeC1g0znLZiRXEUcNoMhtcTv/lElWZS3JtRTP0I9wULGcHGSo3bh/TEG3eLJbfsToEWiZeREmSodYtfnZ4kSUSFIRxr3fbc2PgpVoYRTseFTqJpjMkQ92nbUoEjqv10eu0YHVmlh0KpbAmDpurviRRHWo+iwHZG2Az0vDcR//PaiQkv/ZSJODFUkNmiMOHISDR5HfWYosTwkSWYKGZvRWSAFSbGBlSwIXjzLy+SxmnZOy9X7s5K1assjjwcwCEcgwcXUIUbqEEdCDzCM7zCmyOdF+fd+Zi15pxsZh/+wPn8AfcRjr0=</latexit>

K�1



0.0 0.1 0.2 0.3 0.4 0.5
0.00

0.02

0.04

0.06

0.08

0.10

equilibrium
KT flow

modified
non-equilibrium

RG flow

KT transition
"�

y

➡ vortex unbinding for 
any value of the noise 
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transition

Many pairs: Corrections to Kosterlitz-Thouless flow
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Competing length scales and suppression of KT 
• two emergent length scales in complementary approaches: 

KPZ length

Lv = a0e
2D
�

vortex length

E. Altman, L. Sieberer, L, Chen, SD, J. Toner, PRX (2015)
L. Sieberer, G. Wachtel, E. Altman, SD, PRB (2016)
G. Wachtel, L. Sieberer, SD, E. Altman, PRB (2016)

L⇤ = a0e
16⇡D3

�2�

equilibrium KPZ free vortices

L⇤ Lv

• numerical confirmation of two-scale scenario in 1D 
(defects: vortices in (1+1)D space-time)

• 2D simulations demanding

exponential

sub-exponential

algebraic

�

�
noise level

non-equilibrium strength 

?

equilibrium limit

Kosterlitz-Thouless physics fragile to 
non-equilibrium perturbationL. He, L. Sieberer, SD PRL (2017)



Case study: 1 Dimension�

L. He, L. Sieberer, E. Altman, SD, PRB (2015) 
L. He, L. Sieberer, SD, PRL (2017)

L⇤ Lv



⇠ e�a|t�t0|1/2

⇠ e�b|t�t0|2/3

⇠ e�c|t�t0|

equilibrium diffusive

KPZ

disordered

algebraic exponential

Sequence of Scales
L. He, L. Sieberer, E. Altman, SD, PRB (2015)

see also: K. Yi, V. Gladilin, M. Wouters, PRB (2015)
L. He, L. Sieberer, SD, PRL (2017)

• direct numerical solution of driven-dissipative GPE in one dimension

• Study temporal instead of spatial coherence function

• Crossover scale Tv ⇠ eEc/�T⇤ ⇠ ��2

noise level

subexponential 
KPZ scaling

exponential 
disordered 

scaling

numerical evidence 

➡ no spatial vortices in 1D —> what causes the emergent length scale beyond KPZ?



Space-time vortices in 1D XP condensate

• Physical origin: compactness of phase field

topologically nontrivial phase field configurations on (1+1)D space-time plane

• unbound at infinitesimal noise level (weak non-equilibrium)

• interaction potential: (@t +D@2
x)

�1 ⇠ (Dt)�1/2e�x2/(4Dt)
cf. 2D static equilibrium: r�2 ⇠ log(|x|)

1. temporal scaling (random uncorrelated charges)

• explains qualitative features

2. noise level dependence of crossover scale Tv ⇠ eEc/�

⇠ e�c|t�t0|

vortex in space-
time planespatial phase slip

,
+⇡

+⇡+0

+0

round trip 

�' = 2⇡

(mapping to static 2D active smectic A liquid crystal)
Toner and Nelson, PRB (1984)



Strong non-equilibrium: Compact KPZ vortex turbulence
• In search of the phase diagram for XP condensates 

Vortex turbulence (VT)

�

noise level

non-equilibrium strength 

�

Pv = O(1)?
physics in strong non-
equilibrium condition



Strong non-equilibrium: Compact KPZ vortex turbulence
• In search of the phase diagram for XP condensates: 1+1 dimensions 

Noise activated vortices (TV)

KPZ / equilibrium dominated 
physics Vortex turbulence (VT)

�

noise level

non-equilibrium strength 

� color code: vortex density on 
space-time plane 

Pv = O(1)

first order non-equilibrium phase transition

L. He, L. Sieberer, SD PRL (2017)
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Figure S3. (Color online) (a) The dependence of Pv on nonequilibrium strength �̃ at di↵erent noise levels in the weak noise regime when �̃ is
tuned across the critical value �̃⇤ of the first order transition. The black dashed vertical line corresponds to the estimated value of �̃⇤. From down
to up (up to down), curves on the left (right) hand side of the black dashed line correspond to noise levels � = 0.01, 0.011, 0.012, 0.013, 0.014,
respectively. The filled circles are data points obtained by numerical simulations, while the pairs of filled triangles with the same color at upper
and lower positions correspond to the estimated values of the left and the right limit of Pv at �̃⇤, i.e. Pv(�̃! �̃⇤�) and Pv(�̃! �̃⇤+), respectively.
Values of other parameters used in simulations are Kd = rd = ud = 1, Kc = 0.1. �̃ is tuned by changing rc = uc from 1.4 to 3.0. (b) The
space-time vortex density jump �Pv at the first order transition at di↵erent noise levels �. (c) The first order transition line (double line)
terminates at a second oder transition critical point the end of the first order transition line (black filled circle). See text for more details.

function R(x) ⌘ (a0+a1x+a2x2)/(1+b1x+b2x2) fit to the data
points lying on the left and right hand side of the transition,
respectively, which are shown as solid curves in Fig. S3(a).
Then, the value of Pv(�̃ ! �̃⇤�) (Pv(�̃ ! �̃⇤+)) is obtained
by performing extrapolation at �̃⇤ of the corresponding curve
on the left (right) hand side of the transition. The dependence

of �Pv on the noise level � are shown in Fig. S3(b), where
we notice �Pv decreases with respect to � and vanishes at
�⇤ ⇡ 0.01402 with a diverging derivative of �Pv with respect
to �. These observations indicate the first order tradition line
on the �̃�� plane terminates at higher noise level at a second
order critical point (�̃⇤,�⇤) (cf. Fig. S3(c)).

[1] E. Altman, L. M. Sieberer, L. Chen, S. Diehl, and J. Toner, Phys.
Rev. X 5, 011017 (2015).

[2] R. Graham, Springer Tracts in Modern Physics 66, (Springer,
Berlin-Heidelberg-New York, 1973).

[3] M. J. Werner and P. D. Drummond, J. Comput. Phys. 132, 312
(1997).

[4] M. Matsumoto and T. Nishimura, ACM Transactions on Model-
ing and Computer Simulation 8, 3 (1998).
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➡  deterministic limit: how does the system generate 
its own noise?



onset of vortex turbulence

• scaling of the momentum distribution at intermediate momenta (full stochastic GPE)

scaling due to thermally activated vortices:

Compact KPZ vortex turbulence: Signatures

4

of large �̃. To this end, we numerically calculate the vor-
tex density Pv from the full SCGLE at fixed low noise
level with � = 10�2, cf. Fig. 1(d). At small �̃, Pv is ex-
ponentially small in line with the discussion above. How-
ever, when tuning above a critical strength �⇤ ' 3.1,
we notice a sudden increase in vortex density by around
10 orders of magnitude. This describes a sharp first or-
der transition at low noise level. We observe numerically
that vortices are continuously created and annihilated
and show a high mobility during their life time, there-
fore we label this phase as “vortex turbulence” (VT).

More quantitatively, the VT phase exhibits distinct fea-
tures in the momentum distribution nq ⌘ h ⇤(q) (q)i,
which is directly accessible in experiments, cf. Fig. 3. nq

shows scaling behavior at large q, i.e., nq / q�� with �
being some positive exponent. Below the transition, the
value of � is around 2, which is a typical feature for ther-
mally excited uncorrelated vortices [18]. In contrast, for
the VT phase above the transition, � shows significant
deviation from the value for thermal vortices. For the
parameter choice in Fig. 3, � value for the observed VT
phase is around 5, but shows a weak parameter depen-
dence. As seen in the main plot of Fig. 3, the exponent �
also undergoes a first order transition, indicating a sharp
experimentally measurable feature signaling the onset of
the VT phase.

The physical origin of the VT phase and the associated
first order transition can be traced back to a dynami-
cal instability triggered by the nonequilibrium strength
above a critical value. To this end, we consider the dy-
namical equations for the phase differences between near-
est neighboring sites, �i ⌘ ✓i � ✓i+1, at zero noise level,
which assumes the form @t�i ' �(2�i+�i+1��i�1)+

�̃
⇣
(�i�1)

2 � (�i+1)
2
⌘
/4 when �i is small. The first

term on the right hand side is a restoring term which at-
tenuates the phase difference, while the second term sig-
nificantly amplifies it for �̃� 1 even for small spatial vari-
ations. This causes the dynamical instability and gives
rise to creation of vortices without resorting to “thermal
excitations”. Taking into account the exponential sup-
pression of thermally excited vortices at low noise level,
and the fact that the vortices generation due to dynam-
ical instability hardly depends on noise level, this ratio-
nalizes the existence of a first order transition tuned by
�̃ and witnessed by the vortex density in steady state.
At stronger noise, the first order transition behavior is
smeared out by thermal vortices as indicated in Fig. 1.

This discussion of the VT transition reveals its nature
to be rooted in the physics of the cKPZ equation, and
more precisely, to its driven non-equilibrium nature. Nu-
merically solving this equation at low noise level, we ob-
tain �̃⇤ ⇠ 20 for the critical non-equilibrium strength.
This can be compared to the numerical simulations of
the SCGLE at weak noise, which yields the significantly
reduced value �̃⇤ ' 3.1. This can be understood by tak-
ing into account the mutual feedback of density and phase
fluctuations: phase fluctuations can cause a local density
depression via a phase-density coupling term proportional
to diffusion constant Kd (cf. Eq. (1)), which in turn
causes strong phase fluctuations and gives rise to vortex
creation and annihilation. We remark here that dynami-
cal instabilities associated with certain special classes of
solutions of the deterministic complex Ginzburg-Landau
equation (CGLE) were identified in the context of nonlin-

Figure 3: (Color online) Scaling behavior of the momen-
tum distribution nq ⇠ q�� at different rc, revealing the
first order transition from a power law / q�2 to / q�5.
Inset: Momentum distributions from which the power law
is extracted. The upper and lower black lines correspond
to the power laws / q�5 and / q�2. From right to left,
the curves in between the two black lines correspond to
rc = uc = 3.0, 2.8, 2.6, 2.4, 2.2, 2.0, 1.98, 1.92, 1.9, 1.8, 1.6, 1.5,
respectively. The other parameters are the same as in Fig. 1
(d). See text for more details.

ear dynamics [28]. Our investigation indicates that this
dynamical instability is generic and originates from the
intrinsic non-equilibrium feature of problem.

Indications on experimental observations.– Our theo-
retical investigations presented above provide two impor-
tant indications for the further experiments of 1D DDC.
First, there exists a new nonequilibrium phase, i.e. vor-
tex turbulence phase, in the far from equilibrium regime,
whose distinct features in the momentum distribution is
directly accessible in DDC systems with momentum re-
solved correlation measurements [12]. Its physical real-
ization require a large nonequilibrium strength �̃ above
a critical value �⇤, whose magnitude can be significantly
lowered by a diffusion rate Kd in 1D DDC, suggesting, for
instance, DDC with relative large diffusion in 1D array
of microwave resonators coupled to an array of supercon-
ducting qubits could be a good candidate [29]. Second,
our investigations firmly suggest the direct experimental
observation of KPZ physics in current available experi-
mental setups with 1D exciton-polariton condensates is
very promising. This is due to fact typical 1D exciton-
polariton condensates at weak noise are well protected
from the influences of thermal vortices by a exponentially
large time scale tv, and also the instability to VT phase by
a typically nearly zero diffusion rate Kd and relative small
nonequilibrium strength �̃ [22]. These considerations cor-
roborate previous theoretical investigations of 1D DDC
in weak noise regime employing typical relevant exper-
imental parameters in exciton-polariton systems, where
typical KPZ physics was shown to be experimentally ob-
servable [19].

Conclusions.– The non-equilibrium phase diagram of
one-dimensional driven open condensates is crucially im-
pacted by space-time vortices, as the relation to the com-
pact KPZ equation reveals: At weak non-equilibrium
strength, they govern the asymptotic behavior of the tem-
poral correlation functions, however only beyond an ex-
ponentially large crossover time scale. This protects KPZ
physics and suggests its observability in current exciton-
polariton experiments. Moreover, these defects cause the
existence of a new phase under strong non-equilibrium

nq = h ⇤(q) (q)i ⇠ q��

� ⇡ 2

� ⇡ 5

scaling due to turbulent 
vortices:

• experiments: vortex turbulence favored in systems with strong diffusion, � ⇠ Kd/Kc

coherent propagation, inverse 
effective polariton massdiffusion constant

F. Baboux et al. PRL (2016)• flat band of 1D Lieb lattice realized with micropillar cavity arrays
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Phase transition driven by non-equilibrium strength
• qualitative reason: competition in lattice regularized model (compact KPZ)

�i = r✓i = ✓i+1 � ✓i

Dij = �ij+1 � �ij

equilibrium non-equilibrium
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X

j

sin�j

lattice site

=> emergent Liouville thm.

fixed point 
structures

attractive repulsive hyperbolic elliptic

➡high dimensional 
configuration space

➡ transition to chaos
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Further instances: Universality in driven open quantum systems 

Sieberer et al., PRL (2013)• criticality in non-equilibrium  model
<latexit sha1_base64="ozVZ62FtZVSLHSecp4uOjBoalW4=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9nVoh6LXjxWsB/QriWbZtvYbLIkWaEs/Q9ePCji1f/jzX9jtt2Dtj4YeLw3w8y8IOZMG9f9dgorq2vrG8XN0tb2zu5eef+gpWWiCG0SyaXqBFhTzgRtGmY47cSK4ijgtB2MbzK//USVZlLcm0lM/QgPBQsZwcZKrV48Yg+1frniVt0Z0DLxclKBHI1++as3kCSJqDCEY627nhsbP8XKMMLptNRLNI0xGeMh7VoqcES1n86unaITqwxQKJUtYdBM/T2R4kjrSRTYzgibkV70MvE/r5uY8MpPmYgTQwWZLwoTjoxE2etowBQlhk8swUQxeysiI6wwMTagkg3BW3x5mbTOqt5F9fyuVqlf53EU4QiO4RQ8uIQ63EIDmkDgEZ7hFd4c6bw4787HvLXg5DOH8AfO5w9A6Y7t</latexit>

�4

➡dynamical fine-structure distinguishing eq. from non-eq.

• Markovian quantum criticality

➡new fixed point in dark state models with quantum scaling

• phase transitions in open Floquet systems

➡absence of criticality (dual to Kibble-Zurek mechanism)

• coupled Ising models

➡new fixed point for strong non-equilibrium drive

• phase transitions with exceptional points

➡universality yet to be discovered!

Fruchart et al., Nature (2021)

Young et al., PRX (2020)

Marino, SD, PRL (2016)

Mathey, SD, PRL (2019)

g1

g2

g3



Summary lecture I &  II

Many-Body Master Equation Keldysh functional 
integral

1-1 
mapping

microphysics macrophysics

Driven open many-body systems: challenge to theory

• symmetries: eq. vs. non-eq. 

• control of IR fluctuations: understanding low 
dimensional gapless phases out of equilibrium 

• flexible choice of degrees of freedom: KPZ vs. vortices

Review: L. Sieberer, M. Buchhold, SD, Keldysh Field Theory for Driven 
Open Quantum Systems, Reports on Progress in Physics (2016)

L⇤ Lv

Lv ⌧ L⇤2D: 1D: Lv � L⇤
(time scales)

• mapping opens up QFT toolbox, today:

• mapping opens up QFT toolbox, next lecture:

• symmetries: ‘weak’ and ‘strong’

• responses out of equilibrium: topological gauge theory
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Introduction
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• dynamics non-trivial (eigenstates not shared) once

deterministic 
Schrödinger evolution

for measurement observable
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t2

Small quantum systems: Measurements

• two types of quantum dynamics

stochastic measurement  
evolution

e.g. Mott-insulator to superfluid 
transition in cold atoms

• non-commuting operators lead to (quantum) phase transitions

➡  combine measurement and many particles: similar scenario?
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Many-body systems: Phase transitions
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Ĥ = Ĥ1 + gĤ2
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[Ĥ, M̂ ] 6= 0



Entanglement Phase Transitions in Random Circuits

• model and key ingredients:

Skinner, Ruhman, Nahum 
PRX (2019)

Li, Chen, Fisher, PRB 
(2018, 2019)

• randomly chosen local entangling unitary 
gates

• projective local measurement of non-
commuting observables

• basic picture: competition in many-body context (single trajectory, exactly local meas. of       )

# unitaries/time

# measurements/time
<latexit sha1_base64="WhlJqAkaDFG5YOwxaw4JZQaW4bY=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0YtQ9OKxiv2ANpTNdtIu3WzC7kYoof/AiwdFvPqPvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsrq2vlHcLG1t7+zulfcPmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3U791hMqzWP5aMYJ+hEdSB5yRo2VHgbXvXLFrbozkGXi5aQCOeq98le3H7M0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9mlE3JilT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeOVnXCapQcnmi8JUEBOT6dukzxUyI8aWUKa4vZWwIVWUGRtOyYbgLb68TJpnVe+i6t6fV2o3eRxFOIJjOAUPLqEGd1CHBjAI4Rle4c0ZOS/Ou/Mxby04+cwh/IHz+QNPlY02</latexit>g =

<latexit sha1_base64="U4q14OtK38I+QXvR5XILVj/Akaw=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0YtQ9OKxgrGFNpTNdtMu3WzC7kQoob/BiwdFvPqDvPlv3LY5aOuDgcd7M8zMC1MpDLrut1NaWV1b3yhvVra2d3b3qvsHjybJNOM+S2Si2yE1XArFfRQoeTvVnMah5K1wdDv1W09cG5GoBxynPIjpQIlIMIpW8gfkmri9as2tuzOQZeIVpAYFmr3qV7efsCzmCpmkxnQ8N8UgpxoFk3xS6WaGp5SN6IB3LFU05ibIZ8dOyIlV+iRKtC2FZKb+nshpbMw4Dm1nTHFoFr2p+J/XyTC6CnKh0gy5YvNFUSYJJmT6OekLzRnKsSWUaWFvJWxINWVo86nYELzFl5fJ41ndu6i79+e1xk0RRxmO4BhOwYNLaMAdNMEHBgKe4RXeHOW8OO/Ox7y15BQzh/AHzucPakuNxA==</latexit>

g = 0
<latexit sha1_base64="G4WuepvoTXJQvzq9vjmUBaXQnQI=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgxbAril6EoBePEcwDkzXMTjrJkNnZZWZWCEv+wosHRbz6N978GyfJHjSxoKGo6qa7K4gF18Z1v53c0vLK6lp+vbCxubW9U9zdq+soUQxrLBKRagZUo+ASa4Ybgc1YIQ0DgY1geDPxG0+oNI/kvRnF6Ie0L3mPM2qs9NB/TE+8MbkibqdYcsvuFGSReBkpQYZqp/jV7kYsCVEaJqjWLc+NjZ9SZTgTOC60E40xZUPax5alkoao/XR68ZgcWaVLepGyJQ2Zqr8nUhpqPQoD2xlSM9Dz3kT8z2slpnfpp1zGiUHJZot6iSAmIpP3SZcrZEaMLKFMcXsrYQOqKDM2pIINwZt/eZHUT8veedm9OytVrrM48nAAh3AMHlxABW6hCjVgIOEZXuHN0c6L8+58zFpzTjazD3/gfP4AxD+Pqg==</latexit>

g�1 = 0

chaotic / non-integrable dynamics convergence to product state

<latexit sha1_base64="0IK0BDR2PGwK11MiRRX0tZoMJaw=">AAAB8XicbVBNSwMxEJ34WetX1aOXYBE8lV1R9Fj04rGC/cB2Ldk024Ym2SXJCnXpv/DiQRGv/htv/hvTdg/a+mDg8d4MM/PCRHBjPe8bLS2vrK6tFzaKm1vbO7ulvf2GiVNNWZ3GItatkBgmuGJ1y61grUQzIkPBmuHweuI3H5k2PFZ3dpSwQJK+4hGnxDrpvmN4X5Iuf3jqlspexZsCLxI/J2XIUeuWvjq9mKaSKUsFMabte4kNMqItp4KNi53UsITQIemztqOKSGaCbHrxGB87pYejWLtSFk/V3xMZkcaMZOg6JbEDM+9NxP+8dmqjyyDjKkktU3S2KEoFtjGevI97XDNqxcgRQjV3t2I6IJpQ60IquhD8+ZcXSeO04p9XvNuzcvUqj6MAh3AEJ+DDBVThBmpQBwoKnuEV3pBBL+gdfcxal1A+cwB/gD5/ALQjkO8=</latexit>

�z
i

➡entanglement growth ➡entanglement saturation

<latexit sha1_base64="+tBUl8E445TN8I0zKbRj+SaTMUg=">AAACFnicbVDLSsNAFJ34rPUVdelmsAhuLIkouhGKblxWsA9oQphMJu3QyUyYmQgl7Ve48VfcuFDErbjzb5y2QbT1wIXDOfdy7z1hyqjSjvNlLSwuLa+sltbK6xubW9v2zm5TiUxi0sCCCdkOkSKMctLQVDPSTiVBSchIK+xfj/3WPZGKCn6nBynxE9TlNKYYaSMF9vHQyz1FuwkKqDfyJOJdRuCll0oRBXT4Y02NwK44VWcCOE/cglRAgXpgf3qRwFlCuMYMKdVxnVT7OZKaYkZGZS9TJEW4j7qkYyhHCVF+PnlrBA+NEsFYSFNcw4n6eyJHiVKDJDSdCdI9NeuNxf+8TqbjCz+nPM004Xi6KM4Y1AKOM4IRlQRrNjAEYUnNrRD3kERYmyTLJgR39uV50jypumdV5/a0Ursq4iiBfXAAjoALzkEN3IA6aAAMHsATeAGv1qP1bL1Z79PWBauY2QN/YH18A8xooGM=</latexit>

|{�i}i =
Y

i

|�ii

<latexit sha1_base64="QE9fPY8jyGZHJV6/OPfUY4kUUHQ=">AAACCHicbVDLSgMxFM34rPU16tKFwSK4kDIjim6EohuXFewDOsOQSTNtaCYZkoylDF268VfcuFDErZ/gzr8xnc5CWw8EDufcw809YcKo0o7zbS0sLi2vrJbWyusbm1vb9s5uU4lUYtLAggnZDpEijHLS0FQz0k4kQXHISCsc3Ez81gORigp+r0cJ8WPU4zSiGGkjBfaBp2gvRgGFV9BLEySlGJ5AryuGPOeBXXGqTg44T9yCVECBemB/mTBOY8I1Zkipjusk2s+Q1BQzMi57qSIJwgPUIx1DOYqJ8rP8kDE8MkoXRkKaxzXM1d+JDMVKjeLQTMZI99WsNxH/8zqpji79jPIk1YTj6aIoZVALOGkFdqkkWLORIQhLav4KcR9JhLXprmxKcGdPnifN06p7XnXuziq166KOEtgHh+AYuOAC1MAtqIMGwOARPINX8GY9WS/Wu/UxHV2wiswe+APr8wdYi5mO</latexit>

�i =", #

• Procedure • track single quantum trajectories (pure states)
• compute the quantity of interest (e.g. entanglement entropy)
• average over trajectory ensemble

<latexit sha1_base64="MMc2nlHhuuc7ydv2lrWTebecPSU=">AAACLXicbVDLSgMxFM3UV62vqks3wSK4KjOi6LKoC5cV7AOaUjJppg1NMkOSEcp0fsiNvyKCi4q49TfMTLuwrRdCTs65h9x7/IgzbVx36hTW1jc2t4rbpZ3dvf2D8uFRU4exIrRBQh6qto815UzShmGG03akKBY+py1/dJfprWeqNAvlkxlHtCvwQLKAEWws1Svfo9DKmTuZoARpNhC4x1CKFJYDThHPrwVpkkL7EBAJbIZ+kHhpr1xxq25ecBV4c1AB86r3yu+oH5JYUGkIx1p3PDcy3QQrwwinaQnFmkaYjPCAdiyUWFDdTfJtU3hmmT4MQmWPNDBn/zoSLLQeC992ZhPqZS0j/9M6sQluugmTUWyoJLOPgphDE8IsOthnihLDxxZgopidFZIhVpgYG3DJhuAtr7wKmhdV76rqPl5WarfzOIrgBJyCc+CBa1ADD6AOGoCAF/AGpuDTeXU+nC/ne9ZacOaeY7BQzs8vs/KqzQ==</latexit>

|{�i}ih|{�i}| ⇠ 1

non-commuting



Entanglement Phase Transitions in Random Circuits

➡Phase transition in entanglement growth at finite competition ratio g

• basic picture: competition in many-body context (single trajectory, exactly local meas. of       )

Skinner, Ruhman, Nahum 
PRX (2019)

Li, Chen, Fisher, PRB 
(2018, 2019)

• Procedure • track single quantum trajectories (pure states)
• compute the quantity of interest (e.g. entanglement entropy)
• average over trajectory ensemble

# unitaries/time

# measurements/time
<latexit sha1_base64="WhlJqAkaDFG5YOwxaw4JZQaW4bY=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0YtQ9OKxiv2ANpTNdtIu3WzC7kYoof/AiwdFvPqPvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsrq2vlHcLG1t7+zulfcPmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3U791hMqzWP5aMYJ+hEdSB5yRo2VHgbXvXLFrbozkGXi5aQCOeq98le3H7M0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9mlE3JilT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeOVnXCapQcnmi8JUEBOT6dukzxUyI8aWUKa4vZWwIVWUGRtOyYbgLb68TJpnVe+i6t6fV2o3eRxFOIJjOAUPLqEGd1CHBjAI4Rle4c0ZOS/Ou/Mxby04+cwh/IHz+QNPlY02</latexit>g =

<latexit sha1_base64="U4q14OtK38I+QXvR5XILVj/Akaw=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0YtQ9OKxgrGFNpTNdtMu3WzC7kQoob/BiwdFvPqDvPlv3LY5aOuDgcd7M8zMC1MpDLrut1NaWV1b3yhvVra2d3b3qvsHjybJNOM+S2Si2yE1XArFfRQoeTvVnMah5K1wdDv1W09cG5GoBxynPIjpQIlIMIpW8gfkmri9as2tuzOQZeIVpAYFmr3qV7efsCzmCpmkxnQ8N8UgpxoFk3xS6WaGp5SN6IB3LFU05ibIZ8dOyIlV+iRKtC2FZKb+nshpbMw4Dm1nTHFoFr2p+J/XyTC6CnKh0gy5YvNFUSYJJmT6OekLzRnKsSWUaWFvJWxINWVo86nYELzFl5fJ41ndu6i79+e1xk0RRxmO4BhOwYNLaMAdNMEHBgKe4RXeHOW8OO/Ox7y15BQzh/AHzucPakuNxA==</latexit>

g = 0
<latexit sha1_base64="G4WuepvoTXJQvzq9vjmUBaXQnQI=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgxbAril6EoBePEcwDkzXMTjrJkNnZZWZWCEv+wosHRbz6N978GyfJHjSxoKGo6qa7K4gF18Z1v53c0vLK6lp+vbCxubW9U9zdq+soUQxrLBKRagZUo+ASa4Ybgc1YIQ0DgY1geDPxG0+oNI/kvRnF6Ie0L3mPM2qs9NB/TE+8MbkibqdYcsvuFGSReBkpQYZqp/jV7kYsCVEaJqjWLc+NjZ9SZTgTOC60E40xZUPax5alkoao/XR68ZgcWaVLepGyJQ2Zqr8nUhpqPQoD2xlSM9Dz3kT8z2slpnfpp1zGiUHJZot6iSAmIpP3SZcrZEaMLKFMcXsrYQOqKDM2pIINwZt/eZHUT8veedm9OytVrrM48nAAh3AMHlxABW6hCjVgIOEZXuHN0c6L8+58zFpzTjazD3/gfP4AxD+Pqg==</latexit>

g�1 = 0

chaotic / non-integrable dynamics convergence to product state

<latexit sha1_base64="0IK0BDR2PGwK11MiRRX0tZoMJaw=">AAAB8XicbVBNSwMxEJ34WetX1aOXYBE8lV1R9Fj04rGC/cB2Ldk024Ym2SXJCnXpv/DiQRGv/htv/hvTdg/a+mDg8d4MM/PCRHBjPe8bLS2vrK6tFzaKm1vbO7ulvf2GiVNNWZ3GItatkBgmuGJ1y61grUQzIkPBmuHweuI3H5k2PFZ3dpSwQJK+4hGnxDrpvmN4X5Iuf3jqlspexZsCLxI/J2XIUeuWvjq9mKaSKUsFMabte4kNMqItp4KNi53UsITQIemztqOKSGaCbHrxGB87pYejWLtSFk/V3xMZkcaMZOg6JbEDM+9NxP+8dmqjyyDjKkktU3S2KEoFtjGevI97XDNqxcgRQjV3t2I6IJpQ60IquhD8+ZcXSeO04p9XvNuzcvUqj6MAh3AEJ+DDBVThBmpQBwoKnuEV3pBBL+gdfcxal1A+cwB/gD5/ALQjkO8=</latexit>

