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Supervised learning approach

General setup

Consider some Hamiltonian, which as a function of some parameter A exhibits
a phase transition between two phases.

train
here

J e !
ohase A transition ohase B
-0 O o—> )

step 2 — predict phases by applying neural network here —

What are the right images to feed into the neural network?
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classical phases of matter

Finite-temperature transition in the Ising model H = —JZ S; 5%
(4,5)

Ernst Ising

© Simon Trebst
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classical phases of matter

Finite-temperature transition in the Ising model H = —JZ S; 5%
(4,5)

“critical” temperature low temperature

© Simon Trebst
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classical phases of matter

Carrasquilla and Melko, Nat. Phys. (2017)

Finite-temperature transition in the Ising model H = —JZ S;S%
(4,7)
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classical phases of matter

Carrasquilla and Melko, Nat. Phys. (2017)

Finite-temperature transition in the Ising model H = —JZ S;S%
(4,7)
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classical phases of matter

Carrasquilla and Melko, Nat. Phys. (2017)

Finite-temperature transition in the Ising model H = —JZ S;S%
(4,7)

3
B
|"
A\
. A\ .
&) 1Y &)
> 4/ >
L | L
4+ { 4+
=) i =)
aQ o Q.
-+ | +—
=) ’ =)
O Iy A O
1l
|
1\
)

Transfer learning: A neural network trained on the square lattice Ising model applied
to the triangular 1sing model correctly identifies its transition.

© Simon Trebst
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classical phases of matter

A  High temperature state
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Carrasquilla and Melko, Nat. Phys. (2017)

C Ising lattice gauge theory
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More interestingly, the convolutional neural network can also be trained to distinguish
the high-T paramagnet from a Coulomb phase or loop gas ground state, i.e. phases
without a local order parameter.
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guantum systems
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Dirac fermions

Hubbard models on the honeycomb lattice

Spinful fermions <<< S =

H_—tz 20]0+UZnTZn¢Z

(id).o no sign

problem
semi-metal spin density wave

» U/t

Gross-Neveu type
fermionic quantum phase transition

Spinless fermions

_ f
H=—1) (C’Lcﬂ +eje ) tV ) ming severe sign

@] (2,7)
97 problem
semi-metal charge density wave

O > V/t

© Simon Trebst
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Supervised learning approach

Supervised learning approach

1) train convolutional neural network on representative “images” deep within the two phases
2) apply trained network to “images” sampled elsewhere to predict phases + transition

train
here

J e !
ohase A transition ohase B
O O o—> )

step 2 — predict phases by applying neural network here —

But what are the right images to represent a quantum state?

© Simon Trebst
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Monte Carlo for fermions

Determinantal (or auxiliary field) guantum Monte Carlo
for unbiased studies of strongly interacting fermions

Path integral representation of partition sum

Tre PH =T (e—AT%)L H=K+YV

Decouple quartic interaction via Hubbard-Stratonovich
transformation

Now integrate out free fermions moving in background field
Z = Z det U (s)
S

sample Hubbard-Stratonovich field

© Simon Trebst
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Hubbard-Stratonovich decoupling

Decoupling quartic interaction via Hubbard-Stratonovich
transformation introduces an Ising-type auxiliary field

D D

O

auxiliary
field

Vi=nln; —= V(s

© Simon Trebst
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Hubbard-Stratonovich decoupling

9202020202020
D O O 0 © O ¢



http://www.thp.uni-koeln.de/trebst/
http://www.thp.uni-koeln.de/trebst/

> re

(19190, 099,9

1008006,
04064046,0,6,6,
(62002628020,



http://www.thp.uni-koeln.de/trebst/
http://www.thp.uni-koeln.de/trebst/

O
o)
©
£
(@p)]
S
h
(-
O
-+
©
-+
0
| —_—
Q
)
i}
<
®
D)
-+
©

liary field has a n

The auxi


http://www.thp.uni-koeln.de/trebst/
http://www.thp.uni-koeln.de/trebst/

Hubbard-Stratonovich decoupling

The auxiliary field has a natural interpretation has “image”.
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Supervised learning / auxiliary fields

Case 1 — spinful fermions

The choice of Hubbard-Stratonovich transformation influences
image, i.e. when coupling to ...

magnetization
breaks SU(2)

charge R scmi-meta
preserves SU(2)
ISR
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Supervised learning / auxiliary fields

coupling to magnetization

10
interaction U
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Supervised learning / auxiliary fields

coupling to charge
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Supervised learning / Green’s functions

Alternative — Green’s functions G (i, ) = (c, cj)

Green’s functions sampled as complex valued matrices.

