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What this talk is going to be about

• We have found an exactly solvable SU(2) spin-1/2 model 
hosting a gapless spin liquid with a spinon Fermi surface.
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• We have found an exactly solvable SU(2) spin-1/2 model 
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What this talk is going to be about

• We have found an exactly solvable SU(2) spin-1/2 model 
hosting a gapless spin liquid with a spinon Fermi surface.

• The model is a Kitaev model on a 3D tri-coordinated 
lattice which we dubbed the hyperoctagon lattice 
( = the medial lattice of the hyperkagome lattice).

• Our original motivation to look into this is rooted in the 
physics of certain spin-orbit entangled Iridates 
( = really “heavy” 5d transition metal oxides).

http://www.kitp.ucsb.edu/~trebst/
http://www.kitp.ucsb.edu/~trebst/


© Simon Trebst

strong SOC

topological
insulators

SO-assisted
Mott physics
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Na4Ir3O8
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HgTe
Bi2Se3

SOC competes directly
with Hubbard physics

weak SOC

atomic
fine structure

moderate SOC

multiferroics unconventional
superconductors

TbMnO3 Sr2RuO4

SOC induced DM interaction
competes with magnetic exchange

Spin-orbit entanglement
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Spin-orbit entanglement in Iridates
most common 

Iridium valence

Ir4+ (5d5)

d-orbitals

octahedral
crystal field

IrO6 cage

t2g

eg

~ 3eV
spin-orbit
coupling j = 3/2

j = 1/2
~ 400meV

~L · ~�
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Spin-orbit entanglement in Iridates
most common 

Iridium valence

Ir4+ (5d5)

d-orbitals

octahedral
crystal field

IrO6 cage

t2g

eg

~ 3eV

B.J. Kim et al. PRL 101, 076402 (2008)
B.J. Kim et al. Science 323, 1329 (2009)

Sr2IrO4

(Na,Li)2IrO3

spin-orbit
coupling j = 3/2

j = 1/2
~ 400meV

~L · ~�

http://www.kitp.ucsb.edu/~trebst/
http://www.kitp.ucsb.edu/~trebst/
http://www.sciencemag.org/content/323/5919/1329
http://www.sciencemag.org/content/323/5919/1329
http://prl.aps.org/abstract/PRL/v101/i7/e076402
http://prl.aps.org/abstract/PRL/v101/i7/e076402


© Simon Trebst

Iridates – microscopic exchange
G. Jackeli and G. Khaliullin, PRL 102, 017205 (2009)

J. Chaloupka, G. Jackeli, and G. Khaliullin, PRL 105, 027204 (2010)

(Na,Li)2IrO3Sr2IrO4

square lattice honeycomb lattices

corner-sharing edge-sharing

Ba3IrTi2O9

triangular lattice

“parallel edge”-sharing

Heisenberg exchange Heisenberg-Kitaev exchange
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The hyperhoneycomb lattice

3D prints @ www.shapeways.com/designer/trebst

truly 3D tricoordinated Ir lattice

novel crystalline form of Li2IrO3

space group Fddd (no. 70)

Hide Takagi’s group, summer ’13

β-Li2IrO3

James Analytis’s group, spring ’14
arXiv:1403.3296
arXiv:1402.3254
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Medial and premedial lattices

kagome lattice
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Medial and premedial lattices

kagome lattice honeycomb lattice
medial lattice

premedial lattice
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Medial and premedial lattices

hyperkagome hyperhoneycomb
medial lattice
of triangles
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Medial and premedial lattices

hyperkagome hyperhoneycomb
medial lattice
of triangles

The hyperkagome is chiral.
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Medial and premedial lattices

hyperkagome hyperhoneycomb
medial lattice
of triangles

The hyperhoneycomb is not chiral!square-octagon projection
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Medial and premedial lattices

hyperkagome hyperoctagon
medial lattice
of triangles

square-octagon projectionsquare-octagon projection
✓
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The hyperoctagon lattice

3D prints @ www.shapeways.com/designer/trebst

truly 3D tricoordinated Ir lattice

possibly third crystalline form of Li2IrO3

space group I4132 (no. 214)

γ-Li2IrO3
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Hyperoctagon – space group symmetries

space group I4132 (no. 214)

four-fold skew symmetry three-fold symmetry two-fold symmetry
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Hyperoctagon materials

space group I4132 (no. 214)

bond-sharing IrO6 oxygen cages
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Hyperoctagon materials

space group I4132 (no. 214)

bond-sharing IrO6 oxygen cages
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Hyperoctagon materials

space group I4132 (no. 214)

bond-sharing IrO6 oxygen cages

chemical valences
A2+(IrO3)2-

(A2 )2+(IrO3)2-
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A three-dimensional Kitaev model

HKitaev =
X

��links

J�S
�
i S

�
j

xx� bond

yy � bond

zz � bond
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A three-dimensional Kitaev model

HKitaev =
X

��links

J�S
�
i S

�
j Jz

J
x

Jy

gapped spin liquid

gapless spin liquid
with Majorana Fermi surface

J
x

+ J
y

+ J
z

= const.

xx� bond

yy � bond

zz � bond
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The 2D Kitaev model

HKitaev =
X

��links

J��
�
i �

�
j

Jz

J
x

Jy

gapped spin liquid
Z2 topological order

gapless spin liquid
w/ Majorana fermion excitations

2 Dirac cones

J
x

+ J
y

+ J
z

= const.

