Addendum: The Einstein field equation in exterior calculus

file GR_Lecture_notel.tex, 01 July 2014, Huan-Hsin Tseng, with corr.
University of Cologne, General Relativity Lecture on 24 April 2014 by fwh

Given a 4-dimensional manifold M with coframe ¢#, (dual) frame e,, metric tensor
g(+,-), covariant exterior derivative D, and linear connection 1-form on M, namely w#, =
L#*,, 9, where L"), are the components of the linear connection.

To derive the Einstein equation, we assume a Riemannian spacetime (M, g, D), for
which D (Levi-Civita connection) fulfills the to two conditions of vanishing nonmetricity

Quv = Dgu = Quua #* =0 1)
and of vanishing torsion
OV := DY = do* +wt, N = %Tﬂmﬂv/\ﬁ)‘:m (2)

this constraint is also called the 1% Cartan structure equation for a Riemannian space.
Moreover, we have the curvature 2-forms

1
OF, = dwhy, + why A, = ERVMP A (3)

We turn now to the Bianchi type identities by differentating successively nonmetricity,
torsion, and curvature, respectively:

DQ;I/H/ — DDg]/lV RlCClzemma _QDC;M ngV - Q'BV g}”.B - _leu - Q‘uy - _ZQ(VV) ; O, (4)

DE! = DDg Redlmma o A gy - %Rﬂ[vpg] AP A =0, )
DO¥, = D“Dwt,” =D (dw", + o'y Aw®)) = d(dw?y + Wty A ™)) (6)
FWH A () —@Ty() = =0,

where = we refer back to our two postulates (1) or (2), respectively. In components,
Egs.(@) and (B) can also be written as
Ry

oo =0 (7)

and
RH [vpa} =0 or R[I/’VP‘T] = O,‘ (8)

the last equation follows because of (7). Eq.(5), O*, A9V = 0, is called the 1°" Bianchi
identity and Eq.(6), DQ*, =0, the 2" Bjanchi identity of a Riemannian space.
The Hodge star operator is a tool for mapping p-forms into (n — p)-forms. Take a
p-form ¥, decomposing as
1
Y = a‘lf%...ﬂ,p ONAIA---NOTP, )

~
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where we define "7 ;= 91 A 9712 A -+ - A 977, Then we can construct a (n — p)-form
by the Hodge dual map % : AP(M) — A"=P)(M),

1 /
*¥ = m |detg],”/| 6“1,;(2...“%[;1...‘3”_!) gtxl’h s gt)ép’)/p . T'Yl"")/p 19’31 Pr-p (10)

where €y,4,...,8,--g,, 15 the totally antisymmetric Levi-Civita symbol with value +1 for
even permutations, —1 for odd permutations, and 0 otherwise. It is a tensor density, and

€y = \/ |detguy| €aynyayPy--Pu_p 1S @ UMt tensor.

There are 3 important formula for the Hodge star x. For ®,¥ € AP(M),

*OANY = *xYAD, (11)
A (ey]®) = p@, (12)
* (PAY) = ey . (13)

For the action principle, we need the variation of the x (since x depends on ¥ and
Suv)- We assume from now on orthonormal frames, which we can always choose. We take
a formula from the literature (see [1]], for example),

(6% —%-8)p=060"NA (en] *P) —*[60% A (ex]P)] - (14)

For the decomposition of arbitrary forms in 4d, it is useful to define the following
¢-basis:
1, oF, oM, oM, grvAe (15)

which are a 0-form, 1-forms, 2-forms, 3-forms, and 4-forms respectively. Some examples
are

o the electromagnetic potential A = A, 0" = A;dx’,
o the electromagnetic field strength F = 3F,, 9" = 1F;dx' Adx/ = E Adt+ B, and
e the electric current density as the 3-form J = %3 jvp P = %Jijkdxi Adxl A dxk.

In GR, we have the connection w, as 1-form, the curvature Q¥, as 2-form, and the
energy-momentum density of matter T, as (covector-valued) 3-form.
The Maxwell vacuum field equations read

dxF=3, dF=0. (16)

They are valid in this form for flat and for curved space, coframe and connection do not
enter these equations; only the (conformal part of) the metric is felt by the Hodge star.
They are diffeomorphism invariant equations that do neither depend on coordinates nor
on frames. Via the Lorentz force density f, = (e, |F) A J, one finds the energy-momentum
density 3-form as

Thax % [F A (ey) xE) — +F A (e, E)] - (17)
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Having the 0-basis (I5), we can introduce the dual e-basis for forms in 4-dimensional
manifold. We start with the volume n-form:

e 1
e:=/|detgu| 0" " = —\/ Idet gyl € gy, 111 (18)