�z
i

➡volume law ➡area law

<latexit sha1_base64="D/65IpAnMePmuv/FarEdLDTa3kA=">AAAB73icbVBNSwMxEJ34WetX1aOXYBE8lV1R9Fj04sFDRfsB7VKyabYNTbJrkhXK0j/hxYMiXv073vw3pu0etPXBwOO9GWbmhYngxnreN1paXlldWy9sFDe3tnd2S3v7DROnmrI6jUWsWyExTHDF6pZbwVqJZkSGgjXD4fXEbz4xbXisHuwoYYEkfcUjTol1UusedwyX+LZbKnsVbwq8SPyclCFHrVv66vRimkqmLBXEmLbvJTbIiLacCjYudlLDEkKHpM/ajioimQmy6b1jfOyUHo5i7UpZPFV/T2REGjOSoeuUxA7MvDcR//PaqY0ug4yrJLVM0dmiKBXYxnjyPO5xzagVI0cI1dzdiumAaEKti6joQvDnX14kjdOKf17x7s7K1as8jgIcwhGcgA8XUIUbqEEdKAh4hld4Q4/oBb2jj1nrEspnDuAP0OcPDT6PUg==</latexit>

S ⇠ L
<latexit sha1_base64="Zmv0G3rDGzb/uVCrDzha6Liq1uQ=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0VwFRJRdFl047KifUATymQ6aYdOJmHmRqyh+CtuXCji1v9w5984bbPQ1gMXDufcy733hKngGlz321pYXFpeWS2tldc3Nre27Z3dhk4yRVmdJiJRrZBoJrhkdeAgWCtVjMShYM1wcDX2m/dMaZ7IOximLIhJT/KIUwJG6tj7t9jXPMY+sAfIaSI1OKOOXXEddwI8T7yCVFCBWsf+8rsJzWImgQqiddtzUwhyooBTwUZlP9MsJXRAeqxtqCQx00E+uX6Ej4zSxVGiTEnAE/X3RE5irYdxaDpjAn09643F/7x2BtFFkHOZZsAknS6KMoEhweMocJcrRkEMDSFUcXMrpn2iCAUTWNmE4M2+PE8aJ4535rg3p5XqZRFHCR2gQ3SMPHSOquga1VAdUfSIntErerOerBfr3fqYti5Yxcwe+gPr8wdFP5Ud</latexit>

S ⇠ const.
<latexit sha1_base64="+tBUl8E445TN8I0zKbRj+SaTMUg=">AAACFnicbVDLSsNAFJ34rPUVdelmsAhuLIkouhGKblxWsA9oQphMJu3QyUyYmQgl7Ve48VfcuFDErbjzb5y2QbT1wIXDOfdy7z1hyqjSjvNlLSwuLa+sltbK6xubW9v2zm5TiUxi0sCCCdkOkSKMctLQVDPSTiVBSchIK+xfj/3WPZGKCn6nBynxE9TlNKYYaSMF9vHQyz1FuwkKqDfyJOJdRuCll0oRBXT4Y02NwK44VWcCOE/cglRAgXpgf3qRwFlCuMYMKdVxnVT7OZKaYkZGZS9TJEW4j7qkYyhHCVF+PnlrBA+NEsFYSFNcw4n6eyJHiVKDJDSdCdI9NeuNxf+8TqbjCz+nPM004Xi6KM4Y1AKOM4IRlQRrNjAEYUnNrRD3kERYmyTLJgR39uV50jypumdV5/a0Ursq4iiBfXAAjoALzkEN3IA6aAAMHsATeAGv1qP1bL1Z79PWBauY2QN/YH18A8xooGM=</latexit>

|{�i}i =
Y

i

|�ii

<latexit sha1_base64="QE9fPY8jyGZHJV6/OPfUY4kUUHQ=">AAACCHicbVDLSgMxFM34rPU16tKFwSK4kDIjim6EohuXFewDOsOQSTNtaCYZkoylDF268VfcuFDErZ/gzr8xnc5CWw8EDufcw809YcKo0o7zbS0sLi2vrJbWyusbm1vb9s5uU4lUYtLAggnZDpEijHLS0FQz0k4kQXHISCsc3Ez81gORigp+r0cJ8WPU4zSiGGkjBfaBp2gvRgGFV9BLEySlGJ5AryuGPOeBXXGqTg44T9yCVECBemB/mTBOY8I1Zkipjusk2s+Q1BQzMi57qSIJwgPUIx1DOYqJ8rP8kDE8MkoXRkKaxzXM1d+JDMVKjeLQTMZI99WsNxH/8zqpji79jPIk1YTj6aIoZVALOGkFdqkkWLORIQhLav4KcR9JhLXprmxKcGdPnifN06p7XnXuziq166KOEtgHh+AYuOAC1MAtqIMGwOARPINX8GY9WS/Wu/UxHV2wiswe+APr8wdYi5mO</latexit>

�i =", #

<latexit sha1_base64="MMc2nlHhuuc7ydv2lrWTebecPSU=">AAACLXicbVDLSgMxFM3UV62vqks3wSK4KjOi6LKoC5cV7AOaUjJppg1NMkOSEcp0fsiNvyKCi4q49TfMTLuwrRdCTs65h9x7/IgzbVx36hTW1jc2t4rbpZ3dvf2D8uFRU4exIrRBQh6qto815UzShmGG03akKBY+py1/dJfprWeqNAvlkxlHtCvwQLKAEWws1Svfo9DKmTuZoARpNhC4x1CKFJYDThHPrwVpkkL7EBAJbIZ+kHhpr1xxq25ecBV4c1AB86r3yu+oH5JYUGkIx1p3PDcy3QQrwwinaQnFmkaYjPCAdiyUWFDdTfJtU3hmmT4MQmWPNDBn/zoSLLQeC992ZhPqZS0j/9M6sQluugmTUWyoJLOPgphDE8IsOthnihLDxxZgopidFZIhVpgYG3DJhuAtr7wKmhdV76rqPl5WarfzOIrgBJyCc+CBa1ADD6AOGoCAF/AGpuDTeXU+nC/ne9ZacOaeY7BQzs8vs/KqzQ==</latexit>

|{�i}ih|{�i}| ⇠ 1

non-commuting

<latexit sha1_base64="JKp0g3S1jsYP3z98hzyy0HsEKjU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8eK1hbaUDbbSbp0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSAXXxnW/ndLK6tr6RnmzsrW9s7tX3T941EmmGLZYIhLVCahGwSW2DDcCO6lCGgcC28HoZuq3n1BpnsgHM07Rj2kkecgZNVa6j/qsX625dXcGsky8gtSgQLNf/eoNEpbFKA0TVOuu56bGz6kynAmcVHqZxpSyEY2wa6mkMWo/n506ISdWGZAwUbakITP190ROY63HcWA7Y2qGetGbiv953cyEV37OZZoZlGy+KMwEMQmZ/k0GXCEzYmwJZYrbWwkbUkWZselUbAje4svL5PGs7l3U3bvzWuO6iKMMR3AMp+DBJTTgFprQAgYRPMMrvDnCeXHenY95a8kpZg7hD5zPHz7kjcU=</latexit>gc

• model and key ingredients:

• randomly chosen local entangling unitary 
gates

• projective local measurement of non-
commuting observables



Entanglement Phase Transitions: Physical pictures

• entanglement picture Skinner, Ruhman, Nahum PRX (2019) Li, Chen, Fisher, PRB (2018, 2019)

<latexit sha1_base64="U4q14OtK38I+QXvR5XILVj/Akaw=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0YtQ9OKxgrGFNpTNdtMu3WzC7kQoob/BiwdFvPqDvPlv3LY5aOuDgcd7M8zMC1MpDLrut1NaWV1b3yhvVra2d3b3qvsHjybJNOM+S2Si2yE1XArFfRQoeTvVnMah5K1wdDv1W09cG5GoBxynPIjpQIlIMIpW8gfkmri9as2tuzOQZeIVpAYFmr3qV7efsCzmCpmkxnQ8N8UgpxoFk3xS6WaGp5SN6IB3LFU05ibIZ8dOyIlV+iRKtC2FZKb+nshpbMw4Dm1nTHFoFr2p+J/XyTC6CnKh0gy5YvNFUSYJJmT6OekLzRnKsSWUaWFvJWxINWVo86nYELzFl5fJ41ndu6i79+e1xk0RRxmO4BhOwYNLaMAdNMEHBgKe4RXeHOW8OO/Ox7y15BQzh/AHzucPakuNxA==</latexit>

g = 0
<latexit sha1_base64="G4WuepvoTXJQvzq9vjmUBaXQnQI=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgxbAril6EoBePEcwDkzXMTjrJkNnZZWZWCEv+wosHRbz6N978GyfJHjSxoKGo6qa7K4gF18Z1v53c0vLK6lp+vbCxubW9U9zdq+soUQxrLBKRagZUo+ASa4Ybgc1YIQ0DgY1geDPxG0+oNI/kvRnF6Ie0L3mPM2qs9NB/TE+8MbkibqdYcsvuFGSReBkpQYZqp/jV7kYsCVEaJqjWLc+NjZ9SZTgTOC60E40xZUPax5alkoao/XR68ZgcWaVLepGyJQ2Zqr8nUhpqPQoD2xlSM9Dz3kT8z2slpnfpp1zGiUHJZot6iSAmIpP3SZcrZEaMLKFMcXsrYQOqKDM2pIINwZt/eZHUT8veedm9OytVrrM48nAAh3AMHlxABW6hCjVgIOEZXuHN0c6L8+58zFpzTjazD3/gfP4AxD+Pqg==</latexit>

g�1 = 0

chaotic / non-integrable dynamics convergence to product state

<latexit sha1_base64="JKp0g3S1jsYP3z98hzyy0HsEKjU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8eK1hbaUDbbSbp0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSAXXxnW/ndLK6tr6RnmzsrW9s7tX3T941EmmGLZYIhLVCahGwSW2DDcCO6lCGgcC28HoZuq3n1BpnsgHM07Rj2kkecgZNVa6j/qsX625dXcGsky8gtSgQLNf/eoNEpbFKA0TVOuu56bGz6kynAmcVHqZxpSyEY2wa6mkMWo/n506ISdWGZAwUbakITP190ROY63HcWA7Y2qGetGbiv953cyEV37OZZoZlGy+KMwEMQmZ/k0GXCEzYmwJZYrbWwkbUkWZselUbAje4svL5PGs7l3U3bvzWuO6iKMMR3AMp+DBJTTgFprQAgYRPMMrvDnCeXHenY95a8kpZg7hD5zPHz7kjcU=</latexit>gc
# unitaries/time

# measurements/time
<latexit sha1_base64="WhlJqAkaDFG5YOwxaw4JZQaW4bY=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0YtQ9OKxiv2ANpTNdtIu3WzC7kYoof/AiwdFvPqPvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsrq2vlHcLG1t7+zulfcPmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3U791hMqzWP5aMYJ+hEdSB5yRo2VHgbXvXLFrbozkGXi5aQCOeq98le3H7M0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9mlE3JilT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeOVnXCapQcnmi8JUEBOT6dukzxUyI8aWUKa4vZWwIVWUGRtOyYbgLb68TJpnVe+i6t6fV2o3eRxFOIJjOAUPLqEGd1CHBjAI4Rle4c0ZOS/Ou/Mxby04+cwh/IHz+QNPlY02</latexit>g =

non-commuting unitary and measurement dynamics

scrambling -> extensive 
entanglement entropy

disentangling evolution 

• quantum error correction picture

fast information spreading protects from 
errors (read-out by measurement)

measurement as errors 
(extract information)

Choi, Bao, Qi, Altman, PRL (2020); Fan et al. arxiv (2020); Li Fisher PRB (2021)

➡Here: non-equilibrium statistical mechanics approach to a monitored fermion chain

• statistical mechanics picture

long ranged correlation 
functions? which ones?

e.g. mapping to spin model partition function: Jian, You, Vasseur Ludwig, PRB (2020)

field theory based on replica symmetry: Nahum, Roy, Skinner, Ruhman, PRX Quantum (2021)

short ranged correlation 
functions? which ones?

Gullans, Huse, PRX (2020); Gopalakrishnan, Gullans arxiv (2020)• purification picture

initially mixed state remains mixed (thermal) initially mixed state purifies to product state



Outline Lecture III
<latexit sha1_base64="U4q14OtK38I+QXvR5XILVj/Akaw=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0YtQ9OKxgrGFNpTNdtMu3WzC7kQoob/BiwdFvPqDvPlv3LY5aOuDgcd7M8zMC1MpDLrut1NaWV1b3yhvVra2d3b3qvsHjybJNOM+S2Si2yE1XArFfRQoeTvVnMah5K1wdDv1W09cG5GoBxynPIjpQIlIMIpW8gfkmri9as2tuzOQZeIVpAYFmr3qV7efsCzmCpmkxnQ8N8UgpxoFk3xS6WaGp5SN6IB3LFU05ibIZ8dOyIlV+iRKtC2FZKb+nshpbMw4Dm1nTHFoFr2p+J/XyTC6CnKh0gy5YvNFUSYJJmT6OekLzRnKsSWUaWFvJWxINWVo86nYELzFl5fJ41ndu6i79+e1xk0RRxmO4BhOwYNLaMAdNMEHBgKe4RXeHOW8OO/Ox7y15BQzh/AHzucPakuNxA==</latexit>

g = 0
<latexit sha1_base64="G4WuepvoTXJQvzq9vjmUBaXQnQI=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgxbAril6EoBePEcwDkzXMTjrJkNnZZWZWCEv+wosHRbz6N978GyfJHjSxoKGo6qa7K4gF18Z1v53c0vLK6lp+vbCxubW9U9zdq+soUQxrLBKRagZUo+ASa4Ybgc1YIQ0DgY1geDPxG0+oNI/kvRnF6Ie0L3mPM2qs9NB/TE+8MbkibqdYcsvuFGSReBkpQYZqp/jV7kYsCVEaJqjWLc+NjZ9SZTgTOC60E40xZUPax5alkoao/XR68ZgcWaVLepGyJQ2Zqr8nUhpqPQoD2xlSM9Dz3kT8z2slpnfpp1zGiUHJZot6iSAmIpP3SZcrZEaMLKFMcXsrYQOqKDM2pIINwZt/eZHUT8veedm9OytVrrM48nAAh3AMHlxABW6hCjVgIOEZXuHN0c6L8+58zFpzTjazD3/gfP4AxD+Pqg==</latexit>

g�1 = 0

chaotic / non-integrable dynamics convergence to product state

<latexit sha1_base64="JKp0g3S1jsYP3z98hzyy0HsEKjU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8eK1hbaUDbbSbp0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSAXXxnW/ndLK6tr6RnmzsrW9s7tX3T941EmmGLZYIhLVCahGwSW2DDcCO6lCGgcC28HoZuq3n1BpnsgHM07Rj2kkecgZNVa6j/qsX625dXcGsky8gtSgQLNf/eoNEpbFKA0TVOuu56bGz6kynAmcVHqZxpSyEY2wa6mkMWo/n506ISdWGZAwUbakITP190ROY63HcWA7Y2qGetGbiv953cyEV37OZZoZlGy+KMwEMQmZ/k0GXCEzYmwJZYrbWwkbUkWZselUbAje4svL5PGs7l3U3bvzWuO6iKMMR3AMp+DBJTTgFprQAgYRPMMrvDnCeXHenY95a8kpZg7hD5zPHz7kjcU=</latexit>gc
# unitaries/time

# measurements/time
<latexit sha1_base64="WhlJqAkaDFG5YOwxaw4JZQaW4bY=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0YtQ9OKxiv2ANpTNdtIu3WzC7kYoof/AiwdFvPqPvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsrq2vlHcLG1t7+zulfcPmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3U791hMqzWP5aMYJ+hEdSB5yRo2VHgbXvXLFrbozkGXi5aQCOeq98le3H7M0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9mlE3JilT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeOVnXCapQcnmi8JUEBOT6dukzxUyI8aWUKa4vZWwIVWUGRtOyYbgLb68TJpnVe+i6t6fV2o3eRxFOIJjOAUPLqEGd1CHBjAI4Rle4c0ZOS/Ou/Mxby04+cwh/IHz+QNPlY02</latexit>g =

non-commuting unitary and measurement dynamics

➡Quantum phase transition in trajectory wavefunction, revealed in non-linear-in-state observables

• measurements: description?

• general formulation

• strong projective vs. weak continuous measurements

• ‘observables’

• many-body problem: phase 
transitions?

• continuously monitored lattice fermions

• BKT type phase transition from critical to area law phase

• signatures beyond entanglement entropy

• how to understand?
• Lindblad-Keldysh 2.0: 

• replicated Lindblad equation

• replicated Keldyhs field theory



Theory Background: 
Strong projective vs. weak continuous measurements
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Projective vs. Weak Measurements

• projective measurement: acquire full knowledge about observable

Review: Jacobs, Steck, Contemp. 
Phys. (2006)

• example: projective position measurement

<latexit sha1_base64="VyNYqRs8v86+mwUYZEReeeWmyZg=">AAAB9XicbVBNS8NAEJ34WetX1aOXxSJ4Kokoeix68VjBfkAby2Y7aZduNmF3o5TY/+HFgyJe/S/e/Ddu2xy09cHA470ZZuYFieDauO63s7S8srq2Xtgobm5t7+yW9vYbOk4VwzqLRaxaAdUouMS64UZgK1FIo0BgMxheT/zmAyrNY3lnRgn6Ee1LHnJGjZXunzqJ5l23o6jsC+yWym7FnYIsEi8nZchR65a+Or2YpRFKwwTVuu25ifEzqgxnAsfFTqoxoWxI+9i2VNIItZ9Nrx6TY6v0SBgrW9KQqfp7IqOR1qMosJ0RNQM9703E/7x2asJLP+MySQ1KNlsUpoKYmEwiID2ukBkxsoQyxe2thA2ooszYoIo2BG/+5UXSOK145xX39qxcvcrjKMAhHMEJeHABVbiBGtSBgYJneIU359F5cd6dj1nrkpPPHMAfOJ8/mN6Skg==</latexit>

| 0i
deterministic 

Schrödinger evolution

<latexit sha1_base64="Z8PWH1uucpv786jWszqNS88SbYI=">AAAB9XicbVBNS8NAEN34WetX1aOXxSJ4Kokoeix68VjBfkAby2Y7aZduNmF3opTY/+HFgyJe/S/e/Ddu2xy09cHA470ZZuYFiRQGXffbWVpeWV1bL2wUN7e2d3ZLe/sNE6eaQ53HMtatgBmQQkEdBUpoJRpYFEhoBsPrid98AG1ErO5wlIAfsb4SoeAMrXT/1EmM6GJHM9WX0C2V3Yo7BV0kXk7KJEetW/rq9GKeRqCQS2ZM23MT9DOmUXAJ42InNZAwPmR9aFuqWATGz6ZXj+mxVXo0jLUthXSq/p7IWGTMKApsZ8RwYOa9ifif104xvPQzoZIUQfHZojCVFGM6iYD2hAaOcmQJ41rYWykfMM042qCKNgRv/uVF0jiteOcV9/asXL3K4yiQQ3JETohHLkiV3JAaqRNONHkmr+TNeXRenHfnY9a65OQzB+QPnM8fAdmS1g==</latexit>

| ti
<latexit sha1_base64="BR64zcdvDa5JU7iTykl840H7TGA=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0nEoseiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilB+x7/XLFrbpzkFXi5aQCORr98ldvELM04gqZpMZ0PTdBP6MaBZN8WuqlhieUjemQdy1VNOLGz+anTsmZVQYkjLUthWSu/p7IaGTMJApsZ0RxZJa9mfif100xvPYzoZIUuWKLRWEqCcZk9jcZCM0ZyokllGlhbyVsRDVlaNMp2RC85ZdXSeui6tWq7v1lpX6Tx1GEEziFc/DgCupwBw1oAoMhPMMrvDnSeXHenY9Fa8HJZ47hD5zPHwbqjaA=</latexit>

t1
<latexit sha1_base64="DI/SJuS6dPItz1dbeYS2/ELYpJ0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoseiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilB+zX+uWKW3XnIKvEy0kFcjT65a/eIGZpxBUySY3pem6CfkY1Cib5tNRLDU8oG9Mh71qqaMSNn81PnZIzqwxIGGtbCslc/T2R0ciYSRTYzojiyCx7M/E/r5tieO1nQiUpcsUWi8JUEozJ7G8yEJozlBNLKNPC3krYiGrK0KZTsiF4yy+vklat6l1W3fuLSv0mj6MIJ3AK5+DBFdThDhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzifPwhujaE=</latexit>

t2

stochastic measurement  
evolution

<latexit sha1_base64="uhzLtl/SV4nRaUVBjMzLSgi7EBE="></latexit>

| i ! P̂ l
�| i

||P̂ l
�| i||

<latexit sha1_base64="LkrYydCwXJPfrNmuqyLC648KkyE=">AAAB9HicbVDLSgNBEOz1GeMr6tHLYBC8GHZF0WPQS44RzAOSNcxOJsmQ2dl1pjcQlnyHFw+KePVjvPk3TpI9aGJBQ1HVTXdXEEth0HW/nZXVtfWNzdxWfntnd2+/cHBYN1GiGa+xSEa6GVDDpVC8hgIlb8aa0zCQvBEM76Z+Y8S1EZF6wHHM/ZD2legJRtFKPn9Mz0V7QJFUcNIpFN2SOwNZJl5GipCh2il8tbsRS0KukElqTMtzY/RTqlEwySf5dmJ4TNmQ9nnLUkVDbvx0dvSEnFqlS3qRtqWQzNTfEykNjRmHge0MKQ7MojcV//NaCfZu/FSoOEGu2HxRL5EEIzJNgHSF5gzl2BLKtLC3EjagmjK0OeVtCN7iy8ukflHyrkru/WWxfJvFkYNjOIEz8OAaylCBKtSAwRM8wyu8OSPnxXl3PuatK042cwR/4Hz+AEX8kcY=</latexit>

e�iĤt

➡know post-measurement position x_0 with certainty

<latexit sha1_base64="xYZka1EHgeBx11XDNEAJIBtNWIk=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHbVqEeiF4+QyCOBDZkdGhiZnd3MzBrJhi/w4kFjvPpJ3vwbB9iDgpV0UqnqTndXEAuujet+O7mV1bX1jfxmYWt7Z3evuH/Q0FGiGNZZJCLVCqhGwSXWDTcCW7FCGgYCm8Hoduo3H1FpHsl7M47RD+lA8j5n1Fip9tQtltyyOwNZJl5GSpCh2i1+dXoRS0KUhgmqddtzY+OnVBnOBE4KnURjTNmIDrBtqaQhaj+dHTohJ1bpkX6kbElDZurviZSGWo/DwHaG1Az1ojcV//Paielf+ymXcWJQsvmifiKIicj0a9LjCpkRY0soU9zeStiQKsqMzaZgQ/AWX14mjbOyd1k+r12UKjdZHHk4gmM4BQ+uoAJ3UIU6MEB4hld4cx6cF+fd+Zi35pxs5hD+wPn8AejVjQQ=</latexit>x<latexit sha1_base64="kboqdQSQkrPxGyCtqVdHQqvY9O8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GPRi8eK9gPaUDbbSbt0swm7G7GE/gQvHhTx6i/y5r9x2+ag1QcDj/dmmJkXJIJr47pfTmFpeWV1rbhe2tjc2t4p7+41dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nvqtB1Sax/LejBP0IzqQPOSMGivdPfbcXrniVt0ZyF/i5aQCOeq98me3H7M0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9mpE3JklT4JY2VLGjJTf05kNNJ6HAW2M6JmqBe9qfif10lNeOlnXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtOyYbgLb78lzRPqt559fT2rFK7yuMowgEcwjF4cAE1uIE6NIDBAJ7gBV4d4Tw7b877vLXg5DP78AvOxzcMyI2n</latexit>x0

cf. functional integral construction!

• instantaneous collapse of wave function, but real measurements take time: continuous observation

➡strong projective measurement obtains for 
<latexit sha1_base64="8oD8r8tAPJGdVw2CE3lyvw57KmI=">AAAB/HicbVBNS8NAEN3Ur1q/oj16WSyCp5KoqMeiHjxWsB/QhLLZbtqlm03YnQgh1L/ixYMiXv0h3vw3btsctPXBwOO9GWbmBYngGhzn2yqtrK6tb5Q3K1vbO7t79v5BW8epoqxFYxGrbkA0E1yyFnAQrJsoRqJAsE4wvpn6nUemNI/lA2QJ8yMylDzklICR+nbVu2UCCAbsQYw9LkPI+nbNqTsz4GXiFqSGCjT79pc3iGkaMQlUEK17rpOAnxMFnAo2qXipZgmhYzJkPUMliZj289nxE3xslAEOY2VKAp6pvydyEmmdRYHpjAiM9KI3Ff/zeimEV37OZZICk3S+KEwFNn9Ok8ADrhgFkRlCqOLmVkxHRBEKJq+KCcFdfHmZtE/r7kX97P681rgu4iijQ3SETpCLLlED3aEmaiGKMvSMXtGb9WS9WO/Wx7y1ZBUzVfQH1ucP6l+UUA==</latexit>

�t ! 1
➡weak continuous measurement obtains for small  , but large number of repetitions N:

<latexit sha1_base64="tIroXLYbimdfTQConqc22N14Auk=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KomKeizqwWMF+wFtKJvtpl262cTdiVBC/4QXD4p49e9489+4bXPQ1gcDj/dmmJkXJFIYdN1vZ2l5ZXVtvbBR3Nza3tkt7e03TJxqxusslrFuBdRwKRSvo0DJW4nmNAokbwbDm4nffOLaiFg94CjhfkT7SoSCUbRSq3PLJVKC3VLZrbhTkEXi5aQMOWrd0lenF7M04gqZpMa0PTdBP6MaBZN8XOykhieUDWmfty1VNOLGz6b3jsmxVXokjLUthWSq/p7IaGTMKApsZ0RxYOa9ifif104xvPIzoZIUuWKzRWEqCcZk8jzpCc0ZypEllGlhbyVsQDVlaCMq2hC8+ZcXSeO04l1Uzu7Py9XrPI4CHMIRnIAHl1CFO6hBHRhIeIZXeHMenRfn3fmYtS45+cwB/IHz+QOSEY+s</latexit>

�t
<latexit sha1_base64="3gjnHNDwjNnhUgE5vfhzrmAffQM=">AAACNnicbVDLSgMxFM34tr6qLt0Ei+BCyoyKuhR14UZRsCp0Sslk7mhoJhmTO2IZ+lVu/A53blwo4tZPMK0VnwcCJ+eeS3JOlElh0fcfvIHBoeGR0bHx0sTk1PRMeXbu1OrccKhxLbU5j5gFKRTUUKCE88wASyMJZ1Frtzs/uwZjhVYn2M6gkbILJRLBGTqpWT4I90Aio0hD1NRfoeFVzmJ62LuGQiXY/tS+nDzW+GlBuMGCa2Wx2qHNcsWv+j3QvyTokwrp46hZvg9jzfMUFHLJrK0HfoaNghkUXEKnFOYWMsZb7ALqjiqWgm0UvdgduuSUmCbauKOQ9tTvGwVLrW2nkXOmDC/t71lX/G9WzzHZahRCZTmC4h8PJbmkLm+3QxoLAxxl2xHGjXB/pfySGcbRNV1yJQS/I/8lp6vVYKO6drxe2d7p1zFGFsgiWSYB2STbZJ8ckRrh5JY8kCfy7N15j96L9/phHfD6O/PkB7y3d0vyqfI=</latexit>

�t ! 0, N ! 1, �t ·N ! const.

