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Exercise 21 (6 credit points): Integration

Let f be a strictly positive smooth function on [0,a) with f(a) = f'(0) = 0 and f'(a) = —oo.
By means of this function, we define a surface of revolution A via

2=[fF, r=x+y.

Determine the metric g;; which is induced by the line element ds? = dr? + 2 d¢? + dz? on this surface.

Calculate the corresponding Ricci scalar and show by explicit calculation that the integral

Rd?
IR

does not depend on the choice of the function f.

Exercise 22 (14 credit points): Killing vector fields

22.1 Show that the Killing equation V(, v,) = 0 can also be written as £, guv = 0.

What does this mean from a physical point of view?

22.2 Give a proof for the following integrability condition for a Killing vector field v*:
O\ k0 = — Op Ryu/\x .

22.3 Consider a timelike Killing vector field ¢¥. Show that there is a coordinate system in which the metric

does not depend on time, i.e. a‘g’gv = 0 holds.
22.4 Find all Killing vector fields for the Minkowski space-time.

22,5 Let u¥ = dx#/dt be the tangent vector of a geodesic, i.e. u” V, u¥ = 0, and let ¥ be a Killing vector
field. Show that u, ¢* is constant along the geodesic. Use these conserved quantities to illustrate the
physical meaning of the Killing vector fields from part 22.4.

22.6 Let T" be a symmetric tensor field with vanishing divergence, i.e. V,, T"V = 0, and let ¥ be a Killing
vector field. Calculate (¥ T;,")

v

The result is of great importance for the construction of conserved integral quantities.
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