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topological mechanics

example #1: “floppy modes” in isostatic lattices

C.L. Kane & T.C. Lubensky, Nat. Phys. 10 (2014)

Maxwell relation
⌫ ⌘ N0 �Nss = d · ns � nb
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topological mechanics

example #1: “floppy modes” in isostatic lattices

6
SUSY & top. Mech.

Talk on 2019/04/01 by Jan Attig

Topological Mechanics

Example #1:
Boundary modes in isostatic lattices

1D: Building SSH chain in isostatic lattice

[C.L. Kane & T.C. Lubensky, Nat. Phys. 10 (2014)]

“mechanical” SSH chain

C.L. Kane & T.C. Lubensky, Nat. Phys. 10 (2014)

“floppy mode” “rigid mode”

Maxwell relation
⌫ ⌘ N0 �Nss = d · ns � nb
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topological mechanics
example #2: topological insulator from classical pendula 

R. Süsstrunk and S. D. Huber, Science 349, 47 (2015) 
S. D. Huber, Nature Phys. 12, 621 (2016)
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SUSY & top. Mech.

Talk on 2019/04/01 by Jan Attig

Topological Mechanics

[Roman Süsstrunk, Sebastian D. Huber, Science 03 (2015)]

[Sebastian D. Huber, Nature Phys., 12, 621, (2016)]

[Videos by Sebastian D. Huber]

Example #2: 
Topological insulator
from classical pendula

Newtonian to Schrödinger equation

Matrix equivalency
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topological mechanics
example #2: topological insulator from classical pendula 

R. Süsstrunk and S. D. Huber, Science 349, 47 (2015) 
S. D. Huber, Nature Phys. 12, 621 (2016)
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Talk on 2019/04/01 by Jan Attig

Topological Mechanics

[Roman Süsstrunk, Sebastian D. Huber, Science 03 (2015)]

[Sebastian D. Huber, Nature Phys., 12, 621, (2016)]

[Videos by Sebastian D. Huber]

Example #2: 
Topological insulator
from classical pendula

Newtonian to Schrödinger equation

Matrix equivalency

floppy modes constitute 
boundary mode
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correspondence principles
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topological mechanics
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iẋ

!
Schrödinger equation Newton’s equation
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correspondence principles
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basic ingredients of SUSY

Q = c†iRijbj
<latexit sha1_base64="6BCjW1J0TJGx7f/4NpYvKONXQBc="></latexit>

non-hermitian  
SUSY charge operator

fermion

boson

arbitrary matrix

HSUSY = {Q,Q†
} = c†RR†c+ b†R†Rb

<latexit sha1_base64="tZ6KH1VUPxZ/Yd4EF6hNRwZbvtU="></latexit>

supersymmetric Hamiltonian

fermion boson

isospectral
quadratic 

Hamiltonians
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Talk on 2019/04/01 by Jan Attig

Ingredients of supersymmetry (SUSY)

SUSY charge 
operator

matrix
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Hamiltonian

Fermion Hamiltonian Boson Hamiltonian

2

1

0

1

2

1

0

2

1

boson

fermion

http://www.thp.uni-koeln.de/trebst/


©  Simon Trebst

SUSY & topological mechanics

topological mechanics – phase space coordinates                               
                                          as bosonic degrees of freedom

(p, q)
<latexit sha1_base64="+5HvwQFPilUeEwzaHZpFzD9lVa8=">AAAB7HicdVDLSsNAFL2pr1pfVZduBotQQUJSBbssuHFZwbSFNpTJdNIOnUzSmYlQQr/BjQtF3PpB7vwbJ20FnweGOZxzL/feEyScKe0471ZhZXVtfaO4Wdra3tndK+8ftFScSkI9EvNYdgKsKGeCepppTjuJpDgKOG0H46vcb99RqVgsbvU0oX6Eh4KFjGBtJK+anE1O++WKY9ecHOg3ce3571RgiWa//NYbxCSNqNCEY6W6rpNoP8NSM8LprNRLFU0wGeMh7RoqcESVn82XnaETowxQGEvzhEZz9WtHhiOlplFgKiOsR+qnl4t/ed1Uh3U/YyJJNRVkMShMOdIxyi9HAyYp0XxqCCaSmV0RGWGJiTb5lEwIn5ei/0mrZrvntnNzUWnUl3EU4QiOoQouXEIDrqEJHhBgcA+P8GQJ68F6tl4WpQVr2XMI32C9fgDfqo4I</latexit>

