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If you turn in your solutions by Wednesday noon (November 30th), they will be graded.
Please submit your solutions to Henry Legg at hlegg @uni-koeln.de.

1. Specific heat of phonons

The goal of this exercise is to study the contribution of phonons to the specific heat of a crystal.
To this end, let us consider the phonon Hamiltonian in the harmonic approximation
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with bli , and b, , being bosonic creation and annihilation operators, respectively,n=1,2,...,dr
labels the phonon branches for r ions per unit cell in d dimensions, and w, (k) denote the energy
dispersions.

The average occupation number of a phonon mode at temperature 7 > 0 is given by the Bose-
Einstein distribution function ( f = kBLT)
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The thermal average is defined via (O) = ———~, where Z = Tr (e_ﬁ > is the partition

function. The quantity of interest is the specific heat C given by
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e High-temperature limit: The phonon dispersions are bounded from above with a maxi-
mum value Wpax = mﬁll(X{COn(k)}- Show that for temperatures T >> h®max / kB, the specific
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heat follows the law of Dulong-Petit and is given by the constant value
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where N is the number of unit cells.

e Phonon density of states: It is convenient to write the specific heat in the form
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where g(¢€) is the phonon density of states:
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Evaluate the integral [; deg(€).

e Low-temperature limit: The energy of the optical branches is also bounded from below
with a minimum value a);?; = Tikn{w"(k) |@, optical}.

At low temperatures kpT < hcor?fi’;, the phonon density of states is solely determined by

the d acoustic phonon branches. Their dispersions assume the form @;(k) = v ;(k) k|

with j = 1,...,d. The sound velocities v, ;(k) only depend on k = k/|k|. Evaluate the

phonon specific heat, Eq. (2), at low temperatures to show that
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Hint: Show that g(& < ha)OPt) ~ £471 and subsitute € = kgTx in Eq. (2).

min
Calculate the prefactor in d = 3 dimensions for constant sound velocities vy, ;(K) = v;.
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2. Debye model

In order to describe the crossover between the low- and high-temperature limits, one often uses
the Debye model. Here, the phonon density of states is assumed to have the form
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where gp is the Debye energy, which also defines the Debye temperature Tp = €p /kp.

e Show that this density of state is correctly normalized by evaluating the integral [;"degp(€).

e Comfirm that the expression (2) for the specific heat with the Debye density of states (5)
indeed recovers the Dulong-Petit law at high temperatures and the behavior C ~ T< at
low temperatures.

e Compare the result in the low-temperature regime for d = 3 with the result obtained in
2.d) to derive an explicit formula for &p.
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