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15. Fermionic Bogoliubov transformation (10 points)

a) Consider fermionic creation and annihilation operators, c†kσ and ckσ, respectively, where
k labels the momentum and σ =↑, ↓. New operators are introduced with the help of the
transformation

dk↑ = ukck↑ + vkc
†
−k↓ (1)

dk↓ = ukck↓ − vkc†−k↑, (2)

where uk and vk are real and even functions of k, i.e., v−k = vk and u−k = uk. What are
the requirements on uk and vk so that the new operators d†kσ and dkσ can be identified
with fermionic creation and annihilation operators?

b) Consider the Hamiltonian

H =
∑
kσ

εkc
†
kσckσ −∆

∑
k

(
c†k↑c

†
−k↓ + c−k↓ck↑

)
(3)

Use the transformation of part (a) to diagonalize the Hamiltonian, i.e., to write it in

the form H =
∑

kσ Ekd
†
kσdkσ + const.. What is the eigenenergy Ek?
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16. Dynamics of field operators (10 points)

a) In the Heisenberg picture, we can introduce a time-dependent operator AH(t) by

AH(t) = U †tAUt,

where Ut denotes the unitary time-evolution operator. Show that for a time-independent
Hamiltonian the time evolution of AH(t) is given by

i~∂tAH(t) =
[
AH(t), H

]
.

b) Let us now consider the Hamiltonian

H =

∫
d3r − ~2

2m
ψ̂†(r, t)∇2ψ̂(r, t) + U(r)ψ̂†(r, t)ψ̂(r, t)

+
1

2

∫
d3r d3r′ V (r− r′)ψ̂†(r, t)ψ̂†(r′, t)ψ̂(r′, t)ψ̂(r, t),

where ψ̂†(r, t) and ψ̂(r, t) are fermionic creation and annihilation operators. Show that
the full time-evolution of the fermionic annihilation operator is given by

i~∂tψ̂(r, t) =
[
ψ̂(r, t), H

]
= −~2∇2

2m
ψ̂(r, t) + U(r)ψ̂(r, t) +

∫
d3r′ ψ̂†(r′, t)ψ̂(r′, t)V (r′ − r)ψ̂(r, t).

Show that you obtain the same end result also for bosonic operators.
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