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4. Nou - z‘u_'('erac‘,'fns electrons iu a CI‘\({S"QI

I Hiis chaptes, we rehuu fo the gereral  solid  stede  Hacwr Gowian of chapler 2
H- H, + 5H.m + Hyr

1

[ he Spm'1L oj the adliabote aPProx.'ma.-/v'ow , e unow waut fo consicles the

Pwdﬂ electronic Prob[em for fixed Fo&u'-ﬁ‘ons of the ons, ie. the er\’gtenVa/a.e
problem  for electrons du Step T of the adiabotc approximation.

e ]l stert anaeﬁﬁ'rg His  electronic Frob[em i Hus Cloa.,m‘er tnth ar
approximetion thal Gooks Gle an oversimplfcabon — we Wil neslect all

electron - electran tutermetons. This s an a prien auJ'ast-‘cc/ agproximatkon
Since  the Coulomb repulsion betueen electrons s {QGQ (several eV). However,
cue to 4he .Scr&:uiug __9} the GCowlomb tuterceton (see [ates Chapkm) flee

hou - 'iwy[erc.c]-;rg electron approx:'ma+'on tfeerns  out to be a very 3ood eﬂ-’ccﬁvL
d’C,SC.h'F‘r’\'Or') OJ( the electronic 5(45.3354604.

4.l .S{nSIQ electron i a peroclic Po-ﬁc‘u'/s’a/

[ +he absence of electrou - electron iuferackons, ¥ s suffeient 4o S-tluc{a e
SChrécUn\gQr ec}u_o‘-ﬁ'on Jfor a Ei”.&.li electron
42 2
2 + O(r
—
L jomie PO{‘O’I'[TCJ
tohere.  Spin - orbat Cou-P,M& cﬁec{i are. nc_3/ec+cd ( non - relatwste [t ).

Hey(®) = & 4 (#) with  H= -

The iouwic f>o4cn74‘a.( posse sses He diserete franslaton S.mec/rt\_{ of the XNevars
lathce O(F) = o(r +.’_Q‘) Jor all 7(26 Browars lethce

Form Xloch's Hieorem (gce clapter 3.l> fol{ou& Hhat e ei?enﬁafes p (F)
Coun be C(AOSCM Qs E.?

Lu/uam -el ug ()
wHe B€ 482 aud the Block fuuckon sadsfes wp (FeR) = wp ()
Jor all R € Bevais lathce.
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Let's <chow AHlos ex,p(,-’c;h‘/a Jor s cace 5\7 mahf%» a Foune expaultion

. .—‘F‘ 'L.—h..s
Y(r) = Z e *? Cz U(F) = Z St Oz
% Ge reciprocal
ladfce.

The Fo+eu7[>'a/ ou€\7 has Founes Cow.,ooninfs Oz deue to the discrete frecslatonal
S\zjmmenlr{j O(FR+R) = U(F) ~th e 6% - 1.

(nSer'rl'\'n& Hics  Foures expousion  iufo  the SCL«E)@L(L(JU eg,ua,%'on gves

2272 - R 3T g’ < i(3+6)T
- + U(r)] ’ZP(F) = Z, (Nt —Ef\— C'gi + [_: e * Ugci
3 2,2
L ——
3 % Subshtuton Z 3 -G

aho\,xd Qinte ¢ Sum oves all é_‘

Tlors bn'n&s us fo  the &Lrée&'xﬂ»er Cauaton n momentum Space

fiCA -+ Z#Ué:céi—a = EC
G

Y

b

Mow rewonte § = kb + 2 toth E € £ X2 and reo'proco/ [athce veetor E

W2 (B + K)*
B + - - s . - -
2 - b+ K Z- UG CR+E-B €Ty
G

For encls R € 422 the elpen functons are SR

tnth e:;genva/u_es En'g
tohere n Ialo([& +he %an-’um N ber

. oy g7 _ L(B+R)T _ ikr s
> qp, (F) = Z e’ Cup }_; e Cogasg = € e,z (7)
% K
tth tHoe Bloch func%'on Kr
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Consc% encec :

¢ ’L}/uEC?) 2S _l/_(gi' au efgenS'/‘a'rlQ of the momentum oFua-for 5=—iﬁﬁ al

'o—'i—l
k=

— ik P (F) = bk gp(F) - tbe NV ou,z (#)

Jue fae.wl, ‘*AE ¢ the Crys-fc'.l momentim or the ?uc.sf—momo«;%am Hoad 23
Conservea  moclulo a reciprocal |athce  vector @ as iGR 4

* The eggcc+'ve_ Sclnrédivser eq.unfv'on OLCUCL(_ bJ He Bloch func-ﬁ-'on reacls

“—*”f-(—ﬁ«n'é)" ¢ 0] Wi (™) = .2 u,,gteﬂ

2Zm

vt e laou,no(arﬂ cCond.bon 73N~ (v +—§) = W,B (&),

Due fo the penoclicity of w,p (F) and He pofenfal O(F) e cau
resfrel ourselues o Sofus'o%g this  @guahon onfy wthin a Siple  prnifive
wnt cell. Sueh an e(gen\n/ue Pmb!em i a fxed vume Vi, Wl

@ve nee fo oL-‘3cre_+e€5__SPaccd energy levels  fhat il be  labeled b@
the band indlex n.

