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ﬂ Geometric (‘Ray’) Transformation Acoustics
@ Possible approaches to transformation acoustics
@ Parallel transport and geodesics
@ Example: acoustic ray cloak

Linear elastodynamics
Equations of motion for linearised elastodynamics

Transformation acoustics for special materials
@ Intertial transformation acoustics
@ Pentamode transformation acoustics

Example: cylindrical acoustic cloak
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ﬂ Geometric (‘Ray’) Transformation Acoustics
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Transformation Acoustic

Possible Approaches

@ Spatial e-m cloak is the canonical e-m example

@ The transformation electromagnetics programme is (in principle)
exact, embracing, for example the near field.

@ Analogue transformation theories in (e.g.) acoustics appear to be
mathematically harder to achieve

@ First seek a geometrical ray based theory - not exact, but
potentially very general

(E,D,B,H)
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Transformation Acoustic

Possible Approaches

@ Spatial e-m cloak is the canonical e-m example

@ The transformation electromagnetics programme is (in principle)
exact, embracing, for example the near field.

@ Analogue transformation theories in (e.g.) acoustics appear to be
mathematically harder to achieve

@ First seek a geometrical ray based theory - not exact, but
potentially very general

I Geometrical, V¢
(E,D,B, H) Sl Eikonal equation
equation

Imperial College
London

Favaro, McCall, Kinsler, Bergamin (Imperial) Transformation Acoustics ESTEC 4/35



Parallel transport and geodesics

v(q)
v(p) q
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Parallel transport and geodesics

v(q)
v(p) q

Covariant Derivative

A covariant derivative provides a means of comparing vectors at
different locations
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Parallel transport and geodesics

v(q)
v(p) q

Geodesics
Parallel transporting v along itself generates a geodesic
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Parallel transport and geodesics

v(q)
v(p) q

Geodesic Equation

_dxig _ d?X Jaxkdx! ; o ]
v="50i= % + % or =0, connection coefficients, I ;

nnpcHar \.ullcge
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Metric and Covariant Derivative

@ Given metric g;
@ Natural covariant derivative from condition Dygj; = 0:

o
i = 59" (9kjm + 9 Gkm — Imjk)

e.g. Euclidean metric in Cartesians = g; = 6 and I = 0 J
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Straight lines
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Diffeomorphism ¢ : p — ¢(p) defines a new covariant
derivative

Demanding new curve X(t) is a new geodesic requires

© *\/ \K i / *\/ *\K
M on = (00) 1 (0" i (") T+ (00) 14 (0" i ()5,

where (¢)', = 9%'/0x', and (¢*)' (¢.)'; = 9
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Conformal transformation (aka spatial dilation) defines

a new covariant derivative

t . '.: 45
L f/
Dilate space ds — nds J A
1 11 1 ,( \/
) L§2 ‘\/ s, ~, [i’\?
@ New metric (in Cartesians):

@ New covariant derivative, D; \/

New connection coefficients (in Cartesians)

_. 1 .
rljk = §5lm (5,77]'8/( + Omk0i — 5//(8’”) [In n]
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Demand equality between two new covariant
derivatives

Morphed geodesics ¢ = geodesics generated by g; = n?6;

(6) 1 (&Y i (6" T = (07) 4 (87 i (07), =
8';(Inn) o+ 6" (Inn) ; — 6™y (Inn)

Key result, linking some desired deformation ¢ : p — ¢(p) of the
(linear) geodesics of a homogeneous medium to the index distribution
(i.e. n(p)) of an inhomogeneous medium required to achieve that
deformation.
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Example: Acoustic Ray Cloak

Diffeomorphism, ¢

©:[r,0] = [<r2+a2>1/2,9]

Running this through our algorithm T

YIe|dS 1 A

1/2 | f\
n= (8)1/2: w\"E (& "o
A )\0 re 0
Mass density, p v

Bulk modulus, A
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Scope - Towards a general theory

