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Exercise 13: Scalar electrodynamics: first-class constraints
Consider the Lagrangian action for the electromagnetic field coupled to a charged scalar field
1
Sscp (9,7, Au] = fdd“x {—n%?;cp,-u — V(™) - 4n€Pn””F¢ana}, (1)
Qg =P —ieAud, @i =P +ieAud*. (1b)
1. Show that
=2 5V~ Ay;) = 6 Ry = E 2
= gy = (Vi—Aog) = Rl iy =T Efl, Ly (2)
where £7 is the Lagrangian density with velocities, E; = —F); = Fj is the electric field in (3 +1)-
decomposition.
2. Show that the action with primary constraints reads
SchD (¢, ¢, Ay; t, %, 11Y; Vo | = Jdt {Jddx (IT* Ay, + g + ¢* ™) — HP}
(3a)
= Jdtddx{HP‘A'y + 7t + §Frt — HPY,

O =H"— A8 + Ws + (HiAo) . (3b)
F=11°, & =ig(¢*n* —mp) + 1T, (30)

| P L ik
9 =77+ SOIT T + 87759 + V(9™ ) + 16%0 FyFy

(3d)

where (A, IT"), (¢, ), (¢p*, ©*) are conjugate pairs of canonical variables, § is the primary constraint.

3. In the literature, & is sometimes called the Gauss constraint. Show that it is a secondary constraint, and

there is no further constraint. Moreover, the constraint algebra is abelian,
[3/ QﬂP =0,

so that the constraints are first-class.

4. Use the Dirac quantisation rules to write down the equations for the quantum wave functional.

Remark. For a story of the Maxwellians, see e.g. [1]

See overleaf.
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Exercise 14: Scalar electrodynamics: gauge transformation in phase space

In the Hamiltonian formalism, infinitesimal gauge transformations are generated by the Poisson bracket with
a ‘gauge generator’ (see e.g. [2, ch. 5]), which is widely believed to be the fist-class constraints. The statement
is shown not to hold by the counterexample of electromagnetism [3].

In this exercise we recover the calculation and have a glimpse on gauge transformations in phase space. Consider
the Lagrangian action in eq. (1a) for the electromagnetic field coupled to a charged scalar field.

1. We first use the Lagrangian approach. Show that the action in eq. (1a) is invariant under the gauge
transformation in configuration space

4) N e—ieA(P/ (P* N e+ieA¢* , A}l — A}l o A,}l , (5)
where the ‘gauge’ is also in the Yang(#7)-Mills sense.

2. The condition 7#” Ay, = 0 is called the Lorenz gauge. Is there any remaining functional indeterminacy?
Does the Lorenz gauge render the initial value problem well-posed?

3. Now we go to the Hamiltonian formalism. Consider the generic gauge generator

a0 = [t [5(#)e(s ) + o (¢)e 1)} ©

containing two independent gauge parameters ¢, €.

Show that é( t) gives the following infinitesimal gauge transformations

5<p(x") = :¢(xk),é(t)h = —iepe,  8¢* (xk) = :4;* (x’f),é(t)}P = Fiege; (7a)
5Ag (xk) - :AO (xk),é(t)]P — g, 8A; (xk) — [a; (xk),é(t)]P = —¢;, (7b)
or(x) = :n(xk>,é(t)}P = +iepe,  om*(+) = [=* (xk),é(t)h = —iege. (70)
SIT° (xk) = :HO (xk),é(t)}lj —0, SIT! (xk) = :Hi (xk),é(t)}lj =0, (7d)

4. How to recover the third expression in eq. (5) from eq. (7b)?

Remark 1. For a historical discussion of the gauge named after Ludvig Lorenz, see e.g. [4-0].
Remark 2. The variable Ay, usually considered as non-dynamical, also changes under a gauge transformation.

Exercise 15: Scalar electrodynamics: the Kugo—Ojima terms for scalar electrodynamics

For quantised Yang(#)-Mills gauge theories, one can use the Faddeev—Popov trick (see e.g. [7]) to fix a gauge
in the functional formalism. The trick can also be accommodated at the Lagrangian level by the Kugo(/L{%)-
Ojima(/J\if) terms [8], so that the gauge fixing can be studied at the classical level, and in the Hamiltonian
formalism as well.

For scalar electrodynamics, the Kugo(/L%)-Ojima(/J\MIE) terms read
o
Skl ¢* Ay B] = Sscgp + Skoar  Skou = Jdde {532 + B’?”VAW} : ®)

1. We first use the Lagrangian approach. Show that the variation of S}, gives

8Sh .
Uﬂvﬁ =1e (4)*4);;, — (P,’;,(P) + 7’]§7I(A]/l,7r,§ — AT[,}!,C) — B/P‘ , (9&)
55k dv 851 av .
T thu Se = 36 + Pk, 9%
54)* dd (I>=¢*¢ (P (PrV,V 54) do q>=¢*¢ (P (P,}L,l/ ( )
1
65% =aB+ UPWA]/I,I/ . (9C)

2. In the literature, « — 0T leads to the Landau gauge, which is said to be classically equivalent to the
Lorenz gauge. What happens if one inserts « — 07 in the equations of motion?



3. Solve 0 = 58S /8B for « = 1 for B, which is called the Feynman—"t Hooft gauge. Insert the solution to
eg. (9a) in order to eliminate B.

4. Now we go to the Hamiltonian formalism. Show that the Hamiltonian density with primary constraints

reads
HP = H° + VT + Ve, (10a)
1 . .
N ="+ 551-]-1'[11'[] - iqAQ(T[* — 7'[) + HZAO,I' )
(10b)
+ 8k, + V(p*e) + Z(slk(sﬂPﬁFkl - EB2 — B8 A,
§=1'+B, ¢=n", (10¢)
where {§, €} are primary constraints, satisfying
[5,¢], = =0 (x = ). )
5. Show that
[§, HP]p =6+ V3, & = ig(n* — ) +II';; (12a)
(€, HP], = R — V), Ni=aB+07A;;, (12b)
and the Hamiltonian density with primary constraints can be written as
9P = §— Ag® — BR + Vo + V€ + (HfAO) g (13a)
1. 1.,
9 =+ SO + 895+ V(p*9) + ;lekaf’ﬂjpkl + %BZ. (13b)

6. Persistence of the primary constraints requires b = [CD, HP] p = 0, & = §, ¢, which holds if one chooses
VB = =6, Vp = R. According to different sources [2, sec. 3.4, 9, sec. 4.2.2], the algorithm to find
constraints might terminate already at the primary stage.

How would you proceed to arrive at a canonical description of the system that is ready to be quantised?
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