The Bloch funckort w,p (F) wll form a basis for each B for comtnueus,
.Sc}uare - iu(‘ﬁgfcbl@ func;%’on& degc’ncd i the  0ofue vuc,’

Zouhg ) wg (7)) = Vg 8CF -7 Completencas
= [ Do) wa ) - 4.325_1:3 T S ) )
N S
"/\{UQ =4 Noe S(F-F/)
= S(F-7
Such a basis contarns iuﬁ'n-'k/a many funckons  w,g (F), ie. thee are
iggc.‘u{{-c[a many _energy bords n=0,4,2,3,.. Thrs  Slhowl ke Contrasted

to the phoron problem ohoe only a fuile numbes of lbands iere oltained.
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The eigenstates and eienvalues are penodic  funchons of B fu e reciprocal
lath ce

This represen te  the electronic. lbard Sfructeae of thre crgsv'-o] . As an
eneray bare  £,(B) for a given n 1S penedic and, Jor V= @,
Coubnoul E it hes an ppes arnd Cotoes botnd. .

4.2 Electron in a teck penodic ,oovlcrr/\‘a/

To worm wup and get Some Qquabiakwe undc:s-Fand:r{g , lef wus cowsider a
week. periodic  potental, se. aswne Hthat Fouriee components Uz cith G+o
are small.

The 2ero component Uz ., caw be absorbed in the clioice of H4he offcet
(gero) on He energy axt £ = £+ Uz, So thed  Hoe SChracL:ane:
Cquabon becomes

h"(E+E)Z -
2un B4k

2ecotlr  orces 1t Ué‘ tnth 5*0

. . (o) ™ I — '{"z <E+ K)
Cigen energics E ( e+ k) 2m
o N (B+&)F
Qfsenfuﬂc-}\'or)& 'Z,P__E )._\ (F) = e '
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éxampig: enersfl band in one .S,ac.-ﬂa/ Aimensiorn ( chain of electrons )

2
Rn=na. Km='q—m

-~ : \ N
. i “~
\‘\ - -,.—, - - - -
?: = I = > ’L
~ 2w 2
2 A

The reciprocal lathee vecdtor K phys Hhe role of a boed dadex.

Perturbotve correction due 4o Og

For most of +4he valuer of Re [ B2 e can appla standard  perter badion
fH-:eor% fo evelucte +Hhe effect of UG on the electronic band Structae.
Houvever, there cre sSpeciol velues of B where 4o or more  electvon bends

are desenera.%e_. Le Hhern need o QPP/\‘j the method of ge\fenefak Fgrhu%-l,.m

-H/;eor(d
For sueh a de\genercc\tj Fo-»n-/- h du Hiee Byllowin 2ome (e Cau restnet

ourselues  fu [owesd orcles 4o 4he Subgpace Spanneal b:] +he er'Senfunc%'ows
L\h“’) degenuz::fe C-:l:gen\/a/u.es at Zero-“q ordes n Ua:

§or N - e]esenerc.fe pm’n-/— < ©( Edf* 4?4) = & (EeL + Ez) =L F ém(—b‘dﬁ En>
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The readwced Sclaf'édjn\ger €9ue.7's'on tnth k= ky thern reads
= S Cyy

Co) sy ™ - N
€7 (k+ Ki)CE*‘K.’ ! \g’ U‘?;—'lzs Sg
L

Jh

L> reetn’cled sum oves
J=42..,n om’g

and coresponds do an  nxn mafix eguoton  for r - degenerafe  states.

Lhere clo +hese de\generc-cfcs occar.g

— Clashe

o (E+BI=1B«R I (855,)

ECV(B+E) = 9 (B+E,)

(B + 2,,)"(54- Ez) = E,," Ea € reciprecal lafbce

Furthermore | 4he dlifference
veotor

> the two vectors E*l—i: and B+ K, mest  Sdfll 4he Bragg of
van - daue cond.hon for constrachve zutes ference !

These conclibons are felfilled , for 2ustance , on all boumdanecs of 4 B2

\ bowvo‘orﬂ o} 1.B2

Most tmportant case : only fwo dleererate [evels
—> 2x2 matsix cguehon

€@ (B+E,) CBiE, + Ug,-B, CE+E, = & CER+E,
£KO)<E+ —K;)C—h - + U_, e e - = €C."‘ -
2 b+ K, B, -k, B+ kK, b+ K,
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torfen in mehix Jorm X3

£(°) h" K U - = —
( ") kem ke CiE+ic, < CR“‘K«

Oz P £C°)<}2+K) C—h +k cy
(ST z 2 [Q+k.z

*®

wth Ug = Ug the cgenvalues are given by

© (bl © (r+E, v b+ E
g . ELReRI PR , 1/<ef°’(a+v<4)—ef°v<mzz>f‘
A

i

The uferackon OE«”EL aenm'cc.//{.] eads 4o a level repulsion.

Al dhe C(CSCY?CJ'GCS Fo\n.]. E = E‘d toe  have €(°) = éco\ (Ed'{' EA) = £(o)(Ed+E£)

A

La =& [Op o |

The _._Spfn'#fn(g o)( the barmds 25 Jinear 7u lUE,,-—E;_l adue fo _/g_rc\jb__f‘e}]ec/{on!

éxam,ole ;' Ope - dimensional 33s¥em " ,
reducecl 2one Scheme

&E(R)
A
epening of S U
band &ps C> ) \r‘z\l - l

- - - - — 0 —— -

. .

7
Y
o I,
RRYA
AN
<
N
C
o)

1

S
G

A A=



" r&p:a.-/-ecL zZone scheme ' — bamds Pen‘od,'ce//j Covrkneced, fof all k.

