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Exercise 18 (10 credit points): On the covariant derivative
18.1 In order to define the general covariant derivative ﬁy, one only needs a connection IN""H 1 Where at first
the connection is not linked to the metric in any way:
< T A _TA
VAV =0, AV 4TV AN —TA A7)
Show that the two conditions

Q,”VK = _~ﬂgw< =0, TV = ny[wc] =0

are equivalent to the condition that the connection T'*, is the Christoffel symbol of second kind r¥,..

The quantities Q,,,,c and TV, are called non-metricity (see Exercise 17) and torsion, respectively. Are they
tensors?

18.2 Let V¥ be a vector field and V¥ = \/—g V¥ be the corresponding vector density. Show that
1
VyVl = —9,(/—gV¥) and V,VV'=9,V'.
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18.3 The covariant wave operator for a scalar field ¢ is given by
Op=VHIV,¢.

Rewrite this by means of 18.2 such that the resulting expression only contains partial derivatives.

As an example, calculate the wave operator in 3-dimensional spherical coordinates.

Exercise 19 (5 credit points): Riemannian normal coordinates

Show that near the origin of a Riemannian normal coordinate system (¢ < 1) the following holds:

1
guv(o +¢) = Nuv + 3 R;uc/\v(o) " gA +...
Give a physical interpretation.
Exercise 20 (5 credit points): Algebraic identities of Riemann tensor

Show that, in Riemannian spaces, i.e. where the connection T'*,, is given by the Christoffel symbol of the
second kind I'*,,, the Riemann tensor satisfies the following algebraic identities:

R]/“/(aﬁ)zo, R( :0, R ]:0
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Can you give an illustrative interpretation of the first two identities?
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