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1. Diatomic chain

In this exercise, we consider the physics of an infinitely long diatomic chain depicted in Fig. 1.

m1 m2

�
a/2

Figure 1: A diatomic chain with two types of atom of masses m1 and m2 that are connected by a
spring with constant γ . At rest, each atom is separated from its neighbor by a distance
a/2.

1. We start by discussing qualitative properties of the chain’s physics. Draw a short region
of the chain and highlight the unit cell for the two cases (a) m1 = m2 and (b) m1 6= m2,
respectively. How many branches will the phonon dispersion have in these two cases?

2. Calculate the volume of the unit cell and the volume of the 1. Brillouin zone.

3. The Hamiltonian of the chain is given as

H =
∞

∑
i=−∞

p2
i,1

2m
+

p2
i,2

2m
+V ({xi, j}), (1)

where the sum runs over all unit cells i and includes contributions from all types of atoms
j. The potential V in the most general case depends on all atoms in all unit cells V ({xi, j}).
Making use of the sketch depicted in Fig. 1 and the definition of the dynamical matrix
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from the lecture, explain why the potential can be approximated as

V
(
{xi, j}

)
=

∞

∑
i=−∞

γ

2

[
(δxi,1−δxi,2)

2 +(δxi,2−δxi+1,1)
2
]
, (2)

with δx denoting the displacement of an atom from its equilibrium position.

4. Now use the ansatz

δx j,i =
√

a

π/2∫
−π/2

π

2π

1
√

mi
eikx(0)j,1 qi(k) (3)

p j,i =
√

a

π/2∫
−π/2

π

2π

√
mie

ikx(0)j,1 pi(k) (4)

to rewrite the Hamiltonian in the form

H =

π/a∫
−π/a

dk
2π

1
2

[
∑
m

pm(k)pm(−k)+2γ ∑
m,n

qm(k)Ṽm,nqn(−k)

]
. (5)

Why can we savely use the displacement as our variable instead of the full coordinate?
Hint: You will need to use an identity for Fourier sums that we studied on the previous
exercise sheet to fully simplify the expression obtained from plugging in the Ansatz.

5. Continue to first determine the eigenvalues di(k) of the matrix 2γ Ṽ and use them in a
second step to find the dispersion relations ωi(k) =

√
di(k).

6. How do the dispersions relations change as m1→ m2? Explain how this ties in with your
answer for question 1.

2. Phonons in Python

For this exercise, we provide a simple Python notebook that you can study and play around with
to explore the physics of phonons. In particular, it allows you visualize the different oscillation
modes and how the overall kinetic and potential energies are interchanged during the movement.
It is loosely based on a paper by Freeman J. Dyson in which he studies the general case of a
chain of oscillators where both the mass and the spring constants are allowed to be different for
each site and bond, respectively.

In this notebook, the mode used for display is selected by the variable idx that is set in the fifth
input cell from the top. Its values range from 0, which is the ground state to N− 1, the state
highest in energy. You can further explore what happens when the masses and spring constants
are changed. This can be achieved by changing how the mass and spring constant arrays in the
second input cell are initialized. After running the following cells, the matrix will be updated
according to your choices and rediagonalized so that you can have a look at how your choice
affects the oscillation modes.
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