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Exercise 4: Relativistic charged particle as a reqular system

Consider a charged massive point particle in special relativity of (d + 1)-dimensions, described by [1, sec. 16]

SM :L:B dtL(x",xf) — L:B dt{—mq/l—&jxixj—q(:‘b(xj) +£]J'ch,'(xk)}, Lik=1..d, ()

where ¥/ := dx'/dt, m and q are the mass and electric charge, ® and A; the electric and vector potentials.

1. Show that the canonical d-momentum reads

oL mx/

p( K)o O .
P Pl(x,x). = 51]W+qAI. @)

2. Show that the following partial inverse reads

‘ o . P;—qA;

i =7 (x], Pk) — i 147 . 3)
\/m2 + M (Pe — 9 Ax) (P — qAy)

Remark. Such a partial inverse exists because the Hessian M;; := % = a;‘ff ain is a regular matrix, which

is a condition for the implicit function theorem [2]; the system is regular because M;; is regular.

3. Show that the canonical Hamiltonian of the particle reads

He = He(x,By) = {ep -1 (v, 90)} = \Jm? M (P~ gAY (P — g A) + . (&)

4. Derive the Hamilton’s equations of motion in terms of Poisson brackets [3, sec. 42]

dw _ _ip _ Of dg 08 df
T [w,H]p, where w = x , P, lf,8lp = P oxl P (5)

Why are the equations for i’ less interesting than those for P;?

Exercise 5: Relativistic particle as a singular system: Lagrangian formalism

It is an experimental fact that a physical system obeys the Newton’s principle of determinacy [4, sec. 1.1]:

The initial state of a mechanical system (the totality of positions and velocities of its points at some
moment of time) uniquely determines all of its motion.

In other words, for a mechanical system with s generalised coordinates {4}, an initial data (qgi;jh;to) of
(25 + 1) quantities uniquely determines the evolution of the system. We will show that the action for a point
particle in eq. (6), as a singular system, violates this principle.

Consider a massive point particle in special relativity in (1 + 1)-dimensions, described by the action

S[t,x] = " aa L(x", %) = JAB d)\{—m\/iz —xZ}, ©6)

Aa Aa

o 2p L.
where x# := dx"/dA. The system is singular because My, = ail—iy is singular.
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1. Since {x*} are cyclic [3, sec. 14], the corresponding generalised momenta are integrals of motion and
can serve as the velocity initial data. Show that these constants of motion can be chosen to be
mi msx
E = ) %) 4 p = ) %) ° (7)
e —x e —x
For simplicity, we assume in the following E > 0.

2. It is easy to check that (E, p) satisfies the relation

E=4/p>?+m?2>0. 8)

We could use  and o (A) to recognise this, which are defined as

sinh B := %, o(A) =2 —x2>0. ©)
Show that eq. (7) can be integrated as
A A
t(A) —tg = cosh(B) | dxo(x), x(A) —xp =sinh(B) | dro(x). (10)
Aa Aa

Remark 1. The initial data (tg, xo; B; Ag) of 4 quantities, which is less than the expected number of 5, is
sufficient for the evolution of the system, and the initial data (E, p) cannot be arbitrarily chosen. This is a
basic feature of all constrained systems in the Lagrangian formalism.

Remark 2. The evolution of the system is not uniquely determined: eq. (10) contains a functional inde-
terminacy o(A). This is another feature for gauge systems.

Remark 3. The word gauge here is in a more general sense than it is in Yang(#3)-Mills theories!

3. In physics, one chooses 0(A) = o = const. for definiteness; in particular, © = 1 makes A the proper
time. This is an example of ‘gauge fixing’, which can already be imposed in eq. (7).

What happens if one fixes the gauge earlier, i.e. in eq. (6)?

Exercise 6: Relativistic charged particle as a singular system: vanishing Hamiltonian

Consider a charged massive point particle in special relativity of (d + 1)-dimensions, described by the action

Ap Ap
S = | AL, ) ::fA dA{—m/—quuxvmxﬂAy}, (11)
A A

where ## := dx"/dA, Ay is the four-potential.
1. Show that the action is invariant under a non-degenerate reparametrisation of the integral variable
Ao dp=f(A),  f(A) 0. (12)
As a weaker consequence, L(x#, #") is a homogeneous function of degree 1 with respect to ¥ [5],
L(x", kx") = kL(x",x"), k>0. (13)

2. Show that the canonical (d + 1)-momentum reads

. oL mx?
P, = Py(x",x°) ==

= 0 = 7]#1/7
oxt /_ﬂgnxé‘xn

+qAy,. (14)

3. Show that
6PH _ AL —Nuwlen + Muetvr E LT
My 3= G0 = avan = Joeirae (152)
M3 = 0. (15b)

Furthermore, use the implicit function theorem to argue that the partial inverse ¥ = 7" (x", Pz) does
not exist.

Remark. The system is singular because the Hessian My, is singular, which has just been proven.



4. Show that
x?‘PH (xV, %) — L(x¥, %) = 0. (16)

This holds for all systems, that has a Lagrangian L(qi, g/ ) homogeneous of degree 1 with respect to the
generalised velicities 4' [6, sec. 3.1.1], which is left as an exercise.

Since the Hamiltonian-to-be vanishes, it seems that there is no way to understood the dynamics of the system
in the Hamiltonian approach. In the following we will follow [7, ch. 2] and find a way around. More popular
references include [8].

