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SHORT VERSION (LESS THAN A MINUT

We study the quantum dynamics of a supersymmetric “squashed three-sphere” by dimension-
ally reducing (to one timelike dimension) the action of D = 4 simple supergravity for an
SO(3)-homogeneous (Bianchi IX) cosmological model.

The quantization of the homogeneous gravitino field leads to a 64-dimensional fermionic
Hilbert space.

The algebra of the supersymmetry and the Hamiltonian constraints is found to close.

The quantum Hamiltonian is built from operators that generate a 64-dimensional repre-
sentation of the (infinite-dimensional) maximally compact sub-algebra of the rank-3 hyperbolic
Kac-Moody algebra AE3. Some exponentials of these operators generate a spinorial extension
of the Weyl group of AE3 which describe (in the small wavelength limit) the chaotic quantum
evolution of the Universe near the cosmological singularity.

The fine structure of the dynamic on the Hilbert space is obtained : solutions split be-
tween discrete and continuous modes (depending on arbitrary constants or functions)

Part of the wave function may avoid the cosmological singularity.
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PLAN

© HIDDEN SYMMETRIES— COSET MODEL

9 MINISUPERSPACE MODEL
@ The model
@ Bosonic Degrees of Freedom
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9 QUANTUM MINISUPERSPACE
@ Quantization
@ Constraint algebra
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@ Explicit Equations and Solutions

© CoNCLUSIONS
@ About hidden symmetries
@ Some original features
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Eiy (OR AE,) SEEMS TO BE HIDDEN IN (SUPER)GRAVITY

T. Damour and M. Henneaux, Phys. Rev. Lett. 86, 4749 (2001),

T. Damour, M. Henneaux, B. Julia and H. Nicolai, Phys. Lett. B 509, 323 (2001),

T. Damour, M. Henneaux and H. Nicolai, Phys. Rev. Lett. 89, 221601 (2002),

T. Damour, A. Kleinschmidt and H. Nicolai, Phys. Lett. B 634, 319 (2006),

S. de Buyl, M. Henneaux and L. Paulot, JHEP 0602, 056 (2006), T. Damour, A. Kleinschmidt
and H. Nicolai, JHEP 0608, 046 (2006), ...

[first conjectured by Julia *82; related conjectures Ganor 99, "04; West (E;;) 01]

Lead to Gravity/Coset conjecture (DHN, 2002) J

‘Duality’ between D = 11 supergravity (or, hopefully, M-theory) and the (quantum) dynamics
of a massless spinning particle on Ejo/K(E10) J
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KAC-MOODY ALGEBRAS (IN VERY, VERY BRIEF)

Generalized Cartan matrix :

(Ai))=2,A;;€Z ifi#j , Ai;j=0iffAji=0,A=DS

with D diagonal positive and S symmetric.

Chevaley—Serre presentation :

hiy hi) = 0 [hiy ej) = Aijej (no sum.) , hi ] = —Aij f; , lei f] = 8ij by, ade, " (e;) = 0

S positive corresponds to finite dimensionnal semi-simple Lie algebras.

2 =2 0 o o o
AE3: -2 2 -1 1 2 3
0o -1 2

Level decomposition: o« = € o) + ma 2 + m3 o3
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KAC-MOODY ALGEBRAS (IN VERY, VERY BRIEF)

Chevalley involution :

wle)=—fi , wfi)=—e , wh)=—h

”Maximally compact” sub-algebra :

w(x)=x , generated by x;=e; —f;

Coset element

mult( o)

10
V=expl) B'Halexpl ) D  VasES € Ewo/K(En)

a=1 xeAT  s=1

ywl=P+9 Q€ K(Ew) , PEEoOK(En)

h=pH , a=mc' , hEY]=«mEY | «h)=no(h) =nA;p

P=(V V*I)Sy’"l : coset velocity
Q = (VY )amtism . “K”_angular velocity
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GRAVITY/COSET CORRESPONDENCE

E1o : Damour, Henneaux, Nicolai '02; related: Ganor '99 '04; E|; : West '01, de Buyl,
Hennaux, Paulot 06, Damour, Hillmann '09

STOSET = [ar{ 1~ (P(1), P(1))
Guv (1,X), Ay (1, %), e (1, X L vs“") ’
u( ) u?\( )11’»( ) _%( ()|D ())VS }
Height Expansion
Sy = fd“{E (G) in Kac-Moody Algebra
_E
s (@A) (P(0), P(1) =0
Gradient Expansion (BKL) _ A
(~ Small Tension Expansion: 0/P(r) = [QU), P(A)] , 3¥(r) = Q"¥(r)
o’ — 00)

