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10. Schwinger boson representation (5 points)

The Schwinger boson provides a representation of quantum mechanical spins in terms of bosons.
The spin is written in terms of two bosonic operators a and b in the form

S+ —alh, & = (sw)T

- 1
S, = i(aTa —b'D).

a) Show that this definition is consistent with the commutation relations for the spin
operator.

b) Derive the constraint on the bosonic Hilbert space that comes from requiring a fixed
spin quantum number S.

c) Show that
(aT)S+m (bT)S_m
V(S +m)! /(S —m)!

with Q being the vacuum state of the Schwinger bosons, is an eigenstate of S? and ..

|S7m> =

),

11. Bose condensate wavefunction (5 points)

a) The ground state of a Bose condensate [1)g) is defined by the property €x|vg) = 0,

where ¢ = cx — %61{70 and (N:IT( = clT( — %*51(’0 are shifted bosonic operators. Determine
the normalized ground state wave function.

Hint: Use the ansatz |¢o) = 2 an (cg)”|0> and determine the coefficients a,.



12. Fermionic Bogoliubov transformation (10 points)

a) Consider fermionic creation and annihilation operators, CLU and ¢, respectively, where
k labels the momentum and o =1, ]. New operators are introduced with the help of the
transformation

dit = ukCir + UkCT_kJ, (1)
dy| = ukcy| — UkCT_kT, (2)

where uy and vy are real and even functions of k, i.e., v_y = vy and u_x = ux. What are
the requirements on uy and vy so that the new operators dia and d, . can be identified
with fermionic creation and annihilation operators?

b) Consider the Hamiltonian

_ T 7T
H= Zskckacka - A Z (cch_ki + C—k¢CkT) (3)
ko k

Use the transformation of part (a) to diagonalize the Hamiltonian, i.e., to write it in
the form H =), Ekd;rwdko + const.. What is the eigenenergy Fy?



