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13. Fermionic holes (10 points)

a) Fermionic creation and annihilation operators c†kσ and ckσ, respectively, are given where
k labels the momentum and σ =↑, ↓. Consider the following operators:
i) energy H0 =

∑
kσ εkc

†
kσckσ with the dispersion ε−k = εk,

ii) momentum K =
∑

kσ kc†kσckσ, spin ~S =
∑

kµ,ν
1
2c
†
kµ~σµνckν ,

iii) charge density ρ = q 1
V

∑
kσ c

†
kσckσ, where V is the volume and q is the charge, and

iv) charge current density J = q 1
V

∑
kσ vkc

†
kσckσ with the velocity vk = ∇kεk. Show

that the momentum and the spin operator assume the same form in terms of creation
and annihilation operators of fermionic holes,

h†k↑ = c−k,↓, hk↑ = c†−k,↓
h†k↓ = −c−k,↑, hk↓ = −c†−k,↑.

(1)

b) Bring the energy operator to the form H0 = const. +
∑

kσ ε
hole
k h†kσhkσ and determine

the energy dispersion εholek .

c) Similarly, bring the charge density to the form ρ = const. + qhole 1
V

∑
kσ h

†
kσhkσ and

determine the charge qhole.

d) Show that the charge current can be written as J = qhole 1
V

∑
kσ v

hole
k h†kσhkσ and express

the velocity vhole
k as a derivative of the hole energy εholek .

14. Kitaev chain (10 points)
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a) Fermionic creation and annihilation operators c† and c can be expressed in terms of two
Majorana fermion operators η and ξ. The Majorana operators are defined as

η = c+ c†, ζ =
1

i
(c− c†).

Show that η† = η and ζ† = ζ. Compute the anticommutators {η, η},{ζ, ζ}, and {η, ζ}
and show that

c =
1

2
(η + iζ), c† =

1

2
(η − iζ).

Argue why a Majorana fermion cannot carry electric charge.

b) Consider the following one-dimensional tight-binding Hamiltonian with open boundary
conditions:

H = τ

N−1∑
j=1

(
c†j+1cj + c†jc

†
j+1 + h.c.

)
,

where τ > 0 and N is the total number of sites. Introduce two Majorana fermions ηj
and ζj for each site j as shown above and simplify the Hamiltonian.

c) Now introduce new fermionic annihilation and creation operators by combining Majo-
rana fermions of neighboring sites as:

fj =
1

2
(ηj+1 + iζj), f †j =

1

2
(ηj+1 − iζj)

and show that the Hamiltonian becomes diagonal in these new fermion operators. De-
termine the ground state and the ground state energy.

d) The Hamiltonian above does not depend on the Majorana operators η1 and ζN . What
does that imply for the ground state degeneracy? What would have been the ground
state degeneracy if we had chosen periodic boundary conditions instead?
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