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1.1. Electrons in Electrons in threethree dimensionsdimensions

NonNon--interacting electronsinteracting electrons:    mass :    mass mm,  mean spacing ,  mean spacing aa,  Planck’s constant ,  Planck’s constant ~~

→→ energy scale           energy scale           ~~22/ma/ma22∼∼ EEFF

T <<  ET <<  EFF:: PauliPauli principle determines pressure   principle determines pressure   →→ p p ∼∼ ~~22/ma/mad+2d+2

CompressibilityCompressibility**:: κκ ==-- aa--2d 2d ∂∂ lnln V/V/∂∂ p  p  ∼∼ 1/(E1/(EFFaadd))

Specific heat :Specific heat : CC∼∼ T/ET/EFF
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1.1. Electrons in three dimensionsElectrons in three dimensions
InteractingInteracting spinlessspinless electronselectrons:  :  

charge charge ee →→ strength of interaction  strength of interaction  ∼∼ (e(e22/a) / E/a) / EF F ∼∼ a/a/aaBB !!

but energy and momentum conservation reduce but energy and momentum conservation reduce phase spacephase space

⇒⇒ Landau’s Fermi fluid of quasiLandau’s Fermi fluid of quasi--particles particles 

with finite lifetime   with finite lifetime   ~~//ττ∼∼ EEFF(T/E(T/EFF))22

DisorderedDisordered spinlessspinless electronselectrons:  :  

Metal insulator transitionMetal insulator transition
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2. 2. Electrons in Electrons in oneone dimension dimension –– what is different?what is different?

x

a

Electrons cannot avoid each other Electrons cannot avoid each other →→ Landau’s picture breaks downLandau’s picture breaks down

⇒ ⇒ density wave excitations :  density wave excitations :  plasmonsplasmons

(a)    1D clean  wire:       (a)    1D clean  wire:       LuttingerLuttinger liquid                 G = liquid                 G = dJ/dVdJ/dV = = σσ/L = (K) /L = (K) ee22/h/h

(b)(b) +  +  single impurity :single impurity : K<1:  impurity relevant,        K<1:  impurity relevant,        →→ G G ∼ ∼ (max ((max (T, T, eeVV)) )) 2/K2/K--22
Kane & Fisher ’92, Kane & Fisher ’92, FurusakiFurusaki & & NagaosaNagaosa

’                                                               ’                                                               K>1:  impurity irrelevantK>1:  impurity irrelevant

K
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Venkataraman,
PRL (2006)

Voltage
Temperature

1a

I
T +

•• MoSeMoSe NanowiresNanowires

““Temperature” Exponent (a)  is Temperature” Exponent (a)  is 
close to “Voltage” Exponent (b)close to “Voltage” Exponent (b)

Agrees with the conventional 
“Luttinger-liquid” picture  with 

αα==ββ=2/K=2/K--22

J /TJ /Tαα+1+1 ∼∼ max ( V/T, Vmax ( V/T, Vββ+1+1/T/Tαα+1+1 ))

short wires (L ~ 1 μm):

3. 3. Electrons in one dimension: ExperimentsElectrons in one dimension: Experiments

JJ
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JJ∼∼ ee--(T(T00/T)/T)1/21/2

conductance

•Multiwall carbon nanotubes

3. 3. Electrons in one dimension: ExperimentsElectrons in one dimension: Experiments

1/T1/2
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J∼ e-(E0/E)1/2

Variable RangeVariable Range

3. 3. Electrons in one dimension: ExperimentsElectrons in one dimension: Experiments
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3. 3. Electrons in one dimension: ExperimentsElectrons in one dimension: Experiments

long wires: 10μm

1

,
,

a

b

T V V T
I

V V T+

⎧ <⎪= ⎨
>⎪⎩

•• Polymer Polymer nanofibersnanofibers

Aleshin et al.,
PRL (2004)

1a

I
T +

Voltage
Temperature

““temperature” exponent temperature” exponent exceedsexceeds
“voltage” exponent!“voltage” exponent!