Convert into color-coded image using HSV color scheme.

Saturation

Value (opacity)

Our color mapping
c— |C‘ . ¢'® saturation

hue

© Simon Trebst



http://www.thp.uni-koeln.de/trebst/
http://www.thp.uni-koeln.de/trebst/

Supervised learning / Green’s functions

Green'’s functions for spinful fermion model

© Simon Trebst
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Spinful fermions

Green’s functions are ideal objects/images for machine learning
based discrimination of quantum phases.

Dirac SDW

prediction

4 5 6
interaction U

© Simon Trebst
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Some intermediate conclusions

QMC + machine learning approach can be used to
distinguish phases of interacting many-fermion systems.

Green’s functions are ideal “images” for machine learning.

The ensemble of sampled Green’s functions contains
sufficient information to discriminate fermionic phases.

© Simon Trebst
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sign problem
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Algorithmic power of Monte Carlo

Sample configurations in high-dimensional space

CiL —2C—>...C; —72Cjqy1 —7 ...

Metropolis (1953): accept new configuration with probability

Pacc = min (17 w(cj)>

w(c;)

Simultaneously measured observables converge in polynomial time.

Tremendous impact across many different fields.

In hard condensed matter . percolation

* phase transitions
e gquantum magnetism
 ultracold bosons

© Simon Trebst
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Quantum Monte Carlo

. > e O(C) e PEC)
classical Monte Carlo  (0) = “=—z¢
S e~ PEQ

Tr Qe K
Tre—BH

quantum Monte Carlo  (0) =

Map quantum to classical system Z =Tre P = Zp(C)
C

= 5

Map to “world lines” of the |
trajectories of the particles _I_'_I_
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Monte Carlo sampling
of these world lines
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© Simon Trebst
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The sign problem

Expectation value for observables

2. 0(C)p(C)
)= > p(C)

when we ignore the sign of the configuration weights.

... but the average sign decreases exponentially

oy~ Do) _ 2
abs > |p(C)] Zabs

... resulting in an exponentially slow convergence of the statistical error

4 Fundamental Iimigt for W%S@te ng}@@}mulations of

(o) ~ 7 TUHPY s UM

e many-electron systems
 frustrated quantum magnetism, spin quuids/

= exp (—BNAS)

© Simon Trebst
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|s there a way out”

The sign problem is basis dependent

energy eigenbasis <€ simulation basis

exponentially hard

Successful basis changes
meron cluster Wiese et al., PRL (1995)
fermion bag Chandrasekharan, PRD (2009)
Majorana fermion basis Yao et al., PRB (2015)

no general solution Troyer and Wiese, PRL (2005) the sign problem is NP-hard

Change of perspective

effective, sign-problem free actions Berg, Metlitski, and Sachdev, Science (2012)

entanglement entropies Broecker and Trebst, PRB (2016)

© Simon Trebst
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sign problem
+ machine learning

arXiv:1608.07848
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Can we bypass the sign problem?

QMC sampling + statistical analysis

() = 29O0(E) _ 30O _ {00
2. p(C) 2. a(C)p(C) (0) abs

QMC sampling + machine learning

Assume there exists a “state function”

S FO)p©)
(Flabs = “S0

that is O deep in phase A and 1 deep in phase B.



http://www.thp.uni-koeln.de/trebst/
http://www.thp.uni-koeln.de/trebst/

Spinless fermions

QMC + machine learning approach gives useful results even
for systems with a severe sign problem.

Dirac CDW

|- w/o phases
|-=- w/ phases

prediction

0.9 1.3 1.7
interaction V

© Simon Trebst
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unsupervised learning

Peter Broecker, Fakher Assaad, and ST, in preparation
related ideas in Evert van Nieuwenburg, Ye-Hua Liu, and Sebastian Huber, Nature Physics (2017)
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Unsupervised learning

Employ ability to “blindly” distinguish phases to map out an entire
phase diagram with no hitherto knowledge about the phases.