Q = �B
i 1ij p̂j + �A

i Aij q̂j
<latexit sha1_base64="E7yLvRwXCtSh/i4NB8Q4t+vr5Vg="></latexit>

SUSY charge

real fermions

real bosons

natural SUSY partners

real fermions 
= Majorana fermions 

real bosons
[q̂i, p̂j ] = i�i,j

<latexit sha1_base64="MulObDDmV9wjLjEifF6WRdaVQn8=">AAACD3icdVDLSgNBEJz1GeNr1aOXwaB4CGHWZzwIAS8eFYwGsssyO5mYibMPZ3qFsOwfePFXvHhQxKtXb/6NkzWCihY0FFXddHcFiRQaCHm3xsYnJqemSzPl2bn5hUV7aflcx6livMliGatWQDWXIuJNECB5K1GchoHkF8HV0dC/uOFKizg6g0HCvZBeRqIrGAUj+fZG2+1RyK5zX1QLluR+38OHWGC3wyVQPxPVfu7bFVLbJc7BHsGkRgoUpO5sO9gZKRU0wolvv7mdmKUhj4BJqnXbIQl4GVUgmOR52U01Tyi7ope8bWhEQ669rPgnx+tG6eBurExFgAv1+0RGQ60HYWA6Qwo9/dsbin957RS6dS8TUZICj9jnom4qMcR4GA7uCMUZyIEhlClhbsWsRxVlYCIsmxC+PsX/k/OtmrNdI6c7lUZ9FEcJraI1tIkctI8a6BidoCZi6Bbdo0f0ZN1ZD9az9fLZOmaNZlbQD1ivH9HInHs=</latexit>

http://www.thp.uni-koeln.de/trebst/


©  Simon Trebst

SUSY & topological mechanics

Q = �B
i 1ij p̂j + �A

i Aij q̂j
<latexit sha1_base64="E7yLvRwXCtSh/i4NB8Q4t+vr5Vg="></latexit>

SUSY charge

R = ( 1 0
0 A )

<latexit sha1_base64="Xljr641yXEgTyUf9iMWNU6vg7cE="></latexit>

encodes block-diagonal form

R
<latexit sha1_base64="sKRNjxrC8nFRYJSw/VINSMEuA8g=">AAAB8nicdVDLSgMxFL1TX7W+qi7dBIvgapipgl0W3LisYh8wHUomzbShmWRIMkIZ+hluXCji1q9x59+YaSv4PBByOOde7r0nSjnTxvPendLK6tr6RnmzsrW9s7tX3T/oaJkpQttEcql6EdaUM0HbhhlOe6miOIk47UaTy8Lv3lGlmRS3ZprSMMEjwWJGsLFSgFDej2J0M6ugQbXmuXWvAPpNfHf+ezVYojWovvWHkmQJFYZwrHXge6kJc6wMI5zOKv1M0xSTCR7RwFKBE6rDfL7yDJ1YZYhiqewTBs3Vrx05TrSeJpGtTLAZ659eIf7lBZmJG2HORJoZKshiUJxxZCQq7kdDpigxfGoJJorZXREZY4WJsSlVbAifl6L/Safu+meud31eazaWcZThCI7hFHy4gCZcQQvaQEDCPTzCk2OcB+fZeVmUlpxlzyF8g/P6ATe7j94=</latexit>

is the rigidity matrix of the mechanical system.
It  allows to directly connect mechanical systems to Majorana analogues, and vice versa.