1.5b =

2.8a =

Disagrees with the conventional   
Luttinger-liquid picture

J /TJ /Tαα+1+1 ∼∼ max ( V/T, Vmax ( V/T, Vββ+1+1/T/Tαα+1+1 ))

αα

ββ
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Observed PowerObserved Power--Law ExponentsLaw Exponents
Sample 1 2 3 4 5 6

α 2.8 5.5 7.2 5.6 5.0 4.1
β 1.5 3.8 4.7 1.0 1.1 1.8

L ~10 μm polymers
Aleshin et al.,
PRL (2004)

Sample 1 2 3 4
α 2.3 3.4 4.5 4.6
β 1.3 3.4 2.8 2.0

L ~ 100 μm InSb wires
Zaitsev-Zotov et al.,
JPCM (2000)

• In long wires  T-exponent exceeds V-exponent: α > β
• Exponents are sample-dependent

3. 3. Electrons in one dimension: ExperimentsElectrons in one dimension: Experiments
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4.  4.  Quantum wire as a chain of quantum dotsQuantum wire as a chain of quantum dots

x
xxii xxi+1i+1

strong impuritiesstrong impurities, randomly (, randomly (PoissonianPoissonian) distributed) distributed

"quantum dots"  with "quantum dots"  with integerinteger number of electronsnumber of electrons

Adding or removing aAdding or removing a
charge costs energy!charge costs energy!

Model:
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V=0 : V=0 : classical ground state  (K<<1)classical ground state  (K<<1)
integer integer number number qqii of electrons between impurities of electrons between impurities ii and and i+1i+1

qqii = [= [QQii]]GG
,       ,       QQ

ii
==aaii (2(2ππkkF F + + μμ C)   background chargeC)   background charge

excited statesexcited states:   change number of electrons by ni

→ energy change           Ei(ni) = Δi {(1/2)ni
2+ni(qi-Qi)}

Δi= 1/(Cai)     charging energy
of quantum dot 

ai

Δ i

x

ε

μ
xxii xxi+1i+1

C: capacitance/unit length

Δ =1/Caai=xi+1-xi
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s = 2(Ks = 2(K--11 --1) 1) ln(akln(akFF)    )    Larkin, Lee ‘78Larkin, Lee ‘78

Transport from dot Transport from dot jj to dot to dot kk by by activationactivation and and coco--tunnelingtunneling

JJjkjk ∼∼ ee--EEjkjk/T/T ee--s|ks|k--jj|| sinhsinh ( ( ((ξξkk--ξξjj)/T)/T))

local electrolocal electro--chemical potentialchemical potential ξξj j = = FxFxjj -- μμjj

ai

Δ i

ε

μ
xxii xxi+1i+1

j k

EEjkjk

tunneling transparencytunneling transparency
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OhmicOhmic regimeregime

typical energy mismatch  Ejk∼ Δ /|k-j|  → |k-j|∼ (Δ/Ts)1/2 ≡ xVRH/a

⇒ JJ∼∼ e e (s(sΔΔ/T)/T)1/2 1/2 F,      F,      Ts<<ΔΔ VRH

NonNon--ohmicohmic regimeregime

typical  |k-j|aF∼ Δ /|k-j|    → |k-j|∼ (Δ/aF)1/2  

⇒ J∼ e s(Δ/aF)1/2 ,         aF<<Δ VRH           

Transport from dot j to dot k by activation and Transport from dot j to dot k by activation and coco--tunnelingtunneling

JJjkjk ∼∼ ee--EEjkjk/T/T ee--s|ks|k--jj|| sinhsinh ( (( (ξξkk--ξξjj)/T)/T))
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Tunneling action dominated by spreading of charge:

Stun∼ ∫ dτ E(τ)∼ ∫ dτ (C x(τ))-1∼ K-1 ln (Einitial/Efinal)     Einitial=kF/C
Efinal=max (Δ,T,V)   

Large Voltage/temperature:   power lawsLarge Voltage/temperature:   power laws

ε

μ x
a

Larkin and Lee '78
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Tunneling action dominated by spreading of charge:

Stun∼ ∫ dτ E(τ)∼ ∫ dτ (C x(τ))-1∼ -K-1 ln (Efinal/Einitial)        Einitial=kF/C
Efinal=max (Δ,T,V)   

seff≈ 2K-1 ln [akF /max (1,T/Δ,V/Δ)] ≈ s- 2K-1 ln (max(T,V))  if max(T,V) > Δ

→ T > Δ : Jk,k+1 ∼ (max(T,V)/Δ)2/K Kane-Fisher 1992

Large Voltage/temperature:   power lawsLarge Voltage/temperature:   power laws

ε

μ x
a

Larkin and Lee '78
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J/FJ/F∼∼ ee--ssFF2K2K--11--22

JJ∼∼ exp {exp {--s(s(ΔΔ/Fa)/Fa)1/21/2}}

KKΔΔ

FaFaΔΔ

ΔΔ/s/s

T=F
aK

VRHVRH

Results from typical dots:Results from typical dots:

T=T=Fa/sFa/s

single impurity 
tunneling

many impurity 
tunneling

InstantonInstanton hits boundaryhits boundary

ΔΔeess

ξloc≈ a/s

(short wires)(short wires)
TT1,cr1,cr==KeKessΔΔ

ΔΔ

T=T=
FaFa

J/FJ/F∼∼ ee--ssTT2K2K--11--22

J/FJ/F∼∼ exp {exp {-- (s(sΔΔ/T)/T)1/21/2}}
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ec

strong
pinning

pinning
weak

T

T

T

TT

T

T

T

a/s
2
K
-2

1,cr

2-2K

-c T

loc

F

2-2K(T)

F

a

u

u

k

VRH

StrongStrong and and 
weakweak pinningpinning

ssΔΔ//

kkFF(ak(akFF))KK--11

T>TT>T1,cr1,cr: single impurity weak: single impurity weak

T<TT<T22:   collective effects:   collective effects

TT22∼∼ KKΔΔ

u<u<kkFF: SCHA  u: SCHA  u→→ uueffeff

KΔa/ξ = 

strongstrong

weakweak

weak strong

GiamarchiGiamarchi, 2004: "Quantum Physics in One Dimension", 2004: "Quantum Physics in One Dimension"
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4. Long wires: rare events4. Long wires: rare events

So far considered:  typical quantum dots with    So far considered:  typical quantum dots with    aaii ≈≈ aa
Now: consider regions with many narrow dots with Now: consider regions with many narrow dots with aaii << a<< a

μ x

P(P(εε) =1 ) =1 -- ((εε//ΔΔ)(1)(1 --ee--ΔΔ//εε)  )  ∼∼ ΔΔ/(2/(2εε))
εε→→ ∞∞

εε

ProbablityProbablity that gap larger than that gap larger than εε

EE

→ → hh ΔΔiiii →→ ∞∞
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So far considered:  typical quantum dots with    So far considered:  typical quantum dots with    aaii ≈≈ aa
Now: consider regions with many narrow dots with Now: consider regions with many narrow dots with aaii << a<< a

““Break” : sequence of narrow dotsBreak” : sequence of narrow dots

E

μ x

ProbablityProbablity that gap larger than that gap larger than δδ

PPεε((εε) =1 ) =1 -- ((εε//ΔΔ)(1)(1 --ee--ΔΔ//εε)  )  ∼∼ ΔΔ/(2/(2εε))

εε

εε→→ ∞∞

4. Long wires: rare events4. Long wires: rare events
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Wire: nonWire: non--overlapping breaks + low resistance connecting piecesoverlapping breaks + low resistance connecting pieces

break resistance Rbreak resistance R00eeuu
→→ RR=L=L∫∫ PPuu(u(u) ) RR00eeuu dudu

PPuu(u(u) : prob. /unit length that break resistance at least ) : prob. /unit length that break resistance at least eeuu

IIjkjk ∼∼ ee--s|js|j--kk|| ee--EEjkjk/T/T sinhsinh ( (( (ξξjj--ξξkk)/T)/T)                  )                  ξξj j = = FxFxjj -- μμjj

PPuu(u)(u)∼∼xxVRHVRH
--11PPεε((εε))|j|j--k| k| ∼∼ xxVRHVRH

--11PPεε(uT)(uT)u/su/s
lnln PPuu(u(u) ) ∼∼ –– uu22T/T/ΔΔ s                 if s                 if uTuT<< << ΔΔ

lnln PPuu(u(u) ) ≈≈ –– u/su/s lnln (2uT/(2uT/ΔΔ)   if )   if uTuT>> >> ΔΔ

(a)  (a)  OhmicOhmic break of |break of |jj--kk| dots | dots 

envelope:    envelope:    EEii((±± 1) 1) ≥≥ εεii
±± →   s|j-k|+ max(εεjj

±± ,εεkk
±±)/T ≥ ≥ uu

simplification: rectangular break:    s|j-k|∼ u,      u,      εεjj
±±∼∼ uTuT
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s<< 1  :                   s<< 1  :                   ρρ ∼∼ exp ( sexp ( sΔΔ/4T)            /4T)            

s>> 1 :                  s>> 1 :                  ρρ ∼∼ exp (sexp (sΔΔ ee(s(s--1)1)/2T)              new  /2T)              new  

→    →    infinite wire:infinite wire:

RaikhRaikh RuzinRuzin ‘89‘89

lnln PPuu(u(u) ) ∼∼ –– uu22T/T/ΔΔ s                  if s                  if uTuT<< << ΔΔ

lnln PPuu(u(u) ) ≈≈ –– u/su/s lnln (2uT/(2uT/ΔΔ)   if )   if uTuT>> >> ΔΔ

provided   L > a exp (eprovided   L > a exp (essΔΔ(s(s--11))/Ts)/Ts)
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sTsT ln(L/xln(L/xVRHVRH)) ¿¿ ΔΔ :           :           ρρ ∼∼ exp [ sexp [ sΔΔ lnln (L/a) / T ](L/a) / T ]1/21/2 VRHVRH

sTsT ln(L/xln(L/xVRHVRH) >> ) >> ΔΔ :          :          ρρ ∼∼ exp[sexp[s lnln (L/(L/xxVRHVRH) / ) / lnln (Ts/(Ts/ΔΔ)] )] ∼∼ TTαα

αα = s  = s  lnln (L/(L/xxVRHVRH) / ln) / ln22 (Ts/(Ts/ΔΔ)])]

finite wirefinite wire:     Pu(u)(L/xVRH )≈ 1      → umax

RaikhRaikh RuzinRuzin ‘89‘89

Low T ,    sLow T ,    s¿¿ 1  :                 1  :                 ρρ ∼∼ exp ( sexp ( sΔΔ/4T)            /4T)            

High T,    High T,    ssÀÀ 1 :                   1 :                   ρρ∼∼ exp (sexp (sΔΔ ee(s(s--1)1)/2T)     /2T)     newnew

→    →    infinite wire:infinite wire:

RaikhRaikh RuzinRuzin ‘89‘89
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average electric field: V/L=F =∫ dVb VbPV(Vb) = xVRH
-12Ts (Tu/Δ)-u/s

u=-ln (I/I0)= s ln (2Ts/FxVRH)/ ln(Ts/Δ)

II∼∼ VVββ ,      ,      ββ= s/ = s/ lnln (Ts/(Ts/ΔΔ),   ),   αα//ββ = = ln(L/xln(L/xVRHVRH) / ) / ln(Tsln(Ts//ΔΔ)>1)>1

(b) (b) NonNon--OhmicOhmic breaks of  m dotsbreaks of  m dots VVbb==ξξjj--ξξkk>>T>>T

(main voltage drop across the breaks, (main voltage drop across the breaks, 
but but constant I =I0 e-u current everywhere ) ) 

PPVV(V(Vbb) = x) = xVRHVRH
--11 [P[Pεε(uT+V(uT+Vbb/2)]/2)]u/su/s = x= xVRHVRH

--11 ((Tu/Tu/ΔΔ))--u/su/s ee--VVbb/2Ts/2Ts

IIjkjk ∼∼ ee--s|js|j--kk|| ee--EEjkjk/T/T sinhsinh ( (( (ξξjj--ξξkk)/T)/T))

VVbb¿¿ uuIITT

→   s|j-k|+ max(εεjj
±± ,εεkk

±±)/T –Vb/2T≥ ≥ uu
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Regime diagramRegime diagram

T

ln L
Δ VoltageL

l
Δ

lns L
Δ
s
Δ

FE

I(V, T) is a power law
in V and T here

typical
charging energy
Δ =

log  of
tunneling
transparency

s =

length
of the wire
L =

I(V, T) is a stretched 
exponential
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Conclusions:Conclusions:
linear and nonlinear and non--linear conductivity linear conductivity 

field and temperature crossfield and temperature cross--over between single and many impurity over between single and many impurity tunnelingtunneling

low field and temperature:  Mottlow field and temperature:  Mott--ShklovskiiShklovskii--VRHVRH

larger E,T:   Kanelarger E,T:   Kane--Fisher Fisher -- power law power law behaviorbehavior

KaneKane--Fisher Fisher ““singlesingle--dominantdominant--barrierbarrier”” theory  is not valid in long wires that        theory  is not valid in long wires that        
contains many (> 100 ?) impuritiescontains many (> 100 ?) impurities

true powertrue power--law exponents exceed the singlelaw exponents exceed the single--barrier ones  by a barrier ones  by a ““largelarge”” loglog--factorfactor
(perhaps, by 2 or 3 in practice)! (perhaps, by 2 or 3 in practice)! 

resistance is controlled by resistance is controlled by ““difficult spotsdifficult spots”” -- dense clusters of impuritiesdense clusters of impurities

global weak/strong pinning regime diagramglobal weak/strong pinning regime diagram
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