Rare combination of a model
of fundamental conceptual importance 

and an exact analytical solution.
A. Kitaev, Ann. Phys. 321, 2 (2006)
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Solving the 2D Kitaev model

x

y
z

bz

bx

by

c

�x = i bxc

�y = i byc

�z = i bzc

D = �i�x�y�z = bxbybzc}
gauge operator

Step 1: Majorana fermionization

bx = a" + a†#

by = �i
⇣
a" � a†#

⌘

bz = a# + a†"

fermions a#a" a†" a†#

c = �i
⇣
a# � a†"

⌘

Majorana
fermions

[D,�� ] = 0

physical subspace D = 1
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Solving the 2D Kitaev model

bz

bx

by

c

Step 2: Introduce Z2 gauge fields

In the language of Majorana fermions, we now have

��
j �

�
k =

�
i b�j cj

�
(i b�kck) = �i ujkcjck

ujk = i b�j b
�
k
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Solving the 2D Kitaev model

bz

bx

by

c

Step 3: Free Majorana Hamiltonian

In the language of Majorana fermions, we now have

ujk = i b�j b
�
k

��
j �

�
k =

�
i b�j cj

�
(i b�kck) = �i ujkcjck

which immediately allows us to write the Hamiltonian as

H =
i

4

X

hjki

Ajkcjck

Ajk = 2J�ujk

Hamiltonian is skew-symmetric, because

Ajk = �Akjujk = �ukj

Finally, there is a gauge choice to be made

ujk has eigenvalues ±1
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Solving the 2D Kitaev model
Step 4: Diagonalization of Hamiltonian

The Hamiltonian has turned into a free (Majorana) fermion problem

H =
i

4

X

hjki

Ajkcjck

which can readily be diagonalized by Fourier transformation

H(q) =
i

2
A(q) =

✓
0 if(q)

�i f⇤(q) 0

◆

f(q) = J
x

eiq·nx + J
y

eiq·ny + J
z

thus yielding a gapless energy spectrum of the form

✏(q) = ±|f(q)|

is impossible, even if we introduce new terms in the Hamiltonian. On the other hand, the
eight copies of each phase (corresponding to different sign combinations of Jx,Jy,Jz) have
the same translational properties. It is unknown whether the eight copies of the gapless
phase are algebraically different.

We now consider the zeros of the spectrum that exist in the gapless phase. The momen-
tum q is defined modulo the reciprocal lattice, i.e., it belongs to a torus. We represent the
momentum space by the parallelogram spanned by (q1,q2)—the basis dual to (n1,n2). In
the symmetric case (Jx = Jy = Jz) the zeros of the spectrum are given by

ð34Þ

If |Jx| and |Jy| decrease while |Jz| remains constant, q* and #q* move toward each other
(within the parallelogram) until they fuse and disappear. This happens when
|Jx| + |Jy| = |Jz|. The points q* and #q* can also effectively fuse at opposite sides of the par-
allelogram. (Note that the equation q* = #q* has three nonzero solutions on the torus.)

At the points ±q* the spectrum has conic singularities (assuming that q* „ #q*)

ð35Þ

7. Properties of the gapped phases

In a gapped phase, spin correlations decay exponentially with distance, therefore spa-
tially separated quasiparticles cannot interact directly. That is, a small displacement or
another local action on one particle does not influence the other. However, the particles

Jx Jz= =0Jy Jz= =0

=1,Jx =1,Jy

=1,Jz Jx Jy= =0

gapless

gappedAz

Ax Ay

B

Fig. 5. Phase diagram of the model. The triangle is the section of the positive octant (Jx, Jy, Jz P 0) by the plane
Jx + Jy + Jz = 1. The diagrams for the other octants are similar.

20 A. Kitaev / Annals of Physics 321 (2006) 2–111
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Let’s redo this for the 3D model

C↵
x

↵
y

↵
z

C

↵x

↵y

↵z

Step 1: Majorana fermionization

�x = i bxc

�y = i byc

�z = i bzc

D = �i�x�y�z = bxbybzc}

gauge operator

bx = a" + a†#

by = �i
⇣
a" � a†#

⌘

bz = a# + a†"

fermions a#a" a†" a†#

c = �i
⇣
a# � a†"

⌘

Majorana
fermions [D,�� ] = 0

physical subspace D = 1
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Loops and conserved quantities
Six distinct loops in the hyperoctagon lattice

Two distinct loop operators for each loop

Wl =
Y

hi,ji,�

��
i �

�
j W̃l =

Y

i2l

��i
i

Wl = �W̃l

Loop operators are not all linearly independent.