dynamical matrix

Hfermion = �i�A
j Ajk �B

k + h.c.
<latexit sha1_base64="jCPPbCYxTcdcVRh9vSRyOMQ9alM="></latexit>

Hboson = p̂ip̂i + q̂i(A
TA)ij q̂j

<latexit sha1_base64="COpJdZycxmWdPLj0vAWet9bpAGc="></latexit>

HSUSY = {Q,Q†}
<latexit sha1_base64="MazMYoFkgsqguNaLf8mojS7CoNE=">AAACHnicdVDLSgMxFM34rPU16tJNsAgupEyrYjdCwU2XLbUP6YxDJk2nocnMkGSEMsyXuPFX3LhQRHClf2OmrVBfB0JOzrmX3Hu8iFGpLOvDWFhcWl5Zza3l1zc2t7bNnd22DGOBSQuHLBRdD0nCaEBaiipGupEgiHuMdLzRZeZ3bomQNAyu1DgiDkd+QAcUI6Ul1zyruYktOGy2mtcpvIB2YnOkhhixpJHCYzj3urH7yPeJgHbqmgWrWLYywN+kVJzcVgHMUHfNN7sf4piTQGGGpOyVrEg5CRKKYkbSvB1LEiE8Qj7paRogTqSTTNZL4aFW+nAQCn0CBSfqfEeCuJRj7unKbFr508vEv7xerAYVJ6FBFCsS4OlHg5hBFcIsK9ingmDFxpogLKieFeIhEggrnWheh/C1KfyftMvF0knRapwWqpVZHDmwDw7AESiBc1AFNVAHLYDBHXgAT+DZuDcejRfjdVq6YMx69sA3GO+fLi+h5A==</latexit>

Majoranas hopping 
on two sublattices AB

bosons 
on one sublattice (B)

�A �A�B �B

p̂ p̂
q̂ q̂
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SUSY & topological mechanics
From real bosons to classical balls and springs.

kij = �2
X

a2A

AT
iaAaj

<latexit sha1_base64="sYx8rMSCUlZuaYUPD3e/a1Gv9lo="></latexit>

i = 2
X

a2A

A2
ia �

X

b2B

kib
<latexit sha1_base64="xINv0kyD4ToZbezmv/CfG6LCKQU="></latexit>
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From real bosons to balls and springs

Real Boson model on B sublattice Model of Classical balls and 
springs on B sublattice

H =
X

i

p2i
2m

+
X

ij

kij
2
(qi � qj)

2 +
X

i

i

2
q2i

⇠

X

i

p2i +
X

ij

qiDijqj
<latexit sha1_base64="erxonSQS9tcRlmSBQmra1PZL13U="></latexit>

classical limit

Hboson = p̂ip̂i + q̂i(A
TA)ij q̂j

<latexit sha1_base64="COpJdZycxmWdPLj0vAWet9bpAGc="></latexit>

�A �A�B �B

p̂ p̂
q̂ q̂
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balls & springs Kitaev model
Majorana fermions 

on honeycomb lattice 
balls & springs 

on triangular lattice 
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From real bosons to balls and springs

Real Boson model on B sublattice Model of Classical balls and 
springs on B sublattice
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balls & springs Kitaev model

15
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Talk on 2019/04/01 by Jan Attig

From real bosons to balls and springs

Real Boson model on B sublattice Model of Classical balls and 
springs on B sublattice

simulate balls & springs model by integrating 
classical equations of motion

periodic drive of a single sites

http://www.thp.uni-koeln.de/trebst/
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balls & springs Kitaev model
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balls & springs Kitaev model
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Extracting classical spectra0.5
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mechanical 2nd order TI
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Summary