&le)
A

band, gcpd .{
>k
"oxtended 2ome Scheme.
£lr)
AN
: &
|
{
i -
i > k.
a

- -2, -
7 A a
d \: 2 \_
2. 92

€ nefoy band gops
Genu-'Cc.//a , & Leak penodic po»{em@'a/ {niroduces enessy  gaps bff SF("'#’"{%
c[esencro.cies duwe o 3@:53 re flec-f»'on. Enes 5Y bands Hthen bIecomme Szpo.ra%ed ba

a fute enelsy P A= 2| U,—;‘_E‘z[
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4.3 Fermy Surfaces
Ground iafe O_F now - in'/eracﬁ"gg electrons in a penodic po%en-/abl inn  the

absence of a magnc-ﬂ'c feld :
Omupﬂ all sStates wih B4 B aud band dndex n wih EF € Ee,
once tth a Spiv-up and once wth a in-dewn Coufiquradon.

é:F 1S 'H)Q_ F_Qrm" ene(gj. (Paq/i Pn‘no')p(c)

The Feemi enersy s cefermined by Hhe tofal numbes of electrons N :

Vo ™
MDY > L v AR Ly,

I 3
é=1,{ n,kens2 =1y D 1.32 (2113
u”’l‘ 60\.‘;_ ££F \—’V_’ é(.j;_sgp
=2

tnth the vofume V.,

-Hou mana electrons can OC"—"‘P\‘j Q& S.'nsle band?

Voo d3k
KA Z > \/ j (2m)® = N 7 Numbes 05 Bravars lathce sitee
1.2 (2m)

Eem;a

— Eac[,‘ bana cau be OCcupv'cd b&r 2N Q’ec+f0ﬂ3 (N with Sprn T,
N oith spin { )

Ore cliskrouishes oo Zuportant cases:
T. All bands are either Comple#e/d £lled or C"””P’e"le[\‘j emPJU

&(Rr)
t N i

conduchan =T | empty band

bend .
e [t —| E¢ Fermi enOSY

Volence \i:E/A \:
be.nal : "-T—" Cgmpldc/j Jc»'/kd bands

! “
l\/: > k.

T
“a o EA




The Ferm: enesy 7s  located within the beud . —e-

Further, -the dcn&{-l-y of (uou- {wfero.c-.-/s'rg) electrons  correzponds fo an

even numbes of__elec-frons per weert cell as

Ne= 2 2V S8 = 20 pp N

Spv'n _j\ T T___ nu.mbc of Lu.u"{' cz]lg

numbes of
oceupieel banels

The most wppes filled band is +he valence bardl  and the first em,bﬂl'\(j
banol 72 +the concluchon band.

I orcler to excite elechrons out of Hhe Srounci Riate , an eneryy /o.(ger
than +he band gap i Feguired - fypicel mcguitude of the bond gep
s . the reme  of  AeV — feV.

Such metenals are Semiconductors or (band ) usulators.

I_ The Feemi enersy s Jocated chfiv ome or more For-/x’a//:/ Fllec]  Lercls.

£ (r) £(r)
N ¢

-
N

, l :
T =| > k. T —> R,
A o A A o Ta
a s.‘uS/.:_ band crossea +the teoo barnds crese the
Ferm/( eneqgy Fecm: enesy

The /Daﬂlfa”a Flled barels are the comduweton bands.
Arownd +he Ferm: eno&\.] clectrons cow be excted cnth ooy [ocs enogres

—> e tal

The coucdibon &5 —"’-é‘f_— defnes one or seveal (d-4)- climensions/
mani folols  tnthin the 4.82 +thot consbfete Hhe Fermi Sucface (<),
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Exampfe: Ore - cbmensional Fermi Swrface of a S:'n\glc_ enasy bandl

§

th (ke by ) = =2t (cos(kya) + ces (Bya)) * &

Remecks

* fypical welues for Fermi energies i & ~ A-A0eV, T~ I0%-10°K

* Fermi Surfaces cau heve ol:fferent Topoopies (opern or closed.)

* The Fermi vofume 15 the o€ume enclosecl by the. Fermi Surface
ancl s fixed by  the electron densh%r — even qu the presence of
ntemekons betveen the eclectrens ( o(u/%‘:zsrer Hheorem ) .
lutercekons, lisweves, can chenge the Shepe and the +°P01C:S:7 of the

Ferm! Swrface.
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L.y @erxsf%g_of S'fa-\[es ancl  wan - Hove S:?&u(an"k@&

The electronic. band 2facctrses provde full suformafon on the dispersion of
elecfrons tn a given mafenal. Offentimes, however, onc s nof dntercsfecl i Hus
full duformedion, but it Suffices fo buowd in Olich enefty renges  there are
electronic stedes, Lioes meny of thote Stofes exsl and where there are
€ner33 Pps. To this end, ore defines the g_l,_cngv’y __Qf electron Stafel at a

8—7ven enersj as

[g(é) 2y 2. Sle-g,(8)
T h!gz
L

|$ +he borcl structiure cloes de{oenc{ on the pin (8‘8’ t fhe prsence of
Spin - orbat Goup’fn(g), one cen consicles +he dcnsf%v of stafes per piw.

SP o)

(e caw wse he denSx'l'H of Sfafes fo recctt the defmbon of He Feron energy.

