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15. Fermionic Bogoliubov transformation (10 points)

a) Consider fermionic creation and annihilation operators, CL , and ¢, _, respectively, where

k labels the momentum and o =1, ). New operators are introduced with the help of the
transformation
dit = ukCir + UkCT,kJ, (1)

dy| = uxck) — UkCT,kT, (2)

where uy and vy are real and even functions of k, i.e., v_y = vy and u_x = ux. What are
the requirements on uy and vy so that the new operators di » and d,  can be identified
with fermionic creation and annihilation operators?

b) Consider the Hamiltonian

H = Zskcfwcka - A Z (CLTCT—ki + C—kickT) (3)
ko k

Use the transformation of part (a) to diagonalize the Hamiltonian, i.e., to write it in
the form H =", Ekd;rmdko + const.. What is the eigenenergy Fy?



16. Dynamics of field operators (10 points)

a) In the Heisenberg picture, we can introduce a time-dependent operator A (t) by
Al (1) = Ul AUy,

where U; denotes the unitary time-evolution operator. Show that for a time-independent
Hamiltonian the time evolution of A (¢) is given by

iho A (t) = [AM(t),H] .

b) Let us now consider the Hamiltonian
3 h? Tt 2.7 o 5
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where ¢ (r,¢) and ¢(r,t) are fermionic creation and annihilation operators. Show that
the full time-evolution of the fermionic annihilation operator is given by

O (r, 1) = [1@(1‘, ), H}
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Show that you obtain the same end result also for bosonic operators.