Connecting SUSY 
with topological 

mechanics

Building
LEGO® devices

to model
Majorana fermion 

systems

Supersymmetry

Bosons & Fermions
+ bipartite lattice
+ Majorana fermions

Topological 
mechanics

Example #1
Mechanical Kitaev 
model

Example #2
Mechanical SOTI

3

FIG. 1. Mechanical Kitaev model. a) and b) Realization
in the form of a classical balls & springs model (see also main
text). c) The phase diagram of the classical model exhibits
a gapless region (blue) and three gapped phases (grey). The
excitation spectra of the classical model extracted from nu-
merical simulations for the d) gapless and e) gapped phases.

the balls and springs configuration (for drives of dif-
ferent frequencies !), which we subsequently Fourier-
transform. This allows us to recover the full energy
dispersion of the classical system as shown in Figs. 1 d)
and e) for two sets of coupling parameters. In Fig. 1 d)
we probe the isotropically coupled Kitaev model and re-
cover the well known Dirac cone spectrum of the quan-
tum system. Obtaining such a linear low-energy spec-
trum in a spring system (which on the level of indi-
vidual springs always exhibits quadratic energy disper-
sions) is striking evidence of the many-body physics at
play. In Fig. 1 e) we show an energy spectrum for a
situation where one of the three coupling parameters
dominates and the spectrum exhibits a well-defined low-
energy gap, i.e. the mechanical system remains rigid for
low frequency drives up to a threshold given by the gap.
While this is imposed from the physics of the quantum
system, it is again an unusual situation for a classical
system, which typically defy a small-frequency rigidity
(in particular on the level of individual springs)15.

The propagating phonon modes constitute the clas-
sical analogs of the Majorana fermions in the Kitaev
model, with their energy spectra being in one-to-one
correspondence. Note that also the underlying Z2 gauge
structure of the Kitaev spin liquid is fully present in the
mechanical model. A pair of gauge excitations – visons
in the language of Z2 spin liquids – can be excited by
flipping the sign of an intersite spring constant16, in di-
rect analogy to flipping the hopping on a bond in the

quantum model. In total, our SUSY construction allows
to build a full mechanical analog of the Z2 quantum
spin liquid of the Kitaev model, complete with classical
analogs of both the fractional quasiparticles (Majorana
fermions) and the underlying Z2 lattice gauge structure.
Mechanical second-order TI.– As a second example, we
apply our SUSY construction to derive a classical balls
and springs model of the “octupolar insulator” intro-
duced in Refs. 17 and 18 as a principal example of a
second-order topological insulator (SOTI) with topolog-
ically protected, gapless corner modes19. The original
formulation17 of the SOTI is based on a square lattice
tight-binding model whose hopping strengths are stag-
gered for the elementary square plaquettes of the lattice
(which each encompasses a ⇡-flux). While the original
model is not sensitive to whether the underlying de-
grees of freedom are complex or real fermions, we again
take the real-fermion formulation as principal input for
our SUSY construction. Going through the two steps of
first constructing the SUSY-related real boson model (6)
and then taking its classical limit (7), we arrive at the
balls and springs model illustrated in Figs. 2 a) and b).
The mechanical system is composed of two square lat-
tices of coupled balls and springs (denoted B1 and B2 in
the figure). The two lattices turn out to be decoupled,
since any interlattice coupling always arises from two
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FIG. 2. Balls & springs model of a second-order topo-

logical insulator. Mechanical realization shown in a) side
view and b) top view. As discussed in the main text the sys-
tem decouples into two independent systems, denoted here
by B1 and B2. c) Schematic phase diagram for a stagger-
ing of the coupling constants around the isotropic coupling
point. The excitation spectra of the classical model ex-
tracted from numerical simulations for the d) gapless and
e) gapped (both topological and trivial) phase.
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model is not sensitive to whether the underlying de-
grees of freedom are complex or real fermions, we again
take the real-fermion formulation as principal input for
our SUSY construction. Going through the two steps of
first constructing the SUSY-related real boson model (6)
and then taking its classical limit (7), we arrive at the
balls and springs model illustrated in Figs. 2 a) and b).
The mechanical system is composed of two square lat-
tices of coupled balls and springs (denoted B1 and B2 in
the figure). The two lattices turn out to be decoupled,
since any interlattice coupling always arises from two

