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Exercise 10: Proca theory: constraints

For field theories in the canonical formalism with conjugate “coordinates” and “momenta”
(

ϕq, πp
)
, the

Poisson bracket is defined as

[ f , g]P =

ż

ddx
"

δ f
δϕq

δg
δπq

´
δ f
δπq

δg
δϕq

*

. (1)

Consequently, the non-vanishing fundamental Poisson brackets are[
ϕq
(

xk
)

, πp

(
yk
)]

P
=:
[

ϕq, π1p

]
P
= δq

pδd
(

xk ´ yk
)

. (2)

Consider the Proca [1] action in (d + 1) dimensions

Sl[Aµ

]
=

ż

dt ddx L :=
ż

dd+1x
"

´
1
4

ηµξ ηνπ FµνFξπ ´
m2

2
ηµν Aµ Aν

*

, (3)

where m ą 0, Fµν := Bµ Aν ´ Bν Aµ. The fundamental Poisson brackets are[
Aµ, Πν1

]
P = δµ

νδd
(

xk ´ yk
)

,
[
Aµ, A1ν

]
P = 0 =

[
Πµ, Πν1

]
P . (4)

1. Derive the canonical formalism with primary constraints

Sp[Aµ, Πν, V0
]
=

ż

dt
"
ż

ddx Πµ Ȧµ ´ Hp
*

=

ż

dt ddx
 

Πµ Ȧµ ´Hp( , (5a)

Hp = Hs + V0F , (5b)

Hs =
1
2

δijΠ
iΠ j +

1
4

δikδjl FijFkl +
m2

2
ηµν Aµ Aν + ΠiBi A0 , (5c)

F = Π0 . (5d)

2. Imposing persistence of F leads to the secondary constraint(s). Show that[
F,Hp1]

P =
(

m2 A10 ´Πi1B1i

)
δd(xµ ´ yµ) , (6a)

[F, Hp]P = m2 A0 + BiΠ
i =: G , (6b)

where G is a secondary constraint.

The Hamiltonian with primary constraint can now be written as

Hp = Hc ´ A0G+ V0F+ Bi

(
Πi A0

)
, (7a)

Hc :=
1
2

δijΠ
iΠ j +

1
4

δikδjl FijFkl +
m2

2

(
δij Ai Aj + A2

0

)
. (7b)

3. The rest of this exercise shows that F and G are all the constraints.

From Exercise 28 in Relativity I WS1819 one knows that 1
4 δikδjl FijFkl =

1
2 δikδjl(Bi Aj

)
Fkl . Use this identity

to show that [
BiΠ

i,
1
4

δikδjl F1ijF
1
kl

]
P
= 0 . (8)

Equipped with eq. (8), show that[
G,Hc1]

P = ´m2δij A1iBjδ
d
(

xk ´ yk
)

; [G, Hc]P = 0 . (9)
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Exercise 11: Proca theory: Dirac brackets

Consider a constrained system, where all constraints are primary and second-class

Sp =

ż

dt
!

pi q̇i ´ Hp
)

=

ż

dt tHs + λaΦau . (10)

The evolution of a constraint reads

Φ̇a = [Φa, Hp]P = [Φa, Hs]P + λb[Φa, Φb]P =: [Φa, Hs]P + λbS(Φ)ab . (11)

Since the system is second-class,

(det S(Φ)ab)Φa=0 ‰ 0 , (12)

so that it has the matrix invert

S(Φ)acS´1(Φ)cb = S´1(Φ)bcS(Φ)ca = δb
a . (13)

One may choose the Lagrange multipliers tλau as

λa = ´S´1(Φ)ab[Φb, Hs]P , (14)

so that Φ̇a = 0.
For the choice of tλau in eq. (14), the evolution of a dynamical variable reads

ω̇ = [ω, Hs]P ´ [ω, Φa]PS´1(Φ)ab[Φb, Hs]P =: [ω, Hs]D(Φ) , (15)

where the Dirac brackets [2, 3] is defined as

[ f , g]D(Φ) := [ f , g]P ´ [ f , Φa]PS´1(Φ)ab[Φb, g]P . (16)

It can be shown that this approach also works for second-class systems with secondary constraints. In the
end, for generic second-class systems, one could work with Dirac brackets and Hs, so that the constraints are
taken care of [4, sec. 2.3].

1. For Proca theory, one may write

S(Φ)ab = T(Φ)abδd
(

xk ´ yk
)

, (17)

and the Dirac bracket also involves integrals over x and y.

Show that

T(F,G) = m2
(

0 ´1
1 0

)
. (18)

Argue that the system is second-class.

2. Show that the Dirac brackets in Proca theory reads

[ f , g]D(F,G) = [ f , g]P ´m´2
ż

ddz
 

[ f ,F(z)]P[G(z), g]P ´ [ f ,G(z)]P[F(z), g]P
(

. (19)

Argue and show that the only fundamental Dirac bracket which differs from the Poisson ones is [5][
A0, A1i

]
D(F,G) = m´2Biδ

d
(

xk ´ yk
)

. (20)

See overleaf.
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Exercise 12: Proca theory: physical variables

The commutation relation of G and F suggests that one may use them as a conjugate pair of variables, say(
α0, p0), namely

α0 = m´2G = A0 + m´2BiΠ
i , p0 = F = Π0 , (21)

and the rest of the variables, say
(
αi, pi), might become regular.

This is indeed possible. Consider the following type-3 generating functional for canonical transformations

G3 = G3
[
αµ, Πµ

]
=

ż

ddx
!

´Π0
(

α0 ´m´2BiΠ
i
)
´Πi

(
αi ´m´2BiΠ

0
))

, (22a)

so that the old coordinates and new momenta, expressed in terms of
(
αµ, Πν

)
, are

Aµ = ´
δG3

δΠµ , pµ = ´
δG3

δαµ
. (22b)

1. Show that the transformations for
(
α0, p0) are given by eq. (21), and those for

(
αi, pi) read

αi = Ai + m´2BiΠ
0 , pi = Πi ; (23)

2. Show that the Hamiltonian with primary constraints now reads

Hp = Hp
(

αi, pi; α0, p0
)
= Hc +Hu + p0

(
δijBjαi + V0

)
+ Bi

(
´δijαj p0 + α0 pi ´m´2 piBj pj

)
, (24)

Hc = Hc
(

αi, pi
)
=

1
2

δij pi pj +
1

2m2

(
Bi pi

)2
+

1
4

δikδjlφijφkl +
m2

2
δijαiαj , φij := Biαj ´ Bjαi , (25)

Hu = Hu
(

α0, p0
)
=

1
2m2 δij

(
Bi p0

)(
Bj p0

)
´

m2

2
α2

0 . (26)

3. Recognise that
(
α0, p0) is constrained to zero, and that the dynamics of

(
αi, pj) is determined solely by

Hc in eq. (25).

Remark. In other words,
(
αi, pj) have been separated as dynamical variables in a regular system and are

therefore called physical variable.

4. Now go back to the old variables
(

Aµ, Πν
)
. Solve the constraints F = 0, G = 0 for

(
A0, Π0) and insert

the solution to Hp in eq. (7a). What do you find?

Remark. Proca theory has its primary and secondary constrains in the special form, so that the approach
is valid. For details, see [4, sec. 2.3].
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