Three loops form the smallest closed volume.

WlaWlbWlc = 1

la lb lc

The groundstate resides in the flux-free sector.
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Majorana Fermi surface
Jz

J
x

Jy

gapped spin liquid

gapless spin liquid
with Majorana Fermi surface
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Majorana Fermi surface

The hyperoctagon Kitaev model exhibits a full two-dimensional Majorana Fermi surface.
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Majorana Fermi surface

The hyperoctagon Kitaev model exhibits a full two-dimensional Majorana Fermi surface.

honeycomb – Fermi points hyperhoneycomb – Fermi lines
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Stability of the Fermi surface I
Some basic facts about Majorana fermions

c†j(R) = cj(R) c†j(k) = cj(�k)

Every energy state            has a ‘particle-hole conjugate’ partner

E(�k) = �E(k)

E(k)

For a bipartite lattice we further have

E(k) = E(�k� q/2)

reciprocal lattice vector 
of translation between sublattices

honeycomb
q = 0hyperhoneycomb } E(k) = �E(k)

zero-energy modes
occur in pairs

hyperoctagon q 6= 0 E(k) 6= �E(k)
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Stability of the Fermi surface I
Some basic facts about Majorana fermions

c†j(R) = cj(R) c†j(k) = cj(�k)

Every energy state            has a ‘particle-hole conjugate’ partner

E(�k) = �E(k)

E(k)

For a bipartite lattice we further have

E(k) = E(�k� q/2)

reciprocal lattice vector 
of translation between sublattices

honeycomb
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complex-valued function
E(k) = ±|f(k)|

Stability of the Fermi surface I
Stability of gapless modes in the honeycomb model

H =

✓
0 if(k)

�if?(k) 0

◆

Stability of gapless modes in the hyperhoneycomb model

H =

✓
0 A
A† 0

◆

E(k) = ±|�j(k)|
complex matrix

generic band Hamiltonian with TR symmetry

Stability of gapless modes in the hyperoctagon model

H =

0

B@
0 A

. . .
A† 0

1

CA However, there is only a single Majorana 
zero-mode at a given momentum.
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Stability of the Fermi surface II

Time-reversal symmetry breaking

Classification of free (Majorana) fermion 
Hamiltonian in terms of symmetry classes

class  BDI class  D

2D →      classification

3D →  no topological phases

Z
non-trivial Chern insulators

⌫ = ±1

S. Ryu:  augment models to be in 
              class DIII to get top. phases

Pairing instabilities

Natural candidate is p-wave pairing, 
since we have an effective description in 

spinless fermions.

What instabilities can be induced by 
an additional Heisenberg exchange?

http://www.kitp.ucsb.edu/~trebst/
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Stability of the Fermi surface II

Time-reversal symmetry breaking

Classification of free (Majorana) fermion 
Hamiltonian in terms of symmetry classes

class  BDI class  D

2D →      classification

3D →  no topological phases

Z
non-trivial Chern insulators

⌫ = ±1

S. Ryu:  augment models to be in 
              class DIII to get top. phases

Pairing instabilities

Natural candidate is p-wave pairing, 
since we have an effective description in 

spinless fermions.

What instabilities can be induced by 
an additional Heisenberg exchange?

work in 

progress
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Spin liquid with a spinon Fermi surface
Recasting our result in the language of spin liquids,

 what we have found is the first exactly solvable microscopic model
of a spin liquid with a spinon Fermi surface.

Spin-spin correlations               decay exponentially.hSz
i S

z
j i

Bond-bond energy correlations                         exhibit
algebraic divergence on spinon Fermi surface.

h(Sz
i )

2(Sz
j )

2i
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Spin liquid with a spinon Fermi surface
Recasting our result in the language of spin liquids,

 what we have found is the first exactly solvable microscopic model
of a spin liquid with a spinon Fermi surface.

C(T ) / T ln(1/T )

C(T ) / T

C(T ) / T 2

U(1) spin liquid

Z2 spin liquid 
with spinon Fermi surface

Z2 spin liquid 
with spinon Fermi line

γ = C/T  diverges

γ = C/T  constant

γ = C/T  vanishes

Spin-spin correlations               decay exponentially.hSz
i S

z
j i

Bond-bond energy correlations                         exhibit
algebraic divergence on spinon Fermi surface.

h(Sz
i )

2(Sz
j )

2i
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Summary
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• We have found an exactly solvable SU(2) spin-1/2 model hosting a 
gapless spin liquid with a spinon Fermi surface.

• The model is a Kitaev model on a 3D tri-coordinated lattice which 
we dubbed the hyperoctagon lattice 
( = the medial lattice of the hyperkagome lattice).

• Our original motivation to look into this is rooted in the physics of 
certain spin-orbit entangled Iridates 
( = really “heavy” 5d transition metal oxides).

Summary

arXiv:1401.7678
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