0.5

1.0

1.5

2.0

2.5

3.0

3.5

' '

0.5

1.0

1.5

2.0

2.5

3.0

3.5
' '

'

'

FIG. 2. Balls & springs model of a second-order topo-

logical insulator. Mechanical realization shown in a) side
view and b) top view. As discussed in the main text the sys-
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tracted from numerical simulations for the d) gapless and
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topological invariants

This SUSY construction allows to explore  
topological properties of bosonic systems 

by connecting the symplectic bosonic eigenfunctions  
with a fermionic Berry phase of its SUSY partner.

fermionic Berry curvature
fermionic eigenstates

A = hum(k)|irk|un(k)i
<latexit sha1_base64="aVGFGSWHBKKHufXqsn5tPcVz5+A="></latexit>

additional covariant derivative

via rigidity matrix |um(k)i
<latexit sha1_base64="I8J/bHPzeguGduvLvR/bPYT8ZKc=">AAAB/XicdVDLSsNAFJ34rPUVHzs3g0Wom5LU967gxmUF+4AmhMl00g6dmYSZiVBj8VfcuFDErf/hzr9x2kaoogcuHM65l3vvCRNGlXacT2tufmFxabmwUlxdW9/YtLe2mypOJSYNHLNYtkOkCKOCNDTVjLQTSRAPGWmFg8ux37olUtFY3OhhQnyOeoJGFCNtpMDevU8DXs68MIKD0aEnkegxEtglp+JMAGfIieNenLrQzZUSyFEP7A+vG+OUE6ExQ0p1XCfRfoakppiRUdFLFUkQHqAe6RgqECfKzybXj+CBUbowiqUpoeFEnZ3IEFdqyEPTyZHuq9/eWPzL66Q6OvczKpJUE4Gni6KUQR3DcRSwSyXBmg0NQVhScyvEfSQR1iawognh+1P4P2lWK+5Rxbk+LtWqeRwFsAf2QRm44AzUwBWogwbA4A48gmfwYj1YT9ar9TZtnbPymR3wA9b7FzeVlQU=</latexit>

R(k)p
|!m(k)|

|vm(k)i ⌘ R̃(k)|vm(k)i
<latexit sha1_base64="5wWYh03F+5pGS/XxlyDgE3aG9n0="></latexit>

=<latexit sha1_base64="SSeOn+T/xmJ3toANTZcKG7KKRHo=">AAAB6HicdVDLSgNBEOz1GeMr6tHLYBA8LbtR0IsQ8OIxAfOAZAmzk95kzOzsMjMrhJAv8OJBEa9+kjf/xtkkgs+CYYqqbrq7wlRwbTzv3VlaXlldWy9sFDe3tnd2S3v7TZ1kimGDJSJR7ZBqFFxiw3AjsJ0qpHEosBWOrnK/dYdK80TemHGKQUwHkkecUWOl+mWvVPbcipeD/Ca+O/u9MixQ65Xeuv2EZTFKwwTVuuN7qQkmVBnOBE6L3UxjStmIDrBjqaQx6mAyW3RKjq3SJ1Gi7JOGzNSvHRMaaz2OQ1sZUzPUP71c/MvrZCa6CCZcpplByeaDokwQk5D8atLnCpkRY0soU9zuStiQKsqMzaZoQ/i8lPxPmhXXP3W9+lm5WlnEUYBDOIIT8OEcqnANNWgAA4R7eIQn59Z5cJ6dl3npkrPoOYBvcF4/AJFljLk=</latexit>

bosonic eigenstates

ASUSY = hvm(k)|iR̃†rk

⇣
R̃|vn(k)i

⌘

= hvm(k)|i�2

⇣
rk + �2R̃

†rkR̃
⌘
|vn(k)i

<latexit sha1_base64="brZ3Ssus+I+z7y2klYQebDi4Kso="></latexit>

bosonic Berry curvature
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route to classify bosonic systems

This SUSY construction allows to explore  
topological properties of bosonic systems 

by connecting the symplectic bosonic eigenfunctions  
with a fermionic Berry phase of its SUSY partner.