Physics Field(s) Field Equation(s) Medium Parameter(s)
Maxwell F H Fagy =0, G°% =0 Constitutive tensor
Bulk modulus B
V.(pv)+8p=0
Acousties ,p Unperturbed density, po
~Vp=pl@yv+v Vv
Unperturbed velocity, vg
Diffusion p dp =DV Diffusion constant, D
Heat T T = KV*T Thermal conductivity, K
Schrodinger " ihoph = —%V["w + Vi Potential, V(t,r)
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e Linear elastodynamics

Imperial College
London

Favaro, McCall, Kinsler, Bergamin (Imperial) Transformation Acoustics ESTEC 13/35



The stress tensor

Iy
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The stress tensor

7MW — = Force per area on (virtual) surface in the body.
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The stress tensor

T(Mi_ n/aj’ Cauchy'’s stress theorem
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The stress tensor

Momentum balance

Dioi* + pgicF* = pgue W pF volumic forces, W = i1 acceleration.

9%oid = ¢’ o symmetric, angular momentum balance.
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Strain tensor: deformation of body due to displacement field u.
Infinitesimal displacement:

e=Lyg g metric, L, Lie derivative w.r.t. u

In components

1 1
ej =5 (Di(gjkuk) + Dj(gikuk)> = 5Dt + Dyuy)
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Linear stress-strain relation

Elasticity tensor C ' '
of = CMey

subject to constraints
CiKl — ciikl — Giilk

CH = cKiI if elastic potential exists (“skewon free”).
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e Equations of motion for linearised elastodynamics
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General linear elastodynamics

Recall:
@ Momentum balance for o, no volumic forces

Dyai* = pgi ik
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General linear elastodynamics

Recall:
@ Momentum balance for o, no volumic forces

Dyai* = pgi ik

@ Definition of strain tensor

1
ej = 5 ( Dilgiu) + Dj(gu"))
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General linear elastodynamics

Recall:
@ Momentum balance for o, no volumic forces

Do = pgixil
@ Definition of strain tensor
&j = % (Di(g/kuk) + Dj(gikuk))
© Linear stress-strain relation
U/j - /jk/ek/
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General linear elastodynamics

Recall:
@ Momentum balance for o, no volumic forces

Dyai* = pgi ik

@ Definition of strain tensor
1 k k
€j =5 (D,-(g,-ku ) + Dj(giku ))
© Linear stress-strain relation

j ikl
. UIJ = IJ e
Use 3in1

Dy (Cikmnemn) = pgi U
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General linear elastodynamics

Recall:
@ Momentum balance for o, no volumic forces

Dyai* = pgi ik

@ Definition of strain tensor
1 k k
€j =5 (D,-(g,-ku ) + Dj(giku ))
© Linear stress-strain relation

j ikl
_ _ UIJ = IJ e
Use2in3in1

Dx (C/km"Dm(anUj )) = pgi U~
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General linear elastodynamics

Recall:
@ Momentum balance for o, no volumic forces

Dyai* = pgi ik

@ Definition of strain tensor
1 k k
€j =5 (D,-(g,-ku ) + Dj(giku ))
© Linear stress-strain relation

U/j = /jk/ek/
Use 2 in 3 in 1 with metric compatibility
Dy (cfkm,Dmuf)) — pif
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General linear elastodynamics

Dy (C’k’"ijuf)) — pif

@ is a second order DEQ for u (wave equation),
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General linear elastodynamics

Dy (C’k’"ijuf)) — pif

@ is a second order DEQ for u (wave equation),
@ does not depend explicitly on the metric g,
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General linear elastodynamics

Dy (C’k’"ijuf)) — pif

@ is a second order DEQ for u (wave equation),
@ does not depend explicitly on the metric g,
@ depends implicitly on g via the covariant derivatives,
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General linear elastodynamics

Dy (C’k’"ijuf)) — pif

@ is a second order DEQ for u (wave equation),
@ does not depend explicitly on the metric g,
@ depends implicitly on g via the covariant derivatives,

@ is not easily transformed into a metric independent, covariant
form.
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General linear elastodynamics

Dy (C’k’"ijuf)) — pif

@ is a second order DEQ for u (wave equation),
@ does not depend explicitly on the metric g,
@ depends implicitly on g via the covariant derivatives,

@ is not easily transformed into a metric independent, covariant
form.