Q1) o cosh ' 2VE(t — 1)1

ok ok akm < ak1+k2+...+k10
1
X

1 Sa ha
EGabBHB” y Joc :E(X _E—(x

V. A. Belinsky, I. M. Khalatnikov and E. M. Lifshitz, Adv. Phys. 19, 525 (1970).
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GRAVITY/COSET CORRESPONDENCE

Near a spacelike singularity

R << 03

SUGRA regime

G (x%), Wy(x®)

R>> 6

COSET regime

== - — Eo/KI[E 0]

Singularity
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A CONCRETE CA TUDY

T. Damour, Ph. S.

,arXiv : 1304.6381, Class. Quantum Grav. 30 (2013) 162001,

1406.1309, Quantum Supersymmetric Bianchi IX Cosmology

e Quantum dynamics of a supersymmetric triaxially squashed three-sphere J

time

®
=
@™
€’

A © BIG BANG (or BIG CRUNCH)

Evolution of the eigendirections
of the curvature tensor.

Notice that the space remains
homogeneous, it just loses its
isotropy
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SUPERGRAVITY LAGRANGIAN

o Rarita-Schwinger Lagrangian

1 _
Lgs = — 3 PV ysys Dy s

e Einstein-Hilbert Lagrangian
Ley = ﬁ\/@R = —ée“w’“e&ﬁ?gegeiRaﬁw(w)
e Connexion with torsion
Wapy = &&@u + Kapu
2
Kapo = Kapu 05 = KZ (Wpyaby —bayabs +bavsba)

e Total Lagrangian

10 0 1 & 1 &By
£Tut:9 §R+L3/2 +§T T&—ET T?ga 32 ‘xg?
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MINISUPERSPACE

Technically: Reduction to one, time-like, dimension of the action of D = 4 simple supergravity

built on an SO(3)-homogeneous (Bianchi IX) cosmological model

Quvdx®dx’ = —N*(0)df + gap (1) (T*(x) + N“(1)dr) (7" (x) + N°(1)dr)

T¢: left-invariant one-forms on SU(2) = §3 : dt* = % e AT
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DYNAMICAL DEGREES OF FREEDOM

e Gauss-decomposition of the metric:

3
8be :Ze—Z[S Sab((Ph(PZa(p3)Sac((Pla(P2)(p3)

a=1
Six metric degrees of freedom :
cologarithms of the squashing parameters of the 3-sphere
B = (B'(1, B*(1), (1)
and three Euler angles:
@0 = (@1(1), @2(1), @3(1))
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FERMIONIC DEGREES OF FREEDOM

Gravitino components (q)}) in specific gauge-fixed orthonormal frame o canonically associ-
ated to the Gauss-decomposition :

0" =N(ndr, 8" = > e P87, (@c (1)) (x (x) + N (r)dr)
b

After a suitable redefinition of the gravitino field :

e 3 X 4 dynamical gravitino components @} := (yﬁgill)a)A, a=1,2,3;A=1,2,3,4
so that g% J)ayaaglj); = Gy O O°

e and four Lagrange multipliers : W/ := g# ()0 — >, Y P

a
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SUPERSYMMETRIC ACTION (FIRST ORDER FORM)

i

Szjdt [na B + poa 87 + 5

G @4 Df + W Sy — NH — N"Ha}

G Lorentzian-signature quadratic form:

2
Gudp®dp’ =) (dp") — (Z dB")

a

G defines the kinetic terms of the gravitino, as well as those of the 3¢’s:

1 ha b
EGabB f’

Lagrange multipliers imply constraints : Sy ~ 0, H ~ 0, H, ~ 0 J
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QUANTIZATION (A PEDAGOGICAL DIGRESSION)

Suppose to have a fermionic Lagrangian : £r = 1AM g with ~ M** = +M™
We obtain constraints X linking the ¢4 variables and their conjugate momenta "

of i OLr _ L pam {@°, da} = —84 &= @ 4 L pam®
a(i)B ) A y y PA A y . 2 A

1 1 1
0 = (@, S okM* )+ {5 0xM™, @) = —= (M + ™) = M

Assuming M“? invertible, the Dirac bracket reads
{ ) }D = { ) } - { )XA}(_)MAB{XB) }

and
{da, Pl = {da, X Mii{X", b5} = +Mas {®a, s} = +iMus

It is the matrix Mag (not necessarily positive defined) that defines the scalar product in the
Hilbert space on which the operators representing the quantum fields act.
Conjugaison has to be reconsidered :

