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Exercise 6 (10 points): Covariant Maxwell equations

Recall from classical electromagnetism the Maxwell equations (in Gaussian units with ¢ = 1):

. - - OF > - = - - 0B
V-E =4mnp, VXB—E:éLn]; V-B=0, VxE—i—E:O (1)
In terms of the scalar (®) and vector (A) potentials, the electric and magnetic fields are E = —V® — 3 A and
B =V x A. In components, eq. (1) reads
D 6E = GE" = 4mp, 1> 1€k oB — OE' = €7%0;B — &' = 4n]’; (2a)
i=1 j=1k=1
0B =0, e*o,Ex + B =0, (2b)
where €7* is the Levi-Civita pseudo-tensor, i,j,... = 1,2,3, and Einstein notation is assumed, as has been

explained in eq. . Let A == (@, A) be the four-potential, j* := (p, T) the four-current, y,v,... =0,1,2,3,
and define the field-strength tensor

Fuy = 0, Ay — 0vA,y . 3)
6.1 Show that the expressions
4
S 6, P = 3, FM = 4nit, (4a)
v=0
OpFuv + 0uFyp + OyFop = 0 (4b)

correspond to egs. and respectively.
Hint: Gijkeilm = (Sjldk’” - 5]‘m(5kl.

6.2 Show that eq. leads to the continuity equation 0 = djp + V-] = Juj*. How does the continuity
equation look like in a Lorentz-boosted reference frame?

Exercise 7 (6 points): Covariant Lorentz force

Let p" := mu? be the kinematic four-momentum, 1/ the four-velocity, T the proper time; P := m7, 7 := dx/dt,
and t the coordinate time.

7.1 Show that the spatial components of the covariant Lorentz four-force

d
= fo= g ®

give in the non-relativistic limit the Lorentz force

f:ﬁ:q(ﬁwxg).

7.2 What is the physical meaning of the time component f° of the covariant four-force in eq. ?
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Exercise 8 (6 points): Kottler—Moller coordinates

Let g be a constant acceleration, (t, x,y,z) Cartesian coordinates in 4-dimensional Minkowski space. Consider
the transformation (¢ = 1)

1

t= ( + x’) sinh gt’,
g
1 1

x = ( +x’) coshgt' — =,
g g

y=y, z=2.

9.1 Show that the transformation gives accelerated frames of reference with constant acceleration.

9.2 Calculate the components of the metric with respect to the coordinates (¢, x',y/,z').