ASUSY = hvm(k)|iR̃†rk

⇣
R̃|vn(k)i

⌘

= hvm(k)|i�2

⇣
rk + �2R̃

†rkR̃
⌘
|vn(k)i

<latexit sha1_base64="brZ3Ssus+I+z7y2klYQebDi4Kso="></latexit>

SUSY Berry curvature

additional covariant derivative

Bosonic systems that are trivial with regard to conventional definition of Berry phase 
can be non-trivial with regard to SUSY Berry phase!

http://www.thp.uni-koeln.de/trebst/
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Spin Spirals

Seminar Talk on 2017/02/08 by Jan Attig

Classical Heisenberg model

spin-spin

Interaction

along bonds

Groundstate

Coplanar Spirals

Grids Axonomnetric 15,15 degrees 

100xCos(15)=96.593

100 x cos45 = 70.711

100/cos45 = 141.421

Designed for viewing a 75%. 

If Screen Res is 1280x800 pixel width would be 600px

For 8 spokes or arrows used a move of.. 

((Move Horizontal = 100 x cos(45) / 8 = -8.839))  

((Move Vertical = 100 x cos(45) x tan 15 / 8 = -2.368))

SKEW 

Vertical 

-15 degrees
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Horizontal Compression 

100 x Cos(45) = 70.711 % 

Vertical Compression 

100 x Cos(15) = 96.593 % 
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Vertical Stretch 
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SCALE 

Vertical Compression 
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(Cos(15) - 2Cos(45)Tan(15))= 

58.699 %

Your screen 1280x800 or 1024x768 

W/H = 0.79 

Visable screen height 0.8 

768 x 0.8 x 0.79 = 485

→ only wavevector

needed

Monte Carlo

Simulated Annealing

...
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Why Coplanar Spirals?

● Typically arise from magnetic 

frustration

● Prominent examples:

– multiferroics

– spin textures / multi-q states

● Skyrmions (3 spirals)

● Z2 vortex crystals (3 spirals)

– spiral spin liquids

Description only needs one wavevector

Coplanar spirals typically arise in the presence of 
competing interactions

Elementary ingredient for 
• multiferroics 
• spin textures/multi-q states 

- skyrmion lattices 
- Z2 vortex lattices 

• spiral spin liquids

~S(~r) = Re
⇣⇣

~S1 + i~S2

⌘
ei~q~r

⌘
Description in terms of  
a single wavevector

http://www.thp.uni-koeln.de/trebst/
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Why Coplanar Spirals?

● Typically arise from magnetic 

frustration

● Prominent examples:

– multiferroics

– spin textures / multi-q states

● Skyrmions (3 spirals)

● Z2 vortex crystals (3 spirals)

– spiral spin liquids

Description only needs one wavevector

Coplanar spirals typically arise in the presence of 
competing interactions

Familiar example  
• 120o order of Heisenberg 

AFM on triangular lattice

~S(~r) = Re
⇣⇣

~S1 + i~S2

⌘
ei~q~r

⌘

87

Spin Spirals

Seminar Talk on 2017/02/08 by Jan Attig

Example: Square of honeycomb lattice

fermion

matrix

spin

matrix

triangular lattice x2honeycomb lattice

Fermi surface: Dirac cones Groundstate: 120 degree order
~q =

✓
±2⇡

3
,
2⇡p
3

◆

http://www.thp.uni-koeln.de/trebst/
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spin spiral materials
Frustrated diamond lattice antiferromagnets

A-site spinels 
  MnSc2S4
  FeSc2S4 

   CoAl2O4 

   NiRh2O4

S=5/2 
S=2 
S=3/2 
S=1

H = J1
X

hi,ji

~Si
~Sj + J2

X

hhi,jii

~Si
~Sj

J2/J1 = 0.2 J2/J1 = 0.4 J2/J1 = 3 J2/J1 = 100

degenerate coplanar spirals form 
spin spiral surfaces in k-space

http://www.thp.uni-koeln.de/trebst/
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Experimental observation of spin spiral surface in  
inelastic neutron scattering of MnSc2S4.

