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Exercise 20 (20 credit points): Derivation of the Friedmann equations in Cartan calculus

The aim of this exercise is to derive the Friedmann equations using the Cartan formalism.

We start with the Robertson–Walker line element in coordinates that is given by:

ds2 = gµν dxµ ⊗ dxν = −dt2 + a2(t)
[

dr2

1− kr2 + r2 dθ2 + r2 sin2 θ dφ2
]

. (1)

Remember that in terms of the pseudo-orthogonal coframe basis {ϑi}, i = 0, . . . , 3, the metric takes the form

ds2 = ηij ϑi ⊗ ϑj = − ϑ0 ⊗ ϑ0 + ϑ1 ⊗ ϑ1 + ϑ2 ⊗ ϑ2 + ϑ3 ⊗ ϑ3 . (2)

Like in exercise 7, Latin letters are used for anholonomic frame indices, whereas Greek letters are used for
holonomic coordinate indices.

20.1 Write out the components of the coframe basis. For convenience, use the definition w :=
√

1− kr2.

20.2 Calculate the exterior derivatives dϑi. Insert these into the first Cartan structure equation

dϑi + ωi
j ∧ ϑj = 0 (3)

to determine the 1-form-valued components ωi
j of the connection.

20.3 Calculate the curvature 2-forms Ωi
j by using the second Cartan structure equation

Ωi
j = dωi

j + ωi
a ∧ωa

j =:
1
2

Ri
jkl ϑk ∧ ϑl (4)

and read off the anholonomic components Ri
jkl of the Riemann curvature tensor.

Intermediate result: The non-vanishing anholonomic components of the Riemann curvature tensor read

Rr
ttr = − Rr

trt = Rθ
ttθ = − Rθ

tθt = Rφ
ttφ = − Rφ

tφt =
ä
a

, (5)

Rθ
rθr = − Rθ

rrθ = Rφ
rφr = − Rφ

rrφ = Rφ
θφθ = − Rφ

θθφ =
ȧ2 + k

a2 . (6)

20.4 Determine the anholonomic components of the Ricci tensor Rij = Ra
iaj as well as the Ricci scalar

R = ηijRij. Note that for the contraction of anholonomic indices the Minkowski metric has to be used.

20.5 Calculate the mixed components of the Einstein tensor

Gi
j
∗
= Gµ

ν = Rµ
ν −

1
2

δ
µ
ν R . (7)

20.6 Use the energy–momentum tensor of an ideal fluid with energy density ρ and pressure P given by

Tµ
ν = diag(−ρ(t), P(t), P(t), P(t)) (8)

to write out the Einstein equations Gµ
ν = 8πG Tµ

ν , which are called Friedmann equations in this case.
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