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Solid State Theory

Exercise sheet 4

This exercise sheet will be discussed on Friday, December 16th 2022.
via mail (gresista@thp.uni-koeln.de) by 10:00 AM on Thursday December 15th 2022.

Kronig-Penney model

Consider a periodic rectangular potential with periodicty a and strength V{ as shown in the
figure:
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We want to solve the Schroedinger equation
h20?
<— 2 + V(x)) U(z)=E¥(x) (2)

to see that we obtain energy gaps in the electronic band structure. Bloch’s theorem
U(x) = e*@y(z), where u(z) = u(z + a) (3)

says that it is sufficient to solve problem only in one period of the potential, for example
x € [—a/2,a/2]

Exact solution

a) Show that the ansatz

Ui(z) = Ae®® 4 Be ™ (0 <z < a/2) (4)
Urr(z) = CeP* + De % (—a/2 < 2 < 0) (5)

VomE V2m(E— . . .
where o = Q%E and § = M solves the Schroedinger equation in the respective

range.
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To make sure that the solution is in accordance with Bloch’s theorem and boundary conditions
of continuity and continuity of probability current, it has to satisfy

U (0) U;7(0)
,II(O) = /H(O)
ur(a/2) = wurr(—a/2)
up(a/2) = ujp(-a/2)

Write this in the form (you may use an algebra software like Mathematica or SymPy)
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For this system of linear equations to have a non trivial solution, the determinant of M has to
be zero: |
detM(E, k) =0 (7)

b) Show that Eq. ([7) is equivalent to (again, you may use a computer)

apB a2+ B2 . aa af

cos(ak) = cos(%) 005(7) " %aB sm(7) sin(7). (8)

As this equation can not be solved analytically for E(k), visualize the possible solutions for
different values of k in the first Brillouin zone.

Perturbation theory for a periodic potential (%)

Consider a single electron in a weak periodic potential with the Hamiltonian H = Hy + Hj,

where Hj is the free Hamiltonian
2

Hy= o (9)
and H; is defined via
(z[ Hy[2') = V(2)d(x —2") V(z+a)=V(2) (10)

We want to consider the effect of the periodic potential using standard perturbation theory with
H; as the perturbation. As a starting point, we consider the eigenstates |k) and energies e,(f) of
the unperturbed Hamiltonian

0 h2k?
Holk) = € [k) = 5 — k). (11)

In order for these eigenstates to be normalizable, we consider a finite system z € [0, L] with

periodic boundary conditions, resulting in a discrete set of |k) with (z|k) = %eikx .

a) Show that the matrix elements of the periodic potential in momentum space are given by

(k| Hy k') = Ve, 00— G, - (12)
Gn

where Vi, are the Fourier components of the potential V (z) with the reciprocal lattice vectors
G, = %”n (n € Z). What does this imply for interactions between different momenta?

Hint: Insert 1 = fOL dz |z) (z| and the Fourier expansion V(x) = e GV

2



b) Now apply perturbation theory: Show that, up to second order, the energy is given by

0 Ve, |?
ekzeé)—i—VGO—&- Z ﬁ. (13)
Gn#Go €k~ k-G,

What is the effect of the linear correction? For which & is the second correction the strongest?
Hint: The general formula for non-degenerate, time-independent second order perturbation
theory is
0 | (k| Hy |K) °
ek = €, + (k[ Hy |k) + ZW
k’;ﬁk Ek — Ek/

(14)

c) At the edges of the (emerging) Brillouin zones at &k, = Zm (m € Z), second-order pertubation
theory breaks down, because the zero order energies of k = k,, and ¥ = k,,, — G, are
degenerate. To remedy this, use degenerate perturbation theory to show that the shift in
energy at these momenta is given by

Ekim = VGO + |VGm" (15)

What does this imply for the band structure?
Hint: In degenerate perturbation theory the energy shift is given by the eigenvalues of the
two dimensional Hamilton matrix of Hy in the degenerate subspace spanned by |k) and |k').

d) Now consider the periodic potential of the Kronig-Penney model defined in the previous
exercise. Calculate the first order energy correction and use Eq. [15|to show that the band gap

2Vp
220 m odd
Ay, =q™ (16)
0 m even
opens at the Brillouin zone boundaries.
Hint: The Fourier components of the potential are given by Vg, = é foa V(z)elGn®

e) Sketch the result in the reduced zone scheme.



