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13. Jordan-Wigner transformation (10 points)

The Jordan-Wigner transformation transforms spin operators into fermionic ones. In the fol-
lowing, we consider spin-12 particles on a one-dimensional lattice with the Hamiltonian given
by

Ĥ = −
N∑
i=1

(Sx
i S

x
i+1 + Sy

i S
y
i+1),

where i is the site index and we use periodic boundary conditions SN+1 = S1. We represent the
spin operators by fermionic creation and annihilation operators, c†i and ci respectively, in the
following form:

Sz
i = c†ici −

1

2

S+
i =

∏
j<i

(1− 2c†jcj)

 c†i

S−i =

∏
j<i

(1− 2c†jcj)

 ci .

a) Show that the spin operators defined above indeed satisfy the correct commutation
relations, by using the fermionic commutation relations of the c†i ’s and ci’s.

b) Show that the Hamiltonian takes the form

Ĥ = −1

2

N∑
i=1

c†ici+1 + c†i+1ci +
1

2

(
c†Nc1 + c†1cN

)(
(−1)N̂ + 1

)
,

where N̂ =
∑N

i=1 c
†
ici counts the number of fermions. The original Hamiltonian commu-

tes with Sz =
∑N

i=1 S
z
i , i.e. [Ĥ, Sz] = 0. How does this conservation law read in terms

of the fermionic operators?
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c) In order to diagonalize the Hamiltonian, perform a Fourier transform

Ĥ =
∑
k

ε(k)c†kck

and determine the eigenenergies ε(k). As the Hamiltonian conserves the fermion number,
you can do the Fourier transform separately for even and odd number of fermions in the
chain. For even number of fermions, it is a good idea to incorporate the relative minus
sign of the terms c†Nc1 + c†1cN by defining cN+1 ≡ −c1, thus making the Hamiltonian
translationally invariant. The resulting anti-periodic boundary conditions can then be
taken care of by shifting the allowed momentum values.

14. Kitaev chain (10 points)

a) Fermionic creation and annihilation operators c† and c can be expressed in terms of two
Majorana fermion operators η and ξ. The Majorana operators are defined as

η = c+ c†, ζ =
1

i
(c− c†).

Show that η† = η and ζ† = ζ. Compute the anticommutators {η, η},{ζ, ζ}, and {η, ζ}
and show that

c =
1

2
(η + iζ), c† =

1

2
(η − iζ).

Argue why a Majorana fermion cannot carry electric charge.

b) Consider the following one-dimensional tight-binding Hamiltonian with open boundary
conditions:

H = τ
N−1∑
j=1

(
c†j+1cj + c†jc

†
j+1 + h.c.

)
,

where τ > 0 and N is the total number of sites. Introduce two Majorana fermions ηj
and ζj for each site j as shown above and simplify the Hamiltonian.

c) Now introduce new fermionic annihilation and creation operators by combining Majo-
rana fermions of neighboring sites as:

fj =
1

2
(ηj+1 + iζj), f †j =

1

2
(ηj+1 − iζj)

and show that the Hamiltonian becomes diagonal in these new fermion operators. De-
termine the ground state and the ground state energy.

d) The Hamiltonian above does not depend on the Majorana operators η1 and ζN . What
does that imply for the ground state degeneracy? What would have been the ground
state degeneracy if we had chosen periodic boundary conditions instead?
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