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8. Tight-binding Hamiltonian (10 points)

Consider a one-dimensional lattice with lattice constant a and N lattice sites (L = Na):
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Fermions can be created and annihilated on each site n with operators cjl and c,, that fulfill

{cn,cln} = Op,m and {C;r“c;rn} = {cp,cm} = 0. The tight-binding Hamiltonian describes the
hopping of fermions between nearest-neighbour lattice sites with amplitude 7,
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The sum is over all lattice sites n and the chemical potential is p.

a) Introduce fermionic operators in momentum space, a; = ﬁ dYon cpe™n and a,JL =
LN don c;rze*ikx", with z, = na. The momentum k is defined within the first Brillouin

zone, k = 2% with —N/2 < m < N/2. Show that {ak,a;f,} = Ok p-

Hint: % Don etkrn — Or,0 and EkelstBZ ethn — Ny, 0.

b) Rewrite the Hamiltonian using operators a; and az. Bring it to the form H =
Y okelstBZ e(k)aLak and determine the energy dispersion e(k).

c) The particle counting operator at site n is given by n,, = chc,. Consider the Heisenberg
equation 9n,(t) = %[H,n,(t)] with the operator in the Heisenberg picture, n,(t) =
eMt/hn, e=Ht/h Show that it takes the form dm,(t) = Jny1/2(t) — Jp_1/2(t) with the
operator J; defined on a link between two lattice sites (I is half integer)
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Interpret this result! Evaluate the mean current
1 1 t
¥ d Ji= 7 > u(k)ala, (3)
l kelstBZ

and show that v(k) is given by the group velocity v(k) = €'(k)/h.



9. Spin operator in second quantization (10 points)

A single-particle operator O in second quantization can be expressed as

0= Z(,u|é|1/>aLa,,
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where 1 and v label a complete set of single particle states, aL and a, are creation and annihilati-
on operators with quantum number p, and 6 is the corresponding operator in its first-quantized
form. In the following, we consider fermions with spin S = 1/2.

a) The Hamiltonian for a non-interacting N-particle system reads in first-quantized form

ney v

where 7 labels the particle number. Find the second-quantized expression for H both in
the real space basis |x,0) and the momentum space basis |k, o), where o =1, |.

b) The spin-density operator of N localized spin—% particles in first quantized form is given
by
N o
S(z) = 0(x —x4)S; ith S = —
0= D st )8, withs =

where o is the vector of Pauli matrices. Find the second-quantized expression for the
spin-density operator S(z) with respect to the real-space basis and the momentum space
basis.

c) Show that the spin-spin interaction S; - S; can be written as a combination of a spin-

oot A . o PO
exchange term > _ _, al 0@ 510io Ao and a density-density interaction n;n;.

Hint: Make use of the followmg identity (proof it): oo - 015 = 200508y — 6a80+s -



