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Solutions in Advanced Statistical Physics

Solution 1: The Langmuir lattice gas

a.) isothermal compressibility

P (N,V ) =

(
V

N

)

ρN (1− ρ)V−N → 〈N〉 = V ρ, 〈(N − 〈N〉)2〉 = V ρ(1− ρ) ≡ (∆N)2

Hence

κT = βV (∆N)2/N2 = β

(
V

N

)2

ρ(1− ρ) ρ¿1−→ β
V

N
=

1

P
.

Ideal gas : PV = NkT → κT = − 1

V

(
∂V

∂P

)

T

=
N

V

kT

P 2
=

1

P

b.) Poisson distribution

P (N + 1, V )

P (N,V )
=

V ρ

N + 1

1− N
V

1− ρ →
V ρ

N + 1
.

Hence P (N + 1, V ) =
V ρ

N + 1
P (N,V ) = · · · = (V ρ)N+1

(N + 1)!
P (0, V ). By normalization,

P (0, V ) = e−V ρ.

c.) Using Stirling’s formular N ! ≈ NNe−N
√
2πN ,

P (N,V ) ∼ exp [V lnV − (V −N) ln(V −N)−N lnN +N ln ρ+ (V −N) ln(1− ρ)]

= exp

[

−V
(

(1− n) ln 1− n
1− ρ + n ln

n

ρ

)]

= exp[−V sρ(n)]

The maximum of sρ(n) occurs at n = ρ because

dsρ(n)

dn
= ln

(
n(1− ρ)
ρ(1− n)

)

,
d2sρ(n)

dn2
=

1

n(1− n) > 0

Hence around n ' ρ, sρ(n) '
1

2

(n− ρ)2
ρ(1− ρ) and P (N,V ) ∼

√
V√

2πρ(1−ρ)
exp(−V

2
(n−ρ)2
ρ(1−ρ) )



Solution 2: Shannon entropy

a.) canonical and grandcanonical distribution

Constraint
∑

s

P (s) = 1,
∑

s

E(s)P (s) = 〈E〉,
∑

s

N (s)P (s) = 〈N〉. Let λ1, λ2, and

λ3 be the Lagrange multipliers for the corresponding constraint and let

ψ[P (s)] =− k
∑

s

P (s)(lnP (s) − 1) + λ1

(

1−
∑

s

P (s)

)

+ λ2

(

〈E〉 −
∑

s

E(s)P (s)

)

− λ3
(

〈N〉 −
∑

s

N (s)P (s)

)

.

Then to maximize the entropy is equivalent to maximize ψ.

∂ψ

∂P (s)
= 0→ P (s) = exp

(

−λ1
k
− λ2

k
E(s) +

λ3
k
N (s)

)

From three constraints, λ1, λ2, and λ3 are calculated. Actually, λ2 =
∂ψ

∂〈E〉 =
1

T
,

λ3 = − ∂ψ

∂〈N〉 =
µ

T
, and λ1 = k ln y. Since

∂2S

∂P (s)2
= −1/P (s) < 0, the extremum is

maximum.

b) Three properties

i) is clear from the above derivation.

Alternative)

Let ϕ(x) = x lnx. Since ϕ(x) is a convex function, ϕ

(

1

Ω

Ω∑

k=1

ak

)

≤ 1

Ω

Ω∑

k=1

ϕ(ak) for

positive ak’s. If ak = pk

(
Ω∑

k=1

pk = 1

)

,

ϕ(1/Ω) = − lnΩ/Ω ≤ 1

Ω

Ω∑

k=1

pk ln pk.→ S[P (s)] ≤ S[P (s) = 1/Ω] = lnΩ

ii) trivial

iii) Let s0 = 0, sK = Ω.