Exercise 7: Extended analytical mechanics with velocity: kinematics

Consider a time-independent mechanical system described by the Lagrangian action

. tp o
stlq' :f dtL(q',d'), i=1,...,5>1. 17
)= [ aee(a) a
The system is called regular (singular) if M;; == % is regular (singular).
Define the following Lagrangian, Hamiltonian and action with velocity
tp
Vgl k| — AT B R | V. i\,
S [q,p],v} LA dt{L +pl(q v)}, LY: L(q,v), (18a)
tp : ) .
= J. dt {piql — HV} , HY = HY <q],pk, vl) = p;ot —LV. (18b)
ta

1. Apply the variational principle for {p;} to the integral in eq. (18a) and show that it leads to eq. (17).
2. Apply the variational principle for {qi, Pj, vk} to the integral in eq. (18b) and show that
__0g oh  Oh 0%

w = [w,H"]p, w = qi, pi, (g h]p = a—qla—pl — a—qiapi ; (19a)
oHY oLY

3. For a regular system, eq. (19b) can be partially inverted to o' = 7 (4/, p) . Show that the integral in
eq. (18b) leads to the Hamiltonian action

] = [ atfpa ) () = g = (D)

=7 (g i)
Do the Hamilton’s equations follow from this action?
4. For a singular system, rank M;; = r < s. One can expect that there are (s — r) velocities, {v"}, that cannot

be solved from eq. (19b) and are inexpijessiblg in terms of (qi, pi; Ui), whereas r velocities, {v°}, can be
solved and are expressible in terms of (g, p;; v').

(Optional) Argue that the assert above can be more accurate such that

¢ = 7° <qi, Pe; Uu) , (21)
i.e. the expressible velocities are independent of {p,;v°}, where {p,} are the conjugate momenta of the
generalised coordinates corresponding to the inexpressible velocities, and {v°} the expressible velocities.

5. Inserting eq. (21) into HY yields the Hamiltonian with primary constraint

HP = H® (qi, pg) +v"F,, F,=F, (qi, Pi) = pu—fu (qi, Pe) . (22)
{F,} are called primary constraints [9, 10], which are linear in the canonical momenta p,, in our formalism.
(Optional) Derive eq. (22).

Remark 1. The primary constraints originate from the definition of momenta and contain therefore no
knowledge concerning the dynamics of the system.

Remark 2. Because of the constraints (in general, {®;}), motions are confined in the submanifold ¢, =0
in the phase space. This is a character for all constrained systems in the Hamilton’s approach.



Exercise 8: Linear action for a massive relativistic particle: primary constraints

Consider a charged massive point particle in special relativity, described by the Lagrangian action

AB Ap
Sk = | dAL(x", ) = J dA {—nu [~ it 2 + qx}‘Ay}, m>0. (23)
Aa Aa

1. Show that the Hamiltonian with velocity reads

HY = my/—nu0tvY + 0" (Py — qAu) . (24)

2. Take v as the inexpressible velocity. Show that the rest of the velocities, {vi}, are expressible such that
: . g P.—gA;
=7 (x}‘,Pi,' vo) = A7 0. (25)
\/mz + 0" (Pe — qAx) (P — qA))

3. Insert eq. (25) into SV and show that
. . Ap
SP {xV,PV;vo} =SV [xV,PV; o =7 (x”,Pi; voﬂ = J dA {P,x# — HP}, (26a)
Aa

HP = HP(x",P,; %) = o°Fy, (26b)
I

Fo=Py—fo(x",P),  fo=4qA0~ \/mz + 0" (P — qA) (P — A1) . (26¢)

Exercise 9: Quadratic action for a relativistic particle: secondary constraints

The evolution of a phase-space function g (g, pj) is determined by ¢ = [g, HP]p. Consistency requires that a
constrain @ persists in time, so that

0= = [®,HP|, = [, H]p + 0" [®, Eulp, (27)

New generations of constraints can be produced in this way, which are collectively called secondary constraints.
Moreover, a Lie algebra of constraints [y, @b}p emerges. If the algebra closes,

[Pa, Py], = C e, (28)

the constraints and the system are called first-class [9].
Consider a charged point particle in special relativity, described by the Lagrangian action [11, sec. 2.1]

N xt xv xH
1 2
S[xV,N}:fd/\z{;waN—m +qNA”}' N=N()>0, m=0. (29)

1. Derive the Euler-Lagrange equation for N. Furthermore, solve this equation for N and show that
eq. (29) gives eq. (23) for m > 0.

2. Show that the Hamiltonian with velocity reads

N< L

oM
2\ NN T Iy

HY =
N

+m?—q Aﬂ) +0'P, +oNPy. (30)

3. Show that the Hamiltonian with primary constraints reads
HP = H® + oNFy = —NH, +oNFy, (31a)
1
Hy = = (1" (B = 9A) (P = qA) +m?), Fy =Py, (31b)

4. Show that H is a secondary constraint. Furthermore, show that there are no further constraints, and
the system is first-class.

Remark 1. The secondary constraint is already contained in H® in this example.

Remark 2. Confusingly, H) is often called the Hamiltonian constraint in the literature.



5. In this case, the Dirac quantisation rules for first-class systems [6, sec. 3.1.2] read

Fy¥=0, H/¥=0. (32)

Because HP consists of constraints only and the canonical Hamiltonian H¢ vanishes, there is no Schro-
dinger-type of equation. Consequently, there is no time in the equations.

Show that eq. (32) leads to the Klein—-Gordon equation

" (hoy —iqAy) (hdy —iqAy)p —m*p =0, ¢ =p(xt). (33)

In particular, the dependence of N drops out.
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