& T le) N o(€) AF Contnuons Space
€s
Eet—— &5 v
-
= Ee
—_ \_‘,—l
Silled empty
Shekes sh%q

—7 Fermi encﬂ's EF Can be def‘ned as

Ee
Jde ste) = NQJ
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det's stact xth an example : dcnsi'ly of statfes of free electrons in d =3

L ole) = < 3. S(e-e(®)

2m
4 ~ -~ 7
rphee X s ddE and  [d'E > 4r [ok B
h o

G hzkz
= sle) = 2 % ofdh & Sle-25)
o ‘8’<ho)l on/\\f one Such roof
Lith by >0
7kl X
— g(k) = & - sz h@:é—m
fe) = R, flh) = 7S
g'(r) = - -k, | ge)l = o o Vome
()-_'_.Z'”'S mo N __m
g E) = _"_2 ‘£(L : & r_‘.zmc g(é) 'rr"{;(s 2me
~ S(€)
-\{87—8\.0\3\410.0‘4 //
W

— CO/C—(L/Q'{'C Ferm: enet:gg o
153 I 3/2.
NQ = fdé‘ g(&) = 2wyl (Zm EFB
o

J— Ep = .é’hr;)i . < 3.".1 Ne )2/3—\
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Gofng back_ +O 'H’)C def-‘nf'/\'on of +he denS’.-IU of S')LQ'FCS (W€ Can 'L’M.?Zfociu.c_e a
dens;{t‘l_of stafes per band. 8(5) _ 2 gn CQ)

n

— e, () = 2- 5"'" S(e-e(F))

Tl'

£ Q."Z N I A
‘ = 2 = —_—= - = Z (7] Y u./'
(Jith _{;ds $n(€) 4£%(21r)3 2y 2y x de 3.:717 of wwit cellg

1€ 4he energy & ¢ locatec] ¢sithin  the n™ band | e, in &, (R) £ €< max é‘,,(E),
the clcn.si#(\,{ of States f(é) is Famte and @rven b{f

fale) = i Jas J32EL Sleq@) = 2 Jas g
ceee) |V, g (B o) & 26,(E)

L'n{‘e\grc‘.'ﬁ'on j\ t CJ"-‘-"SC of d*k = 48 diy }_) S ds de

ovo Surface venables de = \ﬁkcn(i)l - “—7‘1&“(;“

o} congfant @USU

The den&-)‘ﬁ of slates is  deferminec b@ an ink&ml over constant ererpy
Sur faces  Weighted by the invesse of  +the roup ve!oc{-/ﬁ

-

o, (B) = -;—- U, €n(BE)  of #e n-th band

Loheneves the Sroup vc{ochly vanishes on a Surface of constant enegy the.

@\IEC}T
>

k_Fi h

C']Cn&"[':! Of S}q-[-es QXha'bt'f’.S Q Van--HOVQ S"r:g'u[o.n'-’t].

In ordles to  cletermine.  the nate of the Sm\ru/cn-/a ore  expards arouwd the
Smguqn'ﬁq Pom-} ’2 tonthin the 4. 22 :

D* &, (k)
— 2 (

En(R) & & (B) + 3 —"2
Ok Obj

o)
3
¥

&

l
\X
<
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0%&,,(B) :
m desenbes the curveture of +he Specfran and hag
eiqenvalues N, A, and A,.
The energy Spectriem bas of B,
D) a minimum N0 W= 423
2) a moximum 1§ A ¢O N i=42,3
3) a Saddle Po.‘mL 2n  all other cages

The matnx

Clote. to a wan-Howe s{n\gule,n'v‘\c] in d  Spahal dimenlions one obitaing
maht'né a Ch&f{yc OJC wvenables E = E: + 'Vé:"gh(E) ?

d9%

Eﬂ(a) = 2“ (zv)d

(€)™ Slle-a, @) (1-pmmm=] L xix;)

— (g,, (€) = (e-&E) ="

a=4: 4/'\[2‘ d,.‘vo-sence at | A ) | [
bond ec(Se,s ; 'l £-€,
l l
‘ :
I
| |
| ]
_leo é > é:

d=2 . \Ju.mp at +hc bc‘and, ec{‘(&

ancl @ o0 ~thomice S0 " de-_n‘l‘j wdde NS ()

. |
Fomf \} B [ I
&nle) 1

|

|

|

|

]

t > £
=&

at sedelle ,oo{n/s

4~ . = e -




d=3: '\[E - an&ulan")l\'es

|
|
|
|
1
|
|

bour]
eclSQ \l>

' ) }6
=&

o o

E
N3
./
7
&

M

—

Since. é‘nCE) s A penedic fuuc}s‘on 2n B, there o/uaf\,]s are Q@ maximum ,

& mwmum and in d>] ore or seveal SaddPe )Oofn',S.

Modesw  tuferpretation : A wau - Hove sfndulan'al-a tucdicates a  fopological
%arn‘um phese Heusibon , ie. a ]ooirnL at  ohich Ahe '/-opo/oj\x! Of thoe  Ferom/
Surface charxe.s ac a funchon of fhe chemrical pofenhal poal T=0.

lu perkeular, we heve Hhe fo!(ou:?s: Correspordence

avL a mimmen —  peu Fermr S‘urface emeJSC.g
a7" a maximwr — Fermr Surfa.ce Vcwnrishes

af Q Scdb”c Fofn'/‘ —  Fermi Surfa.ces mer\ge

A g(e)

N




4.5 Effechve mass

olet s g° back 1o he &hrbc'b'u\ger eguchon Jor the Bloch funchon w, gz (F)

2 - - \2
[f:(—iv:r lz) 4 U(‘r‘)} w,p () = £.8 wu,p(¥)
h(B) = 25 (R? - 2iE-F - A)+ U(F)
for =0 : h(3) = ‘2&7,A+U(F‘)=2i:-+()(r°) with B =- it
—? (Je can SPLJ‘ +Hoe eﬂ—ec‘k ve ZlomiClonian as
N R - - tih* “a S
| R(E) = b(3) ¢ b(EY| wh | b (E)- B v EEP

det us furthe asume that we can solve Hhe above Sehroclinger equaton for k=0

P . A
(5 # V) 1 (F) = €05 ws (F) 2 b(6)In™) = &5 1n@)

with a non—c!esenerafe energy goec*rwm ‘{é'r,;,’}

M S €03 —>  treat h,,(E) as a perh._rkb.-ﬁ.'on
- P ( ok for <mall values of R,eg af F'—Po{rﬁ)
T e and calculate the B -clependence of €
> k.

n ech.'nS orcles Pe;vlurbqﬁ‘on ’H«)Corj

[» stanclacl Qaz\,r/ei‘gh— Schr&d;rgggr Pcf‘/'url:b.'/\'on -H)cor\c/ +he enersy S grven
to  2ncl orcler vt fhe fJU?Lufbc.'/\'on as

o) B '(o) 1¢o) B ©
oy, 5 Ih«m\: X' | h, (B)[n®)
N0 £n(°) - & (5)

E(B) = £.(8) + {n®]| h,(E)]




i) A<t orcdes term
(n®@| H, (B) [ n®)

<n(°‘\h2h {r)(°‘> * %<h(°)\E'E]h(°)>

2m
R S— M ~
- urht =0
2m Sor po‘l—enf\'a/ oith inv. sedmmd'r:f

O(F) = O(-F) else @} has
inv. Sammchg —> no cL’aJona/ E?

metax element

ii) 2nd orcles ferms . .
- ik '
(@ by (B @) = (n® | S| 0ey o b @ |7, o (e

—— ol=\
=0 gor hl £ 0
N Llk? R dn® | pe | n'e) X p'eo [ P’ l ne®ly
_> - -~ — !
En(R) = £,8) + 5+ — 5;, ey P h%n Eq(8) - £ur (3)

This  implies that for smeall k. the eneﬁi\c’ dispersion <n ( B) s q.uqcl,ra'/v’c
i the k.

This Ie{'s 733 def-'nc +he _d_zgcfec_-kve mess 40')&0(‘

< I ) 1 D&, (R)
m*(n) [y B Dby Oky

L bYana index
'Hac JC ree efe c_{'ron Por-»" 81 ves
Lo R L T (o, thyhy t bk ) = 28, =
#? Oky Ok 2m 2m Db, Ok, b“b‘x Y Y /2?- 2 T 2m ! T m é;(okl

77 the effechve mase fensor of free electrons is diagoral, with diagorel

!
m’th.)( Qlemcn'('s -——-, = — —> m* = m
m¥ m

the 2nd ordes Pc«r‘{' gives
! o tt Z (™ |paln't h“"'\Pﬂ'\n“’D

-{;7- Dh¢9holl ‘m> {%‘, b—p hp' :an' esith Jc(sp’ - En(B) - Eyr (3)

n'sn

2 ' !
OL,O(’:""—'J—'M' AL F L :Z(-}M"‘JCAK)

mt



lu total, we con wnie

—_ N | 2 "
E(R) = &£,(3) + 5 <2m*(n))o@(' nk k, + O(k )]

?e mMaor {2&

¢ m*’ Can btcomc Qgga%‘ve , c.)Lu'c_A z'S Senem//\(j 7L7‘L<Q for bonol Mo xrma,
Tht alwo apphies  for the ecloe of the Brllowin 2one ( Jor wlich ths exp.
arounel k=0 neede 4o be ch'uskd).

Nega#ve ~mas electroms are  called " holes" .

* For cubie ngme'h‘t{] . the effeckve mess lensor 23 d«r'C\Jorn/
[ [ — -
( ) = S T En(R) = E(B)

¥ *
m olot 2m

22

+ O(k%)

For alkali metals th bec - lathce 2tructure ene  finds

retal( Li Na K Kb Cs
barel 2s 2s Us Ss bs

m*/rm 133 0% 08 07 O.7F3

| Scncrc/, +he effechve moss m* s of the seme ordes of ma.&m'-/-;‘dc as the

free <lectron mass.

* In some Uf arel 5f compowndls (raie earth moterale )  Such as Ce Ren, Sy,
CeCuy, OPty or CeAl, amomst ofbers +he redio m*/m s anomalowely  high
Lith  waluet wp to  m*/m ~ (00 ~ 4000 . TThese Compouncls are  foclay
referrec] fo a3 @3; Sermion medenals.

While CeAl, was fhe first beavy - fermion compourd to be discovered
(137s by Ot and Coworlzers), :f Las only shorvqa aftes . [77F  thef
Frenk. Steelich  dlscovesec _Il‘iu\‘j_: Jermion Sq,ovcmo[a.ckm'® tn =Cu, S,

at the II. %y&:’kch’&chc [nshfede 2n Gologne .




Lfé A/mo.S*rL /oca/:'?_-ed electrons : 7@'351"*5:’«0@ rmodel

Llile  the moclel of ( nCar/(d) free electrons  has provded wus w'h a guolitetwe
unclos%ancb‘ng of  +he \formc.%‘on of eneyy bands , bondl gope and.  <wan - Hove
Sr'nSa/an'ﬁ‘e.s Jor Bravars lathces, :F offen fark +to albw for guonhtakie
banel stuchue calewlatons. The teason for  Hais disereponcy  anses Fromr  +he
Simple foct  thet  the pencclc pofenfal is not week (as aswmed 1n the
perfurbedive freatment). In fact, the potental 45 often S;lroncg. This mokvates
an alternafive approcch Sv‘ar%‘n(g From  the Gt of s%ro/zgly bowncl , [ocalreed
electrons. Thet s, one sStarts coith ssolatec atoms | asswmes Ahat one  puotas
1S egenenergies arcl -stafes, and  then Consiclss  the  modi frcaton of Hhese
Sfedes ac ore .bn'rgs the afoms info Spahal Prox'mﬂ'{\y.