S[P (s)] = −k
K∑

r=1

P̄r

sr∑

q=sr−1+1

P (q)

P̄r
lnP (q), S[P̄ (r)] = −k

K∑

r=1

P̄r

sr∑

q=sr−1+1

P (q)

P̄r
ln P̄r

⇒ S[P (s)]− S[P̄ (r)] = −k
K∑

r=1

P̄r

sr∑

q=sr−1+1

P (q)

P̄r
ln
P (q)

P̄r
=

K∑

r=1

P̄rS[P (s|r)].



c) uniqueness theorem

Let f(Ω) ≡ SΩ
(
1

Ω
, . . . ,

1

Ω

)

. Since

SΩ

(
1

Ω− 1
, . . . ,

1

Ω− 1
, 0

)

< SΩ

(
1

Ω
, . . . ,

1

Ω

)

= f(Ω) [by property i)],

SΩ

(
1

Ω− 1
, . . . ,

1

Ω− 1
, 0

)

= SΩ−1

(
1

Ω− 1
, . . . ,

1

Ω− 1

)

= f(Ω− 1) [by property ii)],

f(Ω) is an increasing function (f(Ω − 1) < f(Ω)). Let Ω = LM with integers L and

M . From property iii),

SΩ

(

Ω
︷ ︸︸ ︷

1

Ω
, . . . ,

1

Ω
︸ ︷︷ ︸

L

, . . . ,
1

Ω
, . . . ,

1

Ω
︸ ︷︷ ︸

L

)

= SM

(
1

M
, . . . ,

1

M

)

+M · 1

M
SL

(
1

L
, . . . ,

1

L

)

,

that is, f(LM) = f(L) + f(M). Hence f(Ω) = c ln(Ω) with c positive. Now go back to

the original problem. Let Pi =
qi
N

with (arbitrary) positive integers qi and N . ¿From

normalization,
Ω∑

i=1

qi = N . By property iii),

f(N) = SN

(

N
︷ ︸︸ ︷

1

N
, . . . ,

1

N
︸ ︷︷ ︸

q1

,
1

N
, . . . ,

1

N
︸ ︷︷ ︸

q2

, . . . ,
1

N
, . . . ,

1

N
︸ ︷︷ ︸

qΩ

)

= S(P1, . . . , PΩ) +
Ω∑

i=1

Pif(qi).

Hence

S(P1, . . . , PΩ) =
∑

i

Pi(f(N)− f(qi)) =
∑

i

Pic ln (N/qi) = −c
∑

i

Pi lnPi.

Since S is supposed to be continuous, the above relation should be true for all real

numbers.

Solution 3: Irreversibility of diffusion

∂

∂t
S[P ] = −k

∫

d~r (lnP + 1)
dP

dt
= −Dk

∫

d~r (lnP + 1)∇2P = Dk

∫

d~r
(∇P )2
P

> 0

Solution 4: Entropic elasticity

a) entropy

Let m be the number of steps to the right → m =
N

2
+
R

2`
.

Ω(R) =

(
N

m

)

→ S = k lnΩ(R) ' −kN
(
1 + x

2
ln

1 + x

2
+

1− x
2

ln
1− x
2

)

' −kN
(
x2

2
− ln 2

)

,



where x =
R

`N
.

b) tension

f = −T ∂S
∂R

= − T

`N
(−kNx) = kT

`
x

spring constant ∝ T . x ∝ 1/T for fixed f . For ideal gas, V ∝ T for fixed pressure.

Solution 5: Generating functions, cumulants, and the central limit theorem

a.) Generating functions for some distributions

ϕG(k) = e−k
2/2, ϕC(k) = e−|k|, ϕB(k) =

(

1 + ρ(eik − 1)
)N

, ϕP (k) = exp
(

λ(eik − 1)
)

ϕB(k) =
(

1 + ρ(eik − 1)
)N
→ exp

(

λ(eik − 1)
)

= ϕP (k)

b.) moment

The proof is rather trivial. The Cauchy distribution has a singularity at k = 0, which

means that the first moment (or average) is ill-defined. One may be tempted to say

that the average is 0 because the Cauchy distribution is even. However, this is of no

use not only because of the generating function and but also because of the law of large

numbers; see Sol. 5-d.).

c.) cumulant

Since ϕ = eχ,

dϕ

dk
=
dχ

dk
ϕ→ dnϕ

dkn
=

n−1∑

p=0

(
n− 1

p

)(
d

dk

)p+1

χ

(
d

dk

)n−1−p
ϕ.