36

Spin Spirals

Seminar Talk on 2017/02/08 by Jan Attig

Spin spirals on the diamond lattice

Manifold of degenerate

groundstate wavevectors

Order by disorder at finite temperature[1]

Experimentally confirmed[2]

[1] Balents, Trebst et al., Nature Phys. (2007)

[2] Rüegg et al.,  Nature Phys. 2017

Nature Phys. 3, 487 (2007) Nature Phys. 13, 157 (2017)

J2/J1 = 0.85

spin spiral materials

http://www.thp.uni-koeln.de/trebst/
http://www.nature.com/nphys/journal/v3/n7/abs/nphys622.html
http://www.nature.com/nphys/journal/v13/n2/full/nphys3914.html
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spin spiral manifolds

Spiral manifolds are extremely reminiscent of Fermi surfaces

triangular lattice FCC lattice diamond lattice

Dirac points nodal lines Fermi surface

But:  
Spiral manifolds describe ground state of classical spin system, 

while Fermi surfaces are features in the middle of the energy 
spectrum of an electronic quantum system.

http://www.thp.uni-koeln.de/trebst/


©  Simon Trebst

spin spiral manifolds
spin spirals in a nutshell

H =
X

hi,ji

Jij ~Si
~Sj

=
X

~k

X

A,B

SA
~k
MA,B(~k)S

B
�~k

Fourier transform 
of spin model

Lu
tti

ng
er

-T
is

za

diagonalize 
matrix MA,B(~k) =

X

~rAB,j

J~rj e
�i~k·~rj

find minimal 
eigenvalues

�j(~k)

free fermions in a nutshell

H =
X

hi,ji

tij c
†
i cj

=
X

~k

X

A,B

c†
A,~k

HA,B(~k) cB,~k

Fourier transform 
of spin model

diagonalize 
matrix HA,B(~k) =

X

~rAB,j

t~rj e
�i~k·~rj

find zero 
eigenvalues

✏j(~k)

http://www.thp.uni-koeln.de/trebst/
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spin spiral manifolds
spin spirals in a nutshell free fermions in a nutshell

MA,B(~k)
with 

minimal 
eigenvalues

�j(~k)

HA,B(~k)

with zero 
eigenvalues

✏j(~k)

H(~k)2 ✏j(~k)
2has eigenvalues

zero eigenvalues of H(~k)

are minimal eigenvalues of H(~k)2

make ansatz

M(~k) = H(~k)2 � E0 · 1

http://www.thp.uni-koeln.de/trebst/
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matrix correspondence
spin spirals in a nutshell free fermions in a nutshell

MA,B(~k)
with 

minimal 
eigenvalues

�j(~k)

HA,B(~k)

with zero 
eigenvalues

✏j(~k)

H(~k)2

q
M(~k)

mapping of a classical to quantum system 
(of same spatial dimensionality) 
via a 1:1 matrix correspondence

→  reminiscent of “topological mechanics”

M(~k) = H(~k)2 � E0 · 1

http://www.thp.uni-koeln.de/trebst/
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M(~k) = H(~k)2 � E0 · 1

What does “squaring” of quantum system mean?

lattice construction

free fermions on 
honeycomb lattice

Explicit lattice construction.

