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Outline:Outline:
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Elasticity theory – a primer:
• elastic displacement      u(r) = r'-r uik=(∂kui+∂iuk)/2

• force                              Ki(r) = ∂kσik

• free energy density         F=λ uii
2/2+μ uik

2 σik=∂ F/∂uik

• dislocation   ∫ ∂kui dxk= bi

edge skrew

•simple strain   σzz=p  → uzz=p/Y     Y=μ(3λ+2μ)/(λ+μ)

T
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Griffith criterion for critical cracks (1920) Griffith criterion for critical cracks (1920) 

L

L

E0

Lc

•• L > L > LLcc ∼∼ γγ00Y/Y/σσ22 >> a>> a00 (bond length)(bond length)

•• T  > 0  T  > 0  HookesHookes law never valid !law never valid !

(on times scale of the age of the universe:  (on times scale of the age of the universe:  ττ∼∼ ττ00e e EEcc/T /T ))

•• EEcc∼∼ TTmm ( L( Lcc/a/a0 0 ))dd--11 TTmm∼∼ γγ00aa00
dd--1  1  melting temperaturemelting temperature

pull (or shear) a solid pull (or shear) a solid 
create a create a crack of extension Lcrack of extension L
→→ energy increases by  energy increases by  
→→ EE00(L) = (L) = γγ00 LLdd--1 1 -- σσ22 LLd d / Y/ Y

EEcc

bond strength
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Here: new criterion in the presence of disorderHere: new criterion in the presence of disorder

••random bond strength between atoms random bond strength between atoms 

••randomly distributed frozen impurities and dislocationsrandomly distributed frozen impurities and dislocations

Types of disorder:Types of disorder:

L

E (L)
A: no disorderA: no disorder

B: with disorderB: with disorder
goalgoal: condition for the : condition for the occurenceoccurence of Bof B

(i)    E(L)     < 0(i)    E(L)     < 0

(ii)    (ii)    dE/dLdE/dL < 0< 0
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Qualitative discussion in d Qualitative discussion in d -- dimensiondimension

Disorder Disorder →→ reduced bond energy and increased stressreduced bond energy and increased stress
may may decrease nucleation energy decrease nucleation energy 

(i) Fluctuations in atomic bond strength(i) Fluctuations in atomic bond strength:  :  

  γγ0 0 →→ γγ0 0 + + δγδγ((xx)) ,    ,    hhδγδγ((xx))ii=0=0 ,     ,     hhδδ γγ((xx) ) δγδγ((xx') ') ii= = δγδγ2 2 δδ((xx--xx')a')a00
dd−−1   1   

→→ E(L) E(L) gaussiangaussian distributed with mean Edistributed with mean E00(L) and variance  (L) and variance  δγδγ22 (La(La00))dd--11

Probability that  energy barrier  is negativeProbability that  energy barrier  is negative

WWE<0E<0∼∼ min min --∞∞∫∫
00dE edE e--(E(E--EE00))22//δγδγ22(La(La00))dd--11

∼∼e e --EEcc
22//δγδγ22(L(Lccaa00))dd--11

∼∼ ee--EEcc/T/Teffeff

TTeffeff=T=Tmm((δγδγ//γγ00))22

{L} 
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(iii)  (iii)  Randomly distributed dislocationsRandomly distributed dislocations (d'=d(d'=d--2)2)

single dislocation line creates stress  single dislocation line creates stress  δσδσ∼∼ YbYb/L       <b>=0/L       <b>=0

consider cconsider cfdfdLL22 dislocation of random orientation  dislocation of random orientation  →→ ΔσΔσfdfd∼∼ YbcYbcfdfd
1/21/2

(ii)(ii) Randomly distributed  impuritiesRandomly distributed  impurities (d'=0):(d'=0):

single impurity:   additional stress  single impurity:   additional stress  δσδσ∼∼ YYΩΩ/L/Ldd

ΩΩ ∼∼ δδR RR Rdd--11 change in local volume due to impurity, <change in local volume due to impurity, <δδR>=0R>=0

consider consider cciiLLdd impurities in volume   Limpurities in volume   Ldd→→ ΔσΔσii∼∼ YYΩΩ(c(cii/L/Ldd))1/2    1/2    