Simple TA scheme of full linear elastodynamics not possible. )
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e Transformation acoustics for special materials
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Anisotropic mass

Replace the mass density p by tensor p/ i
Dioi* = pgiil*

4

K ek
Dxoi* = gjip/ kU

and '
Dy (Cikman(anU] )) = pQi U~

]
Dk (Cikman(gnjUj)> = gjp kU
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Eigentensor decomposition

For any skewon free material there exists a decomposition

6
ikl mj okl
/J = Gim Z )‘JSJ/SJ
J=1

with ), eigenvalues, S) = & eigentensors.
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Eigentensor decomposition
For any skewon free material there exists a decomposition

6
ikl mj okl
/J = Gim Z )‘JSJ/SJ
J=1

with )\, eigenvalues, Sh— Sg eigentensors.
Background: Map double indices (jj) to single index o

a=(1,2,3,4,5,6) =((11),(22),(33), (23),(13),(12))

then )
CiK — cof — P> gskewon free

C can be mapped on a real, symmetric 6 x 6 matrix.
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Eigentensor decomposition

For any skewon free material there exists a decomposition
6 .
ki mj qkl
/J = Gim Z )‘JSJ/SJ
J=1
with ), eigenvalues, S) = & eigentensors.

Pentamode materials

Only one eigenvalue \ # 0:
Cijkl = Gim A Smj Sk/

@ Five “easy” modes

@ Wave equation in one mode,

“pseudo-pressure”
Imperial College

p= —)\S"/e,-,- = —X¢ London
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Eigentensor decomposition

For any skewon free material there exists a decomposition

6
ikl mj okl
/J = Gim Z )‘JSJ/SJ
J=1

with ), eigenvalues, S) = & eigentensors.

v

Pentamode materials Anisotropic fluid

Only one eigenvalue \ # 0:
Cijkl = Gim A Smj Sk/

@ Five “easy” modes

@ Wave equation in one mode,
“pseudo-pressure”

p=-XSlgj=-X¢

Pentamode with condition S x g.
CH = gmAg™g" = Aslg"

Only p = —X¢ couples
Notice

T = pof = ni\(gew) = n'xe |!

Favaro, McCall, Kinsler, Bergamin (Imperial)
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Inertial transformation acoustics

Momentum balance

P ek
Dyoi* = gjipku
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Inertial transformation acoustics

Momentum balance with constutive law

Dy (Cikmnemn> = gjipk U
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Inertial transformation acoustics

Momentum balance with constutive law for anisotropic fluid

Dy (A(S,kgm”emn> = gijP/kUk
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Inertial transformation acoustics

Momentum balance with constutive law for anisotropic fluid

Di () = gijp kX € =g™emn
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Inertial transformation acoustics

Momentum balance with constutive law for anisotropic fluid

Di(X¢) = gijpjkuk §=9"emn
Strain tensor

’
& =5 (Di(gjkuk) + Dj(gikuk))
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Inertial transformation acoustics

Momentum balance with constutive law for anisotropic fluid

D;i (X)) = gijﬂikuk £=9"emn
Strain tensor

.1

ej = (D (giu®) + Dj(gikuk)>

2
= Oim (é +(quepq)5/>
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Inertial transformation acoustics

Momentum balance with constutive law for anisotropic fluid

D;i (X)) = gijﬂikuk £=9"emn
Strain tensor

1
ej = E (Di(gjkuk) + Dj(g,-kuk)>
= gin (7 + (0P%epq)3]")

= gime"j + (DkU")gj

@ “easy modes”, drops out
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Inertial transformation acoustics