Consides a s%ron(g Fcn‘od"c_ Po-lcn'ka/ OCE)
UCr) p

= 2. V(z-R)
re .
. Sum over atomic.
‘?":*ﬁ ': > potentale

C me,'rg mona.‘llom"C

Bravars /Q'Hs'ce) each atomic Po{zn%‘a/ vV dccags
rop.’d/{f With +he clistance fo Fhe
HamiCronrian J%r a &'/)S/e electron ion pecibons R, 2,, ..
—> AU iz small for small distances T
pa o+ = - -
H O(F) Hoom,a + A0(F)
—f;z — < =
with  Hoo 3 = 57 +N(F-R)  and  AUG) = 2, V(F-R)

B4R
.S-Far—/n'rg P°""”L‘ electrons localized a4 atomic orb-n‘c./s L. e/\germ/uv‘cg cgc afom, B -

o(‘e# ws asSteme 'H?a-/' +Hoe qv‘omrc ergcnvc.eu.e Prob/cm 5 Solved :

4\ V(x)

U, = © (F-B) = & ¢ (F-R)

Q*OM, 24

Lhere n represents +the fed| Set of afomic {ead ™
guertum pumbers n = (H, 0, m, 3 ).
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Owr next step is to make an arsafz  for the wavefunchon of the full
HemiClonian /'nclud«'n(g the complefe, penodic Po-kn‘{"a/. To +his end, te constrct
a Bloch state of +he form

This ;s a Hloch state because e heowe

N R R T | _iRR — _iB(B-R -
ha(FeR) = g5 2 e P (PeR-R) = e ) et YA
R’ B 0
I IZEE ‘E'E_" L,
= N = = kR .
W < 2. C(F-2") = eFF gy s (7)

lal/

Let us show that fhese newly conmstructed HMoch stades are egenstates of #r
full mulh - atom Hamv€lonian. To do <o, Cet us firef ask ohetrer the Stefes
‘-Fn ( F——ﬁ) are cigen&i‘cnlfs of 7—{

He (F-R) = (HGM,E + A0(E)) ¢ (F-B)

= E P (F-B) + aU@®) @, (7-R)

~N

= @)

Ve have an c.;gms%ofe i 8(?) = O (Suf};cfcn-f Condibon ) .
SCF)= O f i) g(F-R)=0 for T oufsicle the &)"Sncr—&{fZ cell at R
ard i) AUGF) = O —I—  Fusicle

H ——

For the case of 8(?) =0, we can then caleulate +he bond strecture of He
full mulb - atom Hami @tonian

Hap s (F) = €, (B) w2 (F)

/ L2 R 5B . )
Hig Soe™ qa-8) =55 e™ e, g,-8) = &, 1)

1 el 2 N
NEL(R)
| I
—_— 'y _ . E
? Enéh) = En — ——k:
localized skafes give nse fo P ;iz
clispersionless bendls i N k.
~Wen o o
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The assumption of a ropil wavefunchon clecay (;mpl‘d'.r{ a(7F) =O above ) is

J'(,«S-L'Jﬁ'ccl on[zd for the core eleefron <Sfates | bt cloes rof realy hold for Hie
velence electrons  ( whose <sevefunchkon ovolap conshiutes the afomic éu'ocL'rK).
e con nevestheless  apply +he some  Bloch twewefunchon ansafe , +hough now

apprtc:‘o.\‘ir\(g thet these Bloch states are not exoet eiscns-l-a:lcs of the Crffg‘fc/.
In pochcular, the RBloch states 7u,B (F) are pot pormel; zed

ik (R, -R)) N N
Copl o) =il e SRR fate X (-8 9-B,)

SCS

Subskhede F'= o ﬁz fdg? —9 Jd?F" infegeal oves Ohole volume

zz, e BBTED (e o (2B -B) ()

Subskfute R = E« . ﬁz. 2L = Z’

B, =
l ~iBR -
—ﬁ‘%% S jd?F' ¥ (v/-R) ; (F')

Sum no lomer depends om B, — S gves a Jector of N

-

R
BB . .
= 2.e St @F (- B) uE)
with [ ¥ (&) 93(F') = S

MCL ocnn' (ﬁ) = deF, “Pn* "i’—'(_‘i} "Pn'é—\:,) é a_"omfc, ovvlap

[ <(q’n—i;_ I'Z-Pn’ﬁ> = n' + Z\ ~ikR vm' (ﬁ) J
[L#O I\

L a.fomic. O\/crfaP

So, for the valence electrons H Wnt (F) = <, (&) W,z (¥) 2s o lorper walid.

Incteacl, e mahe an ag-rox/’mkon Jor Hhe eneeey eenvatues &, (B) sing
the 1tz Canafonal method

(wplHwee)
£ (B) =
(e \wi )
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We are left woith cglcu/c\'/s‘ns the mahix element 2 Hioe Numeradtor.
(g | Hlgpa) = b 58 TR fip proR) 114 €, (% - &,)
2!—

3
q‘\q‘l'om,'ﬁ_ + aL(F)
1
gives a foctor £,
ROLVE-B,) 0, G-R,)

R(B,-2,)
% e Jore ® (2 -8,
———  R,%B,

2.

P

— - - l
- 6,., <2Pnh. ‘ q)nb..> + N
2 funchons are all locelized adt

—é, , .é,_ anal Eg_ , f?sfec‘ffvda

—H/)(.Sc.

