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Exercise 1: Actions for general relativity

In a D-dimensional Lorentzian manifold
(
M, gµν

)
, consider the Γ2- and Einstein–Hilbert actions [1]

SΓ2
[
gµν

]
=

1
2κ

ż

M
dDx

b

´g„
„

gµν
(

Γρ
νσΓσ

ρµ ´ Γρ
ρσΓσ

νµ

)
, (1)

SEH
[
gµν

]
=

1
2κ

ż

M
dDx

b

´g„
„

R , (2)

where κ := 8πG, g„
„

:= det gµν, Γµ
νρ is the Christoffel symbol, and R the Ricci scalar.

1. Find the difference between SΓ2 and SEH.

2. Argue that applying the Hamilton’s principle to SΓ2 leads to the Einstein field equations.

3. SΓ2 is not general invariant. Does it affect the classical dynamics?

Remark. SΓ2 was proposed by Einstein [2]. For a historical discussion of SEH, see [3, 4].

Exercise 2: Boundary integral in Einstein–Hilbert action

The Einstein–Hilbert action contains second derivatives, which could break the Hamilton’s principle, that
only works for Lagrangians containing at most first derivatives [5, sec. 1.1]. Adding a boundary integral fixes
this problem [6, sec. 1.1.1], which we study here following [7].
Consider variation of SEH in eq. (2) in a region V Ă M, where the boundary BV is smooth; for simplicity, it
is also space-like, namely a tangential vector of BV is always space-like.

1. We know that 2κ δSEH =
ş

V dDx
b

´g„
„

Gµν δgµν + 2κ I, where Gµν is the Einstein tensor. Use the gener-
alised Stokes’ theorem to argue that

2κ I
[
gµν

]
=

ż

BV
dD´1x

b

h
„„

nµ

(
gρσ δΓµ

ρσ ´ gµν δΓρ
ρν

)
, (3)

where nµ is a normal vector field, nµnµ = ´1; h
„„

= det hij, hij is the induced metric on BV in the internal
holonomic basis, which we do not need here.

Be aware that in the external holonomic basis, the induced metric reads hµν = gµν + nµnν, where nµ is
the tangential vector of BV , nµnµ = ´1.

2. The final goal in this exercise is to separate ∇δg and δg in the integrand in eq. (3). Here is how
Padmanabhan proceeded.

Show that eq. (3) can be transformed to

2κ I
[
gµν

]
=

ż

BV
dD´1x

b

h
„„

!

(δnµ + gµν δnν);µ ´ δ
(
2nµ

;µ
)
+ nν;µ δgµν

)

. (4)

Note that δnµ = δ(gµνnν) = δgµν nν + gµν δnν ‰ gµν δnν!
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3. BV is a hypersurface, which will be studied in a later exercise. The result will show that

(δnµ + gµν δnν);µ = (δnµ + gµν δnν)|µ + nµnρnν;ρ δgµν , (5)

where | is the induced covariant derivative on BV . Use eq. (5) and show that

2κ I
[
gµν

]
=

ż

BV
dD´1x

b

h
„„

!

(δnµ + gµν δnν)|µ ´ δ
(
2nµ

;µ
)
+

(
nν;µ + nµnρnν;ρ

)
δgµν

)

. (6)

4. Define (à la [6, eq. (4.45)])

Kµν := nν;µ + nµnρnν;ρ , K := gµνKµν . (7)

Be aware of the following properties

Kµν = Kνµ , nµKµν = 0 , K = nµ
;µ ; δ

b

h
„„

= ´
1
2

b

h
„„

hµν δhµν. (8)

Use eq. (8) and show that

2κ I
[
gµν

]
=

ż

BV
dD´1x

b

h
„„

(δnµ + gµν δnν)|µ ´ 2κ δSGHY ´

ż

BV
dD´1x

b

h
„„ (

Khµν ´ Kµν

)
δhµν , (9)

SGHY :=
1
κ

ż

BV
dD´1x

b

h
„„

K . (10)

There might be some sign problems here. Please help me to correct them!

Remark 1. The variation of g„
„

was left as Exercise 18 in Relativity I WS1819.
Remark 2. In eq. (9), the third integral vanishes if δgµν|BV = 0 (more precisely, δhµν = 0 is sufficient; δnµ can
be arbitrary); the first integral can be pushed to the boundary of BV , i.e. B2V , which deserves further study
(e.g. [8] and the references therein) but can be ignored here. The second term is what we use to cancel the
second derivatives in SEH and is usually called the Gibbons–Hawking–York term.

Exercise 3: Fierz–Pauli action in vacuum

The Fierz–Pauli action [9] (Might be wrong in sign!)

SFP
[

fµν

]
=

1
8κ

ż

M
dDx

!

ηµνηρσηλκ
[

fρσ,λ
(
2 fκν,µ ´ fνµ,κ

)
´ fσν,λ

(
2 fκρ,µ ´ fρµ,κ

)])
(11)

can be derived by expanding the metric around the flat one

gµν = ηµν + δgµν, δgµν ” fµν (12)

and expanding an action for the Einstein field equations to the second order.

1. For SΓ2 in eq. (1), argue that the zeroth and first order terms in the expansion vanishes, and

SΓ2
[
ηµν + fµν

]
=

1
2κ

ż

M
dDx

!

ηµν
(
δΓρ

ρσ δΓσ
νµ ´ δΓρ

νσ δΓσ
ρµ

)
+ O

((
fµν

)3
))

. (13)

2. Argue that expanding SEH gives the same result as in eq. (13), up to boundary terms.

3. Use Riemannian normal coordinates to argue that

Γµ
νρ =

1
2

ηµλ
(

fλν,ρ ´ fνρ,λ + fρλ,ν
)
+ O

((
fµν

)2
)

for gµν = ηµν + fµν . (14)

4. Insert eq. (14) into eq. (13) and show that

SΓ2
[
ηµν + fµν

]
= SFP

[
fµν

]
+

ż

M
dDx O

((
fµν

)3
)

. (15)

5. Does eq. (11) reproduces [6, eq. (2.20)]?
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Remark. By applying the Hamilton’s principle, SFP leads to the linearised Einstein equations, which was
left as Exercise 33 in Relativity I WS1819. However, I do not find an easy way to write down an
action given those equations.

References:

[1] S. Chakraborty, ‘Boundary terms of the Einstein–Hilbert action’, in Gravity and the quantum, Vol. 187,
Fundamental Theories of Physics (Springer, 19th July 2016), pp. 43–59, 10.1007/978-3-319-51700-1_5,
arXiv:1607.05986 [gr-qc].

[2] A. Einstein, ‘Hamiltonsches Prinzip und allgemeine Relativitätstheorie’, Sitzungsberichte der Königlich
Preußischen Akademie der Wissenschaften zu Berlin, 1111–1116 (1916).

[3] L. Corry, J. Renn and J. Stachel, ‘Belated decision in the Hilbert–Einstein priority dispute’, Science 278,
1270–1273 (1997) 10.1126/science.278.5341.1270.

[4] F. Winterberg, ‘On “Belated decision in the Hilbert–Einstein priority dispute”, published by L. Corry, J.
Renn, and J. Stachel’, Zeitschrift für Naturforschung A 59, 715–719 (2004) 10.1515/zna-2004-1016.

[5] L. V. Prokhorov and S. V. Shabanov, Hamiltonian mechanics of gauge systems, Cambridge Monographs on
Mathematical Physics (Cambridge University, 2009), isbn: 9780521895125, 10.1017/CBO9780511976209.

[6] C. Kiefer, Quantum gravity, 3rd ed., Vol. 136, International Series of Monographs on Physics (Oxford
University, 2012), isbn: 9780199212521, 10.1093/acprof:oso/9780199212521.001.0001.

[7] T. Padmanabhan, ‘A short note on the boundary term for the Hilbert action’, Modern Physics Letters A
29, 1450037 (2014) 10.1142/S0217732314500370.

[8] I. Jubb, J. Samuel, R. D. Sorkin and S. Surya, ‘Boundary and corner terms in the action for general
relativity’, Classical and Quantum Gravity 34, 065006 (2016) 10.1088/1361-6382/aa6014, arXiv:1612.
00149 [gr-qc].

[9] M. Fierz and W. E. Pauli, ‘On relativistic wave equations for particles of arbitrary spin in an electromag-
netic field’, Proceedings of the Royal Society of London. Series A, Mathematical and Physical Sciences
173, 211–232 (1939) 10.1098/rspa.1939.0140.

3

http://www.thp.uni-koeln.de/gravitation/courses/rc1.ws1819/rc1.ws1819.10.pdf
https://doi.org/10.1007/978-3-319-51700-1_5
https://doi.org/10.1007/978-3-319-51700-1_5
https://arxiv.org/abs/1607.05986
http://echo.mpiwg-berlin.mpg.de/MPIWG:90N0CB46
http://echo.mpiwg-berlin.mpg.de/MPIWG:90N0CB46
https://doi.org/10.1126/science.278.5341.1270
https://doi.org/10.1126/science.278.5341.1270
https://doi.org/10.1126/science.278.5341.1270
https://doi.org/10.1515/zna-2004-1016
https://doi.org/10.1515/zna-2004-1016
https://doi.org/10.1017/CBO9780511976209
https://doi.org/10.1093/acprof:oso/9780199212521.001.0001
https://doi.org/10.1142/S0217732314500370
https://doi.org/10.1142/S0217732314500370
https://doi.org/10.1142/S0217732314500370
https://doi.org/10.1088/1361-6382/aa6014
https://doi.org/10.1088/1361-6382/aa6014
https://arxiv.org/abs/1612.00149
https://arxiv.org/abs/1612.00149
https://doi.org/10.1098/rspa.1939.0140
https://doi.org/10.1098/rspa.1939.0140
https://doi.org/10.1098/rspa.1939.0140