Momentum balance with constutive law for anisotropic fluid

Di(A) = gjo/kl* €= 9g™em
Strain tensor
ej = gime"j + (DkU")gj

@ “easy modes”, drops out
Wave equation in first order for anisotropic fluid

D; (A6) = gjp k¥
f = D,'Ui
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Inertial transformation acoustics

Wave equation in first order for anisotropic fluid g = det(gj)

D1 (%) = 0 (1) =gyl

&= Du—\Fa(fu)

@ DEQ transformed to scalar wave equation
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Inertial transformation acoustics

Wave equation in first order for anisotropic fluid g = det(gj)

Di (A¢) = 0,(\6) = gy/ui”

&= Du—\Fa(fu)

@ DEQ transformed to scalar wave equation
@ All covariant derivatives transformed to plain derivatives
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Inertial transformation acoustics

Wave equation in first order for anisotropic fluid g = det(gj)

D (AE) = 0 (\&) =gyl kU
&= Du—Ta <fu)

@ DEQ transformed to scalar wave equation
@ All covariant derivatives transformed to plain derivatives
@ Equations not covariant! < Electrodynamics
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Inertial transformation acoustics theorem

If ¢ and u are a solution of

9i(\) = gydklF €= Du
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Inertial transformation acoustics theorem

If ¢ and u after transformation x — X(x) are a solution of

_ . — 1 - =
8i(\€) = gykll  €=Dil = —=9 (\/&U')

o
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Inertial transformation acoustics theorem

If ¢ and u after transformation x — X(x) are a solution of

_ . — 1 - =
8i(\€) = gykll  €=Dil = —=9 (\/&U')

then

are a solution of

AN =gl € =o' = 0l (V)
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Inertial transformation acoustics theorem

If ¢ and u after transformation x — X(x) are a solution of

_ . — 1 - =
8i(\€) = gykll  €=Dil = —=9 (\/&U')

then

are a solution of

provided
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Inertial transformation acoustics theorem

If ¢ and u after transformation x — X(x) are a solution of

_ . — 1 - =
8i(\€) = gykll  €=Dil = —=9 (\/&U')

then

are a solution of

provided
/ i ! i
)\/ — @)\ p/Ij — \/qgllmgmnﬁnj
VG VG
transformation acoustics = transformation + reinterpretation j
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Pentamode transformation acoustics

@ g’ = SVin material parameters
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Pentamode transformation acoustics

o g/ = S in material parameters
@ Metric compatibility = assume D;S7 =0
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Pentamode transformation acoustics

o g/ = S in material parameters
@ Metric compatibility = assume D;S7 =0
@ Relevant strain component

¢ = D' = ¢ = Di(STgyu”) = Diw'
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Pentamode transformation acoustics

o g/ = S in material parameters
@ Metric compatibility = assume D;S7 =0
@ Relevant strain component

¢ = D' = ¢ = Di(S"gyu") = Diw’
@ Stress DEQ
0i(A) = S PkgS, W™ or 8™ ggp NS 9i(AE) = W

Either S or p have to be invertible!
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Pentamode transformation acoustics theorem

If ¢ and w are a solution of
0/ = §; kg’ W or ST gyp™ S 9i(AE) = W

with f = D,(S’/gjkuk) = D,‘Wi
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Pentamode transformation acoustics theorem

If ¢ and w after transformation x — X(x) are a solution of

(/\f) i 1plkgklé_1 w™ or S’”’Q/kﬁ” kjéjié,'()\ﬁ) =wm
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Pentamode transformation acoustics theorem

If ¢ and w after transformation x — X(x) are a solution of
(/\f) i 1plkgklé_1 w™ or S’”’Q/kﬁ” kjéjié,'()\ﬁ) =wm

with ¢ = D;(STgyt*) = D;w/’

then ¢’ = \\/faf and w' = \\/fav'v" are a solution of

8,/()\5) — Sf-,-qp'jkg’klsfnf w'm or S/mlg//kp/—1 kjS’fia,f()\g) - wm

with ¢ = D/(S" g} u'*) = Diw"

Imperial College
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Pentamode transformation acoustics theorem

