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15. Dynamics of field operators (8 points)

a) In the Heisenberg picture, we can introduce a time-dependent operator A (t) by
AR (t) = Ul AU,

where U; denotes the unitary time-evolution operator. Show that for a time-independent
Hamiltonian the time evolution of A (t) is given by

iho, A (t) = [AM(t), H] .

b) Let us now consider the Hamiltonian
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where ¢ (r,¢) and ¢)(r,t) are fermionic creation and annihilation operators. Show that
the full time-evolution of the fermionic annihilation operator is given by

i (r,t) = {@E(r, 1), H}
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Argue why you obtain the same end result also for bosonic operators.



16. Quantization of the electrodynamic fields (12 points)

In the lecture, the electrodynamic fields were quantized using bosonic creation and annihilation

operators, a,, and aL)\:
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where A = 1,2 labels the two polarizations, €y y is the polarization vector, and V' is the volume
of the system

a) The momentum P of the electric and magnetic fields, E and B , respectively, is given by

P=— /d% E(r) x B(r).
Express it in terms of creation and annihilation operators.

b) Compute the commutators [B;(r), B;(r’)], [Ei(r), Ej(r’)], and [B;(r), E;(r")], where
Bi(r) and FE;(r) are the ¢ = z,y,z component of the magnetic and electric field
operator, respectively.

Hint: For the last commutator, you can use the following identity
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where (éy ), denotes the i = x,y, z component of the polarization vector éy ). You are
not required to prove this identity.