<latexit sha1_base64="VyNYqRs8v86+mwUYZEReeeWmyZg=">AAAB9XicbVBNS8NAEJ34WetX1aOXxSJ4Kokoeix68VjBfkAby2Y7aZduNmF3o5TY/+HFgyJe/S/e/Ddu2xy09cHA470ZZuYFieDauO63s7S8srq2Xtgobm5t7+yW9vYbOk4VwzqLRaxaAdUouMS64UZgK1FIo0BgMxheT/zmAyrNY3lnRgn6Ee1LHnJGjZXunzqJ5l23o6jsC+yWym7FnYIsEi8nZchR65a+Or2YpRFKwwTVuu25ifEzqgxnAsfFTqoxoWxI+9i2VNIItZ9Nrx6TY6v0SBgrW9KQqfp7IqOR1qMosJ0RNQM9703E/7x2asJLP+MySQ1KNlsUpoKYmEwiID2ukBkxsoQyxe2thA2ooszYoIo2BG/+5UXSOK145xX39qxcvcrjKMAhHMEJeHABVbiBGtSBgYJneIU359F5cd6dj1nrkpPPHMAfOJ8/mN6Skg==</latexit>

| 0i
<latexit sha1_base64="Z8PWH1uucpv786jWszqNS88SbYI=">AAAB9XicbVBNS8NAEN34WetX1aOXxSJ4Kokoeix68VjBfkAby2Y7aZduNmF3opTY/+HFgyJe/S/e/Ddu2xy09cHA470ZZuYFiRQGXffbWVpeWV1bL2wUN7e2d3ZLe/sNE6eaQ53HMtatgBmQQkEdBUpoJRpYFEhoBsPrid98AG1ErO5wlIAfsb4SoeAMrXT/1EmM6GJHM9WX0C2V3Yo7BV0kXk7KJEetW/rq9GKeRqCQS2ZM23MT9DOmUXAJ42InNZAwPmR9aFuqWATGz6ZXj+mxVXo0jLUthXSq/p7IWGTMKApsZ8RwYOa9ifif104xvPQzoZIUQfHZojCVFGM6iYD2hAaOcmQJ41rYWykfMM042qCKNgRv/uVF0jiteOcV9/asXL3K4yiQQ3JETohHLkiV3JAaqRNONHkmr+TNeXRenHfnY9a65OQzB+QPnM8fAdmS1g==</latexit>

| ti
<latexit sha1_base64="LkrYydCwXJPfrNmuqyLC648KkyE=">AAAB9HicbVDLSgNBEOz1GeMr6tHLYBC8GHZF0WPQS44RzAOSNcxOJsmQ2dl1pjcQlnyHFw+KePVjvPk3TpI9aGJBQ1HVTXdXEEth0HW/nZXVtfWNzdxWfntnd2+/cHBYN1GiGa+xSEa6GVDDpVC8hgIlb8aa0zCQvBEM76Z+Y8S1EZF6wHHM/ZD2legJRtFKPn9Mz0V7QJFUcNIpFN2SOwNZJl5GipCh2il8tbsRS0KukElqTMtzY/RTqlEwySf5dmJ4TNmQ9nnLUkVDbvx0dvSEnFqlS3qRtqWQzNTfEykNjRmHge0MKQ7MojcV//NaCfZu/FSoOEGu2HxRL5EEIzJNgHSF5gzl2BLKtLC3EjagmjK0OeVtCN7iy8ukflHyrkru/WWxfJvFkYNjOIEz8OAaylCBKtSAwRM8wyu8OSPnxXl3PuatK042cwR/4Hz+AEX8kcY=</latexit>

e�iĤt
<latexit sha1_base64="bfZMd3Ltp3gwGCMCQXikZxrRbs0=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GPVi8cK9gPaUDbbTbt0swm7E6GE/ggvHhTx6u/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWju6nfeuLaiFg94jjhfkQHSoSCUbRSqzukSG5Ir1xxq+4MZJl4OalAjnqv/NXtxyyNuEImqTEdz03Qz6hGwSSflLqp4QllIzrgHUsVjbjxs9m5E3JilT4JY21LIZmpvycyGhkzjgLbGVEcmkVvKv7ndVIMr/1MqCRFrth8UZhKgjGZ/k76QnOGcmwJZVrYWwkbUk0Z2oRKNgRv8eVl0jyrepfV84eLSu02j6MIR3AMp+DBFdTgHurQAAYjeIZXeHMS58V5dz7mrQUnnzmEP3A+fwBHoI7i</latexit>

Â

P̂ (x0) ! Â(x0) = ( 2��t
⇡ )1/4

Z
dx e���t(x�x0)

2

|xihx| �t!0�! ( 2��t
⇡ )1/4e���t(x̂�x0)

2

<latexit sha1_base64="Bej7doagtqMJaX2i8VwfWO+oMi0="></latexit>

outcome (eigenvalue)

� = x0
<latexit sha1_base64="mPM+Cz+zrrPJuLSSsf6GYFpWggM=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsz4QDdC0Y3LCvYB7VAymUwbmknGJFMsQ7/DjQtF3Pox7vwb03YWWj0QOJxzLvfmBAln2rjul1NYWl5ZXSuulzY2t7Z3yrt7TS1TRWiDSC5VO8CaciZowzDDaTtRFMcBp61geDP1WyOqNJPi3owT6se4L1jECDZW8rvcRkOMrtBjz+2VK27VnQH9JV5OKpCj3it/dkNJ0pgKQzjWuuO5ifEzrAwjnE5K3VTTBJMh7tOOpQLHVPvZ7OgJOrJKiCKp7BMGzdSfExmOtR7HgU3G2Az0ojcV//M6qYku/YyJJDVUkPmiKOXISDRtAIVMUWL42BJMFLO3IjLAChNjeyrZErzFL/8lzZOqd1o9vzur1K7zOopwAIdwDB5cQA1uoQ4NIPAAT/ACr87IeXbenPd5tODkM/vwC87HN3y1kUQ=</latexit>

P̂ (x0) = |x0ihx0| =
Z

dx �(x� x0) |xihx|
<latexit sha1_base64="a1zQMf6TTLbtddZn4cpZEnFxag0="></latexit>



Probabilistic Character of Weak Measurements

• probability to measure  on state
<latexit sha1_base64="kboqdQSQkrPxGyCtqVdHQqvY9O8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GPRi8eK9gPaUDbbSbt0swm7G7GE/gQvHhTx6i/y5r9x2+ag1QcDj/dmmJkXJIJr47pfTmFpeWV1rbhe2tjc2t4p7+41dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nvqtB1Sax/LejBP0IzqQPOSMGivdPfbcXrniVt0ZyF/i5aQCOeq98me3H7M0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9mpE3JklT4JY2VLGjJTf05kNNJ6HAW2M6JmqBe9qfif10lNeOlnXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtOyYbgLb78lzRPqt559fT2rFK7yuMowgEcwjF4cAE1uIE6NIDBAJ7gBV4d4Tw7b877vLXg5DP78AvOxzcMyI2n</latexit>x0

quantum mechanical 
expectation

<latexit sha1_base64="rwkcopp3xEFZv4SwRtcrHY6fGbI="></latexit>

p(x0) = ||Â(x0)| i|| = tr[Â†(x0)Â(x0)| ih |]

<latexit sha1_base64="rqsKAr0jc8+C3E8aovOWl9VS070=">AAACEnicbVA9SwNBEJ3zM8avU0ubxSDEJtypqI0QtLGMYD4gd4S9vU2yZG/v2N2ThJjfYONfsbFQxNbKzn/jJrlCEx8MPN6bYWZekHCmtON8WwuLS8srq7m1/PrG5ta2vbNbU3EqCa2SmMeyEWBFORO0qpnmtJFIiqOA03rQux779XsqFYvFnR4k1I9wR7A2I1gbqWUfoQcvUcyTWHQ4RZfIY0KjsI/GarFv7H7mteyCU3ImQPPEzUgBMlRa9pcXxiSNqNCEY6WarpNof4ilZoTTUd5LFU0w6eEObRoqcESVP5y8NEKHRglRO5amzEET9ffEEEdKDaLAdEZYd9WsNxb/85qpbl/4QyaSVFNBpovaKUc6RuN8UMgkJZoPDMFEMnMrIl0sMdEmxbwJwZ19eZ7UjkvuWenk9rRQvsriyME+HEARXDiHMtxABapA4BGe4RXerCfrxXq3PqatC1Y2swd/YH3+AOP4nQA=</latexit>

| i =
Z

dx (x)|xi

• the measurement outcome x_0 is a Gaussian random variable with 

• expectation value

• variance

• stochastic formulation (cf. Fokker-Planck vs. Langevin): parameterize

Review: Jacobs, Steck, Contemp. 
Phys. (2006)

<latexit sha1_base64="IK3qXLBO8Jx84gciuPHVWfWF6O4=">AAACAXicbVDLSsNAFL2pr1pfUTeCm8EiuCqJiroRirpwWcE+oAllMp22QyeTMDMRSqgbf8WNC0Xc+hfu/BsnbRbaemDgcM493LkniDlT2nG+rcLC4tLySnG1tLa+sbllb+80VJRIQusk4pFsBVhRzgSta6Y5bcWS4jDgtBkMrzO/+UClYpG416OY+iHuC9ZjBGsjdew9LzJ2lk69G8o1Rs0xukQO6thlp+JMgOaJm5My5Kh17C+vG5EkpEITjpVqu06s/RRLzQin45KXKBpjMsR92jZU4JAqP51cMEaHRumiXiTNExpN1N+JFIdKjcLATIZYD9Ssl4n/ee1E9y78lIk40VSQ6aJewpGOUFYH6jJJieYjQzCRzPwVkQGWmGhTWsmU4M6ePE8axxX3rHJyd1quXuV1FGEfDuAIXDiHKtxCDepA4BGe4RXerCfrxXq3PqajBSvP7MIfWJ8/76SV5Q==</latexit>

�W = 0Gaussian random 
variable <latexit sha1_base64="Szo89r/hE8Ozr+NQUv/S/Nwe1fw=">AAACEHicbVDLSgNBEJz1GeMr6tHLYBA9hV0V9RjUg8cI5gHZEGYnnWTIzO460yuEJZ/gxV/x4kERrx69+TdOHoImFsxQVHXT3RXEUhh03S9nbn5hcWk5s5JdXVvf2MxtbVdMlGgOZR7JSNcCZkCKEMooUEIt1sBUIKEa9C6HfvUetBFReIv9GBqKdULRFpyhlZq5A18oOwcM9a9AIqNV6huh7HenMf0RcdDM5d2COwKdJd6E5MkEpWbu029FPFEQIpfMmLrnxthImUbBJQyyfmIgZrzHOlC3NGQKTCMdHTSg+1Zp0Xak7QuRjtTfHSlTxvRVYCsVw66Z9obif149wfZ5IxVhnCCEfDyonUiKER2mQ1tCA0fZt4RxLeyulHeZZhxthlkbgjd98iypHBW808LxzUm+eDGJI0N2yR45JB45I0VyTUqkTDh5IE/khbw6j86z8+a8j0vnnEnPDvkD5+MbshqcYg==</latexit>

=) �W ⇠
p
�t

• stochastic update of wave function:

• for short observation times: expand    to linear order
<latexit sha1_base64="rJze7zQFAvyYNP89QEg0hCVT/Jo="></latexit>

| t+�ti = Â(x0)| ti

<latexit sha1_base64="mEDC7fuKnqCPq1ExpbpQRfnmL8Y="></latexit>

| t+�ti =
Â(x0)| ti

||Â(x0)| ti||
<latexit sha1_base64="NUB+d0EmTRcZAcR24IbFau4bq9M=">AAACAHicbVC7SgNBFJ2NrxhfqxYWNoNBsAq7KmoZ1MIygnlANoTZyU0yZPbhzN1AWNL4KzYWitj6GXb+jZNkC008MHA4517unOPHUmh0nG8rt7S8srqWXy9sbG5t79i7ezUdJYpDlUcyUg2faZAihCoKlNCIFbDAl1D3BzcTvz4EpUUUPuAohlbAeqHoCs7QSG37wLsFiYyiB4+JGNIOUg8j6rTtolNypqCLxM1IkWSotO0vrxPxJIAQuWRaN10nxlbKFAouYVzwEg0x4wPWg6ahIQtAt9JpgDE9NkqHdiNlXoh0qv7eSFmg9SjwzWTAsK/nvYn4n9dMsHvVSkUYJwghnx3qJpKaiJM2aEco4ChHhjCuhPkr5X2mGEfTWcGU4M5HXiS105J7UTq7Py+Wr7M68uSQHJET4pJLUiZ3pEKqhJMxeSav5M16sl6sd+tjNpqzsp198gfW5w9g95Wg</latexit>

�t ⌘ dt ! 0

<latexit sha1_base64="BM8U+xftvmVv/TYJ/NJOPzHSnu4="></latexit>

Â(x0) = ( 2��t
⇡ )1/4e���t(x̂�x0)

2

<latexit sha1_base64="/qBvcmkAfbp5hoQ6QTzwaE3eih4="></latexit>

hhx0ii ⌘
Z

dx0x0p(x0) = ( 2��t
⇡ )1/2

Z
dx0

Z
dxx0e

�2��t(x�x0)
2

| (x)|2 =

Z
dxx| (x)|2 = hx̂i

<latexit sha1_base64="HOloUzkXvcZQZlJNPO1276t77EI="></latexit>

hhx2
0ii � hhx0ii2 = 4��t

<latexit sha1_base64="ooyAHkey3c0JlKZSoYLPxxbtlXI="></latexit>

x0 = hx̂i+ �W

�t <latexit sha1_base64="lPafcAkDrSHnHmNW1lv0tdEEvU4=">AAACGHicbVBNSwMxFMz6bf2qevQSLIKnuqtFvQiiHjxWsLbQXcrbNFuDye6SvBXK0p/hxb/ixYMiXnvz35jWFdQ6EDLMvCF5E6ZSGHTdD2dqemZ2bn5hsbS0vLK6Vl7fuDFJphlvsEQmuhWC4VLEvIECJW+lmoMKJW+Gd+cjv3nPtRFJfI39lAcKerGIBAO0Uqe85yfWHqVz/4JLBNr8vgf0hNao3wOlgBYidsoVt+qOQSeJV5AKKVDvlId+N2GZ4jEyCca0PTfFIAeNgkk+KPmZ4SmwO+jxtqUxKG6CfLzYgO5YpUujRNsTIx2rPxM5KGP6KrSTCvDW/PVG4n9eO8PoOMhFnGbIY/b1UJRJigkdtUS7QnOGsm8JMC3sXym7BQ0MbZclW4L3d+VJcrNf9Q6rB1e1yulZUccC2SLbZJd45IickktSJw3CyAN5Ii/k1Xl0np035/1rdMopMpvkF5zhJ676nuU=</latexit>

�W�W = 4��t

<latexit sha1_base64="BWol+m8ntwxYmclNPBd34NiyzN4="></latexit>

d| ti ⌘ | t+dti � | ti = {[� 1
2�(x̂� hx̂i)2]dt+ (x̂� hx̂i)]dW}| i

<latexit sha1_base64="OtgYSY5MqK/UNhHD7VLUL0ZP8mQ=">AAAB9XicbVDLSgNBEOyNrxhfUY9eBoPgKeyqqMegHjxGMA/IrmF2MpsMmX0w06uEJf/hxYMiXv0Xb/6Nk2QPmljQUFR1093lJ1JotO1vq7C0vLK6VlwvbWxube+Ud/eaOk4V4w0Wy1i1faq5FBFvoEDJ24niNPQlb/nD64nfeuRKizi6x1HCvZD2IxEIRtFID+4Nl0gJEhdjYnfLFbtqT0EWiZOTCuSod8tfbi9macgjZJJq3XHsBL2MKhRM8nHJTTVPKBvSPu8YGtGQay+bXj0mR0bpkSBWpiIkU/X3REZDrUehbzpDigM9703E/7xOisGll4koSZFHbLYoSCUxL04iID2hOEM5MoQyJcythA2oogxNUCUTgjP/8iJpnlSd8+rp3VmldpXHUYQDOIRjcOACanALdWgAAwXP8Apv1pP1Yr1bH7PWgpXP7MMfWJ8/EtmRlw==</latexit>

�t ! 0in time



Weak Measurements: Stochastic Schrödinger Equation

• governed by stochastic Schrödinger equation for quantum trajectory V. P. Belavkin (1987)
<latexit sha1_base64="4CXjh0x/F2hxviliiMLXOtQmb5Q=">AAAB+HicbVDLSgNBEJz1GeMjUY9eBoPgKeyKosegF48RzAOSZZmd9CZDZmeXmV4hrvkSLx4U8eqnePNvnDwOmljQUFR1090VplIYdN1vZ2V1bX1js7BV3N7Z3SuV9w+aJsk0hwZPZKLbITMghYIGCpTQTjWwOJTQCoc3E7/1ANqIRN3jKAU/Zn0lIsEZWikol+hTNzUiwK5mqi8hKFfcqjsFXSbenFTIHPWg/NXtJTyLQSGXzJiO56bo50yj4BLGxW5mIGV8yPrQsVSxGIyfTw8f0xOr9GiUaFsK6VT9PZGz2JhRHNrOmOHALHoT8T+vk2F05edCpRmC4rNFUSYpJnSSAu0JDRzlyBLGtbC3Uj5gmnG0WRVtCN7iy8ukeVb1Lqru3Xmldj2Po0COyDE5JR65JDVyS+qkQTjJyDN5JW/Oo/PivDsfs9YVZz5zSP7A+fwB0MyTMQ==</latexit>

| ti
<latexit sha1_base64="siZTXDPkdOEmy9iElDNFO5ImTNs="></latexit>

d| ti = dt(�iĤ � �
2

X

l

(n̂l � hn̂lit)2| ti+
X

l

dWl (n̂l � hn̂lit) | ti

<latexit sha1_base64="10Hi3+t///Zj9FJJygjqAYpHli0=">AAACLXicbVDLSgMxFM34rPU16tJNsAiuyoyKuhGKunBZwT6gM5RMmrahmcyQ3BFK2x9y46+I4KIibv0N0+mI2nogcHLOuST3BLHgGhxnbC0sLi2vrObW8usbm1vb9s5uVUeJoqxCIxGpekA0E1yyCnAQrB4rRsJAsFrQu574tQemNI/kPfRj5oekI3mbUwJGato3niCyIxj2ugSwbArsqVRoAr7EmenFmpv78Cc0nErfWbvgFJ0UeJ64GSmgDOWm/eK1IpqETAIVROuG68TgD4gCTgUb5b1Es5jQHumwhqGShEz7g3TbET40Sgu3I2WOBJyqvycGJNS6HwYmGRLo6llvIv7nNRJoX/gDLuMEmKTTh9qJwBDhSXW4xRWjIPqGEKq4+SumXaIIBVNw3pTgzq48T6rHRfeseHJ3WihdZXXk0D46QEfIReeohG5RGVUQRY/oGY3Rm/VkvVrv1sc0umBlM3voD6zPL5ldqGU=</latexit>

hn̂lit = h t|n̂l| ti

• Hamiltonian added, many degree of freedom,  

• works for measurement operators with discrete spectrum (measurement record continuous, 
e.g. Stern-Gerlach)

<latexit sha1_base64="y8E0cVFyXaeR9/ocx7a196C6oBQ=">AAACAXicbZDLSsNAFIZPvNZ6q7oR3AwWwVVJVNSNUHTjsoK9QBPDZDJph04mYWYilFA3voobF4q49S3c+TZOL4K2/jDw8Z9zOHP+IOVMadv+submFxaXlgsrxdW19Y3N0tZ2QyWZJLROEp7IVoAV5UzQumaa01YqKY4DTptB72pYb95TqVgibnU/pV6MO4JFjGBtLL+063axRsLn6AL94J0b4o5fKtsVeyQ0C84EyjBRzS99umFCspgKTThWqu3YqfZyLDUjnA6KbqZoikkPd2jboMAxVV4+umCADowToiiR5gmNRu7viRzHSvXjwHTGWHfVdG1o/ldrZzo693Im0kxTQcaLoowjnaBhHChkkhLN+wYwkcz8FZEulphoE1rRhOBMnzwLjaOKc1o5vjkpVy8ncRRgD/bhEBw4gypcQw3qQOABnuAFXq1H69l6s97HrXPWZGYH/sj6+AbnsJXq</latexit>

n̂l = n̂†
l

• measurement only dynamics H =0: measurement dark states

-3 -2 -1 1 2 3

1

2

3
long time

short time

measurement record

<latexit sha1_base64="uw1JQ9KhmXukrP2JyYv2legPlaE=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBDiJeyqqMegF48RzAOSZZmdzCZDZh/O9IphyU948aCIV3/Hm3/jJNmDJhY0FFXddHf5iRQabfvbWlpeWV1bL2wUN7e2d3ZLe/tNHaeK8QaLZazaPtVciog3UKDk7URxGvqSt/zhzcRvPXKlRRzd4yjhbkj7kQgEo2ikduJh5cmzT7xS2a7aU5BF4uSkDDnqXumr24tZGvIImaRadxw7QTejCgWTfFzspponlA1pn3cMjWjItZtN7x2TY6P0SBArUxGSqfp7IqOh1qPQN50hxYGe9ybif14nxeDKzUSUpMgjNlsUpJJgTCbPk55QnKEcGUKZEuZWwgZUUYYmoqIJwZl/eZE0T6vORfXs7rxcu87jKMAhHEEFHLiEGtxCHRrAQMIzvMKb9WC9WO/Wx6x1ycpnDuAPrM8fMxaPbQ==</latexit>

pt(x0)
measurement of a spin 1/2

• dW ‘multiplicative noise’: inactive when 

• e.g. in eigenstate

dark state of 
measurement operator 

<latexit sha1_base64="/z+tztaykL0dQ0Y89qhTIji8je0=">AAACLnicbVDLSsNAFJ34rPUVdelmsAiuSqKiboSiCC4r2Ac0IUymk3boZBJmboQS+0Vu/BVdCCri1s8waYNo64GBwznncucePxZcg2W9GnPzC4tLy6WV8ura+samubXd1FGiKGvQSESq7RPNBJesARwEa8eKkdAXrOUPLnO/dceU5pG8hWHM3JD0JA84JZBJnnnl9Alg6Ql878Sae+AoInuC4XPsiAn7SRSWB9PZsmdWrKo1Bp4ldkEqqEDdM5+dbkSTkEmggmjdsa0Y3JQo4FSwUdlJNIsJHZAe62RUkpBpNx2fO8L7mdLFQaSyJwGP1d8TKQm1HoZ+lgwJ9PW0l4v/eZ0EgjM35TJOgEk6WRQkAkOE8+5wlytGQQwzQqji2V8x7RNFKGQN5yXY0yfPkuZh1T6pHt0cV2oXRR0ltIv20AGy0SmqoWtURw1E0QN6Qm/o3Xg0XowP43MSnTOKmR30B8bXN/j+qH8=</latexit>

n̂l| ti = hn̂lit| ti
<latexit sha1_base64="BB34yXIbqdg8watuM6WsGIKsFeo=">AAACFXicbVBNS8NAEN3Ur1q/oh69LBbBg5RERb0IRS8eK9gPaELYbDft0s0m7E6EEvsnvPhXvHhQxKvgzX9j0uagrQ8GHu/NMDPPjwXXYFnfRmlhcWl5pbxaWVvf2Nwyt3daOkoUZU0aiUh1fKKZ4JI1gYNgnVgxEvqCtf3hde6375nSPJJ3MIqZG5K+5AGnBDLJM4+cAQEsPYEfnFhzDxxFZF8wfInlrFTxzKpVsybA88QuSBUVaHjml9OLaBIyCVQQrbu2FYObEgWcCjauOIlmMaFD0mfdjEoSMu2mk6/G+CBTejiIVFYS8ET9PZGSUOtR6GedIYGBnvVy8T+vm0Bw4aZcxgkwSaeLgkRgiHAeEe5xxSiIUUYIVTy7FdMBUYRCFmQegj378jxpHdfss9rJ7Wm1flXEUUZ7aB8dIhudozq6QQ3URBQ9omf0it6MJ+PFeDc+pq0lo5jZRX9gfP4AVGqeSg==</latexit>

n̂l| ti = n| ti

➡ continuous collapse: convergence to measurement eigenstate 
for long times (more gen. for) 

<latexit sha1_base64="wegizIu27OZj0WydptJSRNN08pM=">AAAB/3icbVDLSsNAFJ34rPUVFdy4GSyCCymJiroRim66rGAfkIYymU7aoZNJmLkRSu3CX3HjQhG3/oY7/8ZpmoW2Hrjcwzn3MndOkAiuwXG+rYXFpeWV1cJacX1jc2vb3tlt6DhVlNVpLGLVCohmgktWBw6CtRLFSBQI1gwGtxO/+cCU5rG8h2HC/Ij0JA85JWCkjr3vtfsEcPUEZ112hI+vHdyxS07ZyYDniZuTEspR69hf7W5M04hJoIJo7blOAv6IKOBUsHGxnWqWEDogPeYZKknEtD/K7h/jI6N0cRgrUxJwpv7eGJFI62EUmMmIQF/PehPxP89LIbzyR1wmKTBJpw+FqcAQ40kYuMsVoyCGhhCquLkV0z5RhIKJrGhCcGe/PE8ap2X3onx2d16q3ORxFNABOkTHyEWXqIKqqIbqiKJH9Ixe0Zv1ZL1Y79bHdHTBynf20B9Ynz8P3pQz</latexit>

[Ĥ, n̂l] = 0 <latexit sha1_base64="ooyAHkey3c0JlKZSoYLPxxbtlXI="></latexit>

x0 = hx̂i+ �W

�t

<latexit sha1_base64="VyNYqRs8v86+mwUYZEReeeWmyZg=">AAAB9XicbVBNS8NAEJ34WetX1aOXxSJ4Kokoeix68VjBfkAby2Y7aZduNmF3o5TY/+HFgyJe/S/e/Ddu2xy09cHA470ZZuYFieDauO63s7S8srq2Xtgobm5t7+yW9vYbOk4VwzqLRaxaAdUouMS64UZgK1FIo0BgMxheT/zmAyrNY3lnRgn6Ee1LHnJGjZXunzqJ5l23o6jsC+yWym7FnYIsEi8nZchR65a+Or2YpRFKwwTVuu25ifEzqgxnAsfFTqoxoWxI+9i2VNIItZ9Nrx6TY6v0SBgrW9KQqfp7IqOR1qMosJ0RNQM9703E/7x2asJLP+MySQ1KNlsUpoKYmEwiID2ukBkxsoQyxe2thA2ooszYoIo2BG/+5UXSOK145xX39qxcvcrjKMAhHMEJeHABVbiBGtSBgYJneIU359F5cd6dj1nrkpPPHMAfOJ8/mN6Skg==</latexit>

| 0i
<latexit sha1_base64="Z8PWH1uucpv786jWszqNS88SbYI=">AAAB9XicbVBNS8NAEN34WetX1aOXxSJ4Kokoeix68VjBfkAby2Y7aZduNmF3opTY/+HFgyJe/S/e/Ddu2xy09cHA470ZZuYFiRQGXffbWVpeWV1bL2wUN7e2d3ZLe/sNE6eaQ53HMtatgBmQQkEdBUpoJRpYFEhoBsPrid98AG1ErO5wlIAfsb4SoeAMrXT/1EmM6GJHM9WX0C2V3Yo7BV0kXk7KJEetW/rq9GKeRqCQS2ZM23MT9DOmUXAJ42InNZAwPmR9aFuqWATGz6ZXj+mxVXo0jLUthXSq/p7IWGTMKApsZ8RwYOa9ifif104xvPQzoZIUQfHZojCVFGM6iYD2hAaOcmQJ41rYWykfMM042qCKNgRv/uVF0jiteOcV9/asXL3K4yiQQ3JETohHLkiV3JAaqRNONHkmr+TNeXRenHfnY9a65OQzB+QPnM8fAdmS1g==</latexit>

| ti
<latexit sha1_base64="ytaXKrqdF5E9CR9EmW6znrrnyFg=">AAACDXicbVA9SwNBEN3z2/gVtbRZjIIWhjsVtRS1sFQwKuRimNtMksXdu2N3TgxH/oCNf8XGQhFbezv/jZuYwq8HA4/3ZpiZF6VKWvL9D29oeGR0bHxisjA1PTM7V5xfOLdJZgRWRKIScxmBRSVjrJAkhZepQdCRwovo+rDnX9ygsTKJz6iTYk1DK5ZNKYCcVC+u4FW+EbZAa+DhESoCTmthG4jf8g1+W/fXrza79WLJL/t98L8kGJASG+CkXnwPG4nINMYkFFhbDfyUajkYkkJhtxBmFlMQ19DCqqMxaLS1vP9Nl686pcGbiXEVE++r3ydy0NZ2dOQ6NVDb/vZ64n9eNaPmXi2XcZoRxuJrUTNTnBLei4Y3pEFBquMICCPdrVy0wYAgF2DBhRD8fvkvOd8sBzvlrdPt0v7BII4JtsSW2RoL2C7bZ8fshFWYYHfsgT2xZ+/ee/RevNev1iFvMLPIfsB7+wRxI5ni</latexit>

e���t(x̂�x0)
2

<latexit sha1_base64="hFuwg9jHyT0ZQzVkLUZBPTNKkWk=">AAAB/XicbVDJSgNBEO2JW4zbuNy8NAbBi2FGRT0G9ZBjBLNAJoaeTiVp0rPQXSPEIfgrXjwo4tX/8Obf2FkOmvig4PFeFVX1/FgKjY7zbWUWFpeWV7KrubX1jc0te3unqqNEcajwSEaq7jMNUoRQQYES6rECFvgSan7/euTXHkBpEYV3OIihGbBuKDqCMzRSy96D+/RYeDcgkVH0egxpadiy807BGYPOE3dK8mSKcsv+8toRTwIIkUumdcN1YmymTKHgEoY5L9EQM95nXWgYGrIAdDMdXz+kh0Zp006kTIVIx+rviZQFWg8C33QGDHt61huJ/3mNBDuXzVSEcYIQ8smiTiIpRnQUBW0LBRzlwBDGlTC3Ut5jinE0geVMCO7sy/OkelJwzwunt2f54tU0jizZJwfkiLjkghRJiZRJhXDySJ7JK3mznqwX6936mLRmrOnMLvkD6/MHjdeUpw==</latexit>

e�i�tĤ



Weak Measurements: Stochastic Schrödinger Equation

• Hamiltonian added, many degree of freedom,  

• governed by stochastic Schrödinger equation for quantum trajectory 
<latexit sha1_base64="4CXjh0x/F2hxviliiMLXOtQmb5Q=">AAAB+HicbVDLSgNBEJz1GeMjUY9eBoPgKeyKosegF48RzAOSZZmd9CZDZmeXmV4hrvkSLx4U8eqnePNvnDwOmljQUFR1090VplIYdN1vZ2V1bX1js7BV3N7Z3SuV9w+aJsk0hwZPZKLbITMghYIGCpTQTjWwOJTQCoc3E7/1ANqIRN3jKAU/Zn0lIsEZWikol+hTNzUiwK5mqi8hKFfcqjsFXSbenFTIHPWg/NXtJTyLQSGXzJiO56bo50yj4BLGxW5mIGV8yPrQsVSxGIyfTw8f0xOr9GiUaFsK6VT9PZGz2JhRHNrOmOHALHoT8T+vk2F05edCpRmC4rNFUSYpJnSSAu0JDRzlyBLGtbC3Uj5gmnG0WRVtCN7iy8ukeVb1Lqru3Xmldj2Po0COyDE5JR65JDVyS+qkQTjJyDN5JW/Oo/PivDsfs9YVZz5zSP7A+fwB0MyTMQ==</latexit>

| ti

• works for measurement operators with discrete spectrum (measurement record continuous, 
e.g. Stern-Gerlach)

<latexit sha1_base64="siZTXDPkdOEmy9iElDNFO5ImTNs="></latexit>

d| ti = dt(�iĤ � �
2

X

l

(n̂l � hn̂lit)2| ti+
X

l

dWl (n̂l � hn̂lit) | ti

<latexit sha1_base64="10Hi3+t///Zj9FJJygjqAYpHli0=">AAACLXicbVDLSgMxFM34rPU16tJNsAiuyoyKuhGKunBZwT6gM5RMmrahmcyQ3BFK2x9y46+I4KIibv0N0+mI2nogcHLOuST3BLHgGhxnbC0sLi2vrObW8usbm1vb9s5uVUeJoqxCIxGpekA0E1yyCnAQrB4rRsJAsFrQu574tQemNI/kPfRj5oekI3mbUwJGato3niCyIxj2ugSwbArsqVRoAr7EmenFmpv78Cc0nErfWbvgFJ0UeJ64GSmgDOWm/eK1IpqETAIVROuG68TgD4gCTgUb5b1Es5jQHumwhqGShEz7g3TbET40Sgu3I2WOBJyqvycGJNS6HwYmGRLo6llvIv7nNRJoX/gDLuMEmKTTh9qJwBDhSXW4xRWjIPqGEKq4+SumXaIIBVNw3pTgzq48T6rHRfeseHJ3WihdZXXk0D46QEfIReeohG5RGVUQRY/oGY3Rm/VkvVrv1sc0umBlM3voD6zPL5ldqGU=</latexit>

hn̂lit = h t|n̂l| ti
<latexit sha1_base64="y8E0cVFyXaeR9/ocx7a196C6oBQ=">AAACAXicbZDLSsNAFIZPvNZ6q7oR3AwWwVVJVNSNUHTjsoK9QBPDZDJph04mYWYilFA3voobF4q49S3c+TZOL4K2/jDw8Z9zOHP+IOVMadv+submFxaXlgsrxdW19Y3N0tZ2QyWZJLROEp7IVoAV5UzQumaa01YqKY4DTptB72pYb95TqVgibnU/pV6MO4JFjGBtLL+063axRsLn6AL94J0b4o5fKtsVeyQ0C84EyjBRzS99umFCspgKTThWqu3YqfZyLDUjnA6KbqZoikkPd2jboMAxVV4+umCADowToiiR5gmNRu7viRzHSvXjwHTGWHfVdG1o/ldrZzo693Im0kxTQcaLoowjnaBhHChkkhLN+wYwkcz8FZEulphoE1rRhOBMnzwLjaOKc1o5vjkpVy8ncRRgD/bhEBw4gypcQw3qQOABnuAFXq1H69l6s97HrXPWZGYH/sj6+AbnsJXq</latexit>

n̂l = n̂†
l

• Can we expect a measurement induced phase transition similar to projective measurements? Yes!