H(~k)2

coplanar spirals on 
triangular lattice

~q =

✓
±2⇡

3
,
2⇡p
3

◆
~q =

✓
±2⇡

3
,
2⇡p
3

◆

http://www.thp.uni-koeln.de/trebst/
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M(~k) = H(~k)2 � E0 · 1

What does “squaring” of quantum system mean?

lattice construction

Explicit lattice construction.

spin spirals  
triangular lattice

Dirac points

free fermions 
honeycomb lattice

120o order

spin spirals 
FCC lattice

nodal lines

free fermions 
diamond lattice

degenerate spirals

general lattice construction

q
M(~k)

H(~k)2

H(~k)

M(~k)

M(~k)

http://www.thp.uni-koeln.de/trebst/
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lattice construction – examples

Spectra of the kagome and extended honeycomb lattice.

2

1

0

1

2

1

0

2

1

spins

fermions

http://www.thp.uni-koeln.de/trebst/
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lattice construction – examples

Spectra of the pyrochlore and extended diamond lattice.

spins

fermions

1

0

1

2

3

2

1

0

1

2

http://www.thp.uni-koeln.de/trebst/
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SUSY formulation

2

1

0

1

2

1

0

2

1

2

1

0

1

2

1

0

2

1

35
SUSY & LEGO

Seminar Talk on 2018/04/18 by Jan Attig

Example: Spins on the honeycomb lattice

Fermion model
Fermion spectrum

Spin model
Luttinger Tisza spectrum

replace

take next-nearest neighbors A & B
replace extended honeycomb

honeycomb

Kagome 2

1

0

1

2

1

0

2

1

“boson”

“fermion”

SUSY charge

square root
H

2 =
⇣

Q†Q 0

0 QQ†

⌘
H =

⇣
0 Q†

Q 0

⌘

http://www.thp.uni-koeln.de/trebst/
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Summary

Majorana
system  
(AB lattice)

mechanical
system 

(B sublattice)

topological mechanics from supersymmetry

Hfermion = �i�A
j Ajk �B

k + h.c.
<latexit sha1_base64="jCPPbCYxTcdcVRh9vSRyOMQ9alM="></latexit>

Hboson = p̂ip̂i + q̂i(A
TA)ij q̂j

<latexit sha1_base64="COpJdZycxmWdPLj0vAWet9bpAGc="></latexit>

HSUSY = {Q,Q†}
<latexit sha1_base64="MazMYoFkgsqguNaLf8mojS7CoNE=">AAACHnicdVDLSgMxFM34rPU16tJNsAgupEyrYjdCwU2XLbUP6YxDJk2nocnMkGSEMsyXuPFX3LhQRHClf2OmrVBfB0JOzrmX3Hu8iFGpLOvDWFhcWl5Zza3l1zc2t7bNnd22DGOBSQuHLBRdD0nCaEBaiipGupEgiHuMdLzRZeZ3bomQNAyu1DgiDkd+QAcUI6Ul1zyruYktOGy2mtcpvIB2YnOkhhixpJHCYzj3urH7yPeJgHbqmgWrWLYywN+kVJzcVgHMUHfNN7sf4piTQGGGpOyVrEg5CRKKYkbSvB1LEiE8Qj7paRogTqSTTNZL4aFW+nAQCn0CBSfqfEeCuJRj7unKbFr508vEv7xerAYVJ6FBFCsS4OlHg5hBFcIsK9ingmDFxpogLKieFeIhEggrnWheh/C1KfyftMvF0knRapwWqpVZHDmwDw7AESiBc1AFNVAHLYDBHXgAT+DZuDcejRfjdVq6YMx69sA3GO+fLi+h5A==</latexit>

novel topological invariant for boson systems

ASUSY = hvm(k)|i�2

⇣
rk + �2R̃

†rkR̃
⌘
|vn(k)i

additional covariant derivative

many other SUSY pairs – spin spirals, Dirac magnons, …
arXiv:1809.08248 and Phys. Rev. B 96, 085145 (2017), Editors’ suggestion.
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