We now define successively the lower forms

ey 1= ey)e = xty (3-form),
Euy 1= ey gy = *Oyy (2-form),

19
Euv) = B)\J Eyy = *19]“,)\ (1—form), ( )

Euvrp 1= €plEp = *Dpn (0-form),
pvAp 7 pvAp

where we recall eHJ ¥ = 5;1. In Riemannian space (Quv = 0, ®F = 0), we have the
following identities:

De =0, De, =0, Dey =0, Deyp =0, Deyppy=0. (20)

For the action principle, we need variations of 6¢¥, dw"’ (not independent in the
Riemannian case!). Rules:

(w1 A wy) = 0wy A wy + w1 Adwy, (21)

for all wy € AP(M), wy € AT(M). Notice § does not change sign across any rank, so it is
even. Furthermore,
[d,6] =0, (but not valid for D!). (22)

The variation of * is evaluated in .

The Lagrangian 4-form for electrodynamics is Lejec ~ *F A F. The x is required for
parity reasons. A similar structure is manifest in the Hilbert-Einstein Lagrangian of
general relativity:

VHE N*(ﬁy/\ﬂy) A QR :gw//\QVV,
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Using orthonormal frames, we now vary 6¢¥, éw"" (dependent on 689 due to Levi-Civita
connection of GR). By (2I), we have

1

K
where

581“/ =% 19]“/ (!) *519]41/ + éﬂa N (eﬂcJ‘Cf]ﬂ/) — % [5190‘ A (e“J 19]“/)]

= % (80, Ay + By ASEy) + 50% A ey — * [00° A (Surty — gutp)] (2D

= 00" A\ € -



The variation of O*¥ yields
SOM = doéwh + (6wh™) N wy” + wh™ A dw," . (26)

We recall that the variation dw"V is tensorial, in contrast to the connection 1-form w"V.
Thus, we can take its covariant exterior derivative

Déwt’ = déwt’ + why N dw™ + w'y N Swh™ . (27)

If we resolve this equation with respect to déw"?, substitute it in (26), and use the rule
[d, 0] = 0, we find straightforwardly

SQM = DswH (28)

We substitute (25) and (28)) into and add the matter Lagrangian,
1
0Viot := OVHE + 0Vinat = > (60" A ejya N + €4y A DSWH | + 60% A Ty (29)

where T, 1= 6Lmat/ 69" denotes the energy-momentum 3-form of matter. Taking into
account (20), this can be rewritten as

Viot = —% [60% A (€pva AN O —2kTy) +d (0 A SwH)] (30)

The variational principle requires 6 Vi = 0 for all 5¢9*. Since the surface term does not
contribute, we arrive at

1
S N Q" =« T, (31)

This is Einstein’s equation in exterior calculus, with the Einstein 3-form G, := %SW?\ A
O"*. One can also include the cosmological term into by adding Ag,, with the
cosmological constant A € RR.

The translation to tensor calculus, one develops the Einstein and the matter energy-
momentum 3-forms with respect to the 3-form basis €”, namely Gy = GHV ¢ and T, =
Tyy €". In this way one can recover the Einstein equation CVP,V = k Tyy in tensor calculus.

Incidentally, GR can be generalized to the so-called Einstein-Cartan theory of gravita-
tion (EC) by allowing the occurrence of a nonvanishing torsion, that is, the assumption
@) will be dropped. Then the variation éw"" becomes independent of 68" and the var-
ied matter Lagrangian picks up an additional spin-dependent piece +éw"” A &,. The
variation of 69" is exactly as above; only the new relation De,, = ©% A g4y # 0 makes a
difference and provides a new term also in the gravitational Lagrangain, see Kibble [3].



Sample program for the computer algebra system Reduce with the Ex-
calc package:

Coframe o, frame e, ranks of forms declared by pform, exterior product sign A, interior
product sign for a vector with a form | _, Riemannian connection 1-form riemannconx = chrisl,
curvature 2-form curv2, Einstein 3-form ein3, Hodge star operator #.

% file Sun/ueb2.exi
% Reissner-Nordstrom-deSitter
load excalc$

pform psi=0$
fdomain psi=psi(r)$

coframe o(t) = psixd t,
o(r) = (1/psi)*d r,
o(theta) = rxd theta,
o(phi) = r*sin(theta)*d phi with

signature(-1,1,1,1)%

frame e$
psi := sqrt(1-2xm/r+k*(q/r)**2+lam*xr**2/3)$

riemannconx chrisi$
chrisi(a,b) :=chrisi(a,b);
pform curv2(a,b)=2, ein3(a)=3% antisymmetric curv2$

curv2(a,b) :=d chrisi(a,b)+ chrisl(a,-c) chrisi(c,b);
ein3(a) = (1/2)*% #(o(a)"o(b)"o(c)) = curv2(-b,-c);

end$

Description of this and other programs in Stauffer et al. [2].
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