'H’Je_ 'fnpk S ZEZ‘ G\CCorQL"’?\g +O the. Newprbes

R, B, R,

- clas's-';}'tj the contybutons Ho
of egucl ﬁ.; 'a

i) i,, = ﬁz = —53 s excleded

i) two of the ﬁi s are equal : §4 = ﬁz #F ?33 or

-iix') R, + R, # Eg * Q, :  these ferms con be neglected as  there iz almost
Vanfshiné ovolap Jor Qr (¥ - 2,) \/(F-Téz) P, (?-—’ﬁ,_)

—

Ry= Byt B,

for all velues of T

-— — —\
I. B-R,+R,
2 — 2, as R, i fixed 4o R
R, R, R,
! ;RO . . .
N Z. e’ fdz? ‘P: (F-R) A\{’ﬁ () P (F-R,) = expectadon velue of +he
R, ! potental °f all otrer atoms
.Su.éS'L#’lAJLC —f-:’ = F - ﬁ, S‘dgr —_— \rdflrl COW&I'C!CF"QS -{-hc O.‘ICOM"C S\Le.'f(_
at B

—\1> =_‘Z V<F1+§a—§2>

Pa %12,

does not contain V(F’)

! - N

= )L VE-R) = AV (R)

™ gives a comstant ency shif

N % Jar el () AN, () £ = p,
R, - - -

~~—
cloes not cleperal on R,



""):EE - - —
e Sd3er eF (T -R)V(F'-R) 9, (¥

(
N 2

&0

B R
" '\4-0 —— v
clexe not alependl on 2,
_ 'iEﬁ - — - =
=Sl e A (R)  with An (B) = Jd% ©*@E-BINVGE-B) @)

Alltogether, toe ardve at  the fvbh-l'—bu’nd«‘rag_approxri«wa-lsbn

B + ligao €% 4 (B)

Fe - :
1+ g0 ™ o, (B) with R
An(R) = olpn (B)

E.(R) = &,

n

’fgp'cc.”g, one. restcts the 'I—i—&,ms fo next anrd next -—r)ex/- nearest neshbom
Since.  +he ovubps bl becore Loy Sl for @y Jearthes m,‘glqbors,

For small ovcr’qps, “.e. l}: e“‘:E‘l o(w(ﬁBlll-/_(_ e Caw  further s('mpt.'%
_.%0

E(B) =~ &, +(,+ 5, o RE A (B (4- 5 < *F o c®))

R+40 B*0

/
n <3|€c+ P"Odﬂc‘f'

of Hiese 2 sums

N Eat (L + 5 TR (A (B) ~ poen(R))

- R %0 - v— .
c, = ¥, (R)

—> eneral form of the dlispersion - T -<bR -
J U E,(R) = ¢4 +%_‘e RX‘(A(Q.)
*0

in isht -binding opproximahion
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éxampye, : One - cimensronal lothce , By Emea

—r & (k) = c, *+ > o ~tkma X\n(Qm)

m 40

Now asteeme +hat KHCQ"‘) _ {— t, + Iml = .
o other orse

This means +Haet we assume &:Sm'ﬁ'am'/ oveslap  of kPn(x—Rm) and. P, (x)

on!g, bettieen a =ite ard 2 foo neacest ncf&bbors.

— £ (B) = c, — t, (™ & )

n

Le,,(/aﬁ = c, — 24, ms(ha)] 1

Ut,,

M, (B)

! !
! 1
| |
| / )
L |
|

bandwickh of +he kgb-"- bl'ndind' :

bond tn o =4: W, = Ut, —+ =

7

Nouv expand &, (R) arowurd  band mimmem at k=0

Elr) = ¢, - 26, (4=4(Ra)) = ¢, - 24, + £, a%k>

! | O*&n(k) /
> : . - L Z2é&nle) L 2
effectve maeass : m ln) i SRt W 2t,, a

the effechve nass
—> M*(n - = .
cliveges for €420

v’
Qemc.rhs
. -Tx'sl’ﬂ'— bfncL'r% bonds are nasroto bands. The bancluwelth s detecrminea b(Lj ove [o.p ¥
v(r) encgy levels P
T > T SF°“ q smell ).C/fz: c"'Q

- it —> Hoht - Gincling linat-
JA/ rﬂCfCGSCS [
Io.r\ge Afm.c,’n%

WHh Vepeain
TS S ot of Geshly periedic pokersal

Strgle - afom spectum Spectum of N afoms



L 7 'fkermodﬂnamfcs of non—{nkrac-kng electrons

To discuss the -/'hcrmodgrcmﬁ:& of nom- in#erac-/;@ elecfrons e consides
+heir grancl - canonical parthion Functon

[Sg {q—r J:c,ham«'ca.] Pe}en'[fa.!
-AHY
Z = 4r E’,ﬂ = Z. exp(‘ﬁZ(EhCE)—/&)'Pnﬁ)
{Pnb-i} 'E:\Bl iy
i) =o,4
Spm oV oce {x‘ou 0:}
saele - pechel . e .
s $;+&ts < &\\ﬂ\(»—?d*’ﬁk &{’e.”r(

= 7. T e (- en(B)-p) Pos )

_ ( - e—(l(e,,(?z) —}*))

The free enesy F s +hen g ven ba

t(-r,/“} = - kT @n 2(Tu) = - ke T 2, @ (| + o (e -1))
&,n

Ee‘.Bz

LOith +he help of +he clens,'ylv of shates e can ntfe Fhe free enexy elcnsil&

FOT, ) = ’\E, = — kg T [de gle) en (14 e~ rler))
. : . of
This, iu fern, allows us fo caleulee +he dcns\l—@ of electrons n= - —D;—
® —[3(6:'/-4> [==)
e —
N (T, p) = S de gle) S = de gter n, (-p)
torth Hee Fermi Suncton :
() = —1—
nF <P 4|




