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Exercise 10: Proca theory: constraints

For field theories in the canonical formalism with conjugate “coordinates” and “momenta” (¢7,7,), the
Poisson bracket is defined as
f 8¢ _ °of 8¢
— dy)2) 28 2 P8
Consequently, the non-vanishing fundamental Poisson brackets are
q( .k k . q -/ — 59 sd( vk _ kK
9 () () = Lot = o0 (=), @

Consider the Proca [1] action in (d + 1) dimensions

1 2
S'[A,] = f dtdx £ == f d?tly {—417”577””FWan - ’ZW”VAHAV}, €)
where m > 0, Fy, := 0, Ay — 0y Ay. The fundamental Poisson brackets are
[AV,HV’}P - ‘5ﬂvéd (xk B yk) ! [AMfA”P =0= [HV,HV’]P. (4)
1. Derive the canonical formalism with primary constraints
SP[A,IT", Vo] = fdt UddxnﬂAy —~ HP} = fdtddx {IT* A, — 5P}, (5a)
9P = H°+ WF, (5b)
s L gt 4 LR Ry 4 Ty AL A, 4 TT0A 5
H° = 50 ta iifa + 51" Ap Ay + 11040, (5¢0)
§=11". (5d)
2. Imposing persistence of § leads to the secondary constraint(s). Show that
13, 9], = (m2A6 - H%f) o (xt —yty, (6a)
[§, HP|p = m?Ag + T = &, (6b)

where & is a secondary constraint.

The Hamiltonian with primary constraint can now be written as
5 = 5= Ag® + VoF + &, (1T Ao ), (7a)

1 NP m2 /.
§¢ = SOGIT T + 6% FyFg + 2 (674:4;+ 43). (7b)

3. The rest of this exercise shows that § and & are all the constraints.

From Exercise 28 in Relativity I WS1819 one knows that 6%6/'F;iFyy = 366/ (6;A;) Fy. Use this identity
to show that

1
[ainl, 451k5flpgjp,gl} = 0. 8)

Equipped with eq. (8), show that
[6,59], = -2 A5 (¢ = ") ;  [6,Hp = 0. 9)
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Exercise 11: Proca theory: Dirac brackets
Consider a constrained system, where all constraints are primary and second-class
Sp:fdt{piqi—Hp} :Jdt{Her/\“(IJa}. (10)
The evolution of a constraint reads
by = [®g, HP]p = [@4, H¥]p + AP (D4, Dy =: [@g, HE]p + APS(P).- (11)
Since the system is second-class,
(detS(®)ap)g,—0 # 0, (12)
so that it has the matrix invert
S(@)acS H(P)? = STH(@)"S(P)ea = 3. (13)
One may choose the Lagrange multipliers {A%} as
AT = =STH @)@y, Hp, (14)

so that &, = 0.
For the choice of {A%} in eq. (14), the evolution of a dynamical variable reads

@ = [, Help — [, ®a]pS ™ (@)@, H¥]p = [c0, H] (15)
where the Dirac brackets [2, 3] is defined as

[f8lp(e) = f8lp = If, DqJpS (D) [Py, 8lp- (16)

It can be shown that this approach also works for second-class systems with secondary constraints. In the
end, for generic second-class systems, one could work with Dirac brackets and H®, so that the constraints are
taken care of [4, sec. 2.3].

1. For Proca theory, one may write

S((D)ab = T((p)ub‘sd (xk - yk> ’ (17)

and the Dirac bracket also involves integrals over x and y.

Show that
_2(0 -1

Argue that the system is second-class.

2. Show that the Dirac brackets in Proca theory reads

.8l = gl =2 [ &2 {1,510, — [, O EEL} . (9
Argue and show that the only fundamental Dirac bracket which differs from the Poisson ones is [5]
— d( .k k
[AO,AQ]D(&@ = m20;0 (x —y ) ) (20)

See overleaf.



Exercise 12: Proca theory: physical variables

The commutation relation of & and § suggests that one may use them as a conjugate pair of variables, say
(g, p°), namely

ng=m26 = Ag+m2o01, PP =F=11, (21)

and the rest of the variables, say (ai, pi), might become regular.
This is indeed possible. Consider the following type-3 generating functional for canonical transformations

Gs = Gsay,, IT"] = Jddx{—l_[o (aco - m_zail_[i) —IT (wi — m_zé‘iﬂo) } , (22a)

so that the old coordinates and new momenta, expressed in terms of ("‘H' II V), are

5Gs 5Gs

= - ‘l/l _— T
Ay=—522, = (22b)

1. Show that the transformations for (ag, p°) are given by eq. (21), and those for (a;, p') read

0= A+m2oI°,  pt=1IT; (23)

2. Show that the Hamiltonian with primary constraints now reads
HP = HP (lxi, P, P0> =9+ 9"+ p° (5ijaj“i + Vo) + 0; (*yjﬂéjpo +aop’ — mfzpiajpj) , (24)

. 1 . 1 N2 1 m2 ..
5¢ = 9%(ai,p') = 30500 + 55 (ap') + 70" By + TSmOy - g, (25)
1 m?
u__ @u 0 — = 5ij{Aa.40 L0y T2

3 < o) - o ) ) o -

3. Recognise that (a, p°) is constrained to zero, and that the dynamics of («;, p/) is determined solely by
HCin eq. (25).
Remark. In other words, (a;, p/) have been separated as dynamical variables in a regular system and are
therefore called physical variable.

4. Now go back to the old variables (A, I1"). Solve the constraints § = 0, & = 0 for (Ao, IT 0) and insert
the solution to $P in eq. (7a). What do you find?

Remark. Proca theory has its primary and secondary constrains in the special form, so that the approach
is valid. For details, see [4, sec. 2.3].
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