Example: hardcore bosons / XXZ model on a square lattice

H=-3 (S'S;+578)+A> S:8:+h> 8¢
(4,5) (6,5 '

zZQz
PRL 88, 167208 (2002) <Sz S] > preliminary results
6 " T T T T T ' 1 -

checkerboard

solid
p=1/2

Heisenberg point
full
superfluid p=1
1 1 I 1 1 I 1

2w —12 h 12
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Unsupervised learning

Employ ability to “blindly” distinguish phases to map out an entire
phase diagram with no hitherto knowledge about the phases.

Example: hardcore bosons / XXZ model on a square lattice

H=-3 (S'S;+578)+A> S:8:+h> 8¢
(4,5) (3. :

+ q— — o+
PRL 88, 167208 (2002) <S'1, Sj > —|_ <Sz Sj > preliminary results
6 I T I T I T I T I I [l Il.l lI L] L]

checkerboard

solid
p=1/2

Heisenberg point
full
superfluid p=1
1 1 I 1 1 I 1
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Topological order

Assaad and Grover, PRX (2016)
Gazit, Randeria & Vishwanath, Nature Physics (2017)

Toy model for topological order in a fermionic system:
fermions coupled to (quantum) Z2 (Ising) spins on bonds

N
H = ZZw( mm+hc>+NhZX”

a=1

(17)

(,5)

© Simon Trebst
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Topological order

Assaad and Grover, PRX (2016)
Gazit, Randeria & Vishwanath, Nature Physics (2017)

Toy model for topological order in a fermionic system:
fermions coupled to (quantum) Z2 (Ising) spins on bonds

N
H= ZZ,J< mm+hc)+NhZX”

a=1

(17)

(,)

/o> Dirac

© Simon Trebst
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Topological order

Toy model for topological order in a fermionic system:
fermions coupled to (quantum) Z2 (Ising) spins on bonds

N
B SEIY D SERIRTRS PR e
a=1

(4,7) (23)

supervised approach unsupervised approach

T\ﬂ —— [ =6
‘T —e— [ =28

—o— L=10

—o— L=12

e
G
1

prediction p

prediction accuracy p
<
(o)
1

© Simon Trebst
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guantum state tomography

Giuseppe Carleo and Matthias Troyer, Science 355, 602 (2017)
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gquantum state tomography

Carleo and Troyer, Science (2017)

M hidden neurons
(auxiliary spin variable)

accuracy can be tuned
by adjusting a=M/N

restricted Boltzmann machine

U(oi,05,...0n8; W) = E 25 G pihit iy Wighio

°® e o
Varniational Parameters
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guantum state tomography

Carleo and Troyer, Science (2017)

U(oi,05,...08; W) = E 25 4375 T bihit Sy Wighio
{h:} :

* e o
Variational Parameters

Feedback from
variational principles

N

Sample wavefunction with Change network
current set of parameters parameters

\ /‘

© Simon Trebst
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gquantum state tomography

Carleo and Troyer, Science (2017)

Variational energies.

1D Heisenberg model

-0.2 rmmr—————— —0.00002 T4'436|><10_1 -

— a=1 —0.00003 } -

—0.3} a=2 1 —0.00004} 3

= o= —0.00005} i

= o4l - - Exact | _0.00006F _ _ i .

_______________ —0.00007 } -

P —0.00008 } | | -
10t 10° 103 250 500 750 1000

# iteration # iteration
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guantum state tomography

Carleo and Troyer, Science (2017)

Variational energies.

1D transverse field Ising model 1D Heisenberg model 2D Heisenberg model

A\ Jastrow

very high precision, limited only by stochastic sampling

compact representation
~102 less parameters than corresponding MPS in 1D

improvements over best PEPS results

© Simon Trebst
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summary
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Summary

QMC + machine learning approaches can be used to
distinguish phases of interacting quantum many-body systems
(and opens opportunities to overcome the sign problem).

There are a number of interesting analytical connections between
neural networks and matrix product states as wells as the
renormalization group.

This is just the beginning. Probably, we will see, in the coming
years, a similarly productive interplay between machine learning
and quantum statistical physics as we have seen with quantum
information.

arXiv:1608.07848

© Simon Trebst
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Thanks!