N — 42—
4 e ) osT N -ng (E) heT 63
|
S'!‘tp { eneon broadencd
s broadened] by S funchon
2 g T
3 > E A > E
o o
(<]
o
Jde (-ni®)) = —ne®)|” - 1
ek« ¥)

At zero demperadure  we have n(o, pn) = fde gle)

- 00

-

—> af T=0p +the chemical potenbal coincides oith +he Fermi energy

/"’LlT=o = £F

To evaluete Jc:im‘k" 'fem)oe_fa'['wc correchony  ome el Fhe &mmufda[ expansion:

Consicles some  ( smooth ) Sunehorn ale) with ale) »0 for €] =

©

o
=0 = O

for € s for&voo

with Ale) = [ d& al(E)

J de ate) - P (€-p) = A(e)'nF(é—f&)li + [ de Ale) (-, (5—#))

Since —ng (e-p) is only fuite within o Smal intovall of wiclth kgT

arounel £-pm O  WLE can &x,oard the func:ﬁ'on A i a 75.3/0!‘ Senes

a" A(e)

0
£ -
e e

A(&) = A(/«) + Z- -

|
1 n’
[Dith 4his one obtains for 4he antegal in the Sommesfedd expaution

2]

/‘k
:{OC[E a(é) 'nr_—(g—/‘*) :—£d£ ale) + b=t ae "1 E=pP -0

§r 47 ac) fd& (e-p2"

!

(*nf_.’ (6—;&))



The last 2uteqral can be evaluated and %«‘c/ds
i (£-u)" , (kaT)” . Crp i§ 1 s even
—:Ldé S <_nF (£Pﬂ>> B { 0O 35 n is add

n!
,t even fu.nc*’\'on of- £-M

|
CJI‘”') Coeﬂtfcfcn-" Cn = ( 2_ —_— 27.("1"') ) . i (2_('))
T— PRiemann's 2eda funchon

4

sz—z—g(q)z 360

i perfewlar . C, = £(2) = % ,

Onre j;‘nc//(\j obtains

F £ S d? ! a(e) 2
Jae ate) nte-p) = Sde ate) + 2522 (o)
- 0 ms=l1 d& —
e o
[n eeac{;n& odes , m=A, s becomes
2 T2

°" F ol a(e)
fcls ale) np(&-p) =_fde ale) + c;;e lé;:# (kgT) 2~

bl v}

let's wee 4his recnél from the SommeSeld expansion to caleulete  the

tntesnal| endsy U = fcle 8(5} FE - nF(C—,u>
a(€)

/k
= Jee g@re v T (ol (g0u) v pogi(p) + 0079)

Since the perficle c]ensh’a N does rof chape  with temperature (o perkeles

leave or enfer +he s\cjskm Lepon increas-'@ T ) ,  the chemical Po-f-cn'fs‘o./ must
be *CmPera‘/'urt dependcrﬁ, z.e. M= /4<T) (De have for the. Pcf‘l\'clt O’cn&ﬁ‘v

@ /~
n = de gler nple-n) = e gte) + }z(fzJ)L g'(p) + olTH)



— bS5 —
()

For +he iu.'['esrca’ f de 8(&) e assume +hat }ACT) 25 clote fo & so +hat

AT & p0T)
= Jde gte) = Jae gle) + J e g
-0 -co _J F _ ]
=n = 8(5':). (}4—5”_)

So, we Se+ Jor the ,ocr'is'clc Q]cnsl'#(]

e o+ (- gp) gleg) + g’—z(baﬂzg'(,ﬂ

—

= g (&)

—7 T- dependlence of chemi cal Po‘fen'ﬂ'a./ given b@

- _orr 8 z (%)
/&(T) £F 3 8CCF) (éGT>

Back +o nternal enersy

O = fde gle)-e + (- &) 3(&3@ + g’r—z (IaBT)Z(g'(é,,)-Q + S(ep))

Yo cutest (%)
Luterne| enefgy :Fof
T=0

[ 0= U, + F glep) - (IZBT)j

This resulf immcdia%e/\tj allocxe aus 4o calewlate +he electronic conbibufon to
the specific heat

TC_VCT) =

’ﬂqc electonic -SFCCf:,C‘c heat of a meﬁ:./ 8/06\13 /ineer/\tj 2t —{empefc,ﬁ.,r&.

D{()
i<

2 2
= % (e ) bg T = g.TJ
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The total specific heat of a metal at Coow demperatures has the form

N
—
cy (T) = ¥ T + A-T3
T T
QICQ-H“ons Phon ons
Sv 2 I; . ¥
O:HQ’) P/O‘H’ed as ':,.— ve. T —>  linear func_-{\or)
>T*
Remerk 2

" Hore genecally the power-@a dependence of +he electronic.  speeifie heat
cfepcnds an the Co-dimension e of the Ferri -Surjagce, e,

c, (T) « T % oith de= D-d
4 N\
Sf’“'ka-l alimensi onals
limension o Fermi surfoce

}n Per'ls'cu/c.r, e hove Ju D=2 SFo_'fs'ol alimendionl

noolal line —» C (T) T ( meteal )

Dirce cone.  —> <y (T)= T* ( semi - metal )

and i D=3 S,za%‘a/ Ainreniond

Fermi surface — coy(T) <« T
nocla] [ine —  c (T) « T2

} Scmi~rm~[ul.s
C()e\ljl nedes — c (M)« T3



