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Elasticity theory - a primer:

elastic displacement  u(r)=r'-r  u,=(5,u+o,u,)/2

force Ki(r) = 0o

free energy density F=\ u2/2+pu,?>  o,=0 F/ou,

simple strain o,,=p >  u,=p/Y  Y=u(3r+2u)/(A+pn)

dislocation ¢$0o,u. dx, = b.
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Griffith criterion for critical cracks (1920)

1\ pull (or shear) a solid bond strength
(a) create a crack of extension L
— ehergy increases by /
— Eo(lL) =yo Ld1-c2Ld/ Y
Eo ¢

¢

L E,
« L>L, ~y,Y/c? > a, (bond length)
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(on times scale of the age of the universe: t~ t,e E/T)
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Here: new criterion in the presence of disorder

Types of disorder:
‘random bond strength between atoms

‘randomly distributed frozen impurities and dislocations
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goal: condition for the occurence of B

B: with disorder ) EL) <0

(i) dE/dL<O .



Qualitative discussion in d - dimension

Disorder — reduced bond energy and increased stress
may decrease nucleation energy

(i) Fluctuations in atomic bond strength:

Yo—> Yo+ OY(X), (3v(x))=0, (3 y(x) dy(x") )= dy*(x-x")ap""!

— E(L) gaussian distributed with mean Ey(L) and variance &y? (Lay)d?

Probability that energy barrier is negative

. 2 /.2 d-1 2 /.2 -1
We o~ min . [OdE e-E-Ep?/ar*(Lag)®! g -E /51 (L o) . gEc/Teff

Teff:Tm(Sy/ Yo)? 8




(ii) Randomly distributed impurities (d'=0):

single impurity: additional stress 8o~ YQ/LA

Q ~ 3R RY! change in local volume due to impurity, <3R>=0

consider ¢L9 impurities in volume L9 Ao~ YQ(c,/L9)Y2

(iii) Randomly distributed dislocations (d'=d-2)

single dislocation line creates stress do~ Yb/L  <b>=0

consider c.4L? dislocation of random orientation — Aoy~ Ybcgy!/?

Eo— Eo- ZLdGe(AGi + Aoy )/ Y+O(Ac?)

Total variance of crack energy:

‘ A B2= 8y3(Lag)d! + 62¢,Q2Ld + o cpyb2L2d 9




Total variance of crack energy:

- A B2(L)= 8y3(Lag)d! + 62¢,Q2Ld + 6°cpyb?L2d

Probability that energy of crack of length L is negative

We ... /OdE e EE0*/AEWL) ~, g-[EOLY/AEWL)?

Probability for crack formation dominated by

Min, We(L) ~ eEc/Teff

) Teff,sN Tm(Sy/yO) 2

T~ QY T, »T Critical system size :

e

Tyt sa~ o2l 4-2Ybey, (Lo/L.)" eEc/Teff 1

e
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So far only necessary condition
Sufficient condition : force on crack tip always positiv
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Crack in a thin plate of thickness h: no disorder

Lame coefficients A=2\h/(A+2u), 1= ph

crack position -a<x a, y=0  (L— 2dl)

hon-zero stress mode I: E?(fy) mode IT: Ez(cey) =0 éfc)

crack filled by virtual lattice planes— no free crack surface

(@) ' (b) |l7

— crack dislocations with Burgers vector b (x,0)
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Energy of the crack dislocation in the stress field

a

E(e)=—ex,(;§e)2 x b9 =—(7(e)f dxxb(c)(x).
(84
*

m a— a,m ym m
—d

|
sum over dislocations

Stress field generated by dislocations

0= €1 €101 X(T)

(V?)?x(r)= }76_;';'(9_;'375(") )7:4/“()\"'#)/(2;"')\_)

Solution for Airy stress function

x(r)= YJ. d*r' g(r—r")e€;0;b,(r")

g(r)=r*(In|r|+ C)/(8 )
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(¢) : 20
crack energy £ =5fd rou;

Yo o ( ,, :
:—3 d°r| dr Eijek,bj(r)b/(l' )9;9;g(r—
1 — N

. . ik~ O~ - — — —5:'—
elastic deformation  u. P2 e s O

r’)

}7 a a _
E©)=— >~ dx f dx' b (x)b(x")In

!