If ¢ and w after transformation x — X(x) are a solution of
(/\f) i 1plkgklé/7n1 w™ or S’”’Q/kﬁ” kjéjié,'()\ﬁ) =w"

with ¢ = D;(STgyt*) = D;w/’

then ¢’ = \\/faf and w' = \\/fav'v" are a solution of

8,/()\5) — Sf-,-qp'jkg’klsfnf w'm or S/mlg//kp/—1 kjS’fia,f()\g) - wm

with ¢ = D/(S" g} u'*) = Diw"
provided

Sll'jf‘lp//kg/kls;;1 — \/\[; ,/1P/ gle 1

DiST=0 N = \/EX

or its inverse
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Reinterpretation in pentamode TA

)\/:@)\/
V9

. ! _ . _
Sj kg8, = \\/[gs,fﬁ’kgkls,f; or its inverse
DS =0
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Reinterpretation in pentamode TA

)\/:@)\/
V9

. ! _ . _
Sj kg8, = \\/[gs,fﬁ’kgkls,f; or its inverse
DS =0

@ transformation acoustics = transformation + reinterpretation
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Reinterpretation in pentamode TA

)\/:@)\/
Vg

. ! _ . _
Sj kg8, = \\/[gs,fﬁ’kgkls,f; or its inverse
DS =0

@ transformation acoustics = transformation + reinterpretation
© Reinterpretation of modulus analogous to inertial TA
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Reinterpretation in pentamode TA

)\/ — @)\/
V3
. , - . -
S kg S),! = \\/fgsfﬁ’kgk’ S, oritsinverse

DS =0

@ transformation acoustics = transformation + reinterpretation
@ Reinterpretation of modulus analogous to inertial TA
© Reinterpretation of S and p not unique
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Reinterpretation in pentamode TA

)\/:@)\/
V9

. ! _ . _
Sj kg8, = \\/[gs,fﬁ’kgkls,f; or its inverse
D;S"=0

@ transformation acoustics = transformation + reinterpretation
@ Reinterpretation of modulus analogous to inertial TA

© Reinterpretation of S and p not unique

© Reinterpretation includes DEQ, not algebraic!
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© Example: cylindrical acoustic cloak
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Cylindrical acoustic cloak

Original medium

Simple fluid with constant bulk modulus
Ci = aolg" A=k = constant

and isotropic, constant mass density

pli=ps,  p=M = constant

Imperial College
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Cylindrical acoustic cloak

Original medium

Simple fluid with constant bulk modulus
CHM =xdlg"" X\ =k = constant

and isotropic, constant mass density

pli=ps]  p=M = constant

v

Coordinate transformation

Original coordinates: cylindrical (r, 6, z)
Cloak transformation

r=Vvrr+a 0=0 z=z

Infinitely extended cloak: r =0=r=a,r »oco=7r —r.
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Cylindrical acoustic cloak

Original medium and coordinate transformation

CH =rslgh  pi=Ms] F=vVrP+a 0G=0 z=z
Transformed quantities

. 5 _ . 72 -
gij:dlag[1,r,1] = g,-j:dlag[m,r —a,q
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Cylindrical acoustic cloak

Original medium and coordinate transformation

clH — nd{:gk/ pij — Méj’-' Fr=+Vr2+ a2 =10 zZ=2z

Transformed quantities

. _ ) ,72 ~
gj = diag [1,r2,1] = g; = diag [FZ—aZ’rz_az’q

Parameters S, p/, ) for cloak in original medium, g’ = g:

S/—1 Ui klsl—1 — M dia r (r2 - 32)3/2 \% r2 _aZ
/'j p kg m g ma r I r
2 _ o2
N = r-a K
r
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Cylindrical acoustic cloak

Original medium and coordinate transformation

CH =rslgh  pi=Ms] F=vVrP+a 0G=0 z=z
Intertial cloaking limit

. _ . 7-2 _
g; = diag [1,r2,1] = gj = diag [Fz_az,rz—az,q

Parameters S', p’, \' for cloak in original medium, g’ = g:

S =gV =diag[1,r 2,1  D;S" = 0 automatically

2 3/2 2 ;2
0 . (7 = &) r2—a
PJ—Md'agl s r3 o ]
N = r2_32ﬁ
r
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Cylindrical acoustic cloak

Original medium and coordinate transformation

CH =rslgh  pi=Ms] F=vVrP+a 0G=0 z=z
Isotropic mass density limit

72
gj = diag [1,r2,1] = g =diag [fzr_az’?z_az’q

Parameters S', p/, )\ for cloak in original medium, g’ = g:
p/ij _ p/(;][

&=l = \/Mdiag vr r(r2 — a2)3/2 47”"2_32
N K R
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Cylindrical acoustic cloak

Original medium and coordinate transformation

CH =rslgh  pi=Ms] F=vVrP+a 0G=0 z=z
Isotropic mass density limit

72
gj = diag [1,r2,1] = g =diag [fzr_az’?z_az’q

Parameters S', p/, )\ for cloak in original medium, g’ = g:

&=l = \/Mdiag vr r(r2 — a2)3/2 47”’2_32
N A K =r TV

D;S" =0  additional condition, DEQ in p’

a : .
= p =cMy/1— = c intergration constant
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@ TA beyond pentamodes
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Wave equation in eigentensor decomposition

Recall the decomposition

6
ikl mj okl
IJ = Oim Z )‘JSJ]SJ
J=1

In the momentum balance equation

Imperial College
London
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Wave equation in eigentensor decomposition

Recall the decomposition

6
ikl mj okl
IJ = Oim Z )‘JSJ]SJ
J=1

In the momentum balance equation

K [k
Dyoi* = gjipku
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Wave equation in eigentensor decomposition

Recall the decomposition

6
ikl mj okl
IJ = Gim Z )\JSJJSJ
J=1

In the momentum balance equation

6
Dx (Qi/ > AsSlfsy ") emn = i kU
J—

Imperial College
London
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Wave equation in eigentensor decomposition

Recall the decomposition

6
7= gim > _ AS)"SY
J=1
In the momentum balance equation with p; = —A\;S7"emn

6
—Dy <gil > s PJ) = gjip kU

J=1

Imperial College
London
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Wave equation in eigentensor decomposition

Recall the decomposition
. 6 .
7= gim > _ AS)"SY
J=1
In the momentum balance equation with p; = —X;S7"emn

6
— Dy <gil > sk PJ) = gjp/ kU
J=1
Wave equation can be rewritten as coupled DEQ’s in scalars of p,

Bre=>" M (DSl —dic) oy’ (5D +15)
J

with j"l = Dkajj . Imperial College
London
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Transformation of generic wave equation

Start with wave equation

pK—ZAK( b= i) o' (S + 1) by

Imperial College
London
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Transformation of generic wave equation

Start with wave equation
Pr =Y Ak (DIS;j( —ﬂ() P! (SSID/ +ff7) Py -
J
Apply transformation x — X(x) and “remove” covariant derivatives

pK_zAK( 5,/G8 - iK)p,k (845, +75) po

Imperial College
London
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Transformation of generic wave equation

Start with wave equation
Pr =Y Ak (DIS;j( —/ﬁ() P! (SSID/ +ff7) Py
J
Apply transformation x — X(x) and “remove” covariant derivatives

pK_zAK( 5,/G8 - 7K>p,k (845, +75) po

Reinterpret in coordinates x’

Z\/» < Sk ﬂ(>\\/f§/k (SMD;WL!J)P

Imperial College
Favaro, McCall, Kinsler, Bergamin (Imperial)

London

Transformation Acoustics

ESTEC 32/35



TA rules for generic wave equation

Material parameters of TA medium (g’ = g)

6
CM = 3" X SkS'K K= \gAK
K=1
k - l g_. . —l' . o I g_- [ _l'
SIIKPZ/ 18 = \\/f; %Pkﬂ Sj /;é( 02/13/‘11 = gh’?%ﬂ Sj
] L g_. - L i
ikl i = \\/f;/ﬁpk,‘/] DiS'k = ik
Imperial College
London
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TA rules for generic wave equation