➡expect no phase transition upon taking temporal continuum limit

➡continuum limit useful for analytical approach measurement induced 
phase transitions (e.g. Keldysh field theory approach)

Szyniszewski, Romito, Schomerus, PRB (2019)

<latexit sha1_base64="JKp0g3S1jsYP3z98hzyy0HsEKjU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8eK1hbaUDbbSbp0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSAXXxnW/ndLK6tr6RnmzsrW9s7tX3T941EmmGLZYIhLVCahGwSW2DDcCO6lCGgcC28HoZuq3n1BpnsgHM07Rj2kkecgZNVa6j/qsX625dXcGsky8gtSgQLNf/eoNEpbFKA0TVOuu56bGz6kynAmcVHqZxpSyEY2wa6mkMWo/n506ISdWGZAwUbakITP190ROY63HcWA7Y2qGetGbiv953cyEV37OZZoZlGy+KMwEMQmZ/k0GXCEzYmwJZYrbWwkbUkWZselUbAje4svL5PGs7l3U3bvzWuO6iKMMR3AMp+DBJTTgFprQAgYRPMMrvDnCeXHenY95a8kpZg7hD5zPHz7kjcU=</latexit>gc
<latexit sha1_base64="qmqxvw54qUUoUaz9MnxwYmJpOwM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUGPbLFbfqzkFWiZeTCuSo98tfvUHM0gilYYJq3fXcxPgZVYYzgdNSL9WYUDamQ+xaKmmE2s/mh07JmVUGJIyVLWnIXP09kdFI60kU2M6ImpFe9mbif143NeGNn3GZpAYlWywKU0FMTGZfkwFXyIyYWEKZ4vZWwkZUUWZsNiUbgrf88ippXVS9q6rbuKzUbvM4inACp3AOHlxDDe6hDk1ggPAMr/DmPDovzrvzsWgtOPnMMfyB8/kDzceM7w==</latexit>g

<latexit sha1_base64="D8fFRwpfPe1x2jqyRB0HCq168po=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8cq1hbaUDabTbt0swm7E6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmlldW19o7xZ2dre2d2r7h88miTTjLdYIhPdCajhUijeQoGSd1LNaRxI3g5GN1O//cS1EYl6wHHK/ZgOlIgEo2il+xD71Zpbd2cgy8QrSA0KNPvVr16YsCzmCpmkxnQ9N0U/pxoFk3xS6WWGp5SN6IB3LVU05sbPZ5dOyIlVQhIl2pZCMlN/T+Q0NmYcB7Yzpjg0i95U/M/rZhhd+blQaYZcsfmiKJMEEzJ9m4RCc4ZybAllWthbCRtSTRnacCo2BG/x5WXyeFb3Luru3XmtcV3EUYYjOIZT8OASGnALTWgBgwie4RXenJHz4rw7H/PWklPMHMIfOJ8/nmKNag==</latexit>

dt

• Demonstrated numerically
• no competition => no phase transition

<latexit sha1_base64="ieWFUQhe7SLxMTwZl98PiqF6WdQ="></latexit>

Â(x0) = ( 2��t
⇡ )1/4e���t(x̂�x0)

2 �t!1
= |x0ihx0|

Belavkin (1987); Gisin, Percival (1993)

<latexit sha1_base64="VyNYqRs8v86+mwUYZEReeeWmyZg=">AAAB9XicbVBNS8NAEJ34WetX1aOXxSJ4Kokoeix68VjBfkAby2Y7aZduNmF3o5TY/+HFgyJe/S/e/Ddu2xy09cHA470ZZuYFieDauO63s7S8srq2Xtgobm5t7+yW9vYbOk4VwzqLRaxaAdUouMS64UZgK1FIo0BgMxheT/zmAyrNY3lnRgn6Ee1LHnJGjZXunzqJ5l23o6jsC+yWym7FnYIsEi8nZchR65a+Or2YpRFKwwTVuu25ifEzqgxnAsfFTqoxoWxI+9i2VNIItZ9Nrx6TY6v0SBgrW9KQqfp7IqOR1qMosJ0RNQM9703E/7x2asJLP+MySQ1KNlsUpoKYmEwiID2ukBkxsoQyxe2thA2ooszYoIo2BG/+5UXSOK145xX39qxcvcrjKMAhHMEJeHABVbiBGtSBgYJneIU359F5cd6dj1nrkpPPHMAfOJ8/mN6Skg==</latexit>

| 0i
<latexit sha1_base64="Z8PWH1uucpv786jWszqNS88SbYI=">AAAB9XicbVBNS8NAEN34WetX1aOXxSJ4Kokoeix68VjBfkAby2Y7aZduNmF3opTY/+HFgyJe/S/e/Ddu2xy09cHA470ZZuYFiRQGXffbWVpeWV1bL2wUN7e2d3ZLe/sNE6eaQ53HMtatgBmQQkEdBUpoJRpYFEhoBsPrid98AG1ErO5wlIAfsb4SoeAMrXT/1EmM6GJHM9WX0C2V3Yo7BV0kXk7KJEetW/rq9GKeRqCQS2ZM23MT9DOmUXAJ42InNZAwPmR9aFuqWATGz6ZXj+mxVXo0jLUthXSq/p7IWGTMKApsZ8RwYOa9ifif104xvPQzoZIUQfHZojCVFGM6iYD2hAaOcmQJ41rYWykfMM042qCKNgRv/uVF0jiteOcV9/asXL3K4yiQQ3JETohHLkiV3JAaqRNONHkmr+TNeXRenHfnY9a65OQzB+QPnM8fAdmS1g==</latexit>

| ti
<latexit sha1_base64="ytaXKrqdF5E9CR9EmW6znrrnyFg=">AAACDXicbVA9SwNBEN3z2/gVtbRZjIIWhjsVtRS1sFQwKuRimNtMksXdu2N3TgxH/oCNf8XGQhFbezv/jZuYwq8HA4/3ZpiZF6VKWvL9D29oeGR0bHxisjA1PTM7V5xfOLdJZgRWRKIScxmBRSVjrJAkhZepQdCRwovo+rDnX9ygsTKJz6iTYk1DK5ZNKYCcVC+u4FW+EbZAa+DhESoCTmthG4jf8g1+W/fXrza79WLJL/t98L8kGJASG+CkXnwPG4nINMYkFFhbDfyUajkYkkJhtxBmFlMQ19DCqqMxaLS1vP9Nl686pcGbiXEVE++r3ydy0NZ2dOQ6NVDb/vZ64n9eNaPmXi2XcZoRxuJrUTNTnBLei4Y3pEFBquMICCPdrVy0wYAgF2DBhRD8fvkvOd8sBzvlrdPt0v7BII4JtsSW2RoL2C7bZ8fshFWYYHfsgT2xZ+/ee/RevNev1iFvMLPIfsB7+wRxI5ni</latexit>

e���t(x̂�x0)
2

<latexit sha1_base64="hFuwg9jHyT0ZQzVkLUZBPTNKkWk=">AAAB/XicbVDJSgNBEO2JW4zbuNy8NAbBi2FGRT0G9ZBjBLNAJoaeTiVp0rPQXSPEIfgrXjwo4tX/8Obf2FkOmvig4PFeFVX1/FgKjY7zbWUWFpeWV7KrubX1jc0te3unqqNEcajwSEaq7jMNUoRQQYES6rECFvgSan7/euTXHkBpEYV3OIihGbBuKDqCMzRSy96D+/RYeDcgkVH0egxpadiy807BGYPOE3dK8mSKcsv+8toRTwIIkUumdcN1YmymTKHgEoY5L9EQM95nXWgYGrIAdDMdXz+kh0Zp006kTIVIx+rviZQFWg8C33QGDHt61huJ/3mNBDuXzVSEcYIQ8smiTiIpRnQUBW0LBRzlwBDGlTC3Ut5jinE0geVMCO7sy/OkelJwzwunt2f54tU0jizZJwfkiLjkghRJiZRJhXDySJ7JK3mznqwX6936mLRmrOnMLvkD6/MHjdeUpw==</latexit>

e�i�tĤ



initial state: Néel product state

Bessel function

Ref Keyserlingk

Monitored Dynamics: Extracting Information

• usual observables: 

<latexit sha1_base64="1kpEi0svZqa++PKc+5brIeZkweo=">AAACD3icbVDLSgMxFM34rPU16tJNsCiuyowouiy6cVnBPqBTSibNtKHJZEjuCGXoH7jxV9y4UMStW3f+jZl2Ftp6IHA45x5y7wkTwQ143reztLyyurZe2ihvbm3v7Lp7+02jUk1ZgyqhdDskhgkeswZwEKydaEZkKFgrHN3kfuuBacNVfA/jhHUlGcQ84pSAlXruSaCsnaezYEgAB3qoeoAngeESB5LAMIwyf9JzK17VmwIvEr8gFVSg3nO/gr6iqWQxUEGM6fheAt2MaOBUsEk5SA1LCB2RAetYGhPJTDeb3jPBx1bp40hp+2LAU/V3IiPSmLEM7WS+oZn3cvE/r5NCdNXNeJykwGI6+yhKBQaF83Jwn2tGQYwtIVRzuyumQ6IJBVth2Zbgz5+8SJpnVf+i6t2dV2rXRR0ldIiO0Cny0SWqoVtURw1E0SN6Rq/ozXlyXpx352M2uuQUmQP0B87nD4A1nPA=</latexit>

⇢̂t ⇠ 1

statistical average

e.g. trajectories

• Problem: Hermitian measurement operators =>

➡ use state-dependent observables

more promising, because in general
<latexit sha1_base64="z/NwyWUdxRrpjnyUbNy/65HGNVw=">AAACHnicbVBLSwMxGMzWV62vVY9egkWol7IrFj0WheKxgn1AdynZNNsNzSZrkhXK0l/ixb/ixYMigif9N6YPpLYOBIaZ+ZJ8EySMKu0431ZuZXVtfSO/Wdja3tnds/cPmkqkEpMGFkzIdoAUYZSThqaakXYiCYoDRlrB4Hrstx6IVFTwOz1MiB+jPqchxUgbqWtXaiXoCZMYX5B5EdLQk5EYnUKPk/s5q9b5Nf1R1y46ZWcCuEzcGSmCGepd+9PrCZzGhGvMkFId10m0nyGpKWZkVPBSRRKEB6hPOoZyFBPlZ5P1RvDEKD0YCmkO13Cizk9kKFZqGAcmGSMdqUVvLP7ndVIdXvoZ5UmqCcfTh8KUQS3guCvYo5JgzYaGICyp+SvEEZIIa9NowZTgLq68TJpnZbdSdm7Pi9WrWR15cASOQQm44AJUwQ2ogwbA4BE8g1fwZj1ZL9a79TGN5qzZzCH4A+vrBx99ooI=</latexit>

F (⇢̂) 6= F [⇢̂]

• examples:

SvN (l, L) = hlog(⇢A)i• von Neumann entropy

• correlation function quadratic in state projector

arbitrarily high power of state projector

<latexit sha1_base64="HQqgMYjJOaoRZPCg0pTzsaLDTDM=">AAACJnicbVDLSgMxFM3UV62vUZdugkVwVWZE0Y1QdOOygn1AZxgyadrGZjJDckcoQ7/Gjb/ixkVFxJ2fYqadhbZeCJycc89N7gkTwTU4zpdVWlldW98ob1a2tnd29+z9g5aOU0VZk8YiVp2QaCa4ZE3gIFgnUYxEoWDtcHSb6+0npjSP5QOME+ZHZCB5n1MChgrsa+zFRs/tmSeIHAiGvSEBLAPuqeI+5ws6e5wUwgQHdtWpObPCy8AtQBUV1QjsqdeLaRoxCVQQrbuuk4CfEQWcmoEVL9UsIXREBqxroCQR0342W3OCTwzTw/1YmSMBz9jfjoxEWo+j0HRGBIZ6UcvJ/7RuCv0rP+MySYFJOn+onwoMMc4zwz2uGAUxNoBQxc1fMR0SRSiYZCsmBHdx5WXQOqu5FzXn/rxavyniKKMjdIxOkYsuUR3doQZqIoqe0SuaonfrxXqzPqzPeWvJKjyH6E9Z3z9/EaZo</latexit>

hn̂iihn̂ji

quantum average

• stochastic Schrödinger equation for projector
<latexit sha1_base64="6zgx199NWF9cY9AFqgXoOUS1cig=">AAACFnicbZDLSgMxFIYz9VbrbdSlm2AR3FhmRNGNUHTjsoK9QKcMmTRtQzOZITkjlLZP4cZXceNCEbfizrcxM52Fth4I+fn+c0jOH8SCa3Ccb6uwtLyyulZcL21sbm3v2Lt7DR0lirI6jUSkWgHRTHDJ6sBBsFasGAkDwZrB8Cb1mw9MaR7JexjFrBOSvuQ9TgkY5Nsn3oAA9tQg8gFf4YkXa+6ngMi+YNgT2Z3TiW+XnYqTFV4Ubi7KKK+ab3953YgmIZNABdG67ToxdMZEAaeCTUteollM6JD0WdtISUKmO+NsrSk+MqSLe5EyRwLO6O+JMQm1HoWB6QwJDPS8l8L/vHYCvcvOmMs4ASbp7KFeIjBEOM0Id7liFMTICEIVN3/FdEAUoWCSLJkQ3PmVF0XjtOKeV5y7s3L1Oo+jiA7QITpGLrpAVXSLaqiOKHpEz+gVvVlP1ov1bn3MWgtWPrOP/pT1+QOm9J8R</latexit>

⇢̂t = | tih t| random variable

➡ statistical analysis: consider trajectory ensemble

<latexit sha1_base64="fNh9jEv0Vj/m9uT6zGxxQy9yXpU=">AAACJ3icbVDLSgMxFM3UV62vUZdugkVwVWZU1I1SdOPOCvYBnVIyadqGZjJDckco0/6NG3/FjaAiuvRPTKcjaPVA4Nxzz+XmHj8SXIPjfFi5ufmFxaX8cmFldW19w97cqukwVpRVaShC1fCJZoJLVgUOgjUixUjgC1b3B5eTfv2OKc1DeQvDiLUC0pO8yykBI7Xtc08Q2RPM6xPA19hTaYXPcKZjL9K8DXiUGUbT+tvXtotOyUmB/xI3I0WUodK2n71OSOOASaCCaN10nQhaCVHAqWDjghdrFhE6ID3WNFSSgOlWkt45xntG6eBuqMyTgFP150RCAq2HgW+cAYG+nu1NxP96zRi6p62EyygGJul0UTcWGEI8CQ13uGIUxNAQQhU3f8W0TxShYKItmBDc2ZP/ktpByT0uHd4cFcsXWRx5tIN20T5y0QkqoytUQVVE0T16RC/o1Xqwnqw3631qzVnZzDb6BevzCyFepYI=</latexit>

hÔi = h t|Ô| ti
<latexit sha1_base64="AyuPxqCibrujcKNGMxnvZse2rUA="></latexit>

hÔi = h t|Ô| ti = tr[Ô⇢̂t]

<latexit sha1_base64="/Vht61kBlkx3XWLF7mVsB/qQjuE="></latexit>

hÔ(| i)i = trÔ(⇢̂)⇢̂

A
<latexit sha1_base64="6CxVmKKaOs04YR+CVQhF5c/RRhY=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Kokoeiz14rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZq1Pqlsltx5yCrxMtJGXLU+6Wv3iBmaYTSMEG17npuYvyMKsOZwGmxl2pMKBvTIXYtlTRC7WfzQ6fk3CoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDWz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LivedcVtXJWrtTyOApzCGVyABzdQhXuoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBlbOMyg==</latexit>

B

<latexit sha1_base64="+rzoRV5RcVMIZILk6Q5BsaacaKY=">AAACIHicbVDLSgMxFM3UV62vUZdugkVwVWZEqRuh1o3LCvYBnTJk0rQNzWSG5I5Qpv0UN/6KGxeK6E6/xrSdhbYeCDmccy/JOUEsuAbH+bJyK6tr6xv5zcLW9s7unr1/0NBRoiir00hEqhUQzQSXrA4cBGvFipEwEKwZDG+mfvOBKc0jeQ+jmHVC0pe8xykBI/l22VODyL/GV9gLCQxUmIKa+FU89mLNfcCeIrIvGPZEds/lsW8XnZIzA14mbkaKKEPNtz+9bkSTkEmggmjddp0YOilRwKlgk4KXaBYTOiR91jZUkpDpTjoLOMEnRuniXqTMkYBn6u+NlIRaj8LATE5T6EVvKv7ntRPoXXZSLuMEmKTzh3qJwBDhaVu4yxWjIEaGEKq4+SumA6IIBdNpwZTgLkZeJo2zkntRcu7Oi5VqVkceHaFjdIpcVEYVdItqqI4oekTP6BW9WU/Wi/VufcxHc1a2c4j+wPr+AXp0oy0=</latexit>

⇢A = trB | tih t|

<latexit sha1_base64="3N15HF9oM7jv7AKL9DiB8jk0nE8=">AAAB6HicbVA9SwNBEJ3zM8avqKXNYhCswp0oWgZtLCwSMB+QHGFvM5es2ds7dveEcOQX2FgoYutPsvPfuEmu0MQHA4/3ZpiZFySCa+O6387K6tr6xmZhq7i9s7u3Xzo4bOo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDv1W0+oNI/lgxkn6Ed0IHnIGTVWqt/3SmW34s5AlomXkzLkqPVKX91+zNIIpWGCat3x3MT4GVWGM4GTYjfVmFA2ogPsWCpphNrPZodOyKlV+iSMlS1pyEz9PZHRSOtxFNjOiJqhXvSm4n9eJzXhtZ9xmaQGJZsvClNBTEymX5M+V8iMGFtCmeL2VsKGVFFmbDZFG4K3+PIyaZ5XvMuKW78oV2/yOApwDCdwBh5cQRXuoAYNYIDwDK/w5jw6L8678zFvXXHymSP4A+fzB6TbjNQ=</latexit>

L

<latexit sha1_base64="siZTXDPkdOEmy9iElDNFO5ImTNs="></latexit>

d| ti = dt(�iĤ � �
2

X

l

(n̂l � hn̂lit)2| ti+
X

l

dWl (n̂l � hn̂lit) | ti



• toy model: trajectory evolution of single fermion on two sites

An example: TLS / one fermion on two sites
<latexit sha1_base64="LaiPe5Cph4m7/l9DxW2hBXqhn8M=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Kokoeix6EU8t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dlZW19Y3Ngtbxe2d3b390sFhU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWj26nfekKleSwfzDhBP6IDyUPOqLFS/b5XKrsVdwayTLyclCFHrVf66vZjlkYoDRNU647nJsbPqDKcCZwUu6nGhLIRHWDHUkkj1H42O3RCTq3SJ2GsbElDZurviYxGWo+jwHZG1Az1ojcV//M6qQmv/YzLJDUo2XxRmApiYjL9mvS5QmbE2BLKFLe3EjakijJjsynaELzFl5dJ87ziXVbc+kW5epPHUYBjOIEz8OAKqnAHNWgAA4RneIU359F5cd6dj3nripPPHMEfOJ8/odOM0g==</latexit>

J
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➡pinning to measurement eigenstate ➡vanishing time spent in eigenstate
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• invisible in linear averages • seen in averaged trajectory covariance matrix

guiding physical picture:
➡ thermodynamic limit: pinning quantum phase transition may happen at sharply defined point 

➡ signalled in nonlinear-in-state ‘observable’, like the covariance matrix
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Entanglement Phase Transition in a 
Monitored Fermion Chain

O. Alberton, M. Buchhold, SD, PRL (2021)
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initial state: Néel product state

Monitored Fermion Dynamics

• unitary dynamics: hopping 
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➡ volume law entanglement entropy

Ref Keyserlingk

i�c†l cl

A
<latexit sha1_base64="6CxVmKKaOs04YR+CVQhF5c/RRhY=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Kokoeiz14rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZq1Pqlsltx5yCrxMtJGXLU+6Wv3iBmaYTSMEG17npuYvyMKsOZwGmxl2pMKBvTIXYtlTRC7WfzQ6fk3CoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDWz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LivedcVtXJWrtTyOApzCGVyABzdQhXuoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBlbOMyg==</latexit>

B

<latexit sha1_base64="+rzoRV5RcVMIZILk6Q5BsaacaKY=">AAACIHicbVDLSgMxFM3UV62vUZdugkVwVWZEqRuh1o3LCvYBnTJk0rQNzWSG5I5Qpv0UN/6KGxeK6E6/xrSdhbYeCDmccy/JOUEsuAbH+bJyK6tr6xv5zcLW9s7unr1/0NBRoiir00hEqhUQzQSXrA4cBGvFipEwEKwZDG+mfvOBKc0jeQ+jmHVC0pe8xykBI/l22VODyL/GV9gLCQxUmIKa+FU89mLNfcCeIrIvGPZEds/lsW8XnZIzA14mbkaKKEPNtz+9bkSTkEmggmjddp0YOilRwKlgk4KXaBYTOiR91jZUkpDpTjoLOMEnRuniXqTMkYBn6u+NlIRaj8LATE5T6EVvKv7ntRPoXXZSLuMEmKTzh3qJwBDhaVu4yxWjIEaGEKq4+SumA6IIBdNpwZTgLkZeJo2zkntRcu7Oi5VqVkceHaFjdIpcVEYVdItqqI4oekTP6BW9WU/Wi/VufcxHc1a2c4j+wPr+AXp0oy0=</latexit>

⇢A = trB | tih t|

SvN (L/2, L) = tr⇢A log(⇢A)
t!1⇠ L

<latexit sha1_base64="3N15HF9oM7jv7AKL9DiB8jk0nE8=">AAAB6HicbVA9SwNBEJ3zM8avqKXNYhCswp0oWgZtLCwSMB+QHGFvM5es2ds7dveEcOQX2FgoYutPsvPfuEmu0MQHA4/3ZpiZFySCa+O6387K6tr6xmZhq7i9s7u3Xzo4bOo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDv1W0+oNI/lgxkn6Ed0IHnIGTVWqt/3SmW34s5AlomXkzLkqPVKX91+zNIIpWGCat3x3MT4GVWGM4GTYjfVmFA2ogPsWCpphNrPZodOyKlV+iSMlS1pyEz9PZHRSOtxFNjOiJqhXvSm4n9eJzXhtZ9xmaQGJZsvClNBTEymX5M+V8iMGFtCmeL2VsKGVFFmbDZFG4K3+PIyaZ5XvMuKW78oV2/yOApwDCdwBh5cQRXuoAYNYIDwDK/w5jw6L8678zFvXXHymSP4A+fzB6TbjNQ=</latexit>

L

• caveat:         is a random variable 

➡ ‘observables’: entanglement entropy, traj. averaged correlators

• binary measurement outcomes generate 
extensive configurational entropy
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• Weak continuous measurements in many-body system

• competition: 
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➡ area law entanglement entropy

SvN (L/2, L) = s0

eigenstate of measurement operator

• H = 0: evolution stops after collapse into dark state

• measurement operators
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Trajectory Ensemble Phase Diagram: Entanglement Entropy

• weak monitoring
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• strong monitoring

Cao, Tilloy, De Luca SciPost (2019)
only excluding volume law in thermodynamic limit

➡  extended subextensive, critical phase at intermediate 
monitoring 

➡new phase transition for physical measurement protocol
➡consistent with 

see also Chen, Li, Fisher, 
Lucas PRR (2020)
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Characterizing the Weak Monitoring Phase

• extended criticality: Connected correlation function
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g = �/J

10°2 10°1 100

¥

10°1

100

101

I(
¥)

∞ = 0.25

• emergent conformality: Mutual information

<latexit sha1_base64="lLrAYnLSl+YZuowyvKUs9vnlux4="></latexit>

I(A,B) =SvN (A) + SvN (A)

+ SvN (A [B)

conformally invariant critical point:  Nahum et al. 
PRX (2019); Li Chen Fisher PRB (2019); Jian et 

al. PRB (2020); 

➡emergent conformally invariant critical phase for weak monitoring

<latexit sha1_base64="EgoAtNeV4KTWQUqWMlIhqBwW804="></latexit>

Ci,i+l = hn̂iihn̂i+li � hn̂in̂i+li

hM̂iM̂i+li ⇠

8
>><

>>:

0 for H = 0
exp(�l/⇠) for � � J

l
�2 for � ⌧ J

l
�1 for � = 0

<latexit sha1_base64="Ead27ZMS/WP2LnOyyVRkAfSoYbE=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRZBUMpuUfRY7MVjBfsB7VKyabYNTbJrki2Upb/DiwdFvPpjvPlvTNs9aOuDgcd7M8zMC2LOtHHdbye3tr6xuZXfLuzs7u0fFA+PmjpKFKENEvFItQOsKWeSNgwznLZjRbEIOG0Fo9rMb42p0iySj2YSU1/ggWQhI9hYya/1UnbJLvi0q5noFUtu2Z0DrRIvIyXIUO8Vv7r9iCSCSkM41rrjubHxU6wMI5xOC91E0xiTER7QjqUSC6r9dH70FJ1ZpY/CSNmSBs3V3xMpFlpPRGA7BTZDvezNxP+8TmLCWz9lMk4MlWSxKEw4MhGaJYD6TFFi+MQSTBSztyIyxAoTY3Mq2BC85ZdXSbNS9q7L7sNVqXqXxZGHEziFc/DgBqpwD3VoAIEneIZXeHPGzovz7nwsWnNONnMMf+B8/gBaIpHU</latexit>

Ci,i+l ⇠

• captures all distinct phases:

x1

<latexit sha1_base64="rltIBGzXyOtZlLdFqU8CNPHmxK4="></latexit>

x2

<latexit sha1_base64="qh+yL5iI9ZC52l7MRyy1KCKDIRE="></latexit>

x3

<latexit sha1_base64="t2rfGUIcEUXKMCfhtNwPN6Mt1Ks="></latexit>

x4

<latexit sha1_base64="mSfLCmLUl/ozXkXGrOFoxS0l31M="></latexit>

⌘ =
x12x34

x13x24

<latexit sha1_base64="WnTpPz9Y0va58rAL6FOiODL47hY="></latexit>

A

B



Characterizing the Phase Transition

<latexit sha1_base64="JKp0g3S1jsYP3z98hzyy0HsEKjU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8eK1hbaUDbbSbp0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSAXXxnW/ndLK6tr6RnmzsrW9s7tX3T941EmmGLZYIhLVCahGwSW2DDcCO6lCGgcC28HoZuq3n1BpnsgHM07Rj2kkecgZNVa6j/qsX625dXcGsky8gtSgQLNf/eoNEpbFKA0TVOuu56bGz6kynAmcVHqZxpSyEY2wa6mkMWo/n506ISdWGZAwUbakITP190ROY63HcWA7Y2qGetGbiv953cyEV37OZZoZlGy+KMwEMQmZ/k0GXCEzYmwJZYrbWwkbUkWZselUbAje4svL5PGs7l3U3bvzWuO6iKMMR3AMp+DBJTTgFprQAgYRPMMrvDnCeXHenY95a8kpZg7hD5zPHz7kjcU=</latexit>gc