X—X

o

total energy E = EC)+ E(©) + 2 ay(x)

. . . . 47
minimization o - 27

= elliptic crack of height 200a/y
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Crack in a thin plate of thickness h: disorder

random bond strength  g=» f H dxy(x)=4y,a+ES(a)

<[E(18)(a) _E(ls)(a’)]2> = A(s)|a’_ay|

(...) disorder average

random impurities and dislocation E(@)= fdzrff(]d) E;C)

stress field from disor'der'/

— strain field from crack

a

Y
()= — (¢)
E e _adxb (x)V(x)

Vix)= VI (x)+ 1rW(x).
yad(x)=47 f d*r' €, [ 3, d,g(r—r")],_ bV (r")

!

b,(r), c(r) random r—r

y(x)= Qf a’zr’c(r’)( d, In

)V_O 15
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Crack shape in the presence of disorder

E=E©+ EC©+ E6}+ E@ depends on bE)(x)

saddle point equation

4 a
Ta(e)+f dx'bO(x") + V' (x)=0
Y —a x—x
: a 4 —
SOlUTIOh b(c)(x):f dxrf(x,xr;a)(70(6)+ V!(x!))
2 2\ 172
‘ l [a“—x"~ I
J‘(x,x";a)———,,( i ,) ,
w N ada —X XX
total energy as a function of crack length 2a
}7 a a x—x’ a S
Ela)=— dxf dx'b(x)b(x") In +2f dxy(x)
87T —da —da ao —d

Ha
(@)




+ Total energy E(a) = Ey(a) + E;5+ E()(a) + E;(f9)(a)

— Ta 0_'(2) a
* non‘r'andom Par'T EO(Q):ZI.'J/OQ— Y —4'}/00 ] — >
maximum at a=a, Eo(a,)=2vya.

*  random part ((E(a)—EP(a")]P)=Agla?—a™?

A= (W/z)ff—ri)(ﬂg—(e))zz C—mﬂz%ﬁac

([ngd)(a) _E(lfd)(a')]2>: A(fd)(afz_ﬂ"z)2

A ()= (3/7)C () (D fd)(T ) —6C(fd)b(fd)70Y/(7T20c)

+ = complete characterization of the crack .



Probability Wg(a) that crack has negative energy?

¢'(U) 275

Wig<ola)= \/—f

4’)7061[1 —al(2d,)]
(A(S)Cl a5 A(i)a2+ A(fd)a4) L2

P(a)=

Minimization with respect to a:

A0 :a=2a,

a .
=4ypal 1 —=—| ApQ 1 ax
7 ( 2a ) AayQ * @~ ag

2
7T6120' e)

Y

Eo(a):4)70a—

c
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Probability W,,, (a) that force f(a) on crack tip
is always positive?

E(a)

f(a)__—_fO(a)+fl(a) (@) fia"))y=A 8, (a—a"),

fo(a)=4)70(1—i), <f(1i)(a)f(1i)(a')>:2‘1A(i)5ao(a—a'),

a,
fi(a)=1P(a)+[P(a)+1(a) @) P(a")y=4aa’ A gy,
~fol@(fjany? 1,
Weola)= dox ;
/ ola) f:,; \/ﬁe

N a. da a <J( >
111Wf>0:§ 1an>0(a) %_fo Zag((f (a) >+ 27Tf0(a)
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Glass SiC
Y [10° Pa] 70 400
Yo [Jm 2] 1.0 4.0
Random surface energy
Weak disorder: 8y/v,=0.1, a,=5X10"""m
T8N d=2) [K] 1087 4348
A® [Pa’m '] 59x10% 1.36X 10°?
Strong disorder: 8y/y,=0.3, a,=10"%m
TE(d=2) [K] 3.9%x10% 1.57x 10"
A® [Pa’m '] 1.65x10% 3.77X 10*
Random impurities
Weak disorder: 0=25%X10""m? ¢=8x10*m*
T8(d=2) [K] 158.5 905.8
AD [Pa°m~!]  4.07x10% 6.5% 10%
Strong disorder: 0=10""m?, ¢=10"m™*
T0(d=2) [K] 1.26X 10° 7.24X10°
AW [Pa?m~ ']  5.09x10%®  4.15%x10%
Random frozen dislocations
Weak disorder: by =5X10" O'm, C )= 104m™2%, h=10""m
T (plate) [K] 1.83% 10
ay=5x10"? m
A [ Pa? m_l] 1.71x10%
Strong disorder: by =5X10""m, ¢=10"m™2, A=10""m
70U (plate) [K] 1.83% 10%!
ay=5%x10"1" m
A1 [Pa’m™!] 1.71x 103!
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Conclusions

We considered crack formation by frozen disorder:
random atomic bonds, impurities, frozen dislocation

Disorder can reduce or eliminate energy barrier for the
formation of supercritical crack

We calculated the probability to find supercritical crack in d=2
large but finite volume

Briefly discussed: extension to higher dimension
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Slow Crack Propagation in Heterogeneous Materials
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Statistics and thermally activated dynamics of crack nucleation and propagation in a two-dimensional
heterogeneous material containing quenched randomly disiributed defects are studied theoretically. Using
the generalized Griffith criterion we derive the equation of motion for the crack tip position accounting for
dissipation, thermal noise, and the random forces arising from the defects. We find that aggregations of
defects generating long-range interaction forces (e.g., clouds of dislocations) lead to anomalously slow
creep of the crack tip or even to its complete arrest. We demonstrate that heterogeneous materials with
frozen defects contain a large number of arrested microcracks and that their fracture toughness is
enhanced to the experimentally accessible time scales.
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