Now put k = 0, then we get

mn =
n−1∑

p=0

(
n− 1

p

)

κp+1mn−1−p = κn+
n−2∑

p=0

(
n− 1

p

)

κp+1mn−1−p = κn+
n−1∑

p=1

(
n− 1

p− 1

)

κpmn−p

κ1 = m1, m1 = κ1,

κ2 = m2 −m2
1, m2 = κ2 + κ21,

κ3 = m3 − 3m2m
2
1 + 2m3

1, m3 = κ3 + 3κ2κ1 + κ31,

κ4 = m4 − 4m3m1 − 3m2
2 + 12m2

1m2 − 6m4
1 m4 = κ4 + 4κ3κ1 + 3κ22 + 6κ2κ

2
1 + κ41.

d.) central Limit theorem

Since
〈

exp

(

ik
Xi − µ√
Nσ

)〉

= exp

(

−i kµ√
Nσ

)

ϕ

(
k√
Nσ

)

=

(

1− i kµ√
Nσ
− 1

2

k2µ2

Nσ2

)(

1 + i
kµ√
Nσ
− 1

2

k2(σ2 + µ2)

Nσ2

)

+ o

(
k2

2N

)

= 1− k2

2N
+ o

(
k2

2N

)



and all Xi are independent, we can obtain that

〈eikSN 〉 =
(

1− k2

2N
+ o

(
k2

2N

))N

→ e−k
2/2.

cf.) Law of large numbers.

If N is sufficiently large and µ is finite, SN =
X1 + · · ·+XN

N
→ µ with probability 1.

〈

exp

(

ik
Xi

N

)〉

= 1 + iµ
k

N
+ o(k/N)⇒

〈

eikSN

〉

→ eikµ.

For Cauchy distribution, 〈eikSN 〉 = e−|k| regardless of N . Hence, it is better to say that

the Cauchy distribution does not have a mean.

Solution 6: A Lévy flight on living polymers

p(r) =

∫

dlP (l)
1

√

4πD(l)τ ∗
exp

(

− r2

4D(l)τ∗

)

=
1√
πD∗

∫ ∞

0
dyy(α+2)/2 exp

(

− r2

D∗
yα − y

)

,

where D∗ = 4D0τ
∗lαDl

−α
0 . If 〈r2〉 is finite, a tracer particle moves diffusively thanks to the

central limit theorem.

〈r2〉 = 2πτ∗
∫

D(l)P (l) ∝
∫ ∞

0
dyy1−αe−y =







finite if α < 2,

∞ if α ≥ 2.

To understand the superdiffusive motion, let us find out the asymptotic behavior of p(r)

when r À 1. Let Aα−1 = r2/D∗ and set Ay = z, then

p(r) ∝ A−(α+4)/2
∫ ∞

0
dzz(α+2)/2 exp

(

− 1

A
(zα + z)

)

.

Since A is very large, the main contribution of the above integral happens when z ≤ z0 where
z0 is the solution of the equation

1

A
(zα0 + z0) = 1. Since α ≥ 2, z0 ' A1/α approximately.

Hence

p(r) ∼ A−(α+4)/2
∫ z0

0
dzz(α+2)/2 ∝ A−(α+4)/2A(α+4)/(2α) =

(

A−(α−1)
)(α+4)/(2α)

∝ r−(α+4)/α.

The largest step size among N iid steps can be calculated as

N

∫ ∞

rM

p(r)dr = 1⇒ r2M ∼ Nα/2.