<latexit sha1_base64="Myj/G2cUnBoaH4Fmn6qaTu4yxCU=">AAAB83icbVBNS8NAEN3Ur1q/qh69LBbBU01E0YtQ9CKeKtgPaEKZbDfp0t1N2N0IJfRvePGgiFf/jDf/jds2B60+GHi8N8PMvDDlTBvX/XJKS8srq2vl9crG5tb2TnV3r62TTBHaIglPVDcETTmTtGWY4bSbKgoi5LQTjm6mfueRKs0S+WDGKQ0ExJJFjICxkh/jK+zHIASc3PWrNbfuzoD/Eq8gNVSg2a9++oOEZIJKQzho3fPc1AQ5KMMIp5OKn2maAhlBTHuWShBUB/ns5gk+ssoAR4myJQ2eqT8nchBaj0VoOwWYoV70puJ/Xi8z0WWQM5lmhkoyXxRlHJsETwPAA6YoMXxsCRDF7K2YDEEBMTamig3BW3z5L2mf1r3zunt/VmtcF3GU0QE6RMfIQxeogW5RE7UQQSl6Qi/o1cmcZ+fNeZ+3lpxiZh/9gvPxDYTPkLI=</latexit>

g = �/J

➡establishes BKT type phase transition 
➡ further: measurement protocol dependence, trajectory entanglement distribution as probe of transition… 
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L = 800 L = 400

Ml = nl � hnli
(i)

c(�)

• effective central charge c(�)

SvN (l, L) =
c(�)

3
log2


L

⇡
sin

✓
⇡l

L

◆�
+ s(�)

➡sudden jump reminiscent of BKT

parameter dependent c

random systems: Cardy Jacobsen PRL (1997); 

Refael, Moore PRL (2004)

• essential scaling of the central charge: scaling 
collapse above phase transition

➡BKT universal behavior 



Replica Field Theory Approach 
to 

Measurement Induced Phase Transitions

microphysics macrophysics

M. Buchhold, Y. Minoguchi, A. Altland, SD, PRX 11, 041004 (2021)



Continuum (1+1) dimensional Model

fermionic variant bosonized variant

• model: phenomenologically motivated continuum limit for lattice fermions (weak measurement regime)

left mover right mover 

 ̂R,x
<latexit sha1_base64="8DYUIhxzSSVUXPpDGreFunictDg=">AAAB9XicbVDJSgNBEK2JW4xb1KOXxiB4kDDjgh6DXjxGMQtkxtDT6Uma9Cx016hhyH948aCIV//Fm39jZzlo4oOCx3tVVNXzEyk02va3lVtYXFpeya8W1tY3NreK2zt1HaeK8RqLZayaPtVciojXUKDkzURxGvqSN/z+1chvPHClRRzd4SDhXki7kQgEo2ike7dH0U20aGe3R0/DdrFkl+0xyDxxpqQEU1TbxS+3E7M05BEySbVuOXaCXkYVCib5sOCmmieU9WmXtwyNaMi1l42vHpIDo3RIECtTEZKx+nsio6HWg9A3nSHFnp71RuJ/XivF4MLLRJSkyCM2WRSkkmBMRhGQjlCcoRwYQpkS5lbCelRRhiaoggnBmX15ntSPy85J+ezmtFS5nMaRhz3Yh0Nw4BwqcA1VqAEDBc/wCm/Wo/VivVsfk9acNZ3ZhT+wPn8Aor6Smw==</latexit>

 ̂L,x
<latexit sha1_base64="Me2g0xv8F7skI/GCb4S+z7uhScQ=">AAAB9XicbVDJSgNBEK2JW4xb1KOXxiB4kDDjgh6DXjx4iGAWyIyhp9OTNOlZ6K5Rw5D/8OJBEa/+izf/xs5y0MQHBY/3qqiq5ydSaLTtbyu3sLi0vJJfLaytb2xuFbd36jpOFeM1FstYNX2quRQRr6FAyZuJ4jT0JW/4/auR33jgSos4usNBwr2QdiMRCEbRSPduj6KbaNHObo6ehu1iyS7bY5B54kxJCaaototfbidmacgjZJJq3XLsBL2MKhRM8mHBTTVPKOvTLm8ZGtGQay8bXz0kB0bpkCBWpiIkY/X3REZDrQehbzpDij09643E/7xWisGFl4koSZFHbLIoSCXBmIwiIB2hOEM5MIQyJcythPWoogxNUAUTgjP78jypH5edk/LZ7WmpcjmNIw97sA+H4MA5VOAaqlADBgqe4RXerEfrxXq3PiatOWs6swt/YH3+AJmUkpU=</latexit>

translation table

• approach problem from the weakly measured side



Continuum (1+1) dimensional Model

<latexit sha1_base64="uZmtvioiB07S2NLIhur0N8fLW0c="></latexit>

Ĥ = iv

Z

x
 ̂†

x�z@x ̂x

<latexit sha1_base64="dQPmbO63EvZH700Rkia42rT5geQ=">AAACFnicbZBLS8NAEMc3Pmt9RT16WSxChVoSUfQiFL148FClL2hi2Gw37dLNg92NtIR+Ci9+FS8eFPEq3vw2btOA2jqw8Jv/zDA7fzdiVEjD+NLm5hcWl5ZzK/nVtfWNTX1ruyHCmGNSxyELectFgjAakLqkkpFWxAnyXUaabv9yXG/eEy5oGNTkMCK2j7oB9ShGUkmOfmj1kLSqgjqD82LKkeLktjQYleBPfq3yg7uaoxeMspEGnAUzgwLIouron1YnxLFPAokZEqJtGpG0E8QlxYyM8lYsSIRwH3VJW2GAfCLsJD1rBPeV0oFeyNULJEzV3xMJ8oUY+q7q9JHsienaWPyv1o6ld2YnNIhiSQI8WeTFDMoQjj2CHcoJlmyoAGFO1V8h7iGOsFRO5pUJ5vTJs9A4KpsnZePmuFC5yOzIgV2wB4rABKegAq5AFdQBBg/gCbyAV+1Re9betPdJ65yWzeyAP6F9fAOoxp8L</latexit>

 ̂x = ( ̂R,x,  ̂L,x)
T• Hamiltonian: massless Dirac fermions

fermionic variant bosonized variant

<latexit sha1_base64="yW98d2DQpfn156DoQMhAc0t6SWI="></latexit>

Ĥ =
v

2⇡

Z

x
[(@x✓̂x)

2 + (@x�̂x)
2]

densityphase

<latexit sha1_base64="HUHkIQ0/PrFUO8EGnb4kfP/J+ao=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1iEuimJVHRZdOPOCvYBbSiT6aQdOpmEmYlQQ7/EjQtF3Pop7vwbJ20W2npg4HDOvdwzx485U9pxvq3C2vrG5lZxu7Szu7dftg8O2ypKJKEtEvFIdn2sKGeCtjTTnHZjSXHoc9rxJzeZ33mkUrFIPOhpTL0QjwQLGMHaSAO73A+xHhPM07sZqrpnA7vi1Jw50Cpxc1KBHM2B/dUfRiQJqdCEY6V6rhNrL8VSM8LprNRPFI0xmeAR7RkqcEiVl86Dz9CpUYYoiKR5QqO5+nsjxaFS09A3k1lMtexl4n9eL9HBlZcyESeaCrI4FCQc6QhlLaAhk5RoPjUEE8lMVkTGWGKiTVclU4K7/OVV0j6vuRc1575eaVzndRThGE6gCi5cQgNuoQktIJDAM7zCm/VkvVjv1sditGDlO0fwB9bnD5sCkmQ=</latexit>

O(1)

linear gapless

nonlinear

rate <latexit sha1_base64="bVyZJBNsTKNv1x/tI2QQzUEnwt0=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69BIvgqSSiKJ6KXjxWsB/ShjLZbtqlu5uwuxFK6K/w4kERr/4cb/4bt20O2vpg4PHeDDPzwoQzbTzv2ymsrK6tbxQ3S1vbO7t75f2Dpo5TRWiDxDxW7RA15UzShmGG03aiKIqQ01Y4up36rSeqNIvlgxknNBA4kCxiBI2VHrsDFAJ7/nWvXPGq3gzuMvFzUoEc9V75q9uPSSqoNISj1h3fS0yQoTKMcDopdVNNEyQjHNCOpRIF1UE2O3jinlil70axsiWNO1N/T2QotB6L0HYKNEO96E3F/7xOaqKrIGMySQ2VZL4oSrlrYnf6vdtnihLDx5YgUcze6pIhKiTGZlSyIfiLLy+T5lnVv6h69+eV2k0eRxGO4BhOwYdLqMEd1KEBBAQ8wyu8Ocp5cd6dj3lrwclnDuEPnM8fMV+QAQ==</latexit>�1 :

<latexit sha1_base64="yChqhBn+AB6rjQxatVJKZLsDApM=">AAAB8HicbVBNS8NAEJ34WetX1aOXYBE8laQoiqeiF48V7Ie0oUy2m3bp7ibsboQS+iu8eFDEqz/Hm//GbZuDtj4YeLw3w8y8MOFMG8/7dlZW19Y3Ngtbxe2d3b390sFhU8epIrRBYh6rdoiaciZpwzDDaTtRFEXIaSsc3U791hNVmsXywYwTGggcSBYxgsZKj90BCoG96nWvVPYq3gzuMvFzUoYc9V7pq9uPSSqoNISj1h3fS0yQoTKMcDopdlNNEyQjHNCOpRIF1UE2O3jinlql70axsiWNO1N/T2QotB6L0HYKNEO96E3F/7xOaqKrIGMySQ2VZL4oSrlrYnf6vdtnihLDx5YgUcze6pIhKiTGZlS0IfiLLy+TZrXiX1S8+/Ny7SaPowDHcAJn4MMl1OAO6tAAAgKe4RXeHOW8OO/Ox7x1xclnjuAPnM8fMuSQAg==</latexit>�2 :rate 

• stabilize product dark states: exactly local 

• realize competition: do not commute with H (phase fluctuations)

• measurement operators: local particle density —> current and vertex operators 
<latexit sha1_base64="Ou3oTRKSF1AgkVOtetS8nV0wfCg="></latexit>

Ô1,x =  †
x x = Ĵ

(0)
x

<latexit sha1_base64="MlMYplOJR5VyaBelDxwbdLW7c3I=">AAACE3icbVC7SgNBFJ2Nrxhfq5Y2g0EQkbAbFG2EoI2dEcwDsnG5O5lshsw+mJmVhCX/YOOv2FgoYmtj5984SbbQxAOXezjnXmbu8WLOpLKsbyO3sLi0vJJfLaytb2xumds7dRklgtAaiXgkmh5IyllIa4opTpuxoBB4nDa8/tXYbzxQIVkU3qlhTNsB+CHrMgJKS6555PRA4Rs3LR8PRvjCqUp273TA96lwB45kfgC6a9UduGbRKlkT4HliZ6SIMlRd88vpRCQJaKgIBylbthWrdgpCMcLpqOAkksZA+uDTlqYhBFS208lNI3yglQ7uRkJXqPBE/b2RQiDlMPD0ZACqJ2e9sfif10pU97ydsjBOFA3J9KFuwrGK8Dgg3GGCEsWHmgARTP8Vkx4IIErHWNAh2LMnz5N6uWSflqzbk2LlMosjj/bQPjpENjpDFXSNqqiGCHpEz+gVvRlPxovxbnxMR3NGtrOL/sD4/AGkD54L</latexit>

Ô2,x =  †
x�x x

<latexit sha1_base64="A6uU/t0jfJc/Ye3bn9yve/Qq6D4=">AAACHXicbVDNS8MwHE39nPNr6tFLcAgedLQy0Ysw9OLNCe4D1lLSLN3C0jYkqWyU/iNe/Fe8eFDEgxfxvzHtetDNB4HHe++X5Pc8zqhUpvltLCwuLa+sltbK6xubW9uVnd22jGKBSQtHLBJdD0nCaEhaiipGulwQFHiMdLzRdeZ3HoiQNArv1YQTJ0CDkPoUI6Ult1KH0B4iBW/dxDoep5cnti8QTqw0sTlNbY6Eooi54zxk8yF1k3HqVqpmzcwB54lVkCoo0HQrn3Y/wnFAQoUZkrJnmVw5SXY5ZiQt27EkHOERGpCepiEKiHSSfLsUHmqlD/1I6BMqmKu/JxIUSDkJPJ0MkBrKWS8T//N6sfIvnISGPFYkxNOH/JhBFcGsKtingmDFJpogLKj+K8RDpOtRutCyLsGaXXmetE9r1lnNvKtXG1dFHSWwDw7AEbDAOWiAG9AELYDBI3gGr+DNeDJejHfjYxpdMIqZPfAHxtcPWxCiKA==</latexit>

Ô1,x = � 1

⇡
@x�̂x

<latexit sha1_base64="bEy7R/hhzWWbtAk6opTpyA7eTpQ=">AAACC3icbVDLSsNAFJ34rPUVdelmaBEqSEmKohuh6MadFewDmhAm00kzdPJgZiItIXs3/oobF4q49Qfc+TdO2iy09cCFwzn3cu89bsyokIbxrS0tr6yurZc2yptb2zu7+t5+R0QJx6SNIxbxnosEYTQkbUklI72YExS4jHTd0XXudx8IFzQK7+UkJnaAhiH1KEZSSY5esXwk4a2TNk7G2SUMLByJWiMXrdinTjrOjh29atSNKeAiMQtSBQVajv5lDSKcBCSUmCEh+qYRSztFXFLMSFa2EkFihEdoSPqKhiggwk6nv2TwSCkD6EVcVSjhVP09kaJAiEngqs4ASV/Me7n4n9dPpHdhpzSME0lCPFvkJQzKCObBwAHlBEs2UQRhTtWtEPuIIyxVfGUVgjn/8iLpNOrmWd24O602r4o4SuAQVEANmOAcNMENaIE2wOARPINX8KY9aS/au/Yxa13SipkD8Afa5w+hMpor</latexit>

Ô2,x = m cos(2�̂x)

common eigenstates:
<latexit sha1_base64="/DduCH13hhokNGkLq69oha1pjJs=">AAACFnicbVDLSsNAFJ3UV62vqEs3wSK4sSSi6EYo6sJlBfuAJoSb6aQZOpmEmYlYYr/Cjb/ixoUibsWdf+P0sdC2By4czrmXe+8JUkalsu0fo7CwuLS8Ulwtra1vbG6Z2zsNmWQCkzpOWCJaAUjCKCd1RRUjrVQQiANGmkHvaug374mQNOF3qp8SL4YupyHFoLTkm0duBMpNI+o/PLo1Sf1rVwDvMnIxT/TNsl2xR7BmiTMhZTRBzTe/3U6Cs5hwhRlI2XbsVHk5CEUxI4OSm0mSAu5Bl7Q15RAT6eWjtwbWgVY6VpgIXVxZI/XvRA6xlP040J0xqEhOe0NxntfOVHju5ZSnmSIcjxeFGbNUYg0zsjpUEKxYXxPAgupbLRyBAKx0kiUdgjP98ixpHFec04p9e1KuXk7iKKI9tI8OkYPOUBXdoBqqI4ye0At6Q+/Gs/FqfBif49aCMZnZRf9gfP0CbEGgJw==</latexit>

�̂x| Di = �x| Di

• model: phenomenologically motivated continuum limit for 

lattice fermions (weak measurement regime)

�/J = 0.01
<latexit sha1_base64="pAbDb/VRVpneBUh3ECJFaVJhu7k=">AAAB+HicbVDLSgMxFM3UV62Pjrp0EyyCqzrjA90IRTfiqoJ9QDuUO2nahiaZIckIdeiXuHGhiFs/xZ1/Y9rOQlsPXO7hnHvJzQljzrTxvG8nt7S8srqWXy9sbG5tF92d3bqOEkVojUQ8Us0QNOVM0pphhtNmrCiIkNNGOLyZ+I1HqjSL5IMZxTQQ0JesxwgYK3XcYrsPQsDxHb7CXtnzO27JtinwIvEzUkIZqh33q92NSCKoNISD1i3fi02QgjKMcDoutBNNYyBD6NOWpRIE1UE6PXyMD63Sxb1I2ZIGT9XfGykIrUcitJMCzEDPexPxP6+VmN5lkDIZJ4ZKMnuol3BsIjxJAXeZosTwkSVAFLO3YjIABcTYrAo2BH/+y4ukflL2T8vn92elynUWRx7towN0hHx0gSroFlVRDRGUoGf0it6cJ+fFeXc+ZqM5J9vZQ3/gfP4AAIuRXA==</latexit>

left mover right mover 

 ̂R,x
<latexit sha1_base64="8DYUIhxzSSVUXPpDGreFunictDg=">AAAB9XicbVDJSgNBEK2JW4xb1KOXxiB4kDDjgh6DXjxGMQtkxtDT6Uma9Cx016hhyH948aCIV//Fm39jZzlo4oOCx3tVVNXzEyk02va3lVtYXFpeya8W1tY3NreK2zt1HaeK8RqLZayaPtVciojXUKDkzURxGvqSN/z+1chvPHClRRzd4SDhXki7kQgEo2ike7dH0U20aGe3R0/DdrFkl+0xyDxxpqQEU1TbxS+3E7M05BEySbVuOXaCXkYVCib5sOCmmieU9WmXtwyNaMi1l42vHpIDo3RIECtTEZKx+nsio6HWg9A3nSHFnp71RuJ/XivF4MLLRJSkyCM2WRSkkmBMRhGQjlCcoRwYQpkS5lbCelRRhiaoggnBmX15ntSPy85J+ezmtFS5nMaRhz3Yh0Nw4BwqcA1VqAEDBc/wCm/Wo/VivVsfk9acNZ3ZhT+wPn8Aor6Smw==</latexit>

 ̂L,x
<latexit sha1_base64="Me2g0xv8F7skI/GCb4S+z7uhScQ=">AAAB9XicbVDJSgNBEK2JW4xb1KOXxiB4kDDjgh6DXjx4iGAWyIyhp9OTNOlZ6K5Rw5D/8OJBEa/+izf/xs5y0MQHBY/3qqiq5ydSaLTtbyu3sLi0vJJfLaytb2xuFbd36jpOFeM1FstYNX2quRQRr6FAyZuJ4jT0JW/4/auR33jgSos4usNBwr2QdiMRCEbRSPduj6KbaNHObo6ehu1iyS7bY5B54kxJCaaototfbidmacgjZJJq3XLsBL2MKhRM8mHBTTVPKOvTLm8ZGtGQay8bXz0kB0bpkCBWpiIkY/X3REZDrQehbzpDij09643E/7xWisGFl4koSZFHbLIoSCXBmIwiIB2hOEM5MIQyJcythPWoogxNUAUTgjP78jypH5edk/LZ7WmpcjmNIw97sA+H4MA5VOAaqlADBgqe4RXerEfrxXq3PiatOWs6swt/YH3+AJmUkpU=</latexit>

Luttinger liquid



• Access state-dependent observables, e.g. covariance matrix

<latexit sha1_base64="AOZOTkYl4wmd7wLKph4oRROthaU=">AAACJ3icbVDLSsNAFJ3UV62vqEs3wSLUTUmKohul6MZlBfuAJpbJdNoOnUzCzI1Q0v6NG3/FjaAiuvRPnLbBR+uBgXPPuZc79/gRZwps+8PILCwuLa9kV3Nr6xubW+b2Tk2FsSS0SkIeyoaPFeVM0Cow4LQRSYoDn9O6378c+/U7KhULxQ0MIuoFuCtYhxEMWmqZ50O3olgLXIlFl9OzoRuNy9uk4ByOUtENgQVU/Vilb6tl5u2iPYE1T5yU5FGKSst8dtshiQMqgHCsVNOxI/ASLIERTkc5N1Y0wqSPu7SpqcB6sZdM7hxZB1ppW51Q6ifAmqi/JxIcKDUIfN0ZYOipWW8s/uc1Y+icegkTUQxUkOmiTswtCK1xaFabSUqADzTBRDL9V4v0sMQEdLQ5HYIze/I8qZWKznHRvj7Kly/SOLJoD+2jAnLQCSqjK1RBVUTQPXpEL+jVeDCejDfjfdqaMdKZXfQHxucX/m+nOg==</latexit>

| ti = | (1)
t i ⌦ | (2)

t i• Introduce replicas in Hilbert space ⌦=

Cxy = hn̂xn̂yi � hn̂xihn̂yi

➡  linear statistical average of replica density matrix
<latexit sha1_base64="5zDQrRDnwNDkxcXxuDtAQg00LkI=">AAACIXicbVDLSgMxFM34rPVVdelmsAiuyowodiMU3bisYluhU0smvW2DmWRI7ohlOr/ixl9x40KR7sSfMX0sfB0IOZxz703uCWPBDXrehzM3v7C4tJxbya+urW9sFra260YlmkGNKaH0TUgNCC6hhhwF3MQaaBQKaIR352O/cQ/acCWvcRBDK6I9ybucUbRSu1AOdF/dpocBwgOmV1l2GihbPx6XDoOq4W0MNJU9AYGYXhNtmLULRa/kTeD+Jf6MFMkM1XZhFHQUSyKQyAQ1pul7MbZSqpEzAVk+SAzElN3RHjQtlTQC00onG2buvlU6bldpeyS6E/V7R0ojYwZRaCsjin3z2xuL/3nNBLvlVsplnCBINn2omwgXlTuOy+1wDQzFwBLKNLd/dVmfasrQhpq3Ifi/V/5L6ocl/7jkXR4VK2ezOHJkl+yRA+KTE1IhF6RKaoSRR/JMXsmb8+S8OO/OaFo658x6dsgPOJ9fxTulvg==</latexit>

⇢2R = | tih t|

• All quadratic-in-state observables encoded in

Towards the Relevant Degrees of Freedom: Replica Approach (n=2)

@t⇢
2R = ⌦ ⌦ ⌦+ +

individual heating Lindbladians replica coupling

�{M̂ (1)
x , {M̂ (2)

x , ⇢2R}}i[⇢2R, H(↵)]� �

2
[M̂ (↵)

x , [M̂ (↵)
x , ⇢

2R]]

<latexit sha1_base64="++SiaXJ5wsnDP0cXtjsffRde2BQ=">AAAB8HicbVDJSgNBEK2JW4xb1KOXxiB4CjMu6DHoxWMUs0gyhp5OJ2nSy9DdI4QhX+HFgyJe/Rxv/o2dZA6a+KDg8V4VVfWimDNjff/byy0tr6yu5dcLG5tb2zvF3b26UYkmtEYUV7oZYUM5k7RmmeW0GWuKRcRpIxpeT/zGE9WGKXlvRzENBe5L1mMEWyc9tPVAPaand+NOseSX/SnQIgkyUoIM1U7xq91VJBFUWsKxMa3Aj22YYm0Z4XRcaCeGxpgMcZ+2HJVYUBOm04PH6MgpXdRT2pW0aKr+nkixMGYkItcpsB2YeW8i/ue1Etu7DFMm48RSSWaLeglHVqHJ96jLNCWWjxzBRDN3KyIDrDGxLqOCCyGYf3mR1E/KwXnZvz0rVa6yOPJwAIdwDAFcQAVuoAo1ICDgGV7hzdPei/fufcxac142sw9/4H3+ALWXkFg=</latexit>

⇢3R• Quantum master equation (truncate coupling to        )

➡  study structure of 2-replica theory



• Q: What is the structure of 

<latexit sha1_base64="AOZOTkYl4wmd7wLKph4oRROthaU=">AAACJ3icbVDLSsNAFJ3UV62vqEs3wSLUTUmKohul6MZlBfuAJpbJdNoOnUzCzI1Q0v6NG3/FjaAiuvRPnLbBR+uBgXPPuZc79/gRZwps+8PILCwuLa9kV3Nr6xubW+b2Tk2FsSS0SkIeyoaPFeVM0Cow4LQRSYoDn9O6378c+/U7KhULxQ0MIuoFuCtYhxEMWmqZ50O3olgLXIlFl9OzoRuNy9uk4ByOUtENgQVU/Vilb6tl5u2iPYE1T5yU5FGKSst8dtshiQMqgHCsVNOxI/ASLIERTkc5N1Y0wqSPu7SpqcB6sZdM7hxZB1ppW51Q6ifAmqi/JxIcKDUIfN0ZYOipWW8s/uc1Y+icegkTUQxUkOmiTswtCK1xaFabSUqADzTBRDL9V4v0sMQEdLQ5HYIze/I8qZWKznHRvj7Kly/SOLJoD+2jAnLQCSqjK1RBVUTQPXpEL+jVeDCejDfjfdqaMdKZXfQHxucX/m+nOg==</latexit>

| ti = | (1)
t i ⌦ | (2)

t i• Introduce replicas in Hilbert space ⌦=

Cxy = hn̂xn̂yi � hn̂xihn̂yi

➡  linear statistical average of replica density matrix

• Then 
<latexit sha1_base64="5zDQrRDnwNDkxcXxuDtAQg00LkI=">AAACIXicbVDLSgMxFM34rPVVdelmsAiuyowodiMU3bisYluhU0smvW2DmWRI7ohlOr/ixl9x40KR7sSfMX0sfB0IOZxz703uCWPBDXrehzM3v7C4tJxbya+urW9sFra260YlmkGNKaH0TUgNCC6hhhwF3MQaaBQKaIR352O/cQ/acCWvcRBDK6I9ybucUbRSu1AOdF/dpocBwgOmV1l2GihbPx6XDoOq4W0MNJU9AYGYXhNtmLULRa/kTeD+Jf6MFMkM1XZhFHQUSyKQyAQ1pul7MbZSqpEzAVk+SAzElN3RHjQtlTQC00onG2buvlU6bldpeyS6E/V7R0ojYwZRaCsjin3z2xuL/3nNBLvlVsplnCBINn2omwgXlTuOy+1wDQzFwBLKNLd/dVmfasrQhpq3Ifi/V/5L6ocl/7jkXR4VK2ezOHJkl+yRA+KTE1IhF6RKaoSRR/JMXsmb8+S8OO/OaFo658x6dsgPOJ9fxTulvg==</latexit>

⇢2R = | tih t|

➡  correlations of relative replica coordinate

Cxy =
1

2
Tr

h⇣
n̂(1)
x � n̂(2)

x

⌘⇣
n̂(1)
y � n̂(2)

y

⌘
⇢2R

i

n̂(1)
x = n̂x ⌦ 1

n̂(2)
x = 1⌦ n̂x

Towards the Relevant Degrees of Freedom: Replica Approach

@t⇢
2R = ⌦ ⌦ ⌦+ +

individual heating Lindbladians replica coupling

• Quantum master equation (truncate coupling to        )

�{M̂ (1)
x , {M̂ (2)

x , ⇢2R}}i[⇢2R, H(↵)]� �

2
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x , [M̂ (↵)
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➡  study structure of 2-replica theory

<latexit sha1_base64="++SiaXJ5wsnDP0cXtjsffRde2BQ=">AAAB8HicbVDJSgNBEK2JW4xb1KOXxiB4CjMu6DHoxWMUs0gyhp5OJ2nSy9DdI4QhX+HFgyJe/Rxv/o2dZA6a+KDg8V4VVfWimDNjff/byy0tr6yu5dcLG5tb2zvF3b26UYkmtEYUV7oZYUM5k7RmmeW0GWuKRcRpIxpeT/zGE9WGKXlvRzENBe5L1mMEWyc9tPVAPaand+NOseSX/SnQIgkyUoIM1U7xq91VJBFUWsKxMa3Aj22YYm0Z4XRcaCeGxpgMcZ+2HJVYUBOm04PH6MgpXdRT2pW0aKr+nkixMGYkItcpsB2YeW8i/ue1Etu7DFMm48RSSWaLeglHVqHJ96jLNCWWjxzBRDN3KyIDrDGxLqOCCyGYf3mR1E/KwXnZvz0rVa6yOPJwAIdwDAFcQAVuoAo1ICDgGV7hzdPei/fufcxac142sw9/4H3+ALWXkFg=</latexit>

⇢3R



Boson Replica Quantum Master Equation

• Boson measurement
<latexit sha1_base64="rxNgX5cgmOFW7hJHMc8i6m+eyiw="></latexit>

H
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⌫
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Z

x
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(↵))2 + (@x✓̂
(↵))2

➡ Master equation becomes separable

� = �̂(a) = �̂(1) + �̂(2) average coordinate

Ô
(↵)
1,x = � 1

⇡
@x�̂

(↵)
x Ô

(↵)
2,x = 0 linear case first

� : �̂(r) = �̂(1) � �̂(2) replica fluctuations
• New degrees of freedom 

<latexit sha1_base64="LuBKSX3QJMkN28ytaQ3FqP17w0E="></latexit>

@t⇢
(a) = i[⇢(a), H(a)] +

2�

⇡

X

l
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(a) � h@x�̂(a)i
⌘
⇢
(a)

⇣
@x�̂

(a) � h@x�̂(a)i
⌘

• Average coordinate: heating to infinite temperature (<—> unbounded growth of mode occupation)

only jump term!

no jump term!
<latexit sha1_base64="cUUuUCbjXvo5A8pyJNb3y+omhGU="></latexit>
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• Relative coordinate: cooling/damping into dark state

• further separable: He↵ =
⌫

2⇡

Z

x
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2 + (1� i⌘
2)(@x�̂)

2 ⌘2 =
2�

⌫
@t| (r)

t i = �iHe↵| (r)
t i

gapless non-Hermitean Hamiltonian



Boson Replica Quantum Master Equation

• Boson measurement
<latexit sha1_base64="rxNgX5cgmOFW7hJHMc8i6m+eyiw="></latexit>

H
(↵) =

⌫

2⇡

Z

x
(@x�̂

(↵))2 + (@x✓̂
(↵))2

•           couples relative and absolute degrees

�➡how do                          degrees enter? nonlinearity irrelevant for

Ô
(↵)
1,x = � 1

⇡
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x general caseÔ
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2,x = m cos(2�̂x)

Ô
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2,x ⇠ m cos(

p
2(�̂(a)
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x

He↵ =
⌫
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Z

x
(@x✓̂)

2 + (1� i⌘
2)(@x�̂)
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➡  cooling into dark state