(ulOplv)y =@ h Opv = (ulOp*|v), = Op W hy= ﬁTﬁpThv

= opt=h'op'h
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QUANTIZATION

e Bosonic dof:

e Fermionic dof:

Q4 Db + Db DY = G” b5

This is the Clifford algebra Spin (8",47) )

e The wave function of the Universe W (B¢, 0“) is a 64-dimensional spinor of Spin (8,4) and
the gravitino operators @} are 64 x 64 “gamma matrices” acting on ¥y, 0 = 1,...,64.
Hermiticity (1) is defined by use of b = ToTyol Ty = A~ - W = pWip.
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DIRAC QUANTIZATION OF THE CONSTRAINTS

Y=Y[p ], SG¥Y=0, HY=0, HY=0

Diffeomorphism constraints & pee« ¥ = —i Y=0

0
GOk

S-wave function W(3“) submitted to constraints

Sa(7, B, ®)W(B) =0, H(R,B,D)Y(B) =0

Ty = —i 537 = 4 X 64 + 64 PDE’s for the 64 functions Yo (', p%, B°)

Heavily overdetermined system of PDE’s
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EXPLICIT FORM OF THE SUSY CONSTRAINTS

S _ 1 = a 1 —2B% (.5 ma
Sa = —E;ﬂaCDA—i—E;e (v’ ®%)a
1 = ~ ~ oS
-3 coth B12(Si2 (v @")a + (v @), S12)

1 o
+  cyclic ;53 + E(Sf;“bw + Sj“b'”)

where v° = Y912 g, = gl — p2, 2 = d' — @2, J
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EXPLICIT FORM OF THE SUSY CONSTRAINTS

Seubic 1 o 0w 00 1 . DE a9y
S = ) W' ¥y ¥ -2} (%' ¥y
a a,b

1 =
+ 3 ) WY+ ),

where V5, = y5(®] + @? 4+ @3),
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(OPEN) SUPERALGEBRA SATISFIED BY THE S4°S AND H

This unique, hermitian ordering of S4 defines a unique Hamiltonian, such that : J
~ C— ~ ~ 1~
SASB+SBSA:4lZL§B([5)Sc+EH5AB J

c
(53, H) = M 5 + NaH J
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KAC-MOODY STRUCTURES HIDDEN IN THE QUANTUM

HAMILTONIAN

2H =GR, +iAd) (T +iAp) + T2+ W(B), J

G ¢ metric in Cartan subalgebra of AE3

Ay =0, ln[e4 B (sinh 12 sinh 23 sinh 3;)" % pure gauge vector potential J
W(B) = We™(B) + W™ (B) + Waym(B) J

0S 1 _ = :
W; (B) = 5 e L —e 2(p+%) + cyclic, ,; J
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KAC-MOODY STRUCTURES HIDDEN IN THE QUANTUM

HAMILTONIAN

WB,®) = e P (D) + e 2Py (D)
+ e RPTL(D).

Linear forms o, (B) = B* + B” & six level-1 roots of AE;

WSS)I')rlrlll(B) = 2 s1nh2 ocsym( [3) + CyC11C123 )

1 (S2(®)2 -1 : J

Linear forms o3" (B) = B' — B2, o3 (B) = B> — B>, o™ (B) = B* — B' & three level-0
roots of AE3
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SPIN DEPENDENT (CLIFFORD) OPERATORS COUPLED TO
AE;3 ROOTS

7n(®) = L @'y BAd + 62 + %) + 2P §7).

) \

° 3’12, §23, §31,f 11,722, 733 generate (via commutators) a 64-dimensional representation of the
(infinite-dimensional) “maximally compact” sub-algebra K (AE3) C AEs. [The fixed set of the
(linear) Chevalley involution, w(e;) = —f;, w(f;) = —ei, w(h;) = —h;, which is generated by
Xi = €; —f;]

”
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Ph. S. (Umons)

Lorentzian structure of the 3-space.
B := B! + p* + B3 play the role of time

Symmetry walls sinh (B — p/) :
B —p>=0,p—p’=0,p—p' =0

Gravitational walls exp(—2 B):
Bl =0, BZZO, [33 =0
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BI-COMPLEX

{D) D + D Di} = G'Sapldes
p=0ot+idt | p=0t-—id}
Bo=ot—iot | B =0i+id}
(B, BL) =2 G 80 Ides

i 1 m m 1 m
Se = Eaﬁkblé + 0 b + S 1iam BE" + pumCE" + = Viam D

2 2
where
B = BLBLB - G" B+ G
c" o= by b — G B
D" = b b B

and all the tensor components are purely imaginary (as they must be to insure hermiticity of
the operators ).