Material parameters of TA medium (g’ = g)

6
CM = 3" XSSk o= Y9
P Vo
gk —1gil _ @-ik—qélj itk =1 gl _ @-k 515l
KPki NG| KPPk ©J K Py 9y \/ngPk/ J
ik 1—1a \/5_'k ——17/ D;S/I,]( :],/é

IK Py 1y = ﬁ/kal J

@ Equations are not algebraic
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TA rules for generic wave equation

Material parameters of TA medium (g’ = g)

6
CM = 3" XSSk o= Y9
P Vo
gk —1gil _ @-ik—qélj itk =1 gl _ @-k 515l
KPki NG| KPPk ©J K Py 9y \/ngPk/ J
ik 1—1a \/5_'k ——17/ D;S/I,]( :],/é

IK Py 1y = ﬁ/kal J

@ Equations are not algebraic
@ No guarantee that solutions can be found
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TA rules for generic wave equation

Material parameters of TA medium (g’ = g)

6
c'M = N\, S gk = Y95,
Kz:; V3
gk —1gil _ @-ik—qélj itk =1 gl _ @-k 515l
KPki NG| KPPk ©J K Py 9y \/ngPk/ J
ik 1—1a \/5_'k ——17/ D;S/I,]( :],/é

IK Py 1y = ﬁ/kal J

@ Equations are not algebraic
@ No guarantee that solutions can be found
@ Simplifications if (some) Sy
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TA rules for generic wave equation

Material parameters of TA medium (g’ = g)

6
CM = 3" XSS k=Y
K=1
SPTSE gS% Pu'S)
DSt =0

@ Equations are not algebraic
@ No guarantee that solutions can be found
@ Simplifications if (some) Sy

e obey D;ST=0=ji,=0
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TA rules for generic wave equation

Material parameters of TA medium (g’ = g)

6
vijkl }: 1 ol rkl ;o
C/ — )‘KSKSK

K=1

Ak

ala

Skrlg' Sy = gS% P'S)

S'xDiS'k = 8¢ ;DiSk

@ Equations are not algebraic

@ No guarantee that solutions can be found
@ Simplifications if (some) Sy

e obey D;S)=0=j,=0

e are invertible Imperial College
London

Favaro, McCall, Kinsler, Bergamin (Imperial)
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Outline

e Conclusions Imperial College
London
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Conclusions

Ray TA e Very general, applicable to (almost?) any
physical situation
@ Approximation, not wave exact
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Conclusions

Ray TA e Very general, applicable to (almost?) any
physical situation
@ Approximation, not wave exact
Inertial TA @ Mathematically the only “honest” TA scheme
@ Materials extremely restrictive (anisotropic fluids)
@ Anisotropic mass density indispensable
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Conclusions

Ray TA

Inertial TA

Pentamode TA

@ Very general, applicable to (almost?) any
physical situation

@ Approximation, not wave exact

@ Mathematically the only “honest” TA scheme

@ Materials extremely restrictive (anisotropic fluids)

@ Anisotropic mass density indispensable

@ Material parameters not obtained automatically

@ Material equations not algebraic

@ Special class of media (pentamodes, five “easy
modes”)

@ Realistic examples (with isotropic mass)
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Conclusions

Ray TA

Inertial TA

Pentamode TA

Generic TA

Very general, applicable to (almost?) any
physical situation

Approximation, not wave exact

Mathematically the only “honest” TA scheme
Materials extremely restrictive (anisotropic fluids)
Anisotropic mass density indispensable

Material parameters not obtained automatically
Material equations not algebraic

Special class of media (pentamodes, five “easy
modes”)

Realistic examples (with isotropic mass)

Generic wave equation becomes coupled DEQs
of scalars

Material equations in general extremely
Complicated Imperial College
No solution guaranteed London
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