• Non-hermitian Schrödinger equation for relative coordinate

effect of non-linearity

➡ integrate out          in Gaussian approx. for 

@t| (r)
t i = �iHe↵| (r)

t i

�̂(a)
x ⇢̂(a)

➡non-Hermitian Sine-Gordon: pinning via cos term, depinning via theta term
➡extract physics in path integral approach

<latexit sha1_base64="s2Q4cc2IOaOtaupLy8YGNxAzt2s="></latexit>
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x
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8�̂x)]



Effective Non-Hermitian Hamiltonian and Path Integral
➡  Sine-Gordon action with complex coefficients 

• ‘Wick rotation’ brings free part to standard Euclidean (2+0) dimensional form

<latexit sha1_base64="Z9RHfpgqiXdjDkhxsyXabCNbRC0="></latexit>
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Z
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⌘
(@t�)
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2

�
� i� cos(�)
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<latexit sha1_base64="BX21XCv4k62mGFGxeWGARzhavIo=">AAACJHicbZDLSsNAFIYnXmu9RV26CRahhVqSoii4KbpxWcFeoKllMp20QycXZk60JeRh3Pgqblx4wYUbn8Vpm0Vt/WHg5zvncOb8TsiZBNP81paWV1bX1jMb2c2t7Z1dfW+/LoNIEFojAQ9E08GScubTGjDgtBkKij2H04YzuB7XGw9USBb4dzAKadvDPZ+5jGBQqKNf5odFKNiC9fqAhQge8zYFfB/brsAktpK4nCTDIpvCk1kKhY6eM0vmRMaisVKTQ6mqHf3D7gYk8qgPhGMpW5YZQjvGAhjhNMnakaQhJgPcoy1lfexR2Y4nRybGsSJdww2Eej4YEzo7EWNPypHnqE4PQ1/O18bwv1orAveiHTM/jID6ZLrIjbgBgTFOzOgyQQnwkTKYCKb+apA+VkGAyjWrQrDmT1409XLJOiuZt6e5ylUaRwYdoiOURxY6RxV0g6qohgh6Qi/oDb1rz9qr9ql9TVuXtHTmAP2R9vMLsf6leA==</latexit>

(x, t) ! (⌘
1
2x, i⌘�

1
2 t)

➡RG flow: standard KT flow with complex
<latexit sha1_base64="TGhpP4PY/uae4qaKI5NokYJ9NgY=">AAAB8HicbVDLSgMxFL1TX7W+qi7dBIvgQsqMVHRZdCO4qWAf0g4lk8m0oUlmSDJCGfoVblwo4tbPceffmLaz0NYDgcM555J7T5Bwpo3rfjuFldW19Y3iZmlre2d3r7x/0NJxqghtkpjHqhNgTTmTtGmY4bSTKIpFwGk7GN1M/fYTVZrF8sGME+oLPJAsYgQbKz3enfW4DYe4X664VXcGtEy8nFQgR6Nf/uqFMUkFlYZwrHXXcxPjZ1gZRjidlHqppgkmIzygXUslFlT72WzhCTqxSoiiWNknDZqpvycyLLQei8AmBTZDvehNxf+8bmqiKz9jMkkNlWT+UZRyZGI0vR6FTFFi+NgSTBSzuyIyxAoTYzsq2RK8xZOXSeu86l1U3ftapX6d11GEIziGU/DgEupwCw1oAgEBz/AKb45yXpx352MeLTj5zCH8gfP5Az/wkAw=</latexit>

K,�

Fendley, Saleur, Zamolodchikov, 

International Journal of Modern Physics (1993)

• UV flow modified

➡  shift of phase border

• IR flow reaches 
standard KT flow

➡ same long wavelength 
properties

➡  gapless generalized CFT phase with algebraic correlations and varying exponent

➡  phase transition in the BKT universality class in line with numerics

@s� =
⇣
2� 8⇡

K

⌘
�,

@sK =� �2



• Lindblad-Keldysh construction for n replicas

<latexit sha1_base64="fLBAq4QNHt6x49astMKifX19cb0=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Kokoeix68diC/YA2lM120q7dbMLuRiyhv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtR1Sax/LejBP0IzqQPOSMGivVn3qlsltxZyDLxMtJGXLUeqWvbj9maYTSMEG17nhuYvyMKsOZwEmxm2pMKBvRAXYslTRC7WezQyfk1Cp9EsbKljRkpv6eyGik9TgKbGdEzVAvelPxP6+TmvDaz7hMUoOSzReFqSAmJtOvSZ8rZEaMLaFMcXsrYUOqKDM2m6INwVt8eZk0zyveZcWtX5SrN3kcBTiGEzgDD66gCndQgwYwQHiGV3hzHpwX5935mLeuOPnMEfyB8/kD54uNAA==</latexit>x

<latexit sha1_base64="W+cQxzCzyNjJHqtlVZvJXMOej10=">AAAB6HicbVBNS8NAEN3Ur1q/qh69LBbBU0lE0WPRi8cW7Ae0oWy2k3btZhN2J0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVHJo8lrHuBMyAFAqaKFBCJ9HAokBCOxjfzfz2E2gjYvWAkwT8iA2VCAVnaKUG9ssVt+rOQVeJl5MKyVHvl796g5inESjkkhnT9dwE/YxpFFzCtNRLDSSMj9kQupYqFoHxs/mhU3pmlQENY21LIZ2rvycyFhkziQLbGTEcmWVvJv7ndVMMb/xMqCRFUHyxKEwlxZjOvqYDoYGjnFjCuBb2VspHTDOONpuSDcFbfnmVtC6q3lXVbVxWard5HEVyQk7JOfHINamRe1InTcIJkGfySt6cR+fFeXc+Fq0FJ585Jn/gfP4A4XuM/A==</latexit>

t
<latexit sha1_base64="W+cQxzCzyNjJHqtlVZvJXMOej10=">AAAB6HicbVBNS8NAEN3Ur1q/qh69LBbBU0lE0WPRi8cW7Ae0oWy2k3btZhN2J0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVHJo8lrHuBMyAFAqaKFBCJ9HAokBCOxjfzfz2E2gjYvWAkwT8iA2VCAVnaKUG9ssVt+rOQVeJl5MKyVHvl796g5inESjkkhnT9dwE/YxpFFzCtNRLDSSMj9kQupYqFoHxs/mhU3pmlQENY21LIZ2rvycyFhkziQLbGTEcmWVvJv7ndVMMb/xMqCRFUHyxKEwlxZjOvqYDoYGjnFjCuBb2VspHTDOONpuSDcFbfnmVtC6q3lXVbVxWard5HEVyQk7JOfHINamRe1InTcIJkGfySt6cR+fFeXc+Fq0FJ585Jn/gfP4A4XuM/A==</latexit>

t
<latexit sha1_base64="LKzNUVkH7uNh7xjulCHYOFs39OE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUcPvlilt15yCrxMtJBXLU++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzQ6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m5INwVt+eZW0LqreVdVtXFZqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBemuMuA==</latexit>

0
• single replica

- contour+ contour
<latexit sha1_base64="DE9wzpWKLIuSrcpCNPbmRg7v1Ns=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0nEoseiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilB+yH/XLFrbpzkFXi5aQCORr98ldvELM04gqZpMZ0PTdBP6MaBZN8WuqlhieUjemQdy1VNOLGz+anTsmZVQYkjLUthWSu/p7IaGTMJApsZ0RxZJa9mfif100xvPYzoZIUuWKLRWEqCcZk9jcZCM0ZyokllGlhbyVsRDVlaNMp2RC85ZdXSeui6tWq7v1lpX6Tx1GEEziFc/DgCupwBw1oAoMhPMMrvDnSeXHenY9Fa8HJZ47hD5zPH1c+jdU=</latexit>

tf

n-Replicas: Lindblad-Keldysh 2.0

• Motivation: 

• Generalization of ‘hot’ and ‘cold’ modes?

• Entanglement entropies?

• evolution operator
<latexit sha1_base64="TxNkPQTsvWiGbdd1AHtdSQw79ZY="></latexit>

V̂dt = exp
h
�(iĤ + M̂

2
t )dt+ ⇠M̂t

i
expansion to second order: SSE 

<latexit sha1_base64="4D58mBNJqF5+G66sV+WQImJDEoM=">AAAB83icbVBNS8NAEJ34WetX1aOXxSJ4KomKeix68VjBfkATymazbZduNmF3IpTQv+HFgyJe/TPe/Ddu2xy09cHA470ZZuaFqRQGXffbWVldW9/YLG2Vt3d29/YrB4ctk2Sa8SZLZKI7ITVcCsWbKFDyTqo5jUPJ2+Hobuq3n7g2IlGPOE55ENOBEn3BKFrJJ/6QImn18ggnvUrVrbkzkGXiFaQKBRq9ypcfJSyLuUImqTFdz00xyKlGwSSflP3M8JSyER3wrqWKxtwE+ezmCTm1SkT6ibalkMzU3xM5jY0Zx6HtjCkOzaI3Ff/zuhn2b4JcqDRDrth8UT+TBBMyDYBEQnOGcmwJZVrYWwkbUk0Z2pjKNgRv8eVl0jqveVe1i4fLav22iKMEx3ACZ+DBNdThHhrQBAYpPMMrvDmZ8+K8Ox/z1hWnmDmCP3A+fwB9ipFY</latexit>

V̂dt

<latexit sha1_base64="cpy1vWo8aDNva9mi1BKOrDB0zrc=">AAAB+nicbVBNS8NAEN34WetXqkcvi0XwVBIV9Vj04rGC/YA2hs1m0y7dbMLuRCmxP8WLB0W8+ku8+W/ctjlo64OBx3szzMwLUsE1OM63tbS8srq2Xtoob25t7+zalb2WTjJFWZMmIlGdgGgmuGRN4CBYJ1WMxIFg7WB4PfHbD0xpnsg7GKXMi0lf8ohTAkby7QruDQjg1n0vJH0/D2Hs21Wn5kyBF4lbkCoq0PDtr16Y0CxmEqggWnddJwUvJwo4FWxc7mWapYQOSZ91DZUkZtrLp6eP8ZFRQhwlypQEPFV/T+Qk1noUB6YzJjDQ895E/M/rZhBdejmXaQZM0tmiKBMYEjzJAYdcMQpiZAihiptbMR0QRSiYtMomBHf+5UXSOqm557XT27Nq/aqIo4QO0CE6Ri66QHV0gxqoiSh6RM/oFb1ZT9aL9W59zFqXrGJmH/2B9fkDp2WToQ==</latexit>

V̂ †
dt

n-replica Hamilton-Keldysh: Aleiner, Faoro, Ioffe, AoP  
(2016); Tsuji, Werner, Ueda, PRA (2017); Shenker, 

Stanford, JHEP (2015); Ansari, Nazarov, JETP (2016)



• Lindblad-Keldysh construction for n replicas
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t
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t
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0

• single replica

- contour+ contour
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Z(1, {⇠}) = tr⇢tf!1 =

intra-replica noise average

n-Replicas: Lindblad-Keldysh 2.0

• Motivation: 

• Generalization of ‘hot’ and ‘cold’ modes?

• Entanglement entropies?

• evolution operator
<latexit sha1_base64="TxNkPQTsvWiGbdd1AHtdSQw79ZY="></latexit>

V̂dt = exp
h
�(iĤ + M̂

2
t )dt+ ⇠M̂t

i
expansion to second order: SSE 

<latexit sha1_base64="4D58mBNJqF5+G66sV+WQImJDEoM=">AAAB83icbVBNS8NAEJ34WetX1aOXxSJ4KomKeix68VjBfkATymazbZduNmF3IpTQv+HFgyJe/TPe/Ddu2xy09cHA470ZZuaFqRQGXffbWVldW9/YLG2Vt3d29/YrB4ctk2Sa8SZLZKI7ITVcCsWbKFDyTqo5jUPJ2+Hobuq3n7g2IlGPOE55ENOBEn3BKFrJJ/6QImn18ggnvUrVrbkzkGXiFaQKBRq9ypcfJSyLuUImqTFdz00xyKlGwSSflP3M8JSyER3wrqWKxtwE+ezmCTm1SkT6ibalkMzU3xM5jY0Zx6HtjCkOzaI3Ff/zuhn2b4JcqDRDrth8UT+TBBMyDYBEQnOGcmwJZVrYWwkbUk0Z2pjKNgRv8eVl0jqveVe1i4fLav22iKMEx3ACZ+DBNdThHhrQBAYpPMMrvDmZ8+K8Ox/z1hWnmDmCP3A+fwB9ipFY</latexit>

V̂dt
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V̂ †
dt

➡measurement expectation values cancel
➡Lindblad-Keldysh functional integral reproduced (herm. Lindblads)

n-replica Hamilton-Keldysh: Aleiner, Faoro, Ioffe, AoP  
(2016); Tsuji, Werner, Ueda, PRA (2017); Shenker, 

Stanford, JHEP (2015); Ansari, Nazarov, JETP (2016)

<latexit sha1_base64="IgUEfKBJw8qxC/OSX3RfGXDoroY="></latexit>

Z(1, {⇠}) =
Z

D[ ] exp [i(S1,H [ ] + S1,⇠[ ])]

<latexit sha1_base64="MTL35gZiteHNC8TLJi4yON1tcKM="></latexit>

(...)�! Z(1, {⇠}) ⌘ Z(1)

<latexit sha1_base64="MMaZgd9l6+PF5/kBdNLYGgjBHwo="></latexit>

=) Z(1) =

Z
D exp [i(S1,H [ ] + S1,M [ ])]

<latexit sha1_base64="0zh8wkuJKfobuj2XOPIsz5R07oI="></latexit>
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M = O � Ō



• Lindblad-Keldysh construction for n replicas

• n replicas

n-Replicas: Lindblad-Keldysh 2.0

• Motivation: 

• Generalization of ‘hot’ and ‘cold’ modes?

• Entanglement entropies?

• evolution operator
<latexit sha1_base64="TxNkPQTsvWiGbdd1AHtdSQw79ZY="></latexit>

V̂dt = exp
h
�(iĤ + M̂

2
t )dt+ ⇠M̂t

i
expansion to second order: SSE 

➡collective coupling to noise
➡structural simplification for linear measurement dynamics

n-replica Hamilton-Keldysh: Aleiner, Faoro, Ioffe, AoP  
(2016); Tsuji, Werner, Ueda, PRA (2017); Shenker, 

Stanford, JHEP (2015); Ansari, Nazarov, JETP (2016)
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<latexit sha1_base64="/PXNowhFdNBVmsP8eFC0Z0ANVVY="></latexit>

=) Z(n) =

Z
D exp [i(Sn,H [ ] + Sn,M [ ])]

<latexit sha1_base64="3gAW8uYGq0Ke3kb2G5YFCY45Lwk="></latexit>

Z(n, {⇠}) =
Z

D[ ] exp [i(Sn,H [ ] + Sn,⇠[ ])]
<latexit sha1_base64="/bauqHHdOqfNt0actxh8q3/bU2U="></latexit>
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collective coupling 
to noise!

<latexit sha1_base64="CUFsE4531USaHopEwpqMZwsWkNc="></latexit>
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Z(n, {⇠}) =

inter-replica noise average

<latexit sha1_base64="TQp/UggKC9IgnJC8JWbh8NHDLxA="></latexit>

(...)�! Z(n, {⇠}) ⌘ Z(n)



➡no reference to measurement expectation value
➡exact decoupling into:

➡1 collective ‘hot’ mode, heating to infinite temperature
➡ (n-1) ‘cold’ modes, do not ‘see’ the noise, cool to ground state of non-hermitean Hamiltonian

n-Replicas: Decoupling of Gaussian theories

• practical importance: reduction to linear / Gaussian bosonic theory in limiting cases

• bosonized action in the presence of noise: quadratic

• decoupling of center-of-mass and relative modes

• Fourier expansion in replica space
<latexit sha1_base64="ZB950UfMGp8WJ3A2Z+pwSszYPGk="></latexit>
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• equation of motion
<latexit sha1_base64="CyF0iwpqEwaLpyxCHDFpddKmOFI="></latexit>
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replica space picture

reciprocal replica space picture
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bosonic field
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S[�] = Sn,H [�] + Sn,⇠[�]
<latexit sha1_base64="TX7l6koD9e0K8mFurthzSq25g+Q="></latexit>
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D = ⇡m
<latexit sha1_base64="Qx2DvsgBD6DQB+qotRGD+jxRRGc=">AAAB9XicbVDLSsNAFL2pr1pfVZduBovgqiQq6kYo6sJlBfuANpbJdNIOnUzCzEQNof/hxoUibv0Xd/6NkzYLbT1w4XDOvTP3Hi/iTGnb/rYKC4tLyyvF1dLa+sbmVnl7p6nCWBLaICEPZdvDinImaEMzzWk7khQHHqctb3SV+a0HKhULxZ1OIuoGeCCYzwjWRrq/RheoG2GpGea9p165YlftCdA8cXJSgRz1Xvmr2w9JHFChCcdKdRw70m6avUc4HZe6saIRJiM8oB1DBQ6octPJ1mN0YJQ+8kNpSmg0UX9PpDhQKgk80xlgPVSzXib+53Vi7Z+7KRNRrKkg04/8mCMdoiwC1GeSEs0TQzCRzOyKyBBLTLQJqmRCcGZPnifNo6pzWj2+PanULvM4irAH+3AIDpxBDW6gDg0gIOEZXuHNerRerHfrY9pasPKZXfgD6/MHk9SR7w==</latexit>
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Entanglement Entropies from Replica Approach

• formulate boundary condition via operator insertion (in the presence of noise):

• Keldysh path integral representation of 

<latexit sha1_base64="sGep6AWXB4hZYIZ6oQXISXz95ps="></latexit>
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replica space 
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A

traced out <latexit sha1_base64="fLBAq4QNHt6x49astMKifX19cb0=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Kokoeix68diC/YA2lM120q7dbMLuRiyhv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtR1Sax/LejBP0IzqQPOSMGivVn3qlsltxZyDLxMtJGXLUeqWvbj9maYTSMEG17nhuYvyMKsOZwEmxm2pMKBvRAXYslTRC7WezQyfk1Cp9EsbKljRkpv6eyGik9TgKbGdEzVAvelPxP6+TmvDaz7hMUoOSzReFqSAmJtOvSZ8rZEaMLaFMcXsrYUOqKDM2m6INwVt8eZk0zyveZcWtX5SrN3kcBTiGEzgDD66gCndQgwYwQHiGV3hzHpwX5935mLeuOPnMEfyB8/kD54uNAA==</latexit>x

• e.g. free massless Dirac fermions (after bosonization into equivalent Luttinger Hamiltonian): factorization

ground states: Casini, 
Fosco, Huerta, J. Stat. 

Mech. (2005)

Calabrese, Cardy, JPA (2009) 

<latexit sha1_base64="pDJKOJAVIcI8DMbdWeCuU6T3/Yk=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Kokoeqx68diC/YA2lM120q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVb3qlsltxZyDLxMtJGXLUeqWvbj9maYTSMEG17nhuYvyMKsOZwEmxm2pMKBvRAXYslTRC7WezQyfk1Cp9EsbKljRkpv6eyGik9TgKbGdEzVAvelPxP6+TmvDaz7hMUoOSzReFqSAmJtOvSZ8rZEaMLaFMcXsrYUOqKDM2m6INwVt8eZk0zyveZcWtX5Srt3kcBTiGEzgDD66gCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDlC+MyQ==</latexit>

A
<latexit sha1_base64="s8QX+0JWSrk7axzW7iT/rmWo0o0=">AAAB63icbVDLSgNBEOyNrxhfUY9eBoPgKeyKohch6MVjBGMCyRJmJ7PJkHksM7NCWPILXjwo4tUf8ubfOJvsQRMLGoqqbrq7ooQzY33/2yutrK6tb5Q3K1vbO7t71f2DR6NSTWiLKK50J8KGciZpyzLLaSfRFIuI03Y0vs399hPVhin5YCcJDQUeShYzgm0ucXQd9Ks1v+7PgJZJUJAaFGj2q1+9gSKpoNISjo3pBn5iwwxrywin00ovNTTBZIyHtOuoxIKaMJvdOkUnThmgWGlX0qKZ+nsiw8KYiYhcp8B2ZBa9XPzP66Y2vgozJpPUUknmi+KUI6tQ/jgaME2J5RNHMNHM3YrICGtMrIun4kIIFl9eJo9n9eCi7t+f1xo3RRxlOIJjOIUALqEBd9CEFhAYwTO8wpsnvBfv3fuYt5a8YuYQ/sD7/AEdJI2g</latexit>

l = 1
<latexit sha1_base64="UDSvfYe/hmOcAUyPmSx7Ku/Be24=">AAAB7XicbVBNSwMxEJ2tX7V+rXr0EiyCIJTdouhFKHrxWMF+QLuUbJptY7PJkmSFsvQ/ePGgiFf/jzf/jWm7B219MPB4b4aZeWHCmTae9+0UVlbX1jeKm6Wt7Z3dPXf/oKllqghtEMmlaodYU84EbRhmOG0niuI45LQVjm6nfuuJKs2keDDjhAYxHggWMYKNlZr8zEfX1Z5b9ireDGiZ+DkpQ456z/3q9iVJYyoM4Vjrju8lJsiwMoxwOil1U00TTEZ4QDuWChxTHWSzayfoxCp9FEllSxg0U39PZDjWehyHtjPGZqgXvan4n9dJTXQVZEwkqaGCzBdFKUdGounrqM8UJYaPLcFEMXsrIkOsMDE2oJINwV98eZk0qxX/ouLdn5drN3kcRTiCYzgFHy6hBndQhwYQeIRneIU3RzovzrvzMW8tOPnMIfyB8/kD9gWOEQ==</latexit>

l + 1 = 2

<latexit sha1_base64="5iSLcVm9E676H/dhl83ZEE9gYfw=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KklR9CIUvXisaD+gDWWz3bRLN5uwOxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkQKg6777aysrq1vbBa2its7u3v7pYPDpolTzXiDxTLW7YAaLoXiDRQoeTvRnEaB5K1gdDv1W09cGxGrRxwn3I/oQIlQMIpWelDX1V6p7FbcGcgy8XJShhz1Xumr249ZGnGFTFJjOp6boJ9RjYJJPil2U8MTykZ0wDuWKhpx42ezUyfk1Cp9EsbalkIyU39PZDQyZhwFtjOiODSL3lT8z+ukGF75mVBJilyx+aIwlQRjMv2b9IXmDOXYEsq0sLcSNqSaMrTpFG0I3uLLy6RZrXgXFff+vFy7yeMowDGcwBl4cAk1uIM6NIDBAJ7hFd4c6bw4787HvHXFyWeO4A+czx/LkY15</latexit>

n = 2

➡  boundary conditions appear as opposite charges
➡   mode does not contribute!
➡   independent of noise  !

<latexit sha1_base64="K9Fa74GV+aEQi6/shHPo/MTUpHM=">AAAB63icbVBNS8NAEJ3Ur1q/oh69LBbBU0lU1ItQ9OKxgv2ANpTNdtMu3d2E3Y1QQv+CFw+KePUPefPfuGlz0NYHA4/3ZpiZFyacaeN5305pZXVtfaO8Wdna3tndc/cPWjpOFaFNEvNYdUKsKWeSNg0znHYSRbEIOW2H47vcbz9RpVksH80koYHAQ8kiRrDJpfEN8vpu1at5M6Bl4hekCgUafferN4hJKqg0hGOtu76XmCDDyjDC6bTSSzVNMBnjIe1aKrGgOshmt07RiVUGKIqVLWnQTP09kWGh9USEtlNgM9KLXi7+53VTE10HGZNJaqgk80VRypGJUf44GjBFieETSzBRzN6KyAgrTIyNp2JD8BdfXiats5p/WTt/uKjWb4s4ynAEx3AKPlxBHe6hAU0gMIJneIU3RzgvzrvzMW8tOcXMIfyB8/kDG4CNog==</latexit>

k = 0
<latexit sha1_base64="0rHC6id/cLcOX9/hYCIrLjwL4SQ=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyqqMegF48RzAOSJcxOepNhZ2fXmVkhLPkILx4U8er3ePNvnDwOmljQUFR1090VpIJr47rfTmFldW19o7hZ2tre2d0r7x80dZIphg2WiES1A6pRcIkNw43AdqqQxoHAVhDdTvzWEyrNE/lgRin6MR1IHnJGjZVaUVfiI3F75Ypbdacgy8SbkwrMUe+Vv7r9hGUxSsME1brjuanxc6oMZwLHpW6mMaUsogPsWCppjNrPp+eOyYlV+iRMlC1pyFT9PZHTWOtRHNjOmJqhXvQm4n9eJzPhtZ9zmWYGJZstCjNBTEImv5M+V8iMGFlCmeL2VsKGVFFmbEIlG4K3+PIyaZ5Vvcvq+f1FpXYzj6MIR3AMp+DBFdTgDurQAAYRPMMrvDmp8+K8Ox+z1oIznzmEP3A+fwCqyo8j</latexit>

k 6= 0
<latexit sha1_base64="sYiPX2hdW/+OC9jCWdueJP++8jY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GPRi8eK9gPaUDbbSbt0swm7G7GE/gQvHhTx6i/y5r9x2+ag1QcDj/dmmJkXJIJr47pfTmFpeWV1rbhe2tjc2t4p7+41dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nvqtB1Sax/LejBP0IzqQPOSMGivddR95r1xxq+4M5C/xclKBHPVe+bPbj1kaoTRMUK07npsYP6PKcCZwUuqmGhPKRnSAHUsljVD72ezUCTmySp+EsbIlDZmpPycyGmk9jgLbGVEz1IveVPzP66QmvPQzLpPUoGTzRWEqiInJ9G/S5wqZEWNLKFPc3krYkCrKjE2nZEPwFl/+S5onVe+8enp7Vqld5XEU4QAO4Rg8uIAa3EAdGsBgAE/wAq+OcJ6dN+d93lpw8pl9+AXn4xtegY3d</latexit>

⇠

<latexit sha1_base64="kboqdQSQkrPxGyCtqVdHQqvY9O8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GPRi8eK9gPaUDbbSbt0swm7G7GE/gQvHhTx6i/y5r9x2+ag1QcDj/dmmJkXJIJr47pfTmFpeWV1rbhe2tjc2t4p7+41dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nvqtB1Sax/LejBP0IzqQPOSMGivdPfbcXrniVt0ZyF/i5aQCOeq98me3H7M0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9mpE3JklT4JY2VLGjJTf05kNNJ6HAW2M6JmqBe9qfif10lNeOlnXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtOyYbgLb78lzRPqt559fT2rFK7yuMowgEcwjF4cAE1uIE6NIDBAJ7gBV4d4Tw7b877vLXg5DP78AvOxzcMyI2n</latexit>x0
<latexit sha1_base64="BPkxn460STJ3im7exqUFUyh1LxY=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoMgCGFXRT0GvXjwEME8IFnC7KSTDJmdXWZmxbDkI7x4UMSr3+PNv3GS7EETCxqKqm66u4JYcG1c99vJLS2vrK7l1wsbm1vbO8XdvbqOEsWwxiIRqWZANQousWa4EdiMFdIwENgIhjcTv/GISvNIPphRjH5I+5L3OKPGSo2njktOyF2nWHLL7hRkkXgZKUGGaqf41e5GLAlRGiao1i3PjY2fUmU4EzgutBONMWVD2seWpZKGqP10eu6YHFmlS3qRsiUNmaq/J1Iaaj0KA9sZUjPQ895E/M9rJaZ35adcxolByWaLeokgJiKT30mXK2RGjCyhTHF7K2EDqigzNqGCDcGbf3mR1E/L3kX57P68VLnO4sjDARzCMXhwCRW4hSrUgMEQnuEV3pzYeXHenY9Za87JZvbhD5zPH7rRjoY=</latexit>

x0 + L

+ +— —

<latexit sha1_base64="K2uSORKRAxPGhBlD+J+Ps1J0mpg="></latexit>

ZA(n), {⇠}) =
Z

D[ ]T eiSn[ ]

<latexit sha1_base64="ByM0khnFCtATxgc1MCPnbQmgDPU="></latexit>

ZA(n, {⇠}) = h
nY

k=1

exp

✓
�
p
2i
k

n

Z
dx[�(x� x0)� �(x� (x0 + L))]�(k)

c,x,t

◆
i

<latexit sha1_base64="EX9aygFUaioYQ4byutOcpRvwv+E=">AAACEnicbVDLSsNAFJ3UV62vqEs3g0VoQUqiom6EVjcuK9gHNjFMptN26GQSZiZiCfkGN/6KGxeKuHXlzr9x0nah1QMXDufcy733+BGjUlnWl5Gbm19YXMovF1ZW19Y3zM2tpgxjgUkDhywUbR9JwignDUUVI+1IEBT4jLT84UXmt+6IkDTk12oUETdAfU57FCOlJc8sJzdercT3ncS5p05aTuEZTJwAqYEIEiVS6IhB6NVueeqZRatijQH/EntKimCKumd+Ot0QxwHhCjMkZce2IuUmSCiKGUkLTixJhPAQ9UlHU44CIt1k/FIK97TShb1Q6OIKjtWfEwkKpBwFvu7MjpWzXib+53Vi1Tt1E8qjWBGOJ4t6MYMqhFk+sEsFwYqNNEFYUH0rxAMkEFY6xYIOwZ59+S9pHlTs48rh1VGxej6NIw92wC4oARucgCq4BHXQABg8gCfwAl6NR+PZeDPeJ605YzqzDX7B+PgGqFSdgA==</latexit>