Fermion number operator : Ny := G b’ + Gupb® b? = gG,,,E“ym@b +3=Cr+3 J
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SOLUTIONS OF SU CONSTRAINTS

Overdetermined system of 4 x 64 Dirac-like equations

§Aw=<i®;‘; 0

5 aﬁa+...)1y=o

Space of solutions splits according to the fermion number Nr = Cr + 3)

Depending on the fermion number there exist “discrete states” and “continuous states”
(parametrized by initial data involving arbitrary functions, at Cr = —1,0,41) J

Ph. S. (Umons) Mini-Superspace Sugra Quantization July 2014 26/?



BI-COMPLEX

The wave function we are looking for are solutions of :

Se¥=0=8.¥ J
There is a unique lower state :
BYo=0 , Ne¥o=0 , SeNe=0Nr—1)Se , 8ScNr=(Nr+1)8. J

> Level 0: W (1)
> Level 1: {b%, b' Wy (2 x 3)

> Level 2: (55", BB, 55" | BB W, (6+3+3+3)

> Level 3: {1e BBt B, B B2 0, Le' BB B, Wo,2 x (3414 6)
> Level4:... (15

> Level5:... (6)

> Level 6: b b2 5% b b* B> W, (1)
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EXPLICIT EQUATIONS AND SOLUTIONS

With x == ?P1| y = ¢?P2 7:= P35 .

> Level0:
205, — dif =0
11 3yx—z)+zlx—y) ,
d)k__l{i_ﬂ_g—(x—y)(x—z) ,cycllcperm.}
f=hEpl-3 (1 + Ny D (-3 - e — )
Xy z

Differs from previously obtained solutions by the factors vanishing on the symmetry walls
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EXPLICIT EQUATIONS AND SOLUTIONS

> Level 1: ¥V =05V,
i k k
S¥Y=0& Eaﬁkfe + orfe =0

Vg Jm =0
S¥=0& (%aﬁ[kfz]e‘f'(f’[k T — 2 P fm =0)
508+ Pufit —2Pu"fr =0
fE =1y —2), ¥z —x), z(x — y)}
with SRR

SO =f5 Epl5 (S + =+ 200y F (=) - —0)
x y Z

Two-dimensionnal space of solutions

Previous works concluded to the absence of states with odd fermion numbers
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EXPLICIT EQUATIONS AND SOLUTIONS

> Level 2: W = L5 BB, Wo  with £, = —£5°)

2/rq “Jgp

S _— o %aﬁkaPf;ﬁe + (Pkf}fy;e _ H'klnf}cel,e _ ykl kfle,fe =0
€ éaﬁkapfperZ_e 4 (pkf}{e’;—e ) pklnf}cel,—e =0

(106,55 + PufSS + 2, f5] €77 =0

SY=0& %aﬁ“fﬂef}_e + Qufy, C — s g — 20y \q\sfneéfe =0
0B Bty TS AP ST 2V, i =0
Vs =0

Equations for the f,7,° and f,;, € components decouple.
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EXPLICIT EQUATIONS AND SOLUTIONS

» Level 2 : three discrete modes (e = =)
2565555 = [ 2xy—yz—x2) +xyz, cyclic perm.}
with
ce 1.1 1 1 _3/4 —~1/8 —1/8 —1/8
f =Exp[—§(; + 5 + 2)](xyz) x=y)""x=2) "ly—2)
(-2 +ealy-97")
(i fasfant =f{2(xy—yz—xz) + xyz, cyclic perm.}
_ 1.1 1 1 _ _ _
[T =GBl + 5+ ey = —De—x)"" (x—y)"?
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EXPLICIT EQUATIONS AND SOLUTIONS

» Level 2 : The six modesf&ﬁz: ki1 are propagating modes
They obey Maxwell-like equations :

Sk~0 - %a”kpa O kpa — 20" kg =0

1
dk~0 fﬁ[akb]c—cb[akb]c—f—uab”kpt+2p[

) pkb]p=0

alcl
Their compatibility is guaranteed by “Bianchi” identities : d> = 0 = &°.
These equations split into :

e five constraint equations (no “time derivative”)

o six evolution equations (with respect to the “time” p° = B! + B2 + p*
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EXPLICIT EQUATIONS AND SOLUTIONS

The general solution is parametrized by two arbitrary functions of two variables (leaving in a
plane ° = Cte) from which we compute (via an Euler-Darboux-Poisson equation) the Cauchy
data for the six k., which then propagate thanks to the six evolution equations : 9o ksp = ... .

They also may be described as modes superposition: far from the walls (in terms of plane
waves), or when bouncing on a wall, far from the corners (in terms of special functions of
Legendre or Kummer).

»> Level 3 : A similar anzily§is~can be done. The 20 components of
Y= %/ Y e 3 Mg Beblh, + 3h5, ,b” b b split into 10 +10 that decouple.

Defining the dual components h°,;, = in,” %k, ;, all modes may be expressed in terms
of K€, p -
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HILBERT SPACE STRUCTURE

The solution space diamond :

CF

o 3

000000 2
0000000000000 00 1
e000000000 0000000000 0
©@00000000000000 -1
000000 -2

(e} '3

dim

1

6
15
20=(3+1+6)+(3+1+6)
15=6+3+3+3

6=3+3
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QUANTUM SUPERSYMMETRIC BILLIARD

Sharp wall approximation : exp[—2 w()] — coB[—w(p)]
coth®[w(B)] — 8[w(B)] ~ coB[—w(B)]

A

I I 4

Gravitational wall

|

I I
Symmetry wall

Y
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QUANTUM SUPERSYMMETRIC BILLIARD

The spinorial wave function of the Universe W([3“) propagates within the (various) Weyl cham-
ber(s) and “reflects” on the walls (= simple roots of AE3). In the small-wavelength limit, the

“reflection operators” define a spinorial extension of the Weyl group of AE3 (Damour, Hillmann
’09) defined within some subspaces of Spin(8,4)

Re; = exp (—i g Eaij\oci)
Withf“i = {3}3,321,?11} and /E\%x,- =1Id
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THE “SQUARED-MASS” QUARTIC OPERATOR [i? IN H

In the middle of the Weyl chamber (far from all the hyperplanes o; () = 0):
2H~ 7+ ﬁz
where i* ~ Y o* gathers many complicated quartic-in-fermions terms (including Zgﬁb and

the infamous 1* terms of supergravity).
v

Remarkable Kac-Moody-related facts:
e [i2 € Center of the algebra generated by the K(AE3) generators Sy, Jaup

o [1% is ~ the square of a very simple operator € Center

AL A~

where Cr := % Gabga vi3 @b,
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THE “SQUARED-MASS” QUARTIC OPERATOR [i* IN H

T~ 59 3 1
T N J

"3

Spacelike trajectories : bounce before reaching the singularity!
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CONCLUSIONS

e The case studied of the quantum dynamics of a triaxially squashed 3-sphere (Bianchi IX
model) in (simple, D = 4) supergravity confirms the hidden presence of hyperbolic Kac-Moody
structures in supergravity. [Here, AE3 and K(AE3)]

o The wave function of the Universe W(B', %, B?) is a 64-dimensional spinor of Spin(8,4)
which satisfies Dirac-like, and Klein-Gordon-like, wave equations describing the propagation of
a “quantum spinning particle” reflecting off spin-dependent potential walls which are built from
quantum operators Slz, S23, S31, i 11,]22,]33 that generate a 64-dim representation of K(AE3).
The squared-mass term [i° in the KG equation belongs to the center of this algebra.

o This result might help in clarifying the extent to which the gravity/coset correspondence holds
(here for the coset AE3 /K (AE3), and more interestingly for E1o/K (E)o)).
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CONCLUSIONS

We recover, in the framework of simple (D=4) supergravity, elements of the hidden hyperbolic

Kac—Moody structures.
o

Our dynamical model differs significantly from those obtained in previous works. We obtain
modes for all values of Nr (all previous works agreed on the inexistence of solutions for odd
values of Np).

o

P. D. D’Eath, S. W. Hawking and O. Obregon, Phys. Lett. B 300, 44 (1993).
P. D. D’Eath, Phys. Rev. D 48, 713 (1993).

A. Csordas and R. Graham, Phys. Rev. Lett. 74, 4129 (1995).

A. Csordas and R. Graham, Phys. Lett. B 373, 51 (1996).

0. Obregon and C. Ramirez, Phys. Rev. D 57, 1015 (1998).

In the short wave limit (wave packets), some components of the wave function of the Universe
behave like tachyonic particle. They may “bounce near the past”, and thus escape from the
singularity.
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