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1. Yang-Mills theory, gauge theory

e 100 years of gauge theory, a modern definition of gauge theory:

A gauge theory is a heuristic scheme within the Minkowski
space of special relativity (SR) for the purpose of deriving from a
conserved current and the attached rigid (‘global’) symmetry
group a new interaction. This new interaction is induced by
demanding that the rigid symmetry should be extended to a
locally valid symmetry.

e Yang-Mills (1954) and SU(2) as example: “Conservation of
isotopic spin and isotopic gauge invariance.” Experimentally
established is the charge independence of the nuclear
interaction. This implies the conserved isotopic spin current:

recipr. Noether
—

e conserved isospin current d/ =0 rigid SU(2) invariance

o rigid SU(2) inv. "P0" |ocal SU(2) inv. — comp. (or gauge) pot. A



» Compensating field (or rather the potential) A. Matter fields WV,
invariant under an internal symmetry described by a
semi-simple Lie group with generators T, implying a conserved
current, the symmetry is localized by introducing the
compensating field A := A,2T,dx* by means of the minimal
coupling prescription of the matter field to the new gauge
interaction:

A A
AU — DV = (d+ AV, Lya(V, dV) — L (W, DV).

» The 1-form A is a Lie-algebra valued connection. It acts on the
components of the fields, ¥, with respect to some reference
frame, indicating that it can be properly represented as the
connection of a frame bundle, which is associated to the
symmetry group.

» A, becomes a true dynamical variable by adding a suitable
kinetic term, V/, to the minimally coupled matter Lagrangian.
This supplementary term has to be gauge invariant, such that
the gauge invariance of the action is kept. Gauge invariance of
V is obtained by constructing V in terms of the field strength.



A
Field strength F = DA=dA+ AA A. Thatis, V = V(F). Hence,
the gauge Lagrangian V, as in Maxwell’s theory, is assumed to
depend only on F, not, however, on its derivative.

Therefore, the (inhomogeneous) Yang—Mills field equation will
be of second order in the gauge potential, A, and its general
form is (H is the excitation, see electrodynamics)

A
DH=dH+AANH=1,| with H=-90V/OF, [|=0Ly/0A.

The homogeneous Yang—Mills equation is

A
DF=0,
a Bianchi type identity following from the definition of the field
A
strength, F = DA.

The Yang—Mills field equations are analogs of the
inhomogeneous and the homogeneous Maxwell equations
dH = J and dF = 0, respectively (also in electrodynamics the
experimentally established conservation law of the electric
charge is the basis of the whole theory)..



The original conservation law, after gauging, gets modified and
A
is only gauge covariantly conserved, d/ =0 — DI/ =0.

The gauge field is charged. Its isospin current is

v

A . A
| :=—-AANH, with I =1+1 and d

1

0.

The non gauge-covariant isospin complex, 1, is “weakly”
conserved, provided the inhomog. field equation is fulfilled.

The (inhomogeneous) Yang—Mills equation becomes
quasi-linear, as long as the gauge Lagrangian, V, depends on F
no more than quadratically. Accordingly, H must be linear in F,
namely H = a*F, with « as a coupling constant. The Hodge
star, *, is required in order to make H a differential form with
twist. Then the Yang—Mills equation finally reads

A A A
D*F=d*F-a'l=a"1]l with l:=—aANAN*F.

Later, Mills (1979) also discussed a nonlinear, Born—Infeld type
“constitutive” relation between H and F. But this didn’t prove to
be useful.
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The structure of a gauge theory a la Yang—Mills is depicted in this
diagram, which is adapted from Mills.

* A gauge theory is based on a CONSERVED CURRENT and the
SYMMETRY connected with it. The symmetry is first rigid—and there
is no interaction—then, subsequently, made local, and the gauge

A
potential A and the gauge field strength F ~ DA emerge in this
procedure.

* A caveat: In this lecture, classical field theory is used. We have not
investigated quantum field theoretical consequences.



2. Newton-Einstein gravity

» In Newtonian gravity, mass is the source of gravity and—in its
quasi field-theoretical formulation—the mass density:
AD(T, t) ~ Gp(T, t), p mass density is source of gravity. Mass is
conserved, continuity equation for p.

» In special relativity (SR), the starting point for a gravitational
theory [see Einstein, Meaning of Relativity (1922)] is Minkowski
space: supported today by all high-energy physics experiments.

» Wigner’s 1939 classification of elementary quantum mechanical
object: mass-spin classification; for massless particles, the
helicity classification.

» In special relativity, the mass density is superseded by the
energy-momentum current of matter and the conservation of
mass by the conservation of energy-momentum:dx, =0 :

conserved energy-mom. current — rigid transl. inv. in (1+3)d spacetime

» Thus, the conserved energy-momentum current of matter in
special relativity is doubtlessly the starting point for a gauge
theory of gravity.