ZA(n, {⇠}) = tr⇢nA



Entanglement Entropies from Replica Approach

• Keldysh path integral representation of 
<latexit sha1_base64="pDJKOJAVIcI8DMbdWeCuU6T3/Yk=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Kokoeqx68diC/YA2lM120q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVb3qlsltxZyDLxMtJGXLUeqWvbj9maYTSMEG17nhuYvyMKsOZwEmxm2pMKBvRAXYslTRC7WezQyfk1Cp9EsbKljRkpv6eyGik9TgKbGdEzVAvelPxP6+TmvDaz7hMUoOSzReFqSAmJtOvSZ8rZEaMLaFMcXsrYUOqKDM2m6INwVt8eZk0zyveZcWtX5Srt3kcBTiGEzgDD66gCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDlC+MyQ==</latexit>

A

traced out <latexit sha1_base64="fLBAq4QNHt6x49astMKifX19cb0=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Kokoeix68diC/YA2lM120q7dbMLuRiyhv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtR1Sax/LejBP0IzqQPOSMGivVn3qlsltxZyDLxMtJGXLUeqWvbj9maYTSMEG17nhuYvyMKsOZwEmxm2pMKBvRAXYslTRC7WezQyfk1Cp9EsbKljRkpv6eyGik9TgKbGdEzVAvelPxP6+TmvDaz7hMUoOSzReFqSAmJtOvSZ8rZEaMLaFMcXsrYUOqKDM2m6INwVt8eZk0zyveZcWtX5SrN3kcBTiGEzgDD66gCndQgwYwQHiGV3hzHpwX5935mLeuOPnMEfyB8/kD54uNAA==</latexit>x

Calabrese, Cardy, JPA (2009) 

<latexit sha1_base64="pDJKOJAVIcI8DMbdWeCuU6T3/Yk=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Kokoeqx68diC/YA2lM120q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVb3qlsltxZyDLxMtJGXLUeqWvbj9maYTSMEG17nhuYvyMKsOZwEmxm2pMKBvRAXYslTRC7WezQyfk1Cp9EsbKljRkpv6eyGik9TgKbGdEzVAvelPxP6+TmvDaz7hMUoOSzReFqSAmJtOvSZ8rZEaMLaFMcXsrYUOqKDM2m6INwVt8eZk0zyveZcWtX5Srt3kcBTiGEzgDD66gCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDlC+MyQ==</latexit>

A
<latexit sha1_base64="s8QX+0JWSrk7axzW7iT/rmWo0o0=">AAAB63icbVDLSgNBEOyNrxhfUY9eBoPgKeyKohch6MVjBGMCyRJmJ7PJkHksM7NCWPILXjwo4tUf8ubfOJvsQRMLGoqqbrq7ooQzY33/2yutrK6tb5Q3K1vbO7t71f2DR6NSTWiLKK50J8KGciZpyzLLaSfRFIuI03Y0vs399hPVhin5YCcJDQUeShYzgm0ucXQd9Ks1v+7PgJZJUJAaFGj2q1+9gSKpoNISjo3pBn5iwwxrywin00ovNTTBZIyHtOuoxIKaMJvdOkUnThmgWGlX0qKZ+nsiw8KYiYhcp8B2ZBa9XPzP66Y2vgozJpPUUknmi+KUI6tQ/jgaME2J5RNHMNHM3YrICGtMrIun4kIIFl9eJo9n9eCi7t+f1xo3RRxlOIJjOIUALqEBd9CEFhAYwTO8wpsnvBfv3fuYt5a8YuYQ/sD7/AEdJI2g</latexit>

l = 1
<latexit sha1_base64="UDSvfYe/hmOcAUyPmSx7Ku/Be24=">AAAB7XicbVBNSwMxEJ2tX7V+rXr0EiyCIJTdouhFKHrxWMF+QLuUbJptY7PJkmSFsvQ/ePGgiFf/jzf/jWm7B219MPB4b4aZeWHCmTae9+0UVlbX1jeKm6Wt7Z3dPXf/oKllqghtEMmlaodYU84EbRhmOG0niuI45LQVjm6nfuuJKs2keDDjhAYxHggWMYKNlZr8zEfX1Z5b9ireDGiZ+DkpQ456z/3q9iVJYyoM4Vjrju8lJsiwMoxwOil1U00TTEZ4QDuWChxTHWSzayfoxCp9FEllSxg0U39PZDjWehyHtjPGZqgXvan4n9dJTXQVZEwkqaGCzBdFKUdGounrqM8UJYaPLcFEMXsrIkOsMDE2oJINwV98eZk0qxX/ouLdn5drN3kcRTiCYzgFHy6hBndQhwYQeIRneIU3RzovzrvzMW8tOPnMIfyB8/kD9gWOEQ==</latexit>

l + 1 = 2

<latexit sha1_base64="5iSLcVm9E676H/dhl83ZEE9gYfw=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KklR9CIUvXisaD+gDWWz3bRLN5uwOxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkQKg6777aysrq1vbBa2its7u3v7pYPDpolTzXiDxTLW7YAaLoXiDRQoeTvRnEaB5K1gdDv1W09cGxGrRxwn3I/oQIlQMIpWelDX1V6p7FbcGcgy8XJShhz1Xumr249ZGnGFTFJjOp6boJ9RjYJJPil2U8MTykZ0wDuWKhpx42ezUyfk1Cp9EsbalkIyU39PZDQyZhwFtjOiODSL3lT8z+ukGF75mVBJilyx+aIwlQRjMv2b9IXmDOXYEsq0sLcSNqSaMrTpFG0I3uLLy6RZrXgXFff+vFy7yeMowDGcwBl4cAk1uIM6NIDBAJ7hFd4c6bw4787HvHXFyWeO4A+czx/LkY15</latexit>

n = 2

<latexit sha1_base64="kboqdQSQkrPxGyCtqVdHQqvY9O8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GPRi8eK9gPaUDbbSbt0swm7G7GE/gQvHhTx6i/y5r9x2+ag1QcDj/dmmJkXJIJr47pfTmFpeWV1rbhe2tjc2t4p7+41dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nvqtB1Sax/LejBP0IzqQPOSMGivdPfbcXrniVt0ZyF/i5aQCOeq98me3H7M0QmmYoFp3PDcxfkaV4UzgpNRNNSaUjegAO5ZKGqH2s9mpE3JklT4JY2VLGjJTf05kNNJ6HAW2M6JmqBe9qfif10lNeOlnXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtOyYbgLb78lzRPqt559fT2rFK7yuMowgEcwjF4cAE1uIE6NIDBAJ7gBV4d4Tw7b877vLXg5DP78AvOxzcMyI2n</latexit>x0
<latexit sha1_base64="BPkxn460STJ3im7exqUFUyh1LxY=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoMgCGFXRT0GvXjwEME8IFnC7KSTDJmdXWZmxbDkI7x4UMSr3+PNv3GS7EETCxqKqm66u4JYcG1c99vJLS2vrK7l1wsbm1vbO8XdvbqOEsWwxiIRqWZANQousWa4EdiMFdIwENgIhjcTv/GISvNIPphRjH5I+5L3OKPGSo2njktOyF2nWHLL7hRkkXgZKUGGaqf41e5GLAlRGiao1i3PjY2fUmU4EzgutBONMWVD2seWpZKGqP10eu6YHFmlS3qRsiUNmaq/J1Iaaj0KA9sZUjPQ895E/M9rJaZ35adcxolByWaLeokgJiKT30mXK2RGjCyhTHF7K2EDqigzNqGCDcGbf3mR1E/L3kX57P68VLnO4sjDARzCMXhwCRW4hSrUgMEQnuEV3pzYeXHenY9Za87JZvbhD5zPH7rRjoY=</latexit>

x0 + L

+ +— —

<latexit sha1_base64="EX9aygFUaioYQ4byutOcpRvwv+E=">AAACEnicbVDLSsNAFJ3UV62vqEs3g0VoQUqiom6EVjcuK9gHNjFMptN26GQSZiZiCfkGN/6KGxeKuHXlzr9x0nah1QMXDufcy733+BGjUlnWl5Gbm19YXMovF1ZW19Y3zM2tpgxjgUkDhywUbR9JwignDUUVI+1IEBT4jLT84UXmt+6IkDTk12oUETdAfU57FCOlJc8sJzdercT3ncS5p05aTuEZTJwAqYEIEiVS6IhB6NVueeqZRatijQH/EntKimCKumd+Ot0QxwHhCjMkZce2IuUmSCiKGUkLTixJhPAQ9UlHU44CIt1k/FIK97TShb1Q6OIKjtWfEwkKpBwFvu7MjpWzXib+53Vi1Tt1E8qjWBGOJ4t6MYMqhFk+sEsFwYqNNEFYUH0rxAMkEFY6xYIOwZ59+S9pHlTs48rh1VGxej6NIw92wC4oARucgCq4BHXQABg8gCfwAl6NR+PZeDPeJ605YzqzDX7B+PgGqFSdgA==</latexit>

ZA(n, {⇠}) = tr⇢nA

• n-th Rényi entropy

• von Neumann entropy

<latexit sha1_base64="6XCd2P+PNqmSomw0hgyrvZ2Jcuo="></latexit>

S = lim
n!1

Sn = 2
3 h�

(k>0)
c,x0

�(k>0)
c,x0+Li

➡correlator in the Gaussian dark state wave function

<latexit sha1_base64="+Wwp+KQj4EpMNDoOWWXOEHNpeXs="></latexit>

Sn = 1
1�n logZA(n, {⇠}) = 1

1�n

n�1X

k=1

2k2

n2 h�(k)
c,x0

�(k)
c,x0

� �(k)
c,x0

�(k)
c,x0+Li



Construction summary

• Rényi entropy
traced out

<latexit sha1_base64="fLBAq4QNHt6x49astMKifX19cb0=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Kokoeix68diC/YA2lM120q7dbMLuRiyhv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtR1Sax/LejBP0IzqQPOSMGivVn3qlsltxZyDLxMtJGXLUeqWvbj9maYTSMEG17nhuYvyMKsOZwEmxm2pMKBvRAXYslTRC7WezQyfk1Cp9EsbKljRkpv6eyGik9TgKbGdEzVAvelPxP6+TmvDaz7hMUoOSzReFqSAmJtOvSZ8rZEaMLaFMcXsrYUOqKDM2m6INwVt8eZk0zyveZcWtX5SrN3kcBTiGEzgDD66gCndQgwYwQHiGV3hzHpwX5935mLeuOPnMEfyB8/kD54uNAA==</latexit>x
Calabrese, Cardy, JPA (2009) 

<latexit sha1_base64="ulKX5yAUmpUQzOGLq08kSRX4vrw="></latexit>

Sn(L) =
1

1� n
logZA(n, {dW}), ZA(n, {dW}) ⌘ tr[(⇢̂(c)A )n]

traced out

<latexit sha1_base64="pDJKOJAVIcI8DMbdWeCuU6T3/Yk=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Kokoeqx68diC/YA2lM120q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVb3qlsltxZyDLxMtJGXLUeqWvbj9maYTSMEG17nhuYvyMKsOZwEmxm2pMKBvRAXYslTRC7WezQyfk1Cp9EsbKljRkpv6eyGik9TgKbGdEzVAvelPxP6+TmvDaz7hMUoOSzReFqSAmJtOvSZ8rZEaMLaFMcXsrYUOqKDM2m6INwVt8eZk0zyveZcWtX5Srt3kcBTiGEzgDD66gCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDlC+MyQ==</latexit>

A
• von Neumann entropy: 

<latexit sha1_base64="qd/pK9FYOmn8CeJUduyya8R5tk0=">AAAB7XicbVDLSgMxFL3js9ZX1aWbYBFclRlRdFl047KCfUA7lEx6p43NJEOSEUrpP7hxoYhb/8edf2PazkJbDwQO59xL7jlRKrixvv/trayurW9sFraK2zu7e/ulg8OGUZlmWGdKKN2KqEHBJdYttwJbqUaaRAKb0fB26jefUBuu5IMdpRgmtC95zBm1TmrIjlUk6JbKfsWfgSyTICdlyFHrlr46PcWyBKVlghrTDvzUhmOqLWcCJ8VOZjClbEj72HZU0gRNOJ5dOyGnTumRWGn3pCUz9ffGmCbGjJLITSbUDsyiNxX/89qZja/DMZdpZlGy+UdxJoiLOI1Oelwjs2LkCGWau1sJG1BNmXUFFV0JwWLkZdI4rwSXFf/+oly9yesowDGcwBkEcAVVuIMa1IHBIzzDK7x5ynvx3r2P+eiKl+8cwR94nz/1SI64</latexit>

n ! 1

• 1 mode heats up (noisy)
• n-1 modes cool down (noiseless)

• all A dependence in noiseless modes!
• noisy contribution A independent

• decoupling of center-of-mass and relative modes (exact for Gaussian states -> good away from transition)

replica space picture reciprocal replica space picture

• in practice need theory for n Keldysh replicas

➡entropy determined by noiseless modes
➡ rationalizes analogy to ground state phase transition

• observation 1:

• observation 2:



• focus on von Neumann entropy S in Gaussian limiting regimes

massless massive

• saturation to area law

Entanglement Transition from Replica Approach

<latexit sha1_base64="JKp0g3S1jsYP3z98hzyy0HsEKjU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8eK1hbaUDbbSbp0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSAXXxnW/ndLK6tr6RnmzsrW9s7tX3T941EmmGLZYIhLVCahGwSW2DDcCO6lCGgcC28HoZuq3n1BpnsgHM07Rj2kkecgZNVa6j/qsX625dXcGsky8gtSgQLNf/eoNEpbFKA0TVOuu56bGz6kynAmcVHqZxpSyEY2wa6mkMWo/n506ISdWGZAwUbakITP190ROY63HcWA7Y2qGetGbiv953cyEV37OZZoZlGy+KMwEMQmZ/k0GXCEzYmwJZYrbWwkbUkWZselUbAje4svL5PGs7l3U3bvzWuO6iKMMR3AMp+DBJTTgFprQAgYRPMMrvDnCeXHenY95a8kpZg7hD5zPHz7kjcU=</latexit>gc
<latexit sha1_base64="WDCR4eo3IfJs8QLPR2m6IER0gVU=">AAAB83icbVBNS8NAEN3Ur1q/qh69LBbBU01E0YtQ9OKxgv2AJpTJdpMu3d2E3U2hhP4NLx4U8eqf8ea/cdvmoNUHA4/3ZpiZF6acaeO6X05pZXVtfaO8Wdna3tndq+4ftHWSKUJbJOGJ6oagKWeStgwznHZTRUGEnHbC0d3M74yp0iyRj2aS0kBALFnECBgr+TG+wX4MQsDZuF+tuXV3DvyXeAWpoQLNfvXTHyQkE1QawkHrnuemJshBGUY4nVb8TNMUyAhi2rNUgqA6yOc3T/GJVQY4SpQtafBc/TmRg9B6IkLbKcAM9bI3E//zepmJroOcyTQzVJLFoijj2CR4FgAeMEWJ4RNLgChmb8VkCAqIsTFVbAje8st/Sfu87l3W3YeLWuO2iKOMjtAxOkUeukINdI+aqIUIStETekGvTuY8O2/O+6K15BQzh+gXnI9vx3+Q3g==</latexit>

g = �/v

<latexit sha1_base64="SMxYVgsFn4rR4vS/yOq0vwn4ciE=">AAACFXicbVDLSsNAFJ3UV62vqEs3g0VoQUviA90IRTcuXFS0D2jaMplO0qEzSZiZCCXkJ9z4K25cKOJWcOffOG2z0OqBC4dz7uXee9yIUaks68vIzc0vLC7llwsrq2vrG+bmVkOGscCkjkMWipaLJGE0IHVFFSOtSBDEXUaa7vBy7DfviZA0DO7UKCIdjvyAehQjpaWeuX977ihPIJzYaXKU4pLjI85R2WGhX+Ld5MBOy9CRlMPrrtUzi1bFmgD+JXZGiiBDrWd+Ov0Qx5wECjMkZdu2ItVJkFAUM5IWnFiSCOEh8klb0wBxIjvJ5KsU7mmlD71Q6AoUnKg/JxLEpRxxV3dypAZy1huL/3ntWHlnnYQGUaxIgKeLvJhBFcJxRLBPBcGKjTRBWFB9K8QDpDNSOsiCDsGeffkvaRxW7JOKdXNcrF5kceTBDtgFJWCDU1AFV6AG6gCDB/AEXsCr8Wg8G2/G+7Q1Z2Qz2+AXjI9vRZWdmQ==</latexit>

S = 1
3c(�) log(m

�1) ⇠ L0

• sub-volume log-law

• .

<latexit sha1_base64="S3U6o0m7Fx+UtUggFbqtjSz8cq8=">AAACBnicbVDLSsNAFJ3UV62vqEsRgkVoNyXxgW6EohsXLiraBzShTKaTdOhMJsxMhBKycuOvuHGhiFu/wZ1/47TNQlsPXDiccy/33uPHlEhl299GYWFxaXmluFpaW9/Y3DK3d1qSJwLhJuKUi44PJaYkwk1FFMWdWGDIfIrb/vBq7LcfsJCER/dqFGOPwTAiAUFQaaln7t9duIGAKHWy9DhDFTeEjMGqS3lYuan2zLJdsyew5omTkzLI0eiZX26fo4ThSCEKpew6dqy8FApFEMVZyU0kjiEawhB3NY0gw9JLJ29k1qFW+lbAha5IWRP190QKmZQj5utOBtVAznpj8T+vm6jg3EtJFCcKR2i6KEiopbg1zsTqE4GRoiNNIBJE32qhAdSpKJ1cSYfgzL48T1pHNee0Zt+elOuXeRxFsAcOQAU44AzUwTVogCZA4BE8g1fwZjwZL8a78TFtLRj5zC74A+PzB7NGl/s=</latexit>

S =
1

3
c(�) log(L)

➡  ground state entropy of massless Dirac

<latexit sha1_base64="TCi02rEO0y7/503CsP8mfoaWWJc=">AAAB/3icbVDLSsNAFL3xWesrKrhxM1iEuimJKLosunFZwT6gCWUynbRDZ5IwMxFK7MJfceNCEbf+hjv/xmmahbYeGOZwzr3ce0+QcKa043xbS8srq2vrpY3y5tb2zq69t99ScSoJbZKYx7ITYEU5i2hTM81pJ5EUi4DTdjC6mfrtByoVi6N7PU6oL/AgYiEjWBupZx+SqjfAQmDk6Rg5p/nnop5dcWpODrRI3IJUoECjZ395/ZikgkaacKxU13US7WdYakY4nZS9VNEEkxEe0K6hERZU+Vm+/wSdGKWPwliaF2mUq787MiyUGovAVAqsh2rem4r/ed1Uh1d+xqIk1TQis0FhypG5cRoG6jNJieZjQzCRzOyKyBBLTLSJrGxCcOdPXiSts5p7UXPuziv16yKOEhzBMVTBhUuowy00oAkEHuEZXuHNerJerHfrY1a6ZBU9B/AH1ucP8/qUHQ==</latexit>

c(� ! 0) ! 1

• in Gaussian state:

➡compatible with numerics in critical phase

<latexit sha1_base64="Af2gITyy9tkWQPej81S2pohb++w=">AAACD3icbVC7TsMwFHXKq5RXgJHFogKVgZIUBIwVLIxFog+pCZXjOq1V24lsB6mK+gcs/AoLAwixsrLxN7htBmg5kqWjc+7V9TlBzKjSjvNt5RYWl5ZX8quFtfWNzS17e6ehokRiUscRi2QrQIowKkhdU81IK5YE8YCRZjC4HvvNByIVjcSdHsbE56gnaEgx0kbq2Ie45PUQ58jTEfSoCPXwCHqKcjiV79Nj96Qy6thFp+xMAOeJm5EiyFDr2F9eN8IJJ0JjhpRqu06s/RRJTTEjo4KXKBIjPEA90jZUIE6Un07yjOCBUbowjKR5QsOJ+nsjRVypIQ/MJEe6r2a9sfif1050eOmnVMSJJgJPD4UJgyb7uBzYpZJgzYaGICyp+SvEfSQR1qbCginBnY08TxqVsntePr09K1avsjryYA/sgxJwwQWoghtQA3WAwSN4Bq/gzXqyXqx362M6mrOynV3wB9bnDzSLm4A=</latexit>

c(� ! 1) ⇠ ��1/2
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• focus on von Neumann entropy S in Gaussian limiting regimes

massless massive

• saturation to area law

Entanglement Transition from Replica Approach

<latexit sha1_base64="JKp0g3S1jsYP3z98hzyy0HsEKjU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8eK1hbaUDbbSbp0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSAXXxnW/ndLK6tr6RnmzsrW9s7tX3T941EmmGLZYIhLVCahGwSW2DDcCO6lCGgcC28HoZuq3n1BpnsgHM07Rj2kkecgZNVa6j/qsX625dXcGsky8gtSgQLNf/eoNEpbFKA0TVOuu56bGz6kynAmcVHqZxpSyEY2wa6mkMWo/n506ISdWGZAwUbakITP190ROY63HcWA7Y2qGetGbiv953cyEV37OZZoZlGy+KMwEMQmZ/k0GXCEzYmwJZYrbWwkbUkWZselUbAje4svL5PGs7l3U3bvzWuO6iKMMR3AMp+DBJTTgFprQAgYRPMMrvDnCeXHenY95a8kpZg7hD5zPHz7kjcU=</latexit>gc
<latexit sha1_base64="WDCR4eo3IfJs8QLPR2m6IER0gVU=">AAAB83icbVBNS8NAEN3Ur1q/qh69LBbBU01E0YtQ9OKxgv2AJpTJdpMu3d2E3U2hhP4NLx4U8eqf8ea/cdvmoNUHA4/3ZpiZF6acaeO6X05pZXVtfaO8Wdna3tndq+4ftHWSKUJbJOGJ6oagKWeStgwznHZTRUGEnHbC0d3M74yp0iyRj2aS0kBALFnECBgr+TG+wX4MQsDZuF+tuXV3DvyXeAWpoQLNfvXTHyQkE1QawkHrnuemJshBGUY4nVb8TNMUyAhi2rNUgqA6yOc3T/GJVQY4SpQtafBc/TmRg9B6IkLbKcAM9bI3E//zepmJroOcyTQzVJLFoijj2CR4FgAeMEWJ4RNLgChmb8VkCAqIsTFVbAje8st/Sfu87l3W3YeLWuO2iKOMjtAxOkUeukINdI+aqIUIStETekGvTuY8O2/O+6K15BQzh+gXnI9vx3+Q3g==</latexit>

g = �/v

<latexit sha1_base64="SMxYVgsFn4rR4vS/yOq0vwn4ciE=">AAACFXicbVDLSsNAFJ3UV62vqEs3g0VoQUviA90IRTcuXFS0D2jaMplO0qEzSZiZCCXkJ9z4K25cKOJWcOffOG2z0OqBC4dz7uXee9yIUaks68vIzc0vLC7llwsrq2vrG+bmVkOGscCkjkMWipaLJGE0IHVFFSOtSBDEXUaa7vBy7DfviZA0DO7UKCIdjvyAehQjpaWeuX977ihPIJzYaXKU4pLjI85R2WGhX+Ld5MBOy9CRlMPrrtUzi1bFmgD+JXZGiiBDrWd+Ov0Qx5wECjMkZdu2ItVJkFAUM5IWnFiSCOEh8klb0wBxIjvJ5KsU7mmlD71Q6AoUnKg/JxLEpRxxV3dypAZy1huL/3ntWHlnnYQGUaxIgKeLvJhBFcJxRLBPBcGKjTRBWFB9K8QDpDNSOsiCDsGeffkvaRxW7JOKdXNcrF5kceTBDtgFJWCDU1AFV6AG6gCDB/AEXsCr8Wg8G2/G+7Q1Z2Qz2+AXjI9vRZWdmQ==</latexit>

S = 1
3c(�) log(m

�1) ⇠ L0

• sub-volume log-law

• .

<latexit sha1_base64="S3U6o0m7Fx+UtUggFbqtjSz8cq8=">AAACBnicbVDLSsNAFJ3UV62vqEsRgkVoNyXxgW6EohsXLiraBzShTKaTdOhMJsxMhBKycuOvuHGhiFu/wZ1/47TNQlsPXDiccy/33uPHlEhl299GYWFxaXmluFpaW9/Y3DK3d1qSJwLhJuKUi44PJaYkwk1FFMWdWGDIfIrb/vBq7LcfsJCER/dqFGOPwTAiAUFQaaln7t9duIGAKHWy9DhDFTeEjMGqS3lYuan2zLJdsyew5omTkzLI0eiZX26fo4ThSCEKpew6dqy8FApFEMVZyU0kjiEawhB3NY0gw9JLJ29k1qFW+lbAha5IWRP190QKmZQj5utOBtVAznpj8T+vm6jg3EtJFCcKR2i6KEiopbg1zsTqE4GRoiNNIBJE32qhAdSpKJ1cSYfgzL48T1pHNee0Zt+elOuXeRxFsAcOQAU44AzUwTVogCZA4BE8g1fwZjwZL8a78TFtLRj5zC74A+PzB7NGl/s=</latexit>

S =
1

3
c(�) log(L)

➡  ground state entropy of massless Dirac

<latexit sha1_base64="TCi02rEO0y7/503CsP8mfoaWWJc=">AAAB/3icbVDLSsNAFL3xWesrKrhxM1iEuimJKLosunFZwT6gCWUynbRDZ5IwMxFK7MJfceNCEbf+hjv/xmmahbYeGOZwzr3ce0+QcKa043xbS8srq2vrpY3y5tb2zq69t99ScSoJbZKYx7ITYEU5i2hTM81pJ5EUi4DTdjC6mfrtByoVi6N7PU6oL/AgYiEjWBupZx+SqjfAQmDk6Rg5p/nnop5dcWpODrRI3IJUoECjZ395/ZikgkaacKxU13US7WdYakY4nZS9VNEEkxEe0K6hERZU+Vm+/wSdGKWPwliaF2mUq787MiyUGovAVAqsh2rem4r/ed1Uh1d+xqIk1TQis0FhypG5cRoG6jNJieZjQzCRzOyKyBBLTLSJrGxCcOdPXiSts5p7UXPuziv16yKOEhzBMVTBhUuowy00oAkEHuEZXuHNerJerHfrY1a6ZBU9B/AH1ucP8/qUHQ==</latexit>

c(� ! 0) ! 1

• in Gaussian state:

➡compatible with numerics in critical phase

<latexit sha1_base64="Af2gITyy9tkWQPej81S2pohb++w=">AAACD3icbVC7TsMwFHXKq5RXgJHFogKVgZIUBIwVLIxFog+pCZXjOq1V24lsB6mK+gcs/AoLAwixsrLxN7htBmg5kqWjc+7V9TlBzKjSjvNt5RYWl5ZX8quFtfWNzS17e6ehokRiUscRi2QrQIowKkhdU81IK5YE8YCRZjC4HvvNByIVjcSdHsbE56gnaEgx0kbq2Ie45PUQ58jTEfSoCPXwCHqKcjiV79Nj96Qy6thFp+xMAOeJm5EiyFDr2F9eN8IJJ0JjhpRqu06s/RRJTTEjo4KXKBIjPEA90jZUIE6Un07yjOCBUbowjKR5QsOJ+nsjRVypIQ/MJEe6r2a9sfif1050eOmnVMSJJgJPD4UJgyb7uBzYpZJgzYaGICyp+SvEfSQR1qbCginBnY08TxqVsntePr09K1avsjryYA/sgxJwwQWoghtQA3WAwSN4Bq/gzXqyXqx362M6mrOynV3wB9bnDzSLm4A=</latexit>

c(� ! 1) ⇠ ��1/2

➡volume law <—> finite temperature massless Dirac

• non-commuting limit:            
finite temperature initial state 

<latexit sha1_base64="WNND+kabPfrsXygVMyAVUv8YEqI=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0YtQ9OKxgv2QNpTJdtMu3U3C7kYoob/CiwdFvPpzvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsrq2vlHcLG1t7+zulfcPmjpOFWUNGotYtQPUTPCINQw3grUTxVAGgrWC0e3Ubz0xpXkcPZhxwnyJg4iHnKKx0mN3gFIiuXZ75YpbdWcgy8TLSQVy1Hvlr24/pqlkkaECte54bmL8DJXhVLBJqZtqliAd4YB1LI1QMu1ns4Mn5MQqfRLGylZkyEz9PZGh1HosA9sp0Qz1ojcV//M6qQmv/IxHSWpYROeLwlQQE5Pp96TPFaNGjC1Bqri9ldAhKqTGZlSyIXiLLy+T5lnVu6i69+eV2k0eRxGO4BhOwYNLqMEd1KEBFCQ8wyu8Ocp5cd6dj3lrwclnDuEPnM8f1GqPxA==</latexit>

� = 0

<latexit sha1_base64="D/65IpAnMePmuv/FarEdLDTa3kA=">AAAB73icbVBNSwMxEJ34WetX1aOXYBE8lV1R9Fj04sFDRfsB7VKyabYNTbJrkhXK0j/hxYMiXv073vw3pu0etPXBwOO9GWbmhYngxnreN1paXlldWy9sFDe3tnd2S3v7DROnmrI6jUWsWyExTHDF6pZbwVqJZkSGgjXD4fXEbz4xbXisHuwoYYEkfcUjTol1UusedwyX+LZbKnsVbwq8SPyclCFHrVv66vRimkqmLBXEmLbvJTbIiLacCjYudlLDEkKHpM/ajioimQmy6b1jfOyUHo5i7UpZPFV/T2REGjOSoeuUxA7MvDcR//PaqY0ug4yrJLVM0dmiKBXYxnjyPO5xzagVI0cI1dzdiumAaEKti6joQvDnX14kjdOKf17x7s7K1as8jgIcwhGcgA8XUIUbqEEdKAh4hld4Q4/oBb2jj1nrEspnDuAP0OcPDT6PUg==</latexit>

S ⇠ L

➡underpins entanglement transition at finite critical g
➡picture qualitatively in line with numerics

volume law

subextensive, 
critical

area law 

�/J

SvN (L/2, L) ⇠ log2 L

1

L

SvN (L/2, L) ⇠ s0

SvN (L/2, L) ⇠ L

�c/Jc
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Observability of the transition?

• Standard quantum mechanical observables: need to reproduce identical state
• Randomness of measurements outcomes masks transition in qm observables

• break randomness in measurement outcomes
• steer system into unique representative state in Hilbert space 

(dark state)

• Pre-selection solution:

➡ can be done gently: no modification of entanglement structure & 
universal properties (as post-selection)

➡ no exponential overhead: observable by standard means in 
NISQ platforms

time

➡ even for measuring single site, number of different outcomes

• Post-selection problem: way out for Cliffords: Gullans, Huse, PRL (2020); 
exp: C. Noel et al. Nat Phys. (2021)

• Select one string of measurement outcomes (trajectory)
• build an ensemble of identical states with same trajectory

2#of measurements
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time

➡ post-selection exponentially costly



Pre-selection concept

• pull MIPT to observable level <—> study measurement averaged density matrix

e.g. temporal continuum limt X̂ [⇢̂] = �i[Ĥ, ⇢̂] +
X
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• modified dynamics with pre-selection: 

Ĥ
(0)

, L̂
(0) ! Ĥ, L̂
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such, that

1. There exists a pure dark state representing 
one possible measurement outcome,

X̂ [⇢̂D] = 0
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⇢̂D = |DihD|
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s.t.

➡ pre-select representative state (e.g. with 
order parameter)

3. Modifications preserve symmetries and are 
irrelevant in the RG sense

➡phases and phase transitions unmodified

• unmodified dynamics w/o preselection: 

X̂ (0)
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with hermitian

=) X̂ (0)[1̂] = 0
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fully mixed stationary state

Ĥ
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,
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ex.: monitored fermions

c†l+1cl + c†l cl+1

i�c†l cl

⇢̂t+�t = X̂ [⇢̂t]�t
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➡ directionality in Hilbert space2. The dark state is unique



Pre-selection concept: Existence of phase transition

• phase transition exists despite global dark state: quantum absorbing state transition

dark state misseddark state reached

low kinetic energy high kinetic energy

dark state exists everywhere in parameter space (for any kinetic energy)

kinetic energy
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• global dark state and phase transition:



Pre-selection concept: Existence of phase transition

• phase transition exists despite global dark state: quantum absorbing state transition

quantum absorbing state transitions: 
Marcuzzi, Buchhold, SD, Lesanovsky, 
PRL (20016); Carollo, Gillman, 
Weimer, Lesanonvsky, PRL (2019)

classical absorbing state transitions: H. 
Hinrichsen, Adv. Phys. (2000); G. Odor, 
RMP (2004)


• classical absorbing state transitions: wetting transition

H. Hinrichsen, Adv. 
Phys. (2000)
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Fig. 12: Directed bond percolation in 1+1 dimensions starting from random initial conditions (top) and
from a single active seed (bottom). Each horizontal row of pixels represents four updates. As can be seen,
critical DP is a reaction-limited process.

Associating active sites with particles A and inactive sites with vacancies Ø, a DP process
corresponds to the reaction-diffusion scheme

self-destruction: A → Ø ,
diffusion: Ø + A → A + Ø ,
offspring production: A → 2A ,
coagulation: 2A → A .

(81)

To understand this reaction-diffusion scheme, let us again consider the example of directed
bond percolation. Depending on the configuration of the bonds, each active site (particle)
may activate two neighboring sites of the subsequent row (next time step). If both bonds
are closed, the particle self-destructs. If only one bond is open, the particle will diffuse
to the left or to the right with equal probability, whereas an offspring is produced when
both bonds are open. On the other hand, if two particles reach the same target site, they
coalesce into a single particle, giving rise to the reaction 2A → A. This process limits the
maximal density of active sites. In fact, as will be shown below, the coagulation process is
the essential nonlinear ingredient of DP. In ‘fermionic’ models with an exclusion principle
it is automatically included. However, in ‘bosonic’ models allowing for an infinite number
of particles per site one would have to add this process explicitly.

3.2 Lattice models for directed percolation

In the literature there is a vast variety of DP models following the spirit of the above
reaction-diffusion scheme. As we will see below, they all exhibit the same type of critical
behavior at the transition. The common feature of all these models is the existence of an
absorbing state, i.e., a configuration that the model can reach but from where it cannot
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➡ transition in 
directed 
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evaporation branching

• physical processes

no offspring from 
vacuum
<-> global dark state

➡ dark state acts as attractor below threshold
➡ dark state missed above threshold (up to times               via rare events)t ⇠ eL
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Pre-selection: Analogy to absorbing state transitions
• dynamics

unitary non-unitary
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but: extensive configuration entropy

trajectory entanglement entropy:

• alternative viewpoint: testing success vs. failure of single round of error correction
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dynamics w/ 
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⇢̂D

1. There exists a pure dark state representing 
one possible measurement outcome,

X̂ [⇢̂D] = 0
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➡ pre-select representative state (e.g. with 
order parameter)

3. Modifications irrelevant in the RG sense ➡phases and phase transitions unmodified

➡ directionality in Hilbert space2. The dark state is unique
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Fig.12:Directedbondpercolationin1+1dimensionsstartingfromrandominitialconditions(top)and
fromasingleactiveseed(bottom).Eachhorizontalrowofpixelsrepresentsfourupdates.Ascanbeseen,
criticalDPisareaction-limitedprocess.

AssociatingactivesiteswithparticlesAandinactivesiteswithvacanciesØ,aDPprocess
correspondstothereaction-diffusionscheme

self-destruction:A→Ø,
diffusion:Ø+A→A+Ø,
offspringproduction:A→2A,
coagulation:2A→A.

(81)

Tounderstandthisreaction-diffusionscheme,letusagainconsidertheexampleofdirected
bondpercolation.Dependingontheconfigurationofthebonds,eachactivesite(particle)
mayactivatetwoneighboringsitesofthesubsequentrow(nexttimestep).Ifbothbonds
areclosed,theparticleself-destructs.Ifonlyonebondisopen,theparticlewilldiffuse
totheleftortotherightwithequalprobability,whereasanoffspringisproducedwhen
bothbondsareopen.Ontheotherhand,iftwoparticlesreachthesametargetsite,they
coalesceintoasingleparticle,givingrisetothereaction2A→A.Thisprocesslimitsthe
maximaldensityofactivesites.Infact,aswillbeshownbelow,thecoagulationprocessis
theessentialnonlinearingredientofDP.In‘fermionic’modelswithanexclusionprinciple
itisautomaticallyincluded.However,in‘bosonic’modelsallowingforaninfinitenumber
ofparticlespersiteonewouldhavetoaddthisprocessexplicitly.

3.2Latticemodelsfordirectedpercolation

IntheliteraturethereisavastvarietyofDPmodelsfollowingthespiritoftheabove
reaction-diffusionscheme.Aswewillseebelow,theyallexhibitthesametypeofcritical
behavioratthetransition.Thecommonfeatureofallthesemodelsistheexistenceofan
absorbingstate,i.e.,aconfigurationthatthemodelcanreachbutfromwhereitcannot
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Pre-selection: Analogy to absorbing state transitions



Pre-selection strategies: modified dynamics

• consider monitored free fermions

• quantum simulation: autonomous scheme w/o readout - linear 

SD, Micheli, Kantian, Kraus, Büchler, Zoller, Nat. Phys. (2008), 
Verstraete, Wolf, Cirac, Nat. Phys. (2009)

• ’quantum’ feedback: modify operators - linear in state
Santos, Iemini, Kamenev, 
Gefen, Nat. Comm. (2020)

⇢̂D = |DihD|
<latexit sha1_base64="Wz+nnq+KafZMo5gIupm4KrHGK3E=">AAACCHicbVC7TsMwFHV4lvIKMDJgUSExVQkPwYJUQQfGItGH1ESR4zqNVceJbAepSjuy8CssDCDEyiew8Te4aQZoOdLVPTrnXtn3+AmjUlnWt7GwuLS8slpaK69vbG5tmzu7LRmnApMmjlksOj6ShFFOmooqRjqJICjyGWn7g5uJ334gQtKY36thQtwI9TkNKEZKS5554IRIQUeEsVe/GtUdgXifEYflDdZHnlmxqlYOOE/sglRAgYZnfjm9GKcR4QozJGXXthLlZkgoihkZl51UkgThAeqTrqYcRUS6WX7IGB5ppQeDWOjiCubq740MRVIOI19PRkiFctabiP953VQFl25GeZIqwvH0oSBlUMVwkgrsUUGwYkNNEBZU/xXiEAmElc6urEOwZ0+eJ62Tqn1aPb87q9SuizhKYB8cgmNggwtQA7egAZoAg0fwDF7Bm/FkvBjvxsd0dMEodvbAHxifPyDOmWo=</latexit>

Néel charge density wave

|Di = |101010...i
<latexit sha1_base64="o34wxjGVyz8ZPgiqWxf6J74h3sg=">AAACBHicbVDLSsNAFJ3UV62vqMtugkVwFRIf6EYo6sJlBfuANpTJ9KYdOpmEmYlQ0i7c+CtuXCji1o9w5984abPQ1nO5cDjnXmbu8WNGpXKcb6OwtLyyulZcL21sbm3vmLt7DRklgkCdRCwSLR9LYJRDXVHFoBULwKHPoOkPrzO/+QBC0ojfq1EMXoj7nAaUYKWlrlke33QE5n0Gl2PXycq27VzpmhXHdqawFombkwrKUeuaX51eRJIQuCIMS9l2nVh5KRaKEgaTUieREGMyxH1oa8pxCNJLp0dMrEOt9KwgErq5sqbq740Uh1KOQl9PhlgN5LyXif957UQFF15KeZwo4GT2UJAwS0VWlojVowKIYiNNMBFU/9UiAywwUTq3kg7BnT95kTSObffEPrs7rVSv8jiKqIwO0BFy0TmqoltUQ3VE0CN6Rq/ozXgyXox342M2WjDynX30B8bnDz8klpA=</latexit>

• impose IF-THEN clause
• choose a Néel target state

c†l+1cl + c†l cl+1

i�c†l cl

• ’classical’ feedback: modify parameters - non-linear in state
Wiseman, Milburn, PRL (1993)

• three variants:



‘Classical’ pre-selection dynamics

• condition hopping on site occupation rounded to nearest integer

with 

J ! Jl[⇢̂] = 2� (bhn̂l�1ic � bhn̂lic)2 � (bhn̂l+1ic � bhn̂l+2ic)2
<latexit sha1_base64="W1YsqwS9dKZ0pAZ1fRZVg2Q1xHA="></latexit>
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w/o pre-selection with pre-selection

• different phases distinguishable on the level of single trajectories

• monitored fermions: Néel target dark state (half filing):

⇢̂D = |DihD|
<latexit sha1_base64="Wz+nnq+KafZMo5gIupm4KrHGK3E=">AAACCHicbVC7TsMwFHV4lvIKMDJgUSExVQkPwYJUQQfGItGH1ESR4zqNVceJbAepSjuy8CssDCDEyiew8Te4aQZoOdLVPTrnXtn3+AmjUlnWt7GwuLS8slpaK69vbG5tmzu7LRmnApMmjlksOj6ShFFOmooqRjqJICjyGWn7g5uJ334gQtKY36thQtwI9TkNKEZKS5554IRIQUeEsVe/GtUdgXifEYflDdZHnlmxqlYOOE/sglRAgYZnfjm9GKcR4QozJGXXthLlZkgoihkZl51UkgThAeqTrqYcRUS6WX7IGB5ppQeDWOjiCubq740MRVIOI19PRkiFctabiP953VQFl25GeZIqwvH0oSBlUMVwkgrsUUGwYkNNEBZU/xXiEAmElc6urEOwZ0+eJ62Tqn1aPb87q9SuizhKYB8cgmNggwtQA7egAZoAg0fwDF7Bm/FkvBjvxsd0dMEodvbAHxifPyDOmWo=</latexit>

Ĥ
(0) ! Ĥ = Ĥ[⇢̂]

<latexit sha1_base64="WwNP1nP5ibKXrF1Jjoe+LAaJjX8=">AAACE3icbVA7T8MwGHR4lvIKMLJYVEiFoUp4CBakCpaORaIPKQmV4zqNVceJbAepivofWPgrLAwgxMrCxr/BaTNAy0mWT3ffJ/vOTxiVyrK+jYXFpeWV1dJaeX1jc2vb3NltyzgVmLRwzGLR9ZEkjHLSUlQx0k0EQZHPSMcf3uR+54EISWN+p0YJ8SI04DSgGCkt9cxjN0QKNu6zqnU0hq6K4VSAVwVx8ssVYez1zIpVsyaA88QuSAUUaPbML7cf4zQiXGGGpHRsK1FehoSimJFx2U0lSRAeogFxNOUoItLLJpnG8FArfRjEQh+u4ET9vZGhSMpR5OvJCKlQznq5+J/npCq49DLKk1QRjqcPBSmDOnpeEOxTQbBiI00QFlT/FeIQCYSVrrGsS7BnI8+T9knNPq2d355V6tdFHSWwDw5AFdjgAtRBAzRBC2DwCJ7BK3gznowX4934mI4uGMXOHvgD4/MHmGucIg==</latexit>

Ĥ[⇢̂D] = 0
<latexit sha1_base64="WuBpIYW6tyOBIIvvp19a6U6hcNQ=">AAAB/3icbVDLSsNAFJ34rPUVFdy4GSyCq5L4QDdCURddVrAPSEKYTCfN0EkmzEyEErvwV9y4UMStv+HOv3HSZqGtBy73cM69zJ0TpIxKZVnfxsLi0vLKamWtur6xubVt7ux2JM8EJm3MGRe9AEnCaELaiipGeqkgKA4Y6QbDm8LvPhAhKU/u1SglXowGCQ0pRkpLvrkP3Qgp2HSK5oqI+7cevLJ8s2bVrQngPLFLUgMlWr755fY5zmKSKMyQlI5tpcrLkVAUMzKuupkkKcJDNCCOpgmKifTyyf1jeKSVPgy50JUoOFF/b+QolnIUB3oyRiqSs14h/uc5mQovvZwmaaZIgqcPhRmDisMiDNingmDFRpogLKi+FeIICYSVjqyqQ7BnvzxPOid1+7R+fndWa1yXcVTAATgEx8AGF6ABmqAF2gCDR/AMXsGb8WS8GO/Gx3R0wSh39sAfGJ8/CjyU1Q==</latexit>

• intuitive in limiting cases:

➡ effectively translation invariant dynamics as 
w/o pre-selection

• weak measurements

hn̂li = 1/2 =) Jl[⇢̂] ! 1
<latexit sha1_base64="Z3tzrGsoCONTEAJJkDt8ZyUP72A="></latexit>

• scrambling due to hopping: 

• strong measurements

hn̂li⇢̂ ⇠ n̂l⇢̂ =) Jl(⇢̂) ! Ĵl
<latexit sha1_base64="4kAzt/S9WxuHFoRRTChz1SMHDzs="></latexit>

• pinning due to local measurement:

[Ĵl, Ĥ
(0)] 6= 0

<latexit sha1_base64="UcusafLCe5t4OtRruIA+HP/WaNI=">AAACCXicbZDLSsNAFIYn9VbrLerSzWARKkhJvKDLopviqoK9QBLDZDpth04mcWYilNCtG1/FjQtF3PoG7nwbp2kW2vrDwMd/zuHM+YOYUaks69soLCwuLa8UV0tr6xubW+b2TktGicCkiSMWiU6AJGGUk6aiipFOLAgKA0bawfBqUm8/ECFpxG/VKCZeiPqc9ihGSlu+CR13gBS89hk8ghnW79KKdTj2oMvJPbR8s2xVrUxwHuwcyiBXwze/3G6Ek5BwhRmS0rGtWHkpEopiRsYlN5EkRniI+sTRyFFIpJdml4zhgXa6sBcJ/biCmft7IkWhlKMw0J0hUgM5W5uY/9WcRPUuvJTyOFGE4+miXsKgiuAkFtilgmDFRhoQFlT/FeIBEggrHV5Jh2DPnjwPreOqfVI9uzkt1y7zOIpgD+yDCrDBOaiBOmiAJsDgETyDV/BmPBkvxrvxMW0tGPnMLvgj4/MHs7KXzA==</latexit>

➡ effectively non-Hermitian Hamiltonian 
steering to unique dark state

|Di = |101010...i
<latexit sha1_base64="o34wxjGVyz8ZPgiqWxf6J74h3sg=">AAACBHicbVDLSsNAFJ3UV62vqMtugkVwFRIf6EYo6sJlBfuANpTJ9KYdOpmEmYlQ0i7c+CtuXCji1o9w5984abPQ1nO5cDjnXmbu8WNGpXKcb6OwtLyyulZcL21sbm3vmLt7DRklgkCdRCwSLR9LYJRDXVHFoBULwKHPoOkPrzO/+QBC0ojfq1EMXoj7nAaUYKWlrlke33QE5n0Gl2PXycq27VzpmhXHdqawFombkwrKUeuaX51eRJIQuCIMS9l2nVh5KRaKEgaTUieREGMyxH1oa8pxCNJLp0dMrEOt9KwgErq5sqbq740Uh1KOQl9PhlgN5LyXif957UQFF15KeZwo4GT2UJAwS0VWlojVowKIYiNNMBFU/9UiAywwUTq3kg7BnT95kTSObffEPrs7rVSv8jiKqIwO0BFy0TmqoltUQ3VE0CN6Rq/ozXgyXox342M2WjDynX30B8bnDz8klpA=</latexit>



‘Classical’ pre-selection dynamics: Phases and phase transition

• properties of pre-selected system

�c ⇡ 0.47
<latexit sha1_base64="yZP4JNAjmb41onr0ACem5iBZNqg=">AAAB/nicbVBNSwMxEM3Wr1q/quLJS7AInpZdrdRj0YvHCvYD2rLMpmkbmmyWJCuWpeBf8eJBEa/+Dm/+G9N2D9r6YODx3gwz88KYM20879vJrayurW/kNwtb2zu7e8X9g4aWiSK0TiSXqhWCppxFtG6Y4bQVKwoi5LQZjm6mfvOBKs1kdG/GMe0KGESszwgYKwXFo84AhICA4A7EsZKP2HPLlaBY8lxvBrxM/IyUUIZaUPzq9CRJBI0M4aB12/di001BGUY4nRQ6iaYxkBEMaNvSCATV3XR2/gSfWqWH+1LZigyeqb8nUhBaj0VoOwWYoV70puJ/Xjsx/atuyqI4MTQi80X9hGMj8TQL3GOKEsPHlgBRzN6KyRAUEGMTK9gQ/MWXl0nj3PUv3Mu7cql6ncWRR8foBJ0hH1VQFd2iGqojglL0jF7Rm/PkvDjvzse8NedkM4foD5zPH6mklKQ=</latexit>

➡ log- to area law transition at critical value 

➡ characteristic behavior of absorbing state 
transition w/ conservation law

observable Néel order 
parameter

➡ quantities that can be compared coincide: 
phases / phase transition unmodified

➡ but there exist standard qm observables 
witnessing it

➡BKT scaling of entanglement entropy and 
Néel order parameter

product dark state 
reached: no 
entanglement



Example: ‘quantum’ feedback

• Quantum schemes: linear in state

• measurement  
preselection:

<latexit sha1_base64="n4gbwKTMUo568sa5IUxUqocPqn8="></latexit>

@t⇢ = i[⇢, H]� �

X

l

{L†
lLl, ⇢}� 2Ll⇢L

†
l

• non-Gaussian 
evolution

L̂l = Ûln̂l
<latexit sha1_base64="WtLt7jYsZrLlwnDe2mxMblO0aOA="></latexit>

[Ûl, n̂l] 6= 0
<latexit sha1_base64="SmpA4xSWevwdZcm0pypG+fgh5HE="></latexit>
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w/o pre-selection with pre-selection

hn̂li

tim
e

0 1

entanglement order parameter

DMRG simulations, M. Buchhold, T. Müller, SD, in progress
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• detect transition

(@2
t � @2

x)�̂x + � cos �̂x + � sin �̂x(@t�̂x + sin �̂x) = ⇠̂x
<latexit sha1_base64="KoOFL37zO8fJCXdfxMMFIe7LkzM="></latexit>

• field theory

• Heisenberg-Langevin theory (or equivalent Keldysh)

<latexit sha1_base64="WTq591vCdxiCNqNGLdkAV6D2J7A="></latexit>

@x�̂x + cos(�̂s) ! @x�̂x + cos(�̂s) + i@x✓̂x

➡ irrelevant in weak measurement regime: infinite T state
➡ becomes relevant at transition: pinning

L̂l = n̂l ! exp[i⇡(c†l cm + c†mcl)] n̂l
<latexit sha1_base64="fyAxc3qoa/KtggxeFhGGtazaPlc="></latexit>

[Ĥ, ⇢̂D] = 0
<latexit sha1_base64="1xSIk9Eh88hxVk1vg7uS1ncx9Lw=">AAACAHicbVDLSsNAFJ34rPUVdeHCzWARXEhJfKAboaiLLivYByQhTKaTZuhkEmYmQgnd+CtuXCji1s9w5984TbPQ1gOXezjnXmbuCVJGpbKsb2NhcWl5ZbWyVl3f2NzaNnd2OzLJBCZtnLBE9AIkCaOctBVVjPRSQVAcMNINhrcTv/tIhKQJf1CjlHgxGnAaUoyUlnxz33EjpGDzpGiuiBL/zru2oG/WrLpVAM4TuyQ1UKLlm19uP8FZTLjCDEnp2FaqvBwJRTEj46qbSZIiPEQD4mjKUUyklxcHjOGRVvowTIQurmCh/t7IUSzlKA70ZIxUJGe9ifif52QqvPJyytNMEY6nD4UZgyqBkzRgnwqCFRtpgrCg+q8QR0ggrHRmVR2CPXvyPOmc1u2z+sX9ea1xU8ZRAQfgEBwDG1yCBmiCFmgDDMbgGbyCN+PJeDHejY/p6IJR7uyBPzA+fwB57JUL</latexit>

modified measurement 
operators

L̂l⇢̂D = 0
<latexit sha1_base64="PxAPQlyeTiI5DuAM4Ec5WcWiffo=">AAACAHicbZC7TsMwFIadcivlFmBgYLGokJiqhItgQaqAgYGhSPQiNVHkuE5r1bEj20Gqoi68CgsDCLHyGGy8DW6aAVp+ydKn/5yj4/OHCaNKO863VVpYXFpeKa9W1tY3Nrfs7Z2WEqnEpIkFE7ITIkUY5aSpqWakk0iC4pCRdji8ntTbj0QqKviDHiXEj1Gf04hipI0V2HveAGl4FzCYgycHIriBl05gV52akwvOg1tAFRRqBPaX1xM4jQnXmCGluq6TaD9DUlPMyLjipYokCA9Rn3QNchQT5Wf5AWN4aJwejIQ0j2uYu78nMhQrNYpD0xkjPVCztYn5X62b6ujCzyhPUk04ni6KUga1gJM0YI9KgjUbGUBYUvNXiAdIIqxNZhUTgjt78jy0jmvuSe3s/rRavyriKIN9cACOgAvOQR3cggZoAgzG4Bm8gjfryXqx3q2PaWvJKmZ2wR9Znz+LNpUW</latexit>



Outlook: Quantum absorbing transitions beyond directed percolation?

• Grassberger-Janssen conjecture: No!

<latexit sha1_base64="JKp0g3S1jsYP3z98hzyy0HsEKjU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8eK1hbaUDbbSbp0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSAXXxnW/ndLK6tr6RnmzsrW9s7tX3T941EmmGLZYIhLVCahGwSW2DDcCO6lCGgcC28HoZuq3n1BpnsgHM07Rj2kkecgZNVa6j/qsX625dXcGsky8gtSgQLNf/eoNEpbFKA0TVOuu56bGz6kynAmcVHqZxpSyEY2wa6mkMWo/n506ISdWGZAwUbakITP190ROY63HcWA7Y2qGetGbiv953cyEV37OZZoZlGy+KMwEMQmZ/k0GXCEzYmwJZYrbWwkbUkWZselUbAje4svL5PGs7l3U3bvzWuO6iKMMR3AMp+DBJTTgFprQAgYRPMMrvDnCeXHenY95a8kpZg7hD5zPHz7kjcU=</latexit>gc

mixed

• Qualitative overview:

mixed

classical

pure pure

quantum

mixed pure

quantum absorbing
<latexit sha1_base64="JKp0g3S1jsYP3z98hzyy0HsEKjU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8eK1hbaUDbbSbp0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSAXXxnW/ndLK6tr6RnmzsrW9s7tX3T941EmmGLZYIhLVCahGwSW2DDcCO6lCGgcC28HoZuq3n1BpnsgHM07Rj2kkecgZNVa6j/qsX625dXcGsky8gtSgQLNf/eoNEpbFKA0TVOuu56bGz6kynAmcVHqZxpSyEY2wa6mkMWo/n506ISdWGZAwUbakITP190ROY63HcWA7Y2qGetGbiv953cyEV37OZZoZlGy+KMwEMQmZ/k0GXCEzYmwJZYrbWwkbUkWZselUbAje4svL5PGs7l3U3bvzWuO6iKMMR3AMp+DBJTTgFprQAgYRPMMrvDnCeXHenY95a8kpZg7hD5zPHz7kjcU=</latexit>gc

<latexit sha1_base64="JKp0g3S1jsYP3z98hzyy0HsEKjU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8eK1hbaUDbbSbp0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSAXXxnW/ndLK6tr6RnmzsrW9s7tX3T941EmmGLZYIhLVCahGwSW2DDcCO6lCGgcC28HoZuq3n1BpnsgHM07Rj2kkecgZNVa6j/qsX625dXcGsky8gtSgQLNf/eoNEpbFKA0TVOuu56bGz6kynAmcVHqZxpSyEY2wa6mkMWo/n506ISdWGZAwUbakITP190ROY63HcWA7Y2qGetGbiv953cyEV37OZZoZlGy+KMwEMQmZ/k0GXCEzYmwJZYrbWwkbUkWZselUbAje4svL5PGs7l3U3bvzWuO6iKMMR3AMp+DBJTTgFprQAgYRPMMrvDnCeXHenY95a8kpZg7hD5zPHz7kjcU=</latexit>gc

• possible pure state scenarios:

<latexit sha1_base64="lsbmV2Pd/FbZlrZnR5hcpHTwJWA="></latexit>

@t⇢̂ = �i[Ĥ, ⇢̂] + �

X

i

L̂i⇢̂L̂
†
i � 1

2{L̂
†
i L̂i, ⇢̂}

<latexit sha1_base64="f5FzAeOLXuJahlCKwExUjtgLXhA="></latexit>

Ĥ =
X

i

ĥi ! Ĥ =
X

i

ĥiL̂
†
i�1L̂i�1

<latexit sha1_base64="Rp+tntmsfL0vnn3i/Wz2eNNV78s=">AAACDnicbVC7SgNBFJ31GeNr1dJmMAQsJOxKUBshqIWFRQTzgOwS7k4myZDZ2WVmVghrvsDGX7GxUMTW2s6/cZJsoYlnGDiccy/33hPEnCntON/WwuLS8spqbi2/vrG5tW3v7NZVlEhCayTikWwGoChngtY005w2Y0khDDhtBIPLsd+4p1KxSNzpYUz9EHqCdRkBbaS2XfT6oPFNO2WjB3zlSRA9TvG5g70j87qRBM4xa9sFp+RMgOeJm5ECylBt219eJyJJSIUmHJRquU6s/RSkZoTTUd5LFI2BDKBHW4YKCKny08k5I1w0Sgeb2eYLjSfq744UQqWGYWAqQ9B9NeuNxf+8VqK7Z37KRJxoKsh0UDfhWEd4nA3uMEmJ5kNDgEhmdsWkDxKINgnmTQju7MnzpH5cck9K5dtyoXKRxZFD++gAHSIXnaIKukZVVEMEPaJn9IrerCfrxXq3PqalC1bWs4f+wPr8AeiHmsI=</latexit>

L̂i|Di = 0 8i

dark/absorbing state

• general quantum dynamics w/ dark/absorbing state (or equivalent Keldysh)

attractive fixed pointrepulsive fixed point

Sieberer, Buchhold, Diehl ROPP (2016)

Janssen, Z. Phys. B (1981); Grassberger, Z. Phys. B (1982)
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mixed

• possible pure state scenarios:

• Qualitative overview:

mixed

classical

pure pure

quantum

mixed pure

quantum absorbing
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State

Dynamics

w/ conservation law

w/o conservation law

product (w/o entanglement) entangled (‘non-trivial vacua’)

directed percolation

1+1: present problem, BKT

d+1, d > 1: tbd
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(topological insulator)

(BCS superfluid)
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L̂i|Di = 0 8i dark/absorbing state

• general quantum dynamics w/ dark/absorbing state (or equivalent Lindblad-Keldysh functional integral)
Sieberer, Buchhold, Diehl ROPP (2016)

Outlook: Quantum absorbing transitions beyond directed percolation?

• Grassberger-Janssen conjecture: No! Janssen, Z. Phys. B (1981); Grassberger, Z. Phys. B (1982)



Summary

• here: critical to area law entanglement phase transition

• BKT transition revealed by Keldysh replica field theory

Observability via pre-selection

General non-unitary quantum dynamics hosts new types of phases and phase transitions

• like post-selection, but no exponential overhead

• various strategies for NISQ platforms

• link to quantum absorbing state transitions 

Outlook

• general principles for observability?

• higher dimensions: novel quantum absorbing state transitions beyond directed percolation?

• relation of measurement vs. disorder problems? role of conservation laws? symmetry 
classification?

• emergent CFT behavior?

Poboiko, Pöpperl, Gornyi, Mirlin, arXiv:2304.03138 (2023)                 