EE00→→ EE00-- 2L2Lddσσ
ee
((ΔσΔσii + + ΔσΔσfdfd )/Y+O()/Y+O(ΔσΔσ22))

Total variance of crack energy:Total variance of crack energy:

ΔΔ EE22= = δγδγ22(La(La00))dd--1 1 + + σσ22cciiΩΩ22LLd d + + σσ22ccfdfdbb22LL2d2d
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L0

Probability that  energy of crack of length L is negative

WE<0∼-∞∫
0dE e-(E-E0)2/Δ E2(L) ∼ e-[E0(L)/ΔE(L)]2

Total variance of crack energy:Total variance of crack energy:

ΔΔ EE22(L)= (L)= δγδγ22(La(La00))dd--1 1 + + σσ22cciiΩΩ22LLd d + + σσ22ccfdfdbb22LL2d2d

Probability  for crack formation dominated by  Probability  for crack formation dominated by  

MinMinLL WWE<0E<0(L) (L) ∼∼ ee--EEcc/T/Teffeff

•• TTeff,seff,s∼∼ TTmm((δγδγ//γγ00)) 22

••TTeff,ieff,i ∼∼ ΩΩ cciiYY TTeffeff>>T>>T

••TTeff,fdeff,fd∼∼ aa00
22LLcc

dd--22YbcYbcfdfd

Critical system size :

(L0/Lc)
d ee--EEcc/T/Teffeff ∼ 1

Lc
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• So far only necessary condition
• Sufficient condition : force on crack tip always positiv
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Crack in a thin plate of thickness  h: no disorderCrack in a thin plate of thickness  h: no disorder

• Lame coefficients

• crack position  -a < x  a,  y=0      (L→ 2a!)

• non-zero stress   mode I:        ,         mode II: 

• crack filled by virtual lattice planes→ no free crack surface

• → crack dislocations with Burgers vector b(c) (x,0)

λ = 2λh/(λ+ 2μ), μ = μh

σ
(e)
yy σ

(e)
xy = σ

(e)
yx
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• Energy of the crack dislocation in the stress field

• Stress field generated by  dislocations

• Solution for Airy stress function

sum over dislocations
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•• crack energycrack energy

•• elastic deformationelastic deformation

•• total energy   E = total energy   E = EE(c(c) ) + + EE(e(e)) + 2+ 2∫∫--aa
aaγγ(x)(x)

•• minimization   minimization   

⇒⇒ elliptic crack of height elliptic crack of height 
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• random bond strength

• random impurities and dislocation   E(d)=

Crack in a thin plate of thickness  h:  Crack in a thin plate of thickness  h:  disorderdisorder

hh......ii disorder averagedisorder average

stress field from disorderstress field from disorder
strain field from crackstrain field from crack

bj(rr),   c(rr) random
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Crack shape in the presence of disorderCrack shape in the presence of disorder

•• E=E=EE(e(e))+ + EE(c(c))+ + EE(s(s))+ + EE(d(d)) depends on depends on bb(c)(c)(x(x))
•• saddle point equationsaddle point equation

•• solutionsolution

•• total energy as a function of crack length 2atotal energy as a function of crack length 2a
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• Total energy E(a) = E0(a) + E1
s+ E1

(i)(a) + E1
(fd)(a)

• non-random part

• random part

• ⇒ complete characterization of the crack

maximum at a=ac,  
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Probability  WProbability  WE<0E<0(a) that crack has negative energy? (a) that crack has negative energy? 

Minimization with respect to a:

Δ(s)>0   : a=2ac
Δ(i)>0    :  a≈ a0
Δ(fd)>0   :  a≈ a0
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Probability Wf>0 (a) that force f(a) on crack tip 
is always positive?



20



21

Conclusions

• We considered crack formation by frozen disorder:
random atomic bonds, impurities, frozen dislocation

• Disorder can reduce or eliminate energy barrier for the         
formation of supercritical crack 

• We calculated the probability to find supercritical crack in d=2
large but finite volume  

• Briefly discussed: extension to higher dimension
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Epilogue:


