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Exercise 27 (6 points): Klein-Gordon theory of scalar field

Consider the action of a neutral Klein-Gordon field ¢ = ¢(x) with mass parameter m and potential V(¢),
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27.1 Derive the Klein—-Gordon field equation by the action principle.

27.2 Derive the symmetric energy-momentum tensor defined by
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and calculate its trace.

In the following two exercises, consider linearised general relativity in a flat background with the ansatz

gw/(x) =y + Zl[JW(X) ’

where ¢y, Puv,p and Py o are small perturbations of the same order.

Exercise 28 (9 points): Linearised general relativity I: redundancy transformation

Consider the infinitesimal coordinate transformation
=t -2 fH(x),
where f# and f# , are of the same order as .
28.1 Show that ypy, transform as ¢, (x') = Y (x) + fuv(x) + fuu(x).
28.2 The de Donder or harmonic condition reads
1
Y, = TPVW'
Show that it can be realised by applying such a transformation.

28.3 Show that the linearised Riemann tensor is invariant under this transformation.

Exercise 29 (5 points): Linearised general relativity II: Fierz—Pauli action
Linearised general relativity can also be derived from an action, which has been given by Fierz and Pauli,
1
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= Jd‘lx {EFP + T I/JHV} ,

where s = 8nG; Ty is the symmetric energy-momentum tensor of matter, here playing the role of source,
and is of the same order as ¢, .
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29.1 Derive the equations of motion for 1, from Sgp, and show that they are equivalent to the linearised
Einstein equations given in the lecture.

Hint. It might be quicker to apply the variational method directly, instead of using the Euler-Lagrange
equations.

29.2 (bonus) Discard the source term. Calculate the canonical energy-momentum tensor of ¥, defined by
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Remark. Sgp can be derived by expanding the Einstein-Hilbert action to the quadratic order, but the calculation
is tedious by hand.