Let me quote three different people who came to similar conclusions:

1. Sakurai (1960): “...there exists a deep connection between
energy conservation and the very existence of the gravitational
coupling. The gravitational field, being the dynamical
manifestation of energy, is to be coupled to energy-momentum
density....hence the gravitational field can interact with itself in
the same way as the T = 1 Yang-Mills B} field (which is the
dynamical manifestation of isospin) can interact with itself.”

2. Glashow & Gell-Mann (1961): “...if we set up the Einstein theory
by gauge methods then the conclusions are slightly different.
Instead of an isotopic rotation, we perform a 4-dimensional
translation at each point of space..”

3. Feynman (1962): “The equations of physics are invariant when
we make coordinate displacements [by] any constant amount
at...it is possible to investigate how we might make the
equations of physics invariant when we allow space dependent
variable displacements...”



Technical remark re different formalisms: The canonical

energy-momentum tensor (tensor calculus) T,” and the canonical
energy-momentum current 3-form (exterior calculus) ¥, are
equivalent:

1
Zm = Taﬂeg =

30 o €89 NIV NP T.) = (WP AL.).

A priori, they have 16 independent components. If a metric g, is
used, we can define a symmetric tensor T,z = gg To”, with 10
independent components, which is the case for fluid and
electromagnetic matter in classical physics.



3. Translational gauge theory (TG)

» For gravity, the mass density (Newton-Poisson) and, in special
relativity, the conserved ENERGY-MOMENTUM CURRENT is
the source of gravity.

Thus, TRANSLATION symmetry (in Minkowski space) emerges.
— translational gauge invariance. If localized, the premetric
teleparallelsim scheme, see the Tonti-diagram in our joint paper.
Hence the source is the canonical 16 component
energy-momentum tensor.

» Rigid translational invariance is made local at the price of
introducing 4 translational gauge potentials (the coframe )
which compensate the violation of the rigid invariance:

heur. princ.
—

rigid transl. inv. local transl. inv. — coframe v compensates

» The curl of ¢¥<, the torsion, corresp. to the grav. field strength:

Fo = Do = d9™ + T~ N9’



» The corresponding curvature vanishes:
R.? :=drlr —T,” AT,? = 0. Teleparallelism takes place in a
so-called Weitzenbéck spacetime. Analogously as above, F # 0
is the criterion for the emerging of a new non-trivial
gravitational/translational gauge field. It can be shown that this
so-called telparallelism theory, for a suitable Lagrangian, is
equivalent to general relativity of 1916, provided a symmetric
energy-momentum tensor is chosen.

» Teleparallelism spacetime is an AFFINE SPACETIME without
metric. This teleparallelism scheme cannot be directly
compared with nature.

For defining a symmetric energy-momentum tensor we need a
metric. Hence the premetric teleparallelism scheme does not
qualify as a bona fide physical theory. However, since we
started from SR, we have a metric available and we can use it
for formulating the constitutive law of a teleparallelism theory.
Then TG becomes GR)|, see the Tonti diagram of our new
paper: Itin, Obukhov, Boos, Hehl, to be published. We find that
for scalar and electromagentic matter TG is equivalent to GR.



Tonti diagram of the premetric teleparallel theory of gravity* (TG)

configuration variables source variables

1[T xP] 1[Tx V]

o hol. coordinates 4-form @ volume force

energy-momentum law

0-form

31T 1[ix¥] 33
@ coframe (tetrad) 3-form @ energy-mom.
of matter

inhom. field|eq.

- potential 9 dH, — Mz, = »mx,

constitutive equation
3[T T 3[TxT]

2-form

field strength excitation

(torsion)

hom. field eq.

3[T S| 1[TxV] 3[IxL] 1[TxT]

3-form . 1-form
gravit. energy-momentum 3-form

1%y = 5[FF A (ealHg) = Hy A (eal FP)]
gravit. Lorentz type 4-form

fo = (€a] FP) /\("‘)Zﬁ



Tonti diagram of the premetric teleparallel theory of gravity* (TG)

configuration variables source variables

1[TxV]

1[TxP]
hol. coordinates 4-form @ volume force

energy-momentum law

3[Tx0] 1[ixV) 33
coframe (tetrad) 3-form @ cenergy-mom.
of matter
inhom. fieldfeq

0-form

1[T xP]

1-form

constitutive equation

[T 3TE]
2-form field surength 2-form excitation
(torsion)
hom. field eq. —
3T 5] 1[T 7] 3[IxT] 1[TxT]

I-form
gravit. energy-momentum 3-form

(D%, = J[FF A (ealHp) — Hp A (ea] FP)]
gravit. Lorentz type 4-form
o= (eal FP) A My

3-form

Patterned after E. Tonti: The Mathematical Structure of Classical and Relativistic
Physics, A general iagram (Birkhi pringer, New York, 2013) pages
402 and 315.

Notation: Y. Itin, . W. Hehl, Yu. N. Obukhov, Phys. Rev. D 95, 084020 (2017),
arXiv:1611.05759. We denoted here the torsion 2-form with F# in order to underline
its function as a field strength. Usually, however, we use for torsion 7%.

We chose everywhere the ‘teleparallel gauge’ such that the connection 1-form vanishes
ulob.)lly [ (x) 2 0. For the reversible case, we have the gravitational Lagrangian as
—1F® A Hyand A = WA + (WA_ The gravitational constant is denoted by .

*) Also known as translation gauge theory of gravity.



4. Poincaré gauge theory (PG)

» Since the translation group T(4) in special relativity is a
subgroup of the Poincaré group T(4) x SO(1, 3), the symmetry
group of special relativity, one has to straightforwardly extend
the gauging of the translations to the gauging of full Poincaré
transformations. Thereby also the conservation law of the
angular momentum current is included. The emerging Poincaré
gauge theory of gravity will take place in a Riemann-Cartan
space with torsion and curvature.

» In this last step, one has to switch from the Einstein laboratory
to the Kibble laboratory, since fermions have specific spin
properties not known from ordinary macroscopic matter, which
is conventionally considered in GR, like Euler fluids and
electromagnetic fields. Accordingly, we arrive at PG and, more
realistically, at the quadratic PG with even and odd pieces. In
the recent paper of M. Blagojevi¢ and B. Cvetkovi¢, “General
Poincaré gauge theory: Hamiltonian structure and particle
spectrum,” Phys. Rev. D 98, 024014 (2018), one can find a
coherent discussion of the emerging structures.



e Equipment and constructs in “Einstein’s laboratory”:

(i) A neutral point particle with mass m;

(i) an inertial frame K;

(ii) an accelerated (i.e., non-inertial) frame K’;
(iv) a homogeneous gravitational field; and

(v) light rays.

e Equipment and constructs in “Kibble’s laboratory”:

(i) An unquantized Dirac spinor (fermionic field with mass m
and spin s = //2);

(i) an inertial frame, ¥~ = §*dx’;

(iii) a translational and rotational accelerated frame, ¥°;

(iv) homogeneous gravitational fields; and

(v) light rays.

e The objects considered are different, see (i).
The notions of inertial systems are different, see (ii).
The rotational acceleration plays an additional role, see (iii).

The rest is similar. Because we consider spinors, we get, by using
Einstein’s original ideas, a modified outcome.



Kibble’s laboratory

Einstein’s laboratory
Elementary Mass point m Dirac spinor ¥(z) of mass m
object in SR with velocity u* (with 4 components)
Inertial frame | Cart. coo. system z* Holonomic orthon. frame
(IF) ds? = o;;dz'da’ ea = 0505 ea'ep=0n8
Force-free L ox s *
= —m)U =
| motion in IF a =0 ('8 —m) 0
lon. orthon.
Non-inertial Curvilinear Anholon OI; on
frame (NIF) coord. system z* framgi e = €'y G or
) coframe 9* = e;*dz’
TForce-free y ~ [i7%€'a(0; + i) —m]¥ =0
Gy kT § — a0 + T
motion in NIF Wt wuTyt =0 Ti= il‘f”pﬁw Lorentz
Non-inertial IyF eq or 9%, TP = _Tha
geom. objects 40 16 + 24
Constraints Riem(0I,T") =0 Tor(Oe, e,I')= 0, Riem(0T',T") =0
in SR 20 24 + 36
Global IF gij = o0, Tyi* 0 (e, T:®F) = (52,0)
Archetypal Apple in grav. field Neutron in grav. field
experiment (Newton) (COW)
Switch on Riem #0 Tor #0, Riem # 0
gravity Riemann spacetime Riemann-Cartan spacetime
Local IF 2o Toklp 2 a pofy|, 2 (5e
“Fingtein clev.” gilp = 05, Tyy*|p =0 (&%, T§9)lp = (67,0)
Ric—Ltr(Ric) ~ mass Ric — §tr(Ric) ~ mass
Field equations Tor + 2 tr(Tor) ~ spin
GR EC




Poincaré gauge theory of gravity (PG)
configuration variables source variables
1[T x7) 1[Tx V]

actorms (foy Mg ) erav vol. force and torgue

Hy ~"T,
Hog ~*(0a A 9) + *Rop

2-forms transl. and Lorentz excit.

3[T x5] ) 1[T xV] 3[ixi
3-gorms 0 I-forms D)
grav. volume force o= (ealTP) A Z5 + (eal R?) A 7y

grav. volume torque Mag =~V A Zg|

grav. energy-momentum  E, 1= €|V + (ea]T#) A Hg + (ea|RP?) A H,
grav. spin ang. momentum E,g 1= —dp, A Hg
Einstein-Cartan theory (EC) emerges from the constitutive equations
Hy =0, Hop = £*(8a A 85) 1 for 745 = 0, one recovers general relativity (GR)
Teleparallelism (TG) emerges from H, ~*T*, Hog = 0